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Book 111

Introduction

Book III develops Euclid’s classical theory of circles. It studies centers,
diameters, chords, the distances of chords from the center, internal and ex-
ternal contact, tangents, angles at the center and circumference, angles in
circular segments, cyclic quadrilaterals, equal arcs and equal chords, inter-
secting chords and secants, and the tangent—secant power relation together
with its converse. The book builds upon the constructions and angle theory
of Book I and the metric relations of Book I, and establishes the principal
circle theorems required in later books.
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Definition 1

Equal circles are (circles) whose diameters are equal, or whose (distances)
from the centers (to the circumferences) are equal (i.e., whose radii are
equal).
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EUCLID’S ELEMENTS « BOOK III

DEFINITI

Equal circles are circles whose diameters are equal,
or whose distances from the centers to the circumferences are equal—
that is, whose radii are equal.

— S , v S S
PART 1 QUAL CIRCLES PART 2 — EQUAL DIAMETERS
his happens when their diameters are equal.
If the diameter of the first circle equals

E <2 =
NCES FROM CENTERS TO CIRCUMFERENCES (EQUAL RADII)
tances from the
are equal.
These distances are the radii.
then the circles

Equal circle: cles that are the same size.
They have either equal diameters  or equal radii.

In either case:

Equal diameters < Equal radii < Equal circles
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Definition 2

A straight-line said to touch a circle is any (straightline) which, meeting the
circle and being produced, does not cut the circle.
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EUCLID’S ELEMENTS « BOOK III

DEFINITION II

A straight-line is said to TOUCH A CIRCLE
if, meeting the circle and being produced,
it does not cut the circle.

MEETS THE CIRCLE ‘ PART THE LINE IS PRODUCE

raight-line meets the circle
ctly one point.

The straight-line is extended indefinitely

at e in both directions.

12 /2
The line and th
common point, P.

cle have one The line continues beyond the point P
on both sides without stopping.

INITION II — IN SUMMARY
A stra d to touch a circle
if, meeting the circle and being produced,
it does not cut the circle.

MEETS in one point
PRODUCED in both directions.
DOES NOT CUT the circle.

That is, no second point

PART 3

Y
Alexander (13):
So, master,
a line can
meet a circle

- IT DOES NOT CUT THE CIRCLE

Even when produced, the line
oes not enter the circle
at any

ther point.

/2

hares only one point with the circle.

Therefore, it does not cut the circle.
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Definition 3

Circles said to touch one another are any (circles) which, meeting one an-
other, do not cut one another.
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EUCLID’S ELEMENTS » BOOK III — )
¥ - Alexander (13):

DEFINITION I iy e

touch but do not
Circles are said to TOUCH ONE ANOTHER ! e ey area
X 4 to touch one
if, meeting one another, they do not
cut one another.

PART 1 — THE CIRCLES MEET ART 2 — DO NOT CUT PART 3 — THEY TOUCH

les come to a point in common. i cut one another, If the circles h only one
they would have two points in common. point in common, they do not cut.

|
p ml 1)

This is : there are two points This is touching: only one point

They have one common point, P. Vv

in common. in common.
DEFINITION III — IN SYMBOLS

ith centers O and O’ touch one another
if they have exactly one common point.

P

MATHEMATICAL EXPRESSION

they have exac!
common point.
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Definition 4

In a circle, straight-lines are said to be equally far from the center when the
perpendiculars drawn to them from the center are equal.
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EUCLID’S ELEMENTS « BOOK III

DEFINITION IV

In a circle, straight-lines are said to be
EQUALLY FAR FROM T ENTER
when the perpendiculars drawn to
them from the center are equal.

TWO STRAIGHT-LINES IN THE PLANE 3 — PERPENDICUL ROM THE CENT
Let there be a circle with center O. Let there be two straight-lines, AB and CD, m the center O, draw perpendiculars
ne plane as the cir to the straight-lines AB and CD,
meeting them at E and F.

D

* PART 4 — THE DEFINITION |
‘The straight-lines AB and CD are said to be
EQUALLY FAR FROM THE CENTER O

SUMMARY KEY IDEA
Two straight-li cle are equally far from the center Equal perpendiculars <> Equal distance

when the perpendicular distances from the center to each line are equal. (from the center)
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Definition 5

And (that straight-line) is said to be further (from the center) on which the
greater perpendicular falls (from the center).
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PART 1 — THE CENTER AND LINES
Let there be a circle with center O,

and two straight-lines, AB and CD.

E ; E
A R B -

i Suppose

(o) S

| OF > OF
© D © |
F F

The perpendicular to CD (OF)
is greater than that to AB (OE).

Perpendiculars O and OF are drawn
from O to the lines.

IN SUMMARY
A straight-line is said to be
FURTHER FROM THE CE
when the greater perpendicular

falls upon it.

EUCLID’S ELEMENTS « BOOK III

DEFINITION V

A straight-line is said to b
FURTHER FROM THE CENTER
when the greater perpendicular
falls upon it.

PART 2 — COMPARE PERPENDICULARS P

Compare the lengths of the perpendiculars
OE and OF.

10

E
A > B [
from the center
O than AB.
FURTHER
2 FROM
C y D
i

<]
ALEXANDER (13):
So the line with
the greater
perpendicular:
is further
from the center? |
ARISTOTLE:
Exactly.

ART 3 — WHICH LINE IS FURTHER?

The line on which the greater perpendicular

falls is further from the center.

CD is further

THE CENTER.

> OF, the line CD is
further from the center O than AB.

Since OF

THE IDEA IN SYMBOLS

If O > OF,

then the line CD is
further from the center O
than the line AB.

If OF > OF,

then the line AB is

further from the center O
than the line CD.
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Definition 6

A segment of a circle is the figure contained by a straight-line and a circum-
ference of a circle.

11
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DEFINITION V

A segment of a circle is the figure
contained by a straight-line
and a circumference of a circle.

PART 1 — THE CIRCLE PART 2 — A STRAIGHT-LINE (CHORD) PART 3 — THE SEGMENT
Let there be a circle with center O. Let a straight-line AB be drawn, The figure contained by the straight-line AB
joining two points A and B (the chord) and the arc AB

on the circumference. (part of the circumference) is shads |
|
Segment
of the circle 1
B
|

‘The boundary of the circle

‘This shaded region is the
is its circumference.

segment of the circle.

- IN SUMMARY Arc AB
Qe ofa circle 3 (part of the circumference)
is the region (area) y B — Chord AB
 that lies between (a straight-line)
a straight-line (chord) =
and the arc of the circle SEent
endpoints. i of the circle

segment is not the whole circle.

It is only the part between the chord and the

12
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Definition 7

And the angle of a segment is that contained by a straight-line and a circum-
ference of a circle.

13
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LU('IE:;:')I]_‘\VHI‘INIII'T\'J'\ ; DEFINITION VII

THE ANGLE OF A SEGMENT

of the cir

ARISTOTLE: Just so.
THE ANGLE OF A SEGMENT is that angle contained by a straigh

ne and the arc of a circle.
‘ THE CIRCLE

A STRAIGHT-LINE (CHORD) ]

THE ARC THE ANGLE OF THE SEGMENT

| Let there be a circle

Draw a straight-line AB, The straight-line AB cuts off The angle of the segment is the angle ‘
with center O. joining two points on | an arc of the circle. contained by the straight-line AB
the circumference. i
|

and the arc AB of the circle.
|

| | s s P

B
el
/
s arc AB = | : £ \ 0 / \
The straight-line AB is The curved part of the Here 0 is the angle of the segment,
a chord of the circle. circumference between A and B

the circle.

the inclination between the arc AB
is the arc AB. of the circle and the straight-line AB.
IN SUMMARY B i EUCLID’S LANGUAGE
The angle of a segment i ! S
is the inclination between

the arc of a circle and the
straight-line (chord) that
subtends it.

Angles are not only between straight-lines.
They can also be between a straight-line
and a curve (such as the circumference

of a circle). This is one kind of angle.

14
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Definition 8

And the angle in a segment is the angle contained by the joined straight-lines,
when any point is taken on the circumference of a segment, and straight-
lines are joined from it to the ends of the straight-line which is the base of
the segment.

15
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EUCLID’S ELEMENTS « BOOK III

Awsroris R | DEFINITION IX

Let us learn the

Whatisa |

names of figures, 3 . rectangle,

that we may Gy | y | A RECTANGLE is a figure contained by four straight-lines e
reason truly | : of which the opposite ones are equal to one another,

about them. ARISTOTLE:

and the angles contained by the straight-lines

1 will show you.
are right angles. \

. FOUR STRAIGHT-LINES OPPOSITE SIDES EQUAL | RIGHT ANGLES U A RECTANGLE
| Let four straight-lines AB, BC, ‘ Let the opposite sides be equal Let the angles contained by the ‘The figure ABCD is therefore
I CD, DA be joined in order, to one another. straight-lines be right angles. I a rectangle.
I s0 as to enclose a figure. | |
| D C | D) H C D @ D) G
i | ¥ ] L] [ L]
| |
| | |
|
| | 1 [
A Bl A f B A B
i i le:
A, B, C, D are the frerucest A, /B, /C, 2D ABCD. is a‘rectang e:
and the figure ABCD is contained i I opposite sides equal,
by four straight-lines. excalll it all angles right angles.

IN SUMMARY " N .. EUCLID’S LANGUAGE
Arectangle is a quadrilateral ! Py o *  Euclid defines figures by the properties
in which opposite sides are equal 2 3 that belong to them. Thus we may know
to one another and all the angles e, them when we see them, and reason
are right angles. 5 R 3 about them with certainty.

16
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Definition 9

And when the straight-lines containing an angle cut off some circumference,
the angle is said to stand upon that (circumference).

17
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ARISTOTLE: EucLID’S ELEMENTS « BOOK III

. v SE  DEFINITION IX iy
S N /
AND WHEN THE STRAIGHT-LINES CONTAINING AN ANGLE

CUT OFF SOME CIRCUMFERENCE, THE ANGLE IS SAID TO
STAND UPON THAT CIRCUMFERENCE.

that we may standing upon

reason truly a circumference?

about them.

ARISTOTLE:

| 1 will show you.

DEFINITION ILLUSTRATED

Since the straight-lines AB and AC, “
which contain the angle BAC,
cut off the arc BC of the circle,

EXPLANATION

Let two straight-lines AB ‘
and AC contain an angle BAC. |
|

Suppose these straight-lines

cut off from a circle with center O | i t}.‘e angle BAC |
hebrcEe B/ \C is said to stand upon
b % that circumference,
Then the angle BAC // \\ namely, the arc BC.
is said to stand upon / \ ‘ |
that circumference, | st The angle stands upon the ‘
I namely, the arc BC. The straight-lines AB and AC cut off ‘ circumference (arc) that is I

from the circle the arc BC.

cut off by its sides.

EUCLID’S LANGUAGE

Euclid names figures by the properties

that belong to them, so that we may

of that circumference. know them when we see them.

18
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Definition 10

And a sector of a circle is the figure contained by the straight-lines surround-
ing an angle, and the circumference cut off by them, when the angle is con-
structed at the center of a circle.

19
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EucCLID’S ELEMENTS « BO

ARISTOTLE:

| Let us learn the

| names of igures,
| that we may
reason truly
about them.

is constructed at the center of a

THE STRAIGHT-LINES
I SURROUNDING THE ANGLE
I

THE CIRCLE AN ANGLE AT THE

CENTER

Let there be a circle

| with center O. | Letanangle ZA0Cbe | Draw the straight-lines OA
i | constructed at the and OC surrounding the |
‘ center O. angle ZAOC. i

| \
‘ i: 1
‘ ‘

A (60| gy sl |

‘

[ The straight lines 0A
and OC surround the
angle ZAOC.

£AOC is an angle

center O.

‘The straight-lines OA and OC

K 111

DEFINITION X

A SECTOR OF A CIRCLE is the figure contained by

the straight-lines surrounding an angle and the
circumference cut off by them, when the angle

circle.

THE CIRCUMFERENCE
CUT OFF BY THEM

cut off from the circle the
arc AC.

A C |

| The figure contained by
the straight-lines OA, OC

‘Therefore, the sector AOC
is the figure contained by the
angle at the center and the

What figure is
contained by
an angle at the
center of a
circle?
ARISTOTLE:

I will show you.

THE SECTOR

and the arc AC is the

sector AOC.

|
with vertex at the ‘
I

of
the part of the circle that
lies between two radii
and the arc they cut off,
when the angle is at
the center.

20

The arc AC of the circle
|| iscutoff by OA and OC.

LANGUAGE

A

the center O, the two straight-line

e cut off by it.

is determined by three things:

(radii) surrounding an angle at the

center, and the
those lines cut off.

of the circle that
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Definition 11

Similar segments of circles are those accepting equal angles, or in which the
angles are equal to one another.

21
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EUCLID’S ELEMENTS + BOOK III P,
ARISTOTLE: ALEXANDER (13):

‘names of figures, | similar

e | DEFINITION XI ‘i¥fe = YiEeH

segments of

SIMILAR SEGMENTS OF CIRCLES are those . circles?

that we may
reason truly
about them. \ accepting equal angles, or in which the angles ARISTOTLE:

|
Lvill show you.
are equal to one another. e e |

i WHAT IS A SEGMENT | DEFINITION XI ILLUSTRATED

i > 4 IN SUMMARY
R (il&cu—:. SIMILAR SEGMENTS OF CIRCLES are those accepting equal angles, Rt
A segment of a circle is the figure | or in which the angles are equal to one another. T et off @
contained by a chord and the arc | : | e
K S | Example 1: Accepting equal angles Example 2: In which the angles are equal are similar if cither
| P Q | they accept equal angles
| (at the centers), or
B B

7% o the angles in the segments

S %
N Y N 20 *0: o o e
E
|
1

A B
| A - B (e ' D F G u L s
-—wr In both cases, the

P e segments are called
X | ‘The segments cut off by chords AB and CD.
of thecircle cut offby the | L i || The angles ZEPF and ZGQH are equal (both = ). SIMILAR SEGMENTS

| ual angles at the centers ZAO,B = £C0, ).
chord AB (the arc AB). gcoept sayasang X e
( ) ‘Therefore, the segments AB and CD are similar. ‘Therefore, the segments EF and GH are similar. OF CIRCLES.

‘The blue region is a segment

EUCLID’S INSIGHT 9 EUCLID’S LANGUAGE
Euclid compares parts of circles t i
Angles at the center or within a circle
by the angles they stand upon. 8 - %
4 A govern the size of the arcs they cut off.
Equality of angles ensures B b,
Equal angles cut off similar parts,

similarity of segments

which we call similar segments.

22
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Proposition 1

Statement. To find the center of a given circle.

Given / Construction. The complete labelled configuration and construc-
tion are preserved in the numbered actions below; every previously con-
structed object and incidence relation persists unless an action explicitly
modifies it.

Proof Actions.

1.

2.

10.

I1.
12.
13.
14.

15.

16.

Let ABC be the given circle.

So it is required to find the center of circle ABC.

. Let some straight-line AB have been drawn through (ABC), at random,

and let (AB) have been cut in half at point D [Prop. 1.9].

And let DC have been drawn from D, at right-angles to AB [Prop. 1.11].

. And let (CD) have been drawn through to E.

And let CE have been cut in half at F [Prop. 1.9].

I say that (point) F is the center of the [circle] ABC.

. For (if) not then, if possible, let G (be the center of the circle), and let

GA, GD, and GB have been joined.

. And since AD is equal to DB, and DG (is) common, the two

(straight-lines) AD, DG are equal to the two (straightlines) BD, DG, re-
spectively.

And the base GA is equal to the base GB.
For (they are both) radii.
Thus, angle ADG is equal to angle GDB [Prop. 1.8].

And when a straight-line stood upon (another) straight-line make adja-
cent angles (which are) equal to one another, each of the equal angles is
aright-angle [Def. 1.10].

Thus, GDB is a right-angle.
And FDB is also a right-angle.

23
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17. Thus, FDB (is) equal to GDB, the greater to the lesser. The very thing is
impossible.

18. Thus, (point) G is not the center of the circle ABC.
19. So, similarly, we can show that neither is any other (point) except F.

20. Thus, point F is the center of the [circle] ABC.

Conclusion. So, from this, (it is) manifest that if any straight-line in a
circle cuts any (other) straight-line in half, and at right-angles, then the center
of the circle is on the former (straight-line). — (Which is) the very thing it
was required to do.

24
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ARISTOTLE: E et EucLID’S ELEMENTS « BOOK III

- 4| ALEXANDER (13):
| Letusteamby | DR OPOQI NMON 1 4 &9 LB whacis the
| reasoning about & = X . center of
the figures. 3 To find the center of a given circle. 4 this circle?

Bisect AB at D, From D, draw DC
50 that AD = DB, perpendiculr to AB,

|
I Given the circle ABC. | Bl Draw any chord 4B
c through the circle.

Since ZADG = ZGDB Hence ZGDB ‘
and these are adjacent is a right angle.
angles on the straight {

line AB, each is a 4 D e
right angle.

But if Fand G were

@
=

£
Dn

&

S

3 Dh

=

=

: 9“

&

F - S . o But DF was constructed distinct points, one
m;uu DC through the Biseet CE at F, H v cl:lm that ; s:ppom:dror the s;k: e s st
circle to meet it again. so that CF = FE. Fis the center of of contadicion,that T T e e
at E. Thus G, D, E c circle ABC. another point G is ot 7 i
@ ’Z,“"s'" i ¢ the center. the lesser—impossible.
S [ ¥
n 3 ‘v /i Therefore G cannot The same reasoning. Thus F alone is
be the center. excludes every other the center. Hence F is the
: | E = : : G T comerof e ADC, £
JoinGto 4, to D, Since D bisects AB, @ 3 : .g
and to B. AD =DB,and GD is | This completes iy

the proof.

COROLLARY

common to triangles
ADG and BDG.
Also, GA = GB A B
v assumed the center). = If a straight-line in a circl bisects another straight-line
Thus the three sides of triangle ADG are respectively equal to the three sides
of triangle BDG. Therefore, ZADG = ZGDB (Proposition 1.8).

and cuts it at right angles, then the center of the circle
lies on that perpendicular bisector.

monstration.

leave no room for doubt

25
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Proposition 2

Statement. If two points are taken at random on the circumference of a
circle then the straight-line joining the points will fall inside the circle.
Given / Construction. The complete labelled configuration and construc-
tion are preserved in the numbered actions below; every previously con-
structed object and incidence relation persists unless an action explicitly
modifies it.

Proof Actions.

1.

10.
11.
12.
13.
14.

15.

Let ABC be a circle, and let two points A and B have been taken at
random on its circumference.

I say that the straight-line joining A to B will fall inside the circle.

For (if) not then, if possible, let it fall outside (the circle), like AEB (in
the figure).

And let the center of the circle ABC have been found [Prop. 3.1], and let
it be (at point) D.

. And let DA and DB have been joined, and let DFE have been drawn

through.
Therefore, since DA is equal to DB, the angle DAE
(is) thus also equal to DBE [Prop. 1.5].

And since in triangle DAE the one side, AEB, has been produced, angle
DEB (is) thus greater than DAE [Prop. 1.16].

And DAE (is) equal to DBE [Prop. 1.5].

Thus, DEB (is) greater than DBE.

And the greater angle is subtended by the greater side [Prop. 1.19].
Thus, DB (is) greater than DE.

And DB (is) equal to DF.

Thus, DF (is) greater than DE, the lesser than the greater. The very thing
is impossible.

Thus, the straight-line joining A to B will not fall outside the circle.

26
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16. So, similarly, we can show that neither (will it fall) on the circumference
itself.

17. Thus, (it will fall) inside (the circle).

Conclusion. Thus, if two points are taken at random on the circumference
of a circle then the straight-line joining the points will fall inside the circle.
(Which is) the very thing it was required to show.

27
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ARISTOTLE:

Letus learn by

reasoning about
the figures.

B st G JinA oD
pre e e e
Bonthe
=

Join D to 4.

Findthe cnter D
of circle ABC.
(Prop. 3.1).

WHA SHOWN

WE HA

I (CONSTRUCTION AND ASSUMPTION (Actions 1-9)

Jan Do,

@ © ©
A‘B A®B A@B
A

EucCLID’S ELEMENTS

« Book III

PROPOSITION 2

If two points are taken at random on the circumference o
ining the points will fall inside the circle.

the straight-line j

Claim: the sume the pposic: il [T Da and DB e Hence triangle DAB Consider tiangle Produce AE
sughtline AB spposethejoiiog [l rodi Thereore | s socles, 10 DaE through £ exerio ange ecfore
liesinsdethecirde. | linealscusidehe [l DA = DB, ZDAE = DB wB. DEB s greaer | ZDEB > DBE
ircle,as AEB, i E
& i @ E |
7 I
|
| |
| 4 B| 4 t.» B | 4 /s 4 3
K oy ‘ﬁn moeone | oo Tt o ot
rou and E, meeting e jare ot > DE. anc lence impossible conclusion
trough D and By mecing W sands oposie same crcle. : DFissctually DE > DEwhie
Thereore DB=DF. ¢ c ] ¢} j
C DB > DE.
o | !
2 i DN
1 D s /] 7 7 i
| - A 4
D [ B merciore our B simitaly,the ‘The only remaining, Hence the straght-line: Therefore,
B [l sssumption that joining straight-line: possiblity i that joining two points on the straight-line
i the oining ine camnot e on the
i

flls outside the
circleis impossibl.

a circle, then

PROOF BY CONTRADICTION (Actions 10-25)

ALEXANDER (13):
What is the
straightline

joining two points

ona circle?

)
by o 116, [ Bt 20— 208

circumerence joining A and B lies

itself. inside the circle.

EUCLID’S INSIGHT

lies inside the circl.

les inside the ‘
circle, |

Aand B The center and the properties of angles

are taken on a circle, the straight-line

No matter where two point:

lead to a contradiction whenever the

joining them must lie inside the circle. joining line is assumed to be outside
or on the circle—so it must be inside.

28
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Proposition 3

Statement. In a circle, if any straight-line through the center cuts in half
any straight-line not through the center then it also cuts it at right-angles.
And (conversely) if it cuts it at right-angles then it also cuts it in half.
Given / Construction. The complete labelled configuration and construc-
tion are preserved in the numbered actions below; every previously con-
structed object and incidence relation persists unless an action explicitly
modifies it.

Proof Actions.

1.

10.

11.
12.

13.

Let ABC be a circle, and, within it, let some straightline through the
center, CD, cut in half some straight-line not through the center, AB, at
the point F.

I say that (CD) also cuts (AB) at right-angles.

For let the center of the circle ABC have been found [Prop. 3.1], and let
it be (at point) E, and let EA and EB have been joined.

And since AF is equal to FB, and FE (is) common, two (sides of triangle
AFE) [are] equal to two (sides of triangle BFE).

And the base EA (is) equal to the base EB.
Thus, angle AFE is equal to angle BFE [Prop. 1.8].

And when a straight-line stood upon (another) straightline makes adja-
cent angles (which are) equal to one another, each of the equal angles is
aright-angle [Def. 1.10].

. Thus, AFE and BFE are each right-angles.

. Thus, the

(straight-line) CD, which is through the center and cuts in half the
(straight-line) AB, which is not through the center, also cuts (AB) at right-
angles.

And so let CD cut AB at right-angles.
I say that it also cuts (AB) in half.
That is to say, that AF is equal to FB.

29
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14. For, with the same construction, since EA is equal to EB, angle EAF is
also equal to EBF [Prop. 1.5].

15. And the right-angle AFE is also equal to the right-angle BFE.

16. Thus, EAF and EFB are two triangles having two angles equal to two
angles, and one side equal to one side—(namely), their common (side)
EF, subtending one of the equal angles.

17. Thus, they will also have the remaining sides equal to the (corresponding)
remaining sides [Prop. 1.26].

18. Thus, AF (is) equal to FB.

Conclusion. Thus, in a circle, if any straight-line through the center cuts
in half any straight-line not through the center then it also cuts it at right-
angles. And (conversely) if it cuts it at right-angles then it also cuts it in
half. (Which is) the very thing it was required to show.

30
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EucLID’s ELEMENTS * BOOK III

g I? PROPOSITION 3 —PROOFI o

Let us learn by ¥ 2 Why must it cut
reasoning about X L. If any straight-line through the center of a circle at right-angles

the figures. i cuts in half any straight-line not through the center as well?
i then it also cuts it at right-angles. '

and cut it in half, so that AD = DB. I say that the straight-line through O cuts AB at right-angles;
that s, OD is perpendicular to AB. <|

|
EW et O'be the center of circle ABC. Join OA and OB. | In triangles OAD and OBD, ‘Therefore, the three sides of |
Let AB be a straight-line not Since OA and OB are radii we have triangle OAD are respectively |
through the center. of the same circle, | OA = OB (proved) equal to the three sides of
Let the straight-line through O OA = OB. | AD = DB (given) triangle OBD.
meet AB at D and cut it in half, OD is common. (By Proposition 1.8)
so that AD = DB. @ (6] Ci

&=

B

£
&
o

VN
o

AB

Therefore, the angles of triangle A o particular | But if two adjacent angles on a B herefore 2ODA is a right angle.
OAD are respectively equal to ZODA = ZODB. | straight-line are equal, each of Hence the straight-line through
the angles of triangle OBD. ‘These two are adjacent angles | them is a right angle. the center O cuts AB at
(By Proposition L.8) on the straight-line AB. (By Proposition 1.13) right-angles.

C Thatis, OD L AB.

\
\
‘ @
|
|

G
AB AB

CONCLUSION (PROOF I) WHAT WE HAVE SHOWN
Hence, if any straight-line through the center of a circle cuts in half A line through the center that bisects a chord
any straight-line not through the center, then it also cuts it at right-angles. must be perpendicular to that chord. JI
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ARISTOTLE: . V DRODOSITI()N 3 E pp()()]: I ¥ ALEXANDER (13):

Let us learn by

Soifitcutsa
reasoning about | I1. If any straight-line through the center of a circle ::;’: ‘:!"‘i‘;
the figures. 4 cuts any straight-line not through the center at right-angles i

cutitinhal? |
then it also cuts it in half.

Given circle ABC with center O. Let straight-line AB not pass through the center. Let straight-line through O meet AB at D
and cut AB at right-angles; that is, OD L AB. Isay that the straight-line through O cuts AB in half; that is, AD = DB.

—
| Let O be the center of circle ABC. | Join OA and OB. In triangles OAD and OBD, Therefore, the three sides of
i Let AB be a straight-line not | Since OA and OB are radii we have triangle OAD are respectively
I through the center. of the same circle, OA = OB (proved) equal to the three sides of
| Let the straight-line through O | OA = OB. | OD is common triangle OBD.
I meet AB at D and cut AB at | | ZODA = LODB = 90° (By Proposition 1.8) |
right-angles; that is, OD L AB. (given)

s

‘Therefore, the angles of triangle B 1»particular, But in triangle OAB, the sides ‘Therefore,
I OAD are respectively equal to ZOAD = ZOBD. opposite equal angles are equal. AD = DB.
the angles of triangle OBD. These are the angles at A and B (By Proposition 1.5) Thus the straight-line through
(By Proposition 1.8) of triangle OAB. O cuts AB in half.

TR 3

CONCLUSION (PROOF II)
Hence, if any straight-line through the center of a circle
cuts any straight-line not through the center at right-angles,

then it also cuts it in half.

A perpendicular from the center toa chord |

bisects that chord. J

S % |

R
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Proposition 4

Statement. In a circle, if two straight-lines, which are not through the cen-
ter, cut one another then they do not cut one another in half.

Given / Construction. The complete labelled configuration and construc-
tion are preserved in the numbered actions below; every previously con-
structed object and incidence relation persists unless an action explicitly
modifies it.

Proof Actions.

1.

10.

I1.

12.

Let ABCD be a circle, and within it, let two straightlines, AC and BD,
which are not through the center, cut one another at (point) E.

I say that they do not cut one another in half.

For, if possible, let them cut one another in half, such that AE is equal to
EC, and BE to ED.

. And let the center of the circle ABCD have been found [Prop. 3.1], and

let it be (at point) F, and let FE have been joined.

. Therefore, since some straight-line through the center, FE, cuts in half

some straight-line not through the center, AC, it also cuts it at right-angles
[Prop. 3.3].

Thus, FEA is a right-angle.

. Again, since some straight-line FE

. cuts in half some straight-line BD, it also cuts it at rightangles [Prop. 3.3].

Thus, FEB (is) a right-angle.
But FEA was also shown (to be) a right-angle.

Thus, FEA (is) equal to FEB, the lesser to the greater. The very thing is
impossible.

Thus, AC and BD do not cut one another in half.

Conclusion. Thus, in a circle, if two straight-lines, which are not through
the center, cut one another then they do not cut one another in half. (Which
is) the very thing it was required to show.
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ARISTOTLE:

g PROPOSITION 4

by reasoning |§ ! lines inside
about the In a circle, if two straight-lines, which are not through the acircle cut

p . each other
figures. center, cut one another, then they do not cut one another in half.

e R R T o
N Let ABCD be Let the straight-lines | Suppose neither AC B Assume, for the sake 75 Thus E is the midpoint
Gl AC and BD meet | nor BD passes of contradiction, of AC and also of BD.
one another at E. | through the center that they bisect one c
q of the circle. ¢ another at E.
That is,
A B e fr] A B o i |
A B A B and
‘ - BE = ED. D 5
@ LetFbee Join Fta . | B Since FE pasesthroughthe B mhercfore 5 But FE aso pases through
| center of center F and bisects AC, ZFEAisa the center F and (by our
| the circle. by Proposition 3, right angle assumption) bisects BD.
i FE cuts AC at Therefore, by
| 4 E A B A right angles. A B A B D
“ FE cuts BD at i
| ath > s o E vight angles. :
= g T

e D
c

| B Therefore ence @ I ‘Therefore our assumption is false.
| ZrEBis ZFEA = ZFEB g AC and BD cannot bisect
| aright But one ofd’es: one another.
‘ iy angles contains < - e
I n Q 4B ;?:c‘:‘:;:v“m “ E Hence, if two straight-lines inside
i 6 AC and BD ! a circle do not pass through the
are distinct and. center and intersect one another,

D intersect.

Thus the lesser angle would equal the greater,
ble.

Y i they do not cut one another in half.

THE INSIGHT
Only a line through the center has the special power
to bisect another line at right angles.

WHAT WE HAVE SHOWN

Inside a circle, two lines that do not pass through the center

can meet, but they can never cut each other in half.
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Proposition 5

Statement. Iftwo circles cut one another then they will not have the same
center.

Given / Construction. The complete labelled configuration and construc-
tion are preserved in the numbered actions below; every previously con-
structed object and incidence relation persists unless an action explicitly
modifies it.

Proof Actions.

1. For let the two circles ABC and CDG cut one another at points B and C.
2. I say that they will not have the same center.

3. For, if possible, let E be (the common center), and let EC have been
joined, and let EFG have been drawn through (the two circles), at random.

4. And since point E is the center of the circle ABC, EC is equal to EF.
5. Again, since point E is the center of the circle CDG, EC is equal to EG.
6. But EC was also shown (to be) equal to EF.

7. Thus, EF is also equal to EG, the lesser to the greater. The very thing is
impossible.

8. Thus, point E is not

9. the (common) center of the circles ABC and CDG.

Conclusion. Thus, if two circles cut one another then they will not have
the same center. (Which is) the very thing it was required to show.
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et S#P DR OPOSITION 5 e

by reasoning ; " v
about the / If two circles cut one another, one another

¥ s have the same
figures. | then they will not have the same center.

center?

1
Draw a straight-line I

n Let the two circles Claim: the two circles . Assume for contradiction Let that supposed 1 Join E to the
ABC and CDG do not have that they do have common center | common point C. | through E meeting the
cut one another the same center. the same center. be E. | | first circle at F and the
at points B and C. ‘ ‘ second circle at G
D B D B D D
B |
1
A G| A G G A
T G ¢ 0 1
T T
Since E is the center Since E is also the center Therefore, because both | [l] But F lies between FE Thus we have the impossible
of circle ABC, of circle CDG, | EF and EG are equal Eand G. conclusion that
EC = EF EC = EG to EC, we have Therefore, EF = EG
(radii of that circle). (radii of that circle) EF = EG. EF < EG. and at the same time
5 D B ‘ EF < EG.
Pl E E A % That is
N \)Lj

‘Therefore the assumption 13 Hence the two intersecting D
that £ i the common g circles cannot have B CONCLUSION \
center is false. the same center. If two circles cut one another, J Yy
4 J 4 @ then they will not have )
| the same center. o
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Proposition 6

Statement. If two circles touch one another then they will not have the
same center.

Given / Construction. The complete labelled configuration and construc-
tion are preserved in the numbered actions below; every previously con-
structed object and incidence relation persists unless an action explicitly
modifies it.

Proof Actions.

1. For let the two circles ABC and CDE touch one another at point C.
2. I say that they will not have the same center.

3. For,ifpossible, let F be (the common center), and let FC have been joined,
and let FEB have been drawn through (the two circles), at random.

4. Therefore, since point F is the center of the circle ABC, FC is equal to
FB.

5. Again, since point F is the center of the circle CDE, FC is equal to FE.
6. But FC was shown (to be) equal to FB.

7. Thus, FE is also equal to FB, the lesser to the greater. The very thing is
impossible.

8. Thus, point F is not the (common) center of the circles ABC and CDE.

Conclusion. Thus, if two circles touch one another then they will not have
the same center. (Which is) the very thing it was required to show.
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ARISTOTLE:

Let us learn

about the
figures.

Let the two circles ABC
and CDE touch one
another at the single

C

L

| | Since FC = FBand FC = FE,

i it follows that FE = FB.
(Things equal to the same

| thing are equal to one another.)

| /7

point C.
‘ B D
A E
Cc
Join F to the touching
point C.
B D
| A B

Euc

ID’S ELEMEN

» Book III

PROPOSITION 6

If two circles touch one another,
then they will not have the same center.

Claim: the two touching.
circles cannot have
the same center.

(o}
‘Through F, draw an arbitrary
straight-line EFB across

both circles.
B D

m But on the straight-line EFB,

E lies between F and B.
‘Therefore FE < FB.

F
B E

FB (greater)

FE (lesser)

W

Assume the contrary:

suppose they do have
a common center.
B D

Since Fis the center of circle ABC, | [B] Since Fis also the center of circle CDE,

FC and FB are radii of that circle.
‘Therefore FC = FB.

azwnﬁk 3):
/ ‘Why can't two
circles that
touch have the

same center?
D

Let the supposed

common center be F.

FC and FE are radii of that circle.
‘Therefore FC = FE.

C

Thus we have the impossible
conclusion that FE = FB
and at the same time FE < FB.

The lesser would
equal the greater.
‘This is impossible.

L

Therefore F cannot be the common

(9}

center. Hence the two circles
which touch one another cannot
have the same center. |

CONCLUSION

If two circles touch one another,

then they will not have the same center.

Bl 55

'WHAT WE HAVE SHOWN
Only coincident circles can have the same center.
When circles merely touch or cut,

g

their centers must be different.

s e s
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Proposition 7

Statement. If some point, which is not the center of the circle, is taken
on the diameter of a circle, and some straightlines radiate from the point
towards the (circumference of the) circle, then the greatest (straight-line)
will be that on which the center (lies), and the least the remainder (of the
same diameter). And for the others, a (straightline) nearer to the (straight-
line) through the center is always greater than a (straight-line) further away.
And only two equal (straight-lines) will radiate from the point towards the
(circumference of the) circle, (one) on each (side) of the least (straight-line).
Given / Construction. The complete labelled configuration and construc-
tion are preserved in the numbered actions below; every previously con-
structed object and incidence relation persists unless an action explicitly
modifies it.

Proof Actions.

1. Let ABCD be a circle, and let AD be its diameter, and let some point F,
which is not the center of the circle, have been taken on AD.

2. Let E be the center of the circle.

3. And let some straight-lines, FB, FC, and FG, radiate from F towards (the
circumference of) circle ABCD.

4. Isay that FA is the greatest (straight-line), FD the least, and of the others,
FB (is) greater than FC, and FC than FG.

5. For let BE, CE, and GE have been joined.

6. And since for every triangle (any) two sides are greater than the remain-
ing (side) [Prop. 1.20], EB and EF is thus greater than BF.

7. And AE (is) equal to BE [thus, BE and EF is equal to AF].
8. Thus, AF (is) greater than BF.

9. Again, since BE is equal to CE, and FE (is) common, the two (straight-
lines) BE, EF are equal to the two (straightlines) CE, EF (respectively).

10. But, angle BEF (is) also greater than angle CEF.
11. Thus, the base BF is greater than the base CF.
12. Thus, the base BF is greater than the base CF [Prop. 1.24].
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13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

So, for the same (reasons), CF is also greater than FG.
Again, since GF

and FE are greater than EG [Prop. 1.20], and EG (is) equal to ED, GF
and FE are thus greater than ED.

Let EF have been taken from
Thus, the remainder GF is greater than the reboth. mainder FD.

Thus, FA (is) the greatest (straight-line), FD the least, and FB (is) greater
than FC, and FC than FG.

I also say that from point F only two equal (straightlines) will radiate
towards (the circumference of) circle ABCD, (one) on each (side) of the
least (straight-line) FD.

For let the (angle) FEH, equal to angle GEF, have been constructed on
the straight-line EF, at the point E on it [Prop. 1.23], and let FH have
been joined.

Therefore, since GE is equal to EH, and EF (is) common,

the two (straight-lines) GE, EF are equal to the two (straight-lines) HE,
EF (respectively).

And angle GEF (is) equal to angle HEF.
Thus, the base FG is equal to the base FH [Prop. 1.4].

So I say that another (straightline) equal to FG will not radiate towards
(the circumference of) the circle from point F.

For, if possible, let FK (so) radiate.

And since FK is equal to FG, but FH [is equal] to FG, FK is thus also
equal to FH, the nearer to the (straight-line) through the center equal to
the further away. The very thing (is) impossible.

Thus, another (straight-line) equal to GF will not radiate from the point
F towards (the circumference of) the circle.

Thus, (there is) only one (such straight-line).

40



EucLip’s ELEMENTS — Boox 111

30. Thus, if some point, which is not the center of the circle, is taken on
the diameter of a circle, and some straight-lines radiate from the point
towards the (circumference of the) circle, then the greatest (straight-line)
will be that on which the center (lies), and the least the remainder (of the
same diameter).

31. And for the others, a (straight-line) nearer to the (straight-line) through
the center is always greater than a (straight-line) further away.

Conclusion. And only two equal (straight-lines) will radiate from the
same point towards the (circumference of the) circle, (one) on each (side) of
the least (straight-line). (Which is) the very thing it was required to show.
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. 7 0 _ IFsome point, which is no the cente ofthe cirle is taken on the diameter of acircl, and some staight-lines radiate
1| EUCLID’S ELEMENTS ¢ BOOK III ¢ PROPOSITION 7 from the point toward: e of the circl, then the greatest straight-line will be that on which the center les

and the lesst the remainder of the same diameter. And, o the others,the straight-line nearer to the straght-line through the

center is always greater than one further away. And only two equal straight-lines will radiate from the point towards the.
- e circle, one on cach side of th

of the

Draw cicle ABCD. | [B] Drawits dismeter AD. Let E bethe center | ] Choose a point F From F, draw lines to | [ H Join the cnter £ I Conside wingle BEF. | ] By tiangl incqual
ofth circle on dismeter AD, the dircumferenc: E + EF > B
with F  E, FB, FC, FG.

)

‘We claim that toB.

- 2

and D et |

G
D

B B

PANEL II — C

M BucAE = BE
(both are radit
)

In the same way,
F > FG.

B EFiscommonto | [ But ZBEF > ZCEF
EB=EC |  wiangles BEF (sen the figare).
nd CEF. 3

Since A, E, Flic on the. ‘Therefore, by 1.24,

diameter, A

BB Heace Gr+ FE > ED. | B Since £, F. D lieon

But GE = ED 3 au .
one straight line. common length EF.
B

B Theretore: ‘Combining ou results, | B So FA s the grstest
(both are ra, GE > FD.

FG> FD. and FD the least;
and nearer to the

é\‘] e

matching line on the

ACE, on the opposite | ] Letthe ray meet the G and EH are radi Ao, EF = EF And by construction,
sde of EF, construct circumierence at ? (common). ZGEF = ZHEF
and join F1.

GEF and HEF are
congruent (SAS).
i

Assume, fo contradicton, Butwe have alesdy But FK and FH e at From the orderin already “Ths FK and FH Therefore there can be Henee cqual raditing This completes the
it another i FX can proved FG = Fi. FK = FH. difeent angula distances | proved, the line neare to cannot be equal o third fine from F sright-lies occur propositon
<qual o £, only inpairs, onc on

be drawn from F to the

from theline through he lin through the center Contradiction.
circumference such that e
FK = FG.

74D
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Proposition 8

Statement. If some point is taken outside a circle, and some straight-lines
are drawn from the point to the (circumference of the) circle, one of which
(passes) through the center, the remainder (being) random, then for the
straight-lines radiating towards the concave (part of the) circumference, the
greatest is that (passing) through the

Given / Construction. The complete labelled configuration and construc-
tion are preserved in the numbered actions below; every previously con-
structed object and incidence relation persists unless an action explicitly
modifies it.

Proof Actions.

1. For the others, a (straight-line) nearer to the center. (straight-line)
through the center is always greater than one further away.

2. For the straight-lines radiating towards the convex (part of the) circum-
ference, the least is that between the point and the diameter.

3. For the others, a (straight-line) nearer to the least (straight-line) is always
less than one further away.

4. And only two equal (straightlines) will radiate from the point towards the
(circumference of the) circle, (one) on each (side) of the least (straight-
line).

5. Let ABC be a circle, and let some point D have been taken outside ABC,
and from it let some straight-lines, DA, DE, DF, and DC, have been
drawn through (the circle), and let DA be through the center.

6. I say that for the straight-lines radiating towards the concave (part of

7. the) circumference, AEFC, the greatest is the one (passing) through the
center, (namely) AD, and (that) DE (is) greater than DF, and DF than DC.

8. For the straight-lines radiating towards the convex (part of the) circum-
ference, HLKG, the least is the one between the point and the diameter
AG, (namely) DG, and a (straight-line) nearer to the least (straight-line)
DG is always less than one farther away, (so that) DK (is less) than DL,
and DL than than DH.

9. LKG
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10.

I1.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

For let the center of the circle have been found [Prop. 3.1], and let it be
(at point) M [Prop. 3.1].

And let ME, MF, MC, MK, ML, and MH have been joined.
And since AM is equal to EM, let MD have been added to both.
Thus, AD is equal to EM and MD.

But, EM and MD is greater than ED [Prop. 1.20].

Thus, AD is also greater than ED.

Again, since ME is equal to MF, and MD (is) common, the (straight-lines)
EM, MD are thus equal to FM, MD.

And angle EMD is greater than angle FMD.
Thus, the base ED is greater than the base FD [Prop. 1.24].
So, similarly, we can show that FD is also greater than CD.

Thus, AD (is) the greatest (straight-line), and DE (is) greater than DF,
and DF than DC.

And since MK and KD is greater than MD [Prop. 1.20], and MG (is)
equal to MK, the remainder KD is thus greater than the remainder GD.

So GD is less than KD.

And since in triangle MLD, the two internal straight-lines MK and KD
were constructed on one of the sides, MD, then MK and KD are thus less
than ML and LD [Prop. 1.21].

And MK (is) equal to ML.
Thus, the remainder DK is less than the remainder DL.

So, similarly, we can show that DL is also less than DH.

Thus, DG (is) the least (straight-line), and DK (is) less than DL, and DL
than DH.

I also say that only two equal (straight-lines) will radi-
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29.

30.

31.

32.
33.

34.

35.

36.

37.

38.

39.

ate from point D towards (the circumference of) the circle, (one) on each
(side) on the least (straight-line), DG.

Let the angle DMB, equal to angle KMD, have been constructed on the
straight-line MD, at the point M on it [Prop. 1.23], and let DB have been
joined.

And since MK is equal to MB, and MD (is) common, the two (straight-
lines) KM, MD are equal to the two (straightlines) BM, MD, respectively.

And angle KMD (is) equal to angle BMD.

Thus, the base DK is equal to the base DB [Prop. 1.4]. [So] I say that
another (straightline) equal to DK will not radiate towards the (circum-
ference of the) circle from point D.

For, if possible, let (such a straight-line) radiate, and let it be DN.

Therefore, since DK is equal to DN, but DK is equal to DB, then DB is
thus also equal to DN, (so that) a (straightline) nearer to the least (straight-
line) DG [is] equal to one further away. The very thing was shown (to
be) impossible.

Thus, not more than two equal (straight-lines) will radiate towards (the
circumference of) circle ABC from point D, (one) on each side of the
least (straightline) DG.

Thus, if some point is taken outside a circle, and some straight-lines are
drawn from the point to the (circumference of the) circle, one of which
(passes) through the center, the remainder (being) random, then for the
straightlines radiating towards the concave (part of the) circumference,
the greatest is that (passing) through the center.

For the others, a (straight-line) nearer to the (straightline) through the
center is always greater than one further away.

For the straight-lines radiating towards the convex (part of the) circum-
ference, the least is that between the point and the diameter.

Conclusion. For the others, a (straight-line) nearer to the least (straight-
line) is always less than one further away. And only two equal (straightlines)
will radiate from the point towards the (circumference of the) circle, (one)
on each (side) of the least (straight-line). (Which is) the very thing it was
required to show.
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DG < DK < DL < DH (lesst s the line 0 the diomete). those lines.
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Proposition 9

Statement. If some point is taken inside a circle, and more than two equal
straight-lines radiate from the point towards the (circumference of the) circle,
then the point taken is the center of the circle.

Given / Construction. The complete labelled configuration and construc-
tion are preserved in the numbered actions below; every previously con-
structed object and incidence relation persists unless an action explicitly
modifies it.

Proof Actions.

1. Let ABC be a circle, and D a point inside it, and let more than two equal
straight-lines, DA, DB, and DC, radiate from D towards (the circumfer-
ence of) circle ABC.

2. I say that point D is the center of circle ABC.

3. For let AB and BC have been joined, and (then) have been cut in half at
points E and F (respectively) [Prop. 1.10].

4. And ED and FD being joined, let them have been drawn through to points
G,K,H,and L.

5. Therefore, since AE is equal to EB, and ED (is) common, the two
(straight-lines) AE, ED are equal to the two (straight-lines) BE, ED (re-
spectively).

6. And the base DA (is) equal to the base DB.

7. Thus, angle AED is equal to angle BED [Prop. 1.8].

8. Thus, angles AED and BED (are) each right-angles [Def. 1.10].
9. Thus, GK cuts AB in half, and at right-angles.

10. And since, if some straight-line in a circle cuts some (other) straight-line
in half, and at right-angles, then the center of the circle is on the former
(straight-line) [Prop. 3.1 corr.], the center of the circle is thus on GK.

11. So, for the same (reasons), the center of circle ABC is also on HL.

12. And the straight-lines GK and HL have no common (point) other than
point D.
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13. Thus, point D is the center of circle ABC.

Conclusion. Thus, if some point is taken inside a circle, and more than
two equal straight-lines radiate from the point towards the (circumference
of the) circle, then the point taken is the center of the circle. (Which is) the
very thing it was required to show.
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EucLID’S ELEMENTS ¢ BOOK III « PROPOSITION 9

If some point is taken inside a circle, and more than
two equal straight-lines radiate from the point towards ﬂ";‘d" polnk
. ‘. " g . ; is the center.
the circumference of the circle, then the point taken is the center of the circle.
PANEL I — CONSTRUCTION AND PERPENDICULAR BISECTOR OF AB
I Draw circle ABC. Take a point D From D, draw more Join A to B. Join Bto C. B Bisect ABat E. Bisect BCat F. | [ Join Eto D, and
inside thecircle. | than twoequal produce ED in
soightlnes to e both directions bo |
| circumference: ll"engh thecircle. | through the circle.
| DA = DB = DC. s
| | X,
A B A @ B A B A B A s, ‘ Q n
@ @ |
D is the center +
of circle ABC.
PANEL II — PROOF THAT D 1 THE CENTER
Since AE = EB, [ Therefore ese two equal I8 Hence the straight-line By
ED is common, and ZAED = ZBED. angles are adjacent through Eand D FD is the perpendicular | alsolies on FD. bisectors EDand FD | of the circle
DA both bisects AB bisector of BC. ‘meet at only one point, must be D.
manglu AED and and cuts it at namely D, QED.
£D have their aright angle right angles.
three sides equal g 5' S
i "
Ih;;fm: ;;;Dndes These two andu ZAED and ZBED | | ED s the perpendicular The centerlicson | | [ED s the: Pelpendmular The centerlieson | | | D and FD meetat Dis the mmof
and BED are : 5 4 - .
| s are equal. areright angls. bisector of AB. line ED. bisector of BC. line FD also. only one point. circle ABC.
Conclusion

'WHAT WE HAVE USED
* Triangles with three sides equal are congruent (L4). . s i s S
d | radiate from an interior point to the circle,

« Equal .
« Perpendicular bisector of a chord passes through the center 9
that point is the center.

(Corollary to L10).
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Proposition 10

Statement. A circle does not cut a(nother) circle at more than two points.
Given / Construction. The complete labelled configuration and construc-
tion are preserved in the numbered actions below; every previously con-
structed object and incidence relation persists unless an action explicitly
modifies it.

Proof Actions.

1.

9.

10.

For, if possible, let the circle ABC cut the circle DEF at more than two
points, B, G, F, and H.

And BH and BG being joined, let them (then) have been cut in half at
points K and L (respectively).

And KC and LM being drawn at right-angles to BH and BG from K and
L (respectively) [Prop. 1.11], let them (then) have been drawn through
to points A and E (respectively).

. Therefore, since in circle ABC some straight-line AC cuts some (other)

straight-line BH in half, and at right-angles, the center of circle ABC is
thus on AC [Prop. 3.1 corr.].

Again, since in the same circle ABC some straight-line NO cuts some
(other straight-line) BG in half, and at right-angles, the center of circle
ABC is thus on NO [Prop. 3.1 corr.].

. And it was also shown (to be) on AC.

And the straight-lines AC and NO meet at no other (point) than P.
Thus, point P is the center of circle ABC.
So, similarly, we can show that P is also the center of circle DEF.

Thus, two circles cutting one another, ABC and DEF, have the same cen-
ter P. The very thing is impossible [Prop. 3.5].

Conclusion. Thus, a circle does not cut a(nother) circle at more than two
points. (Which is) the very thing it was required to show.
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EucLID’S ELEMENTS ¢ BOOK III « PROPOSITION 10

A circle does not cut another circle at more than two points.

B Asume, for Let four common Join B 1o H, Join B0 G, Bisect BH at K. Bisct BG a L. From K, drawaline | [ From L, draw aline
contradiction, that points be perpendicular to BH, perpendicular to BG,

circle DEF at more o

than two points.

|
circle ABC cuts B,G,FH. i and produce it. and produce it.
|

In circle ABC, ‘Therefore, by the ‘The second line Therefore the center ‘The two perpendicular But the same chords | [ Thus the two circles, | [ Therefore the
the firs lne both corollary to Prop. 1, similarly bisects BG of circle ABC also bisectors intersect at BH and BG also which cut one assumption s false:
‘ biscts BH and the center of circle at right angles lies on this second only one point, cal it P. belong to circle DEF. another, would have Two circles cannot
cuts it at right ABC les on this perpendicular Therefore P is the center ‘The same reasoning the same center P. intersect at more.
angles. perpendicular bisector. of circle ABC. shows that P i also But by Proposition 5, than two points
A bisector: this is impossible.

G
“Two circles which
< o [ cut one an
cannot have the
same center.
c F
WHAT WE HAVE SHOWN
+ Theough the midpoints of two chords (BH and BG), |
we constructed perpendicular bisectors

+ The centerof irle lie o the perpendicular
bisector o any chord (Corollary to Propositon 1),

CONCLUSION

A circle does not cut another circle

at more than two points.

 Both circles would b fored to have the same centery
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Proposition 11

Statement. If two circles touch one another internally, and their centers
are found, then the straight-line joining their centers, being produced, will
fall upon the point of union of the circles.

Given / Construction. The complete labelled configuration and construc-
tion are preserved in the numbered actions below; every previously con-
structed object and incidence relation persists unless an action explicitly
modifies it.

Proof Actions.

1. For let two circles, ABC and ADE, touch one another internally at point
A, and let the center F of circle ABC have been found [Prop. 3.1], and
(the center) G of (circle) ADE [Prop. 3.1].

2. Isay that the straight-line joining G to F, being produced, will fall on A.

3. For (if) not then, if possible, let it fall like FGH (in the figure), and let
AF and AG have been joined.

4. Therefore, since AG and GF is greater than FA, that is to say FH [Prop.
1.20], let FG have been taken from

5. Thus, the remainder AG is greater than the reboth. mainder GH.
6. And AG (is) equal to GD.

7. Thus, GD is also greater than GH, the lesser than the greater. The very
thing is impossible.

8. Thus, the straight-line joining F to G will not fall outside (one circle but
inside the other).

9. Thus, it will fall upon the point of union (of the circles)

10. at point A.

Conclusion. Thus, if two circles touch one another internally, [and their
centers are found], then the straight-line joining their centers, [being pro-
duced], will fall upon the point of union of the circles. (Which is) the very
thing it was required to show.
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To BE SHOWN:

ELEMENTS ¢ BOOK III ¢ PROPOSITION 11

Let circles ABC and ADE touch
fouch one another internally, and their centers are found, internally at A.
Eolf . . Fis the center of the greater circle,
then the straight-line joining their centers, being produced,
g & S st Gl & G the center of the smaller circle.
will fall upon the point of contact of the circ Then F, G, A are on one straight line.

N Letcircles ABC and ADE Let F be the center Let G be the center ‘The straight-line joining F and G,
touch one another internally of circle ABC. of circle ADE. ‘when produced, passes through the
3 B touching point A.

Assume, for contradiction, that the Consider triangle AFG. By the

Since F, G, H are collinear, subtract

line through the centers does not triangle inequality, AG + GF > AF. the common segment GF; we get
pass through A, but follows some AG > GH.
other line FGH.

But AG and GD are radii of the
inner circle; therefore AG = GD.

But GH is the greater segment and GD the )] Therefore the assumed line FGH cannot miss

lesser; thus the lesser is greater than the the touching point.

greater. This is impossible. Hence the straight-line joining the centers
must pass through A. B

WHAT WE USED CONCLUSION

« Triangle inequality. ‘When two circles touch internally,

+ Radii of the same circe are equal. the line joining their centers

* If two unequal straight-lines are compared, 7 always passes through the
the greater is not less than the Jesser. <

point of contact.
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Proposition 12

Statement. If two circles touch one another externally then the (straight-
line) joining their centers will go through the point of union.

Given / Construction. The complete labelled configuration and construc-
tion are preserved in the numbered actions below; every previously con-
structed object and incidence relation persists unless an action explicitly
modifies it.

Proof Actions.

1.

10.

I1.

12.

For let two circles, ABC and ADE, touch one another externally at point
A, and let the center F of ABC have been found [Prop. 3.1], and (the
center) G of ADE [Prop. 3.1].

I say that the straight-line joining F to G will go through the point of
union at A.

. For (if) not then, if possible, let it go like FCDG (in the figure), and let

AF and AG have been joined.

Therefore, since point F is the center of circle ABC, FA is equal to FC.
Again, since point G is the center of circle ADE, GA is equal to GD.
And FA was also shown

(to be) equal to FC.

. Thus, the (straight-lines) FA and AG are equal to the (straight-lines) FC

and GD.

. So the whole of FG is greater than FA and AG.

But, (it is) also less [Prop. 1.20]. The very thing is impossible.

Thus, the straight-line joining F to G cannot not go through the point of
union at A.

Thus, (it will go) through it.

Conclusion. Thus, if two circles touch one another externally then the
[straight-line] joining their centers will go through the point of union.
(Which is) the very thing it was required to show.
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EucLID’S ELEMENTS ¢ BOOK III ¢« PROPOSITION 12

If two circles touch one another externally,
then the straight-line joining their centers will go through the point of contact.

~ B 1) < s i i i
Let two circles, ABC and ADE, touch Find their centers: let F be the center Join the centers F and G with Claim: The straight-line FG

one another externally at point A. of the first circle and G the center the straight-line FG. passes through the common

of the second. point of contact A.
D
c E

Assume the contrary: suppose FG Join the touching point A to Consider triangle AFG. B But AF is a radius of the first circle,

does not pass through A. both centers: AF and AG. By the triangle inequality, 50 it equals the radius from F along FG

B to that circle.
B D AF + AG > FG. |

Likewise, AG is a radius of the second Since the circles touch externally, Thus we have both ‘Therefore our assumption was false.
circle, 5o it equals the corresponding those two radial portions together ‘The line joining the two centers
radius from G along GF to that circle. make the whole distance between PAFEac = FC| must pass through A.

the centers. Hence AF + AG = FG. }

J

which is impossible.

L 4
F, A, G are collinear.

BCED)
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Proposition 13

Statement. A circle does not touch a(nother) circle at more than one point,
whether they touch internally or externally.

Given / Construction. The complete labelled configuration and construc-
tion are preserved in the numbered actions below; every previously con-
structed object and incidence relation persists unless an action explicitly
modifies it.

Proof Actions.
1. For, if possible, let circle ABDC touch circle EBFD- first of all,
internally—at more than one point, D and B.
2. And let the center G of circle ABDC have been found [Prop. 3.1], and
(the center) H of EBFD [Prop. 3.1].
3. Thus, the (straight-line) joining G and H will fall on B and D [Prop. 3.11].
4. Let it fall like BGHD (in the figure).
5. And since point G is the center of circle ABDC, BG is equal to GD.
6. Thus, BG (is) greater than HD.
7. Thus, BH (is) much greater than HD.
8. Again, since point H is the center of circle EBFD, BH is equal to HD.
9. But it was also shown (to be) much greater than it. The very thing (is)
impossible.
10. Thus, a circle does not touch a(nother) circle internally at more than one
point.
11. So, I say that neither (does it touch) externally (at more than one point).
12. For, if possible, let circle ACK touch circle ABDC externally at more
than one point, A and C.
13. And let AC have been joined.
14. Therefore, since two points, A and C, have been taken at random on the

circumference of each of the circles ABDC and ACK, the straight-line
joining the points will fall inside each (circle) [Prop. 3.2].
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15. But, it fell inside ABDC, and outside ACK [Def. 3.3].
16. The very thing
17. (is) absurd.

18. Thus, a circle does not touch a(nother) circle externally at more than one
point.

19. And it was shown that neither (does it) internally.

Conclusion. Thus, a circle does not touch a(nother) circle at more than
one point, whether they touch internally or externally. (Which is) the very
thing it was required to show.
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Proposition 14

Statement. In a circle, equal straight-lines are equally far from the center,
and (straight-lines) which are equally far from the center are equal to one
another.

Given / Construction. The complete labelled configuration and construc-
tion are preserved in the numbered actions below; every previously con-
structed object and incidence relation persists unless an action explicitly
modifies it.

Proof Actions.

1. Let ABDC be a circle, and let AB and CD be equal straight-lines within
it.

2. Isay that AB and CD are equally far from the center.

3. For let the center of circle ABDC have been found [Prop. 3.1], and let it
be (at) E.

4. And let EF and EG have been drawn from (point) E, perpendicular to AB
and CD (respectively) [Prop. 1.12].

5. And let AE and EC have been joined.

6. Therefore, since some straight-line, EF, through the center (of the circle),
cuts some (other) straight-line, AB, not through the center, at right-angles,
it also cuts it in half [Prop. 3.3].

7. Thus, AF (is) equal to FB.

8. Thus, AB (is) double AF.

9. So, for the same (reasons), CD is also double CG.
10. And AB is equal to CD.
11. Thus, AF (is) also equal to CG.

12. And since AE is equal to EC, the (square) on AE (is) also equal to the
(square) on EC.

13. But, the (sum of the squares) on AF and EF (is) equal to the (square) on
AE.
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14.

15.

16.

17.

18.

19.

20.

21.

22.
23.
24.
25.
26.

27.

28.

29.

30.

For the angle at F (is) a rightangle [Prop. 1.47].

And the (sum of the squares) on EG and GC (is) equal to the (square) on
EC.

For the angle at G (is) a right-angle [Prop. 1.47].

Thus, the (sum of the squares) on AF and FE is equal to the (sum of
the squares) on CG and GE, of which the (square) on AF is equal to the
(square) on CG.

For AF is equal to CG.

Thus, the remaining (square) on FE is equal to the (remaining square) on
EG.

Thus, EF (is) equal to EG.

And straight-lines in a circle are said to be equally far from the center
when perpendicular (straight-lines) which are drawn to them from the
center are equal [Def. 3.4].

Thus, AB and CD are equally far from the center.

So, let the straight-lines AB and CD be equally far from the center.
That is to say, let EF be equal to EG.

I say that AB is also equal to CD.

For, with the same construction, we can, similarly, show that AB is dou-
ble AF, and CD (double) CG.

And since AE is equal to CE, the (square) on AE is equal to the (square)
on CE.

But, the (sum of the squares) on EF and FA is equal to the (square) on
AE [Prop. 1.47].

And the (sum of the squares) on EG and GC (is) equal to the (square) on
CE [Prop. 1.47].

Thus, the (sum of the squares) on EF and FA is equal to the (sum of
the squares) on EG and GC, of which the (square) on EF is equal to the
(square) on EG.
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31. For EF (is) equal to EG.

32. Thus, the remaining (square) on AF is equal to the (remaining square) on
CG.

33. Thus, AF (is) equal to CG.
34. And AB is double AF, and CD double CG.

35. Thus, AB (is) equal to CD.

Conclusion. Thus, in a circle, equal straight-lines are equally far from the
center, and (straight-lines) which are equally far from the center are equal
to one another. (Which is) the very thing it was required to show.
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Inside the circe draw two
equal chords: AB = CD.

EA and EC are radii
of the same cirle.

Given AB = CD.

[aB=cp

L . EA=EC
Since AB = 2AF

and CD = 2CG,

AF = CG.

EucLID’S ELEMENTS ¢ BOOK III ¢ PROPOSITION 14
rf

and straight-lines which are equally far from the center are equal to one another.

m the center,

In a circle, equal straight-lines are equally |

B Lt Ebe the From E, draw EF | [ From E, draw EG | [ Join the center to A perpendicular from the center
center. perpendicular perpendicular endpoints Aand C. | bisecs the chord: AF = FB.
to chord AB. to chord CD.

F

A B

In right triangle EFA, I8 since £ But AF? = CG2. Therefore:
EA? = EF? + AP, we get el

T EF = EG.

AT ey EF AP = squares;hence 2

passng through theipoint of contct
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Now suppose ABand CD | [ A perpendiclar from EA and EC e By Pythagoras, Therfore Bt EF? = EG; Since AB = 24F | ] Thus both Therefore
e s e centerbises: el eoce EA L EF 4 AP s s0 EFt = EGL. 0dCD=2C6, | diectons e ‘ ina cicle:
the cente E and EC? = EG* + CG" 3 = suencopal | [AE=CE] esablished Equal chords are
[ Hoer s squares; hence AB = CD. | equally far from
| [e-erear the center, and
equally distant
| [z Ec+c | chords are equal.
; QED.
|
WHAT WE USED KEY
+ Pop 11 Todrwspependicalar foma pin 0 srght e i
B n ol To e s cude O Circle ABCD —— ChordAB ¢ Radii
+ Prop. 4 Allight angls e cql e
+ Prop. : The line joiing he centers of two circies ) o el

B thercfore | [ Similarly,
AB=24F. @d CD=

CG=6D
nd 26.

B so4BandcD
are equally far
from the center E.

First direction
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Proposition 15

Statement. In a circle, a diameter (is) the greatest (straight-line), and for
the others, a (straight-line) nearer to the center is always greater than one
further away.

Given / Construction. The complete labelled configuration and construc-
tion are preserved in the numbered actions below; every previously con-
structed object and incidence relation persists unless an action explicitly
modifies it.

Proof Actions.

1.

2.

10.

11.

12.

13.

14.

Let ABCD be a circle, and let AD be its diameter, and E (its) center.

And let BC be nearer to the diameter AD, and FG further away.

. I say that AD is the greatest (straight-line), and BC (is) greater than FG.

. For let EH and EK have been drawn from the center E, at right-angles to

BC and FG (respectively)

. And since BC is nearer to the center, [Prop. 1.12]. and FG further away,

EK (is) thus greater than EH [Def. 3.5].
Let EL be made equal to EH [Prop. 1.3].

And LM being drawn through L, at right-angles to EK [Prop. 1.11], let
it have been drawn through to N.

. And let ME, EN, FE, and EG have been joined.

And since EH is equal to EL, BC is also equal to MN [Prop. 3.14].

Again, since AE is equal to EM, and ED to EN, AD is thus equal to ME
and EN.

But, ME and EN is greater than MN [Prop. 1.20] [also AD is
greater than MN], and MN (is) equal to BC.
Thus, AD is greater than BC.

And since the two (straight-lines) ME, EN are equal to the two (straight-
lines) FE, EG (respectively), and angle MEN [is] greater than angle FEG,
the base MN is thus greater than the base FG [Prop. 1.24].
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15. But, MN was shown (to be) equal to BC [(so) BC is also greater than
FG].

16. Thus, the diameter AD (is) the greatest (straight-line), and BC (is) greater
than FG.

Conclusion. Thus, in a circle, a diameter (is) the greatest (straightline),
and for the others, a (straight-line) nearer to the center is always greater
than one further away. (Which is) the very thing it was required to show.
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EUCLID’S ELEMENTS ¢ BOOK III ¢ PROPOSITION 15

In a circle, the diameter is the greatest straight-line,

and among the others the chord nearer to the center is always greater than the one farther away.

H L apbe I Let BCbe a chord LetFGbeachord | [ From E, draw
a diameter. nearer to the center farther from EH 1 BC.
the center.

B on EX, take point L
so that EL = EH.
Through L draw
MN L EK meeting
the circle at M, N.

A

PANEL II — ACTIONS 10—-18: CoMP:

Since EH = EL,

E THE LENGTHS

Join EM In triangle MEN, Therefore Since MN = BC, | [ In tiangles MEN ZMEN > LFEG. But MN = BC.
by Propositon 14, and EN. by the triangle AD = EM + EN we get and FEG, e
[Bc= MmN, ‘Therefore | inequality, > MN. By Prop. 1.24, = 7O
ey AD = AE + ED EM + EN > MN. dndEhozsn Rk

the greater angle

is greater: T

M TC AD > BC > FG.

SUMMARY i KEY TO DIAGRAMS
A diameter is the greatest chord.
= Chord BC sewer) + Center E
Among all other chords, O S e .
the one nearer to the center — Chord FG (farther) @ Perpendiculars
is greater than the one farther away. ——  Diameter AD —— Chord MN (equal distance) ~ from E
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Proposition 16

Statement. A (straight-line) drawn at right-angles to the diameter of a cir-
cle, from its end, will fall outside the circle. And another straight-line cannot
be inserted into the space between the (aforementioned) straight-line and the
circumference. And the angle of the semi-circle is greater than any acute rec-
tilinear angle whatsoever, and the remaining (angle is) less (than any acute
rectilinear angle).

Given / Construction. The complete labelled configuration and construc-
tion are preserved in the numbered actions below; every previously con-
structed object and incidence relation persists unless an action explicitly
modifies it.

Proof Actions.

1. Let ABC be a circle around the center D and the diameter AB.

2. 1 say that the (straight-line) drawn from A, at right-angles to AB [Prop
1.11], from its end, will fall outside the circle.

3. For (if) not then, if possible, let it fall inside, like CA (in the figure), and
let DC have been joined.

4. Since DA is equal to DC, angle DAC is also equal to angle ACD [Prop.
1.5].

5. And DAC (is) a right-angle.
6. Thus, ACD (is) also a right-angle.

7. So, in triangle ACD, the two angles DAC and ACD are equal to two
rightangles. The very thing is impossible [Prop. 1.17].

8. Thus, the (straight-line) drawn from point A, at right-angles

9. to BA, will not fall inside the circle.
10. So, similarly, we can show that neither (will it fall) on the circumference.
11. Thus, (it will fall) outside (the circle).
12. Let it fall like AE (in the figure).

13. So, I say that another straight-line cannot be inserted into the space be-
tween the straight-line AE and the circumference CHA.
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14.

15.

16.

17.

18.

19.

20.

21.
22.

For, if possible, let it be inserted like FA (in the figure), and let DG have
been drawn from point D, perpendicular to FA [Prop. 1.12].

And since AGD is a rightangle, and DAG (is) less than a right-angle, AD
(is) thus greater than DG [Prop. 1.19].

And DA (is) equal to DH.

Thus, DH (is) greater than DG, the lesser than the greater. The very thing
is impossible.

Thus, another straight-line cannot be inserted into the space between the
straight-line (AE) and the circumference.

And I also say that the semi-circular angle contained by the straight-line
BA and the circumference CHA is greater than any acute rectilinear an-
gle whatsoever, and the remaining (angle) contained by the circumfer-
ence CHA and the straight-line AE is less than any acute rectilinear angle
whatsoever.

For if any rectilinear angle is greater than the (angle) contained by the
straight-line BA and the circumference CHA, or less than the (angle)
contained by the circumference CHA and the straight-line AE, then a
straight-line can be inserted into the space between the circumference
CHA and the straight-line AE—anything which will make (an angle) con-
tained by straight-lines greater than the angle contained by the straight-
line BA and the circumference CHA, or less than the (angle) contained
by the circumference CHA and the straightline AE.

But (such a straight-line) cannot be inserted.

Thus, an acute (angle) contained by straight-lines cannot be greater than
the angle contained by the straight-line BA and the circumference CHA,
neither (can it be) less than the (angle) contained by the circumference
CHA and the straight-line AE.

Conclusion. So, from this, (it is) manifest that a (straight-line) drawn at
right-angles to the diameter of a circle, from its extremity, touches the circle
[and that the straight-line touches the circle at a single point, inasmuch as it
was also shown that a (straight-line) meeting (the circle) at two (points) falls
inside it [Prop. 3.2] ]. (Which is) the very thing it was required to show.
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EUCLID’S ELEMENTS * BOOK III  PROPOSITION 16

A straight-line drawn at right angles to the diameter of a circle, from its end,
will fall outside the circle. And another straight-line cannot be inserted into the space between

the straight-line and the circumference. And the angle of the semicircle is greater than any acute rectilinear
angle whatsoever, and the remaining angle is less than any acute rectilinear angle
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A straight-line drawn at right angles to the diameter of a circle, from its end,
will fall outside the circle. And another straight-]
the space between the straight-line and the circumference. And the angle of the
semicircle is greater than any acute rectilinear angle whatsoever, and the
remaining angle is less than any acute rectilinear angle.

KEY TO DIAGRAMS

e cannot be inserted into

o Center — Radis —— Other straightline

- Constructed line m

Right angle
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Proposition 17

Statement. To draw a straight-line touching a given circle from a given
point.

Given / Construction. The complete labelled configuration and construc-
tion are preserved in the numbered actions below; every previously con-
structed object and incidence relation persists unless an action explicitly
modifies it.

Proof Actions.

1. Let A be the given point, and BCD the given circle.

2. So it is required to draw a straight-line touching circle BCD from point
A.

3. For let the center E of the circle have been found [Prop. 3.1], and let AE
have been joined.

4. And let (the circle) AFG have been drawn with center E and radius EA.

5. And let DF have been drawn from from (point) D, at right-angles to EA
[Prop. 1.11].

6. And let EF and AB have been joined.

7. I say that the (straight-line) AB has been drawn from point A touching
circle BCD.

8. For since E is the center of circles BCD and AFG, EA is thus equal to
EF, and ED to EB.

9. So the two (straight-lines) AE, EB are equal to the two (straightlines) FE,
ED (respectively).

10. And they contain a common angle at E.

11. Thus, the base DF is equal to the base AB, and triangle DEF is equal to
triangle EBA, and the remaining angles (are equal) to the (corresponding)
remaining angles [Prop. 1.4].

12. Thus, (angle) EDF (is) equal to EBA.

13. And EDF (is) a right-angle.
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14. Thus, EBA (is) also a right-angle.
15. And EB is a radius.

16. And a (straight-line) drawn at right-angles to the diameter of a circle,
from its extremity, touches the circle [Prop. 3.16 corr.].

17. Thus, AB touches circle BCD.

18. Thus, the straight-line AB has been drawn touching

Conclusion. the given circle BCD from the given point A. (Which is) the
very thing it was required to do.
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EucLID’s ELEMENTS ¢ BOOK III ¢« PROPOSITION 17

To draw a straight-line touching a given circle from a given point.

ISTRUCTION OF THE TANGENT

B Join EF.

KEY TO DIAGRAMS .
® Cemter e Circle AFG (center E,
B —— From the external point A, the constructed line AB
— Radius / given line ius EA) S
touches the given circle BCD at exactly one point, B.
—— Constructed line O Rightangle
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Proposition 18

Statement. If some straight-line touches a circle, and some (other)
straight-line is joined from the center (of the circle) to the point of contact,
then the (straight-line) so joined will be perpendicular to the tangent.
Given / Construction. The complete labelled configuration and construc-
tion are preserved in the numbered actions below; every previously con-
structed object and incidence relation persists unless an action explicitly
modifies it.

Proof Actions.

1. For let some straight-line DE touch the circle ABC at point C, and let
the center F of circle ABC have been found [Prop. 3.1], and let FC have
been joined from F to C.

2. Isay that FC is perpendicular to DE.

3. For if not, let FG have been drawn from F, perpendicular to DE [Prop.
1.12].

4. Therefore, since angle FGC is a right-angle, (angle) FCG is thus acute
[Prop. 1.17].

5. And the greater angle is subtended by the greater side [Prop. 1.19].
6. Thus, FC (is) greater than FG.
7. And FC (is) equal to FB.

8. Thus, FB (is) also greater than FG, the lesser than the greater. The very
thing is impossible.

9. Thus, FG is not perpendicular to DE.

10. So, similarly, we can show that neither (is) any other (straight-line) ex-
cept FC.

11. Thus, FC is perpendicular to DE.

Conclusion. Thus, if some straight-line touches a circle, and some (other)
straight-line is joined from the center (of the circle) to the point of contact,
then the (straight-line) so joined will be perpendicular to the tangent. (Which
is) the very thing it was required to show.

72



EucLip’s ELEMENTS — Boox 111

EUCLID'S ELEMENTS ¢ BOOK III « PROPOSITION 18

If some straight-line touches a circle, and some other straight-line

ned from the center of the circle to the point of contact,

PANEL I — ACTIONS 1-9:
| I Draw circle ABC. Draw a straight line Find the center of Join F to the point Claim: A Assume the From F, draw FG | [ JoinGto C In triangle FGC,
| DE touching the the circle and of contact C. FC 1 DE. contrary: ‘perpendicular to (the portion GC LFGC = 90°.
circle at C. callit F. FC is not DE, meeting it of the tangent).
perpendicular aG.

A A A A A i~
A
B c | B B B B’
B
D €] E © E|D €] E|D @ E

Since ZFGC = 90°, Side opposite LFGC ‘Therefore Join F to B. B From FC > FG [ But along the ‘We have proved
the angle at C, the greaterangleds s FC, opposite FC > FG, Since FC and FB and FC = FB, same straight the absurdity
LFCG, is acute opposite the LFCG is FG. = are radii, it follows that line F-B—G, FB > FG and
(< 90°). greater side FC = FB. FB > FG. point Bis FG > FB.

A Q A A n A A between F and G. Therefore our
assumption is
false.

|8 - =
B B B B B | Hence
20 20 g 0 20 FC L DE.
DR GINCER (R RN I =R D @ D L J

’ KEY TO DIAGRAMS
CONCLUSION ‘Thus, if a straight-line

i WP f cis
‘The straight line from the center of the circle B s s el T Center of circle

to the point of contact s perpendicular to the tangent. N joining the center to the Radius
\ point of contact is Tangent
Brc LDEg QAN perpendiculas oty - Constructed line

O Rightangle
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Proposition 19

Statement. If some straight-line touches a circle, and a straightline is
drawn from the point of contact, at right-[angles] to the tangent, then the
center (of the circle) will be on the (straight-line) so drawn.

Given / Construction. The complete labelled configuration and construc-
tion are preserved in the numbered actions below; every previously con-
structed object and incidence relation persists unless an action explicitly
modifies it.

Proof Actions.

1. For let some straight-line DE touch the circle ABC at point C.
2. And let CA have been drawn from C, at right-

3. angles to DE [Prop. 1.11].

4. 1 say that the center of the circle is on AC.

5. For (if) not, if possible, let F be (the center of the circle), and let CF have
been joined.

Therefore , since some straight-line DE touches the circle ABC, and FC has been
joined from the center to the point of contact, FC is thus perpendicular
to DE

6. Thus, FCE is a right-angle.

Conclusion. And ACE [Prop. 3.18]. is also a right-angle. Thus, FCE is
equal to ACE, the lesser to the greater. The very thing is impossible. Thus,
F is not the center of circle ABC. So, similarly, we can show that neither
is any (point) other (than one) on AC. Thus, if some straight-line touches a
circle, and a straightline is drawn from the point of contact, at right-angles
to the tangent, then the center (of the circle) will be on the (straight-line) so
drawn. (Which is) the very thing it was required to show.
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If some straight-line touches a circle, and a straight-line is drawn from

the point of contact, at right angles to the tangent,
then the center of the circle will be on the straight-line so drawn.

¥ Drw circle ABC. Let straight line DE touch From the point of contact C, Claim: the center of circle ABC
A the circle at C. draw CA perpendicular to DE. lies somewhere on AC.
A A A
To Prove: |
B Center of the
2 B B circle lies on
| ‘ ac_ o
D c E D G E D 4 E
Assume the contrary: B et £ somewhere away from AC, Join the supposed center F B Since DE is tangent to the circle at C,
suppose the center be the supposed center. o the point of contact C. by Proposition 18, FC is perpendicular
A A to DE. Hence ZFCE = 90°.

does not lie on AC._4
[
3
B B / B B
ZFCE = 90°
i D G E ; D @ E

D 4 E D & E
B} But CA was drawn perpendicular H Thus 2FCE = ACE. Therefore F, or any other point lying Therefore:
to DE. Hence ZACE = 90°. But FC lies inside the larger angle ACE. away from AC, cannot be the center. A
A So the lesser angle equals the greater Hence the center must ie on AC. 1If DE touches the circle
angle — impossible. B S ? at C and AC L DE,
then the center of the
B ZACE = 90° : FThe cenned circle lies on AC.
—

KEY To DIAGRAMS » (CONCLUSION

T ;"““ () FThe center of the circle lies on the straightine
ae drawn from the point of contact at right angles
e Ernr oy s
[ Right angle
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Proposition 20

Statement. In a circle, the angle at the center is double that at the circum-
ference, when the angles have the same circumference base.

Given / Construction. The complete labelled configuration and construc-
tion are preserved in the numbered actions below; every previously con-
structed object and incidence relation persists unless an action explicitly
modifies it.

Proof Actions.

1.

10.

11.

12.

13.

14.

Let ABC be a circle, and let BEC be an angle at its center, and BAC (one)
at (its) circumference.

And let them have the same circumference base BC.

. I say that angle BEC is double (angle) BAC.

For being joined, let AE have been drawn through to F.

Therefore, since EA is equal to EB, angle EAB (is) also equal to EBA
[Prop. 1.5].

Thus, angle EAB and EBA is double (angle) EAB.
And BEF (is) equal to EAB and EBA [Prop. 1.32].

Thus, BEF is also double EAB.

. So, for the same (reasons), FEC is also double EAC.

Thus, the whole (angle) BEC is double the whole (angle) BAC.

So let another (straight-line) have been inflected, and let there be another
angle, BDC.

And DE being joined, let it have been produced to G.

So, similarly, we can show that angle GEC is double EDC, of which GEB
is double EDB.

Thus, the remaining (angle) BEC is double the (remaining angle) BDC.

Conclusion. Thus, in a circle, the angle at the center is double that at
the circumference, when [the angles] have the same circumference base.
(Which is) the very thing it was required to show.
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EucLID’S ELEMENTS ¢ BOOK III ¢ PROPOSITION 20

In a circle, the angle at the center is double the angle at the circumferenc

when the angles have the same circumference as ba.

AL ANGLE
Draw the central Choose A on the Join AE. Produce AE beyond E Since EA = EB 3 Hence ZEAB + LEBA
the center. angle ZBEC. circumference and join o point . (adi). EAB = ZEBA = 22EAB,
ABand AC. Then ZBAC (base angles of an
stands on the same | isosceles triangle).

PANEL II — ACTIONS

Since £BEF = 22BAE.
toF, 2B angle at E saisies s thesum of the two cicumference is the and ZFEC = 22EAC,
exterior znge nf i LFEC = 2LEAC. sum of the two part: therefore

CABC B+ LFEC | MG MBS £EAC| 2T 23AC.

2EAC.

b4 LBABGDOR

KEY TO DIAGRAMS
© E Center of the circle

%

CONCLUSION

In acircle the angle at the center is

—— Radii
double the angle at the circumference,
e ;’;‘;’:; e (A;g;g‘;“* S ‘when the angles have the same
circumference as base.

B Angle at the center (ZBEC)
B Exterior angle ZBEF
[ Eterior angle ZFEC

[ 2BEC = 2.BAC |
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Proposition 21

Statement. In a circle, angles in the same segment are equal to one an-
other.

Given / Construction. The complete labelled configuration and construc-
tion are preserved in the numbered actions below; every previously con-
structed object and incidence relation persists unless an action explicitly
modifies it.

Proof Actions.

1. Let ABCD be a circle, and let BAD and BED be angles in the same
segment BAED.

2. Isay that angles BAD and BED are equal to one another.

3. For let the center of circle ABCD have been found [Prop. 3.1], and let it
be (at point) F.

4. And let BF and FD have been joined.

5. And since angle BFD is at the center, and BAD at the circumference, and
they have the same circumference base BCD, angle BFD is thus double
BAD [Prop. 3.20].

6. So, for the same (reasons), BFD is also double BED.

7. Thus, BAD (is) equal to BED.

Conclusion. Thus, in a circle, angles in the same segment are equal to one
another. (Which is) the very thing it was required to show.
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EUCLID’S ELEMENTS * BOOK III ¢ PROPOSITION 21

In a circle, angles in the same segment are equal to one another.

Draw circle ABCD.

A
BQD
(©

A Find the center of circle ABCD,
and aall it F.

A
E
H@D
@

Choose points A and E in the Join AB, AD, forming Join EB, ED, forming Both are angles in the same.
same segment BAED. angle BA angle BED. segment. We claim
A A ZBAD = ZBED.
E E
To Prove:
D
B 2 B D | ZBAD = ZBED
E T Cali e -
Join the center to the endpoints | [EJ his pmducts F— Bl Compare £BFD with £BAD. Compare £BFD with £BED.
of the common are: anglc ZBFD. They stand on the same They stand on the same
FB and FD. 4 circumference BCD. circumference BCD.
. A . By Proposition 20, By Proposition 20,
ZBED = 22BAD. ZBFD = 2ZBED.
E
B D B D |
| s b [ 8D LBFD
|=24BAD | 2/BED
G @

Thus both ZBAD and ZBED
are halves of the same angle
LBFD.

2/BAD = LBFD = 2/£BED
Therefore ZBAD = ABED

Therefore ZBAD = £BED

]

[ £BFD = 2/BAD ‘ ‘ ZBFD = ZLBED]

Angles in the same
segment of a circle
are equal to one another. | ¥

KEY TO DIAGRAMS:

® Center F

—— Radius (FB, FD)  —— Chords (B, AD, EB, ED)  [E Angles at the circumference

Angle at the center
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Proposition 22

Statement. For quadrilaterals within circles, the (sum of the) opposite an-
gles is equal to two right-angles.

Given / Construction. The complete labelled configuration and construc-
tion are preserved in the numbered actions below; every previously con-
structed object and incidence relation persists unless an action explicitly
modifies it.

Proof Actions.

1. Let ABCD be a circle, and let ABCD be a quadrilateral within it.
2. Isay that the (sum of the) opposite angles is equal to two right-angles.
3. Let AC and BD have been joined.

4. Therefore, since the three angles of any triangle are equal to two right-
angles [Prop. 1.32], the three angles CAB, ABC, and BCA of triangle
ABC are thus equal to two right-angles.

5. And CAB (is) equal to BDC.

6. For they are in the same segment BADC [Prop. 3.21].

7. And ACB (is equal) to ADB.

8. For they are in the same segment ADCB [Prop. 3.21].

9. Thus, the whole of ADC is equal to BAC and ACB.
10. Let ABC have been added to both.
11. Thus, ABC, BAC, and ACB are equal to ABC and ADC.
12. But, ABC, BAC, and ACB are equal to two right-angles.
13. Thus, ABC and ADC are also equal to two right-angles.

14. Similarly, we can show that angles BAD and DCB are also equal to two
right-angles.

Conclusion. Thus, for quadrilaterals within circles, the (sum of the) op-
posite angles is equal to two right-angles. (Which is) the very thing it was
required to show.
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EucLID’S ELEMENT

For quadrilaterals within circles,
the sum of the opposite angles is equal to two right angles.

I Draw circle ABCD. Place four points Join AB, BC, CD, Claim: opposite angles Join the diagonal Join the other Focus on triangle | [ By Prop. 132, the three ZCAB and £BDC lie
A,B,C,Donits DA to form the together equal two AC. diagonal BD. ABC. angles of triangle ABC' in the same segment
| circumference. quadrilateral ABCD. right angles. equal two right angles. BADC. By Prop. IIL21,
A A A A ZCAB = £BDC.
‘ ZABC + LADC = 180°
£BAD + £DCB = 180°
B D |5 D B D B
| | e
‘ To ProviH |
Cc | C € - C

ZBCA and ZBDA At D, the two angles Therefore, using Actions 9 Add LABC to But the right-hand side | [ ‘Those three angles | [ By the same reasoning | I ‘Therefore both pairs of
Ji in the same. 2BDA and £BDC and 11, both sides. is exactly the three equal two right for the other pair of opposite angls of a

segment. By together form the whole ( — angles of triangle ABC. angles. Hence opposite angles, eyclic quadrilateral
Prop. I11.21, angle ZADC. | CAB + £BCA. | || /ABC + £ADC = ——— itz ———| equal two right angles
ZBCA = BDA. A n ZABC + ZCAB + ZBCA. . £ABC + ZADC = 180" || | ZBAD+ ZDCB = 180
A [ ) T
Conclusion
| LABC + ZADC = 180°|
D ZADC D D i
£ADC
D c € | [zcaB + zasc + zbca @ ‘

= 180°

KEY TO DIAGRAMS CONCLUSION
Sides of quadrilateral
Diagonal AC
Diagonal BD

In any quadrilateral inscribed in a circle,
the sum of each pair of opposite angles
is equal to two right angles (180°).

Angles in the same segment (equal)
Triangle ABC
Angle ZADC
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Proposition 23

Statement. Two similar and unequal segments of circles cannot be con-
structed on the same side of the same straight-line.

Given / Construction. The complete labelled configuration and construc-
tion are preserved in the numbered actions below; every previously con-
structed object and incidence relation persists unless an action explicitly
modifies it.

Proof Actions.

1.

For, if possible, let the two similar and unequal segments of circles, ACB
and ADB, have been constructed on the same side of the same straight-
line AB.

And let

. ACD have been drawn through (the segments), and let CB and DB have

been joined.

Therefore, since segment ACB is similar to segment ADB, and similar
segments of circles are those accepting equal angles [Def. 3.11], angle
ACB is thus equal to ADB, the external to the internal. The very thing is
impossible [Prop. 1.16].

. Thus, two similar and unequal segments of circles cannot be constructed

on the same side of the same straight-line.
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EuCLID’S ELEMENTS ¢ BOOK III ¢« PROPOSITION 23 u‘,

Two similar and unequal segments of
ui on the same side of the same straight- lnw

constri

ircles cannot be

B Assume, contrary to the proposition,
that two unequal circular segments

Let the first segment be ACB. Let the second, unequal segment

be ADB. Both segments are on

can be constructed on the same c the same side of AB.
side of AB. D
A B A B
B
A
I |
A Since the segments are unequal, Draw the straght line through 4 and C, | [B Join CB. B oin DB,
arrange them as shown, one and prodice it beyond C unl it meets
inside the other. the other arc at D. D x3 L
3 2
A A ’ ¢
A B A B B A B

s the interior opposite angle.

By Propasition L16, the exterior angle s~ D
greater than the interor opposte angle.

Z£ACB > LADB

JJ Bt A, G, D are collineas s0 2ACB s the
exterior angle of riangle CDB, and 2ADB

This contradicts Proposition 1.16.

Contradiction!

But similarity gave 2ACB = ZADB.

Therefore:
“Two similar and unequal
segments of circles cannot be

constructed on the same side
of the same straight-line. |

KEY TO DIAGRAMS

- -~ Extension of line

] Segment ACB

[] Segment ADB

[ Exterior angle ZACB

[0 Interior opposite angle ZADB

Def. IIL11:
Prop. 116:

WHAT WE USED

Similar figures accept equal angles
In any triangle, an exterior angle
is greater than the interior opposite angle.
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Assume that the two segments are
similar: ACB ~ ADB.
D

ACB ~ ADB

Since ACB ~ ADB (Def. I1L11),
they accept equal angles:
‘Therefore,

£ACB = £ADB,
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Proposition 24

Statement. Similar segments of circles on equal straight-lines are equal
to one another.

Given / Construction. The complete labelled configuration and construc-
tion are preserved in the numbered actions below; every previously con-
structed object and incidence relation persists unless an action explicitly
modifies it.

Proof Actions.

1. Forlet AEB and CFD be similar segments of circles on the equal straight-
lines AB and CD (respectively).

2. Isay that segment AEB is equal to segment CFD.

3. For if the segment AEB is applied to the segment CFD, and point A is
placed on (point) C, and the straight-line AB on CD, then point B will
also coincide with point D, on account of AB being equal to CD.

4. And if AB coincides with CD then the segment AEB will also coincide
with CFD.

5. Forif'the straight-line AB coincides with CD, and the segment AEB does
not coincide with CFD, then it will surely either fall inside it, outside (it),
or it will miss like CGD (in the figure), and a circle (will) cut (another)
circle at more than two points. The very

6. thing is impossible [Prop. 3.10].

7. Thus, if the straight-line AB is applied to CD, the segment AEB cannot
not also coincide with CFD.

8. Thus, it will coincide, and will be equal to it [C.N. 4].

Conclusion. Thus, similar segments of circles on equal straightlines are
equal to one another. (Which is) the very thing it was required to show.
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EucLID’S ELEMENTS ¢ BOOK III ¢ PROPOSITION 2

Similar segments of circles on equal straight-lines are equal to one another.

On AB, construct the Draw another straight On CD, construct the The two segments are | [ Claim: Take thesegment AEB | [ Place point A | [E] Place the straght lne
circular segment AEB. line CD such that circular segment CFD. given to be similar: AEB = CFD. and apply it to the exactly upon AB upon the straight
AB = CD. ‘ AEB ~ CFD. scgment CFD. point C. line CD.
E

— ||| g |

T o=l
AB =CD AEB ~ CFD

e claim that the
gment AEB must
coincide with CFD.

In any such case, the two. | [ Thereore the two segments
cicles would intersectin | must coincide xacty.

Thus the two equal
chords now coincide
with C, the other completel

end also coincides: 4B
B coincides with D.

B

‘more than two poiats

do not coincide.

AB = CD

CONCLUSION KEY TO DIAGRAMS

e Point

Straight line (chord)
[ Segment AEB
[] Segment CFD.
Application of AEB onto CFD J

Thus, if AB = CD and
AEB ~ CFD,
then

Therefore, similar segments of circles
on equal straight-lines are equal to

one another.
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Proposition 25

Statement. For a given segment of a circle, to complete the circle, the very
one of which it is a segment.

Given / Construction. The complete labelled configuration and construc-
tion are preserved in the numbered actions below; every previously con-
structed object and incidence relation persists unless an action explicitly
modifies it.

Proof Actions.

1.

2.

10.

11.
12.
13.
14.
15.

Let ABC be the given segment of a circle.

So it is required to complete the circle for segment ABC, the very one of
which it is a segment.

For let AC have been cut in half at (point) D [Prop. 1.10], and let DB
have been drawn from point D, at right-angles to AC [Prop. 1.11].

And let AB have been joined.

. Thus, angle ABD is surely either greater than, equal to, or less than (an-

gle) BAD.

First of all, let it be greater.

. And let (angle) BAE, equal to angle ABD, have been constructed on the

straight-line BA, at the point A on it [Prop. 1.23].

And let DB have been drawn through to E, and let EC have

. Therefore, since angle ABE is equal to been joined. BAE, the straight-

line EB is thus also equal to EA [Prop. 1.6].

And since AD is equal to DC, and DE (is) common, the two (straight-
lines) AD, DE are equal to the two (straight-lines) CD, DE, respectively.

And angle ADE is equal to angle CDE.

For each (is) a right-angle.

Thus, the base AE is equal to the base CE [Prop. 1.4].
But, AE was shown (to be) equal to BE.

Thus, BE is also equal to CE.
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16.

17.

18.

19.

And

20.

21.

22.

23.

Thus, the three (straight-lines) AE, EB, and EC are equal to one another.

Thus, if a circle is drawn with center E, and radius one of AE, EB, or
EC, it will also go through the remaining points (of the segment), and the
(associated circle) will have been completed [Prop. 3.9].

Thus, a circle has been completed from the given segment of a circle.

And (it is) clear that the segment ABC is less than a semi-circle, because
the center E happens to lie outside it.

, similarly, even if angle ABD is equal to BAD, (since) AD becomes
equal to each of BD [Prop. 1.6] and DC, the three (straight-lines) DA,
DB, and DC will be

And point D will be the center equal to one another. of the completed
circle.

And ABC will manifestly be a semi-circle.

And if ABD is less than BAD, and we construct (angle BAE), equal to
angle ABD, on the straight-line BA, at the point A on it [Prop. 1.23],
then the center will fall on DB, inside the segment ABC.

And segment ABC will manifestly be greater than a semi-circle.

Conclusion. Thus, a circle has been completed from the given segment of
a circle. (Which is) the very thing it was required to do.
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S EUCLID’S ELEMENTS ¢ BOOK III ¢ PROPOSITION 25

i i
% ; ; 2 :
@\\‘ For a given segment of a circle, to complete the circle of which it is a segment.
N e N
PANEL I — ACTIONS 1-9: SET UP THE CONSTRUCTION
Ou tak s t0 complee | [ Bisc the chord AC | [EY Draw DB perpendicalar | [B] Ths D s the midpoie | [ Join 4. Conpars the gl
the circle of which aD. o AC. of AC and DB is ZABD and ZBAD. three possibilties

this s a segment AD = . perpendicular to AC. must occur.

B B B B B 3
ZABD > 2BAD
segment ABC.
A D C D c | 4 B @ |4 DI CA WA c

ZABD < 2BAD

PANEL IT — ACTIONS 10-18: CASE I — ZABD >

At A, construct ZBAE Since ZABE = LABD In right triangles ADE Hence [EA With center E and radius | [ The center E lies
50 that ZBAE = ZABD. and ZBAE = ZABD, | and CDE: A, B, C ar all cqualy EA, drw the circle outide the segment.
ZABE = ZBAE. AD = DG, DE = DE, Pl through A, B, and C. Heoce ABC s kst
B B Therefore [EA = EB. than a seicice.
B

Case I done.

| ] Second possvil: “Then wangle ABD But D bisecs AC, Hence D s the center, || ] Third possbily: A, consruct 2BAE | BB DB produced meets Wich cener E and radivs | B The cete E s
AEE.

‘
| = ZaBD - zBaD. =t 20 AD = DC. Withcenter Dand || 2ABD < ZBAD, 1o that ZBAE = LABD. EA, deaw the cide e e ||
| AD = DB, Thus DA = DB = DC. radis DA, draw the | (The center E now through A, B, and C. Hence ABC is greater |
3 5 5 el | A B Vs i e ) B than 8 semicice. |
e | |
dAb A A . | A ‘
- A D yc x

Ic A c A D c “ / A c AN c Al .
[(Case mrdone. | |

of: L J

[Tcresw | [Cotiam] |

SUMMARY OF THE THREE CASES
‘CONCLUSION

In every possible case, we can determine the center
and complete the circle of which the given segment

| Cuscll: LABD = 2BAD | Case Il: ZABD < £BAD

Center D s at the midpoint Center E s inside: ‘

of AC. 5 the segment.
ABCiscxcty /| ABCi e han
asemicirde, A | 2 semicirde. 4

e
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Proposition 26

Statement. In equal circles, equal angles stand upon equal circumferences
whether they are standing at the center or at the circumference.

Given / Construction. The complete labelled configuration and construc-
tion are preserved in the numbered actions below; every previously con-
structed object and incidence relation persists unless an action explicitly
modifies it.

Proof Actions.

1.

2.

10.

11.

12.

13.

Draw two equal circles, ABC and DEF.

Mark their centers G and H.

. In the first circle construct the central angle BGC.

In the second circle construct the equal central angle EHF, so that angle
BGC equals angle EHF.

. Also mark equal angles at the circumferences: angle BAC equals angle

EDF.

. Mark points K and L on the corresponding circumferences; the goal is to

prove arc BKC equals arc ELF.

. Join the corresponding chords BC and EF.

Because the two circles are equal, their radii are equal: BG equals EH
and GC equals HF. Together with angle BGC equals angle EHF, there are
two sides and the included angle equal.

. Therefore, by Proposition 1.4, triangles BGC and EHF are congruent, and

consequently BC equals EF.

Return to the given equality of the angles at the circumference: angle
BAC equals angle EDF.

These equal angles are accepted by the circular segments BAC and EDF.

Therefore, by Definition III.11, the two circular segments BAC and EDF
are similar.

But their bases have already been proved equal: BC equals EF.
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14. So there are similar circular segments standing on equal straight-lines.

15. By Proposition 111.24, such segments are equal: segment BAC equals
segment EDF.

16. But the whole circles ABC and DEF are themselves equal.

17. Subtract the equal segments BAC and EDF from the equal whole circles;
the remaining circumferences are equal: arc BKC equals arc ELF.

18. Therefore, in equal circles, equal angles stand upon equal circumferences,
whether the equal angles are at the centers or at the circumferences.

Conclusion. or at the circumference. (Which is) the very thing which it
was required to show.
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EUCLID’S ELEMENTS ¢ BOOK III * PROPOSITION 2

In equal circles, equal angles stand upon equal circumferences,
whether they stand at the centers or at t}u’ circumferences.

T0 EQUAL CHORDS.

Draw two equal Mark their centers In the first circle In the second circle Also mark equal angles A 1t K and L be points Join the corresponding | [ Since the circles
circles ABC and DEF. Gand H. construct the central construct the equal at the circumferences: on the curresponding chords BC and EF: are equal: in wiangles BGC and
angle BGC. central angle EHF: ZBAC = ZEDF. circumferences BG = EH and L et
. e ad the incuded angle
D a e aqal
are BKC = arc ELE. Thereore by Prop 14,

ABGC = AEHF,

000046

IBC:EF‘

A D
@GC @ B

ENTS TO EQU

We are also given that | [E] These equal angles are Therefore, by Def. IL11, But we have already ‘Thus we have similar | [} By Proposition 11124, {13 J circle
the angles at the aceeptd by the circular the cicular sgmens proved that their g et on hemsel s segnents BAC and EDF | qual ngessand upon
cireumierenc are cqul sogments BAC and EDF. BAC and EDF are sl bases are equal sanding on equal bases are equal. cide ABC = cicde DEF. | from the cqal whole cqual creumfrences,
ZBAC = ZEDF. BC = EF. cqual sright linc. Thereor, irdes, The remaining whethr they sand

o cntumfmmu e P
4 D A D oscadce

o oratihe

Q Q O circumferences.
e Similar segments segment BAC circle ABC = N A=
[zaac - zeor | et | | R |adad
J arc BKC = arc ELF

KEY TO DIAGRAMS WHAT WE USED

Equl central angles => equal chords Point Def. IL11:  Similr segments tht accept
Stsight line (chord) equal angles are similar

Equal inscrbed angles => similar segments.
el segments on ecpal bases = el segmenie Radius ‘ Prop. L4 Two sides and the included
Scgment BAC angle cqual = triangles

SUMMARY OF THE PROOF

Subtract cqual = 3
equal segments from cqua circles - e R
Prop.[1L24: Sinilar segments on equal
saghtcines are equal

the remaining arcs are equal. Arcof cireumerence

A Equl angls
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Proposition 27

Statement. In equal circles, angles standing upon equal circumferences
are equal to one another, whether they are standing at the center or at the
circumference.

Given / Construction. The complete labelled configuration and construc-
tion are preserved in the numbered actions below; every previously con-
structed object and incidence relation persists unless an action explicitly
modifies it.

Proof Actions.

1.

2.

10.

11.

12.

13.

14.

Draw two equal circles, ABC and DEF.

Mark their centers G and H.

. In the first circle identify the circumference BC.
. In the second circle identify the circumference EF; they are given equal.
. Join the radii GB and GC, producing the central angle BGC.

. Join HE and HF, producing the second central angle EHF. The first goal

is to prove angle BGC equals angle EHF.

. Suppose, for contradiction, that the central angles are unequal.

. Suppose specifically that angle BGC is greater than angle EHF.

Inside the larger angle BGC, construct a smaller angle BGK equal to
angle EHF, where K lies on the circumference of the first circle.

Now angle BGK equals angle EHF; by Proposition I11.26, equal central
angles in equal circles stand upon equal circumferences, so arc BK equals
arc EF.

But from the original hypothesis, arc EF equals arc BC.
Hence arc BK equals arc BC.

But K lies between B and C on the relevant circumference, so arc BK is
only a part of arc BC; a part cannot equal the whole.

Therefore the assumption that the central angles are unequal is false, and
angle BGC equals angle EHF.
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15. Now introduce the corresponding angles at the circumferences, angle
BAC and angle EDF.

16. By Proposition II1.20, each angle at the circumference is half the corre-
sponding central angle.

17. Since angle BGC equals angle EHF, their halves are equal; therefore an-
gle BAC equals angle EDF.

18. Thus equal circumferences in equal circles support equal angles both at
the centers and at the circumferences.

Conclusion. Thus, in equal circles, angles standing upon equal circumfer-
ences are equal to one another, whether they are standing at the center or at
the circumference. (Which is) the very thing it was required to show.
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EUCLID’S ELEMENTS ¢ BOOK III ¢ PROPOSITION 27

In equal circles, angles standing upon equal circumferences are equal to one another,

whether they stand at the center or at the circumference.

TIONS 1-9: ASSUME THE CEN

Draw two equal Mark their centers In the first circle, In the second circle, Join GB and GC to Join HE and HF to 3 B suppose, for contadiction, In 2BGC, construct

ircles ABC and DEF. H idenify the ideny the form the cental form the cntsl. the cental angls see 2BGK equl to

circumference BC. circumference EF. angle BGC. angle EHF. ZBGC = ZEHF. unequal. Suppose ZEHF. (K lies on

LBGC > LEHE. the circumference)

A D D A D A D A D P
@ @ @ : :

l@ @@ 1@ I-@ B G E s |B CEE: H g@c E‘F @
I K

= LEHF

The cicles are equal. | arc BC = arc EF Prove 2BGC

LES AT THE C

CONTRADICTION AND THE

EL 11

ACTIC

ZBGK = ZEHF. But K lies between Therefore our assumption iow consider the angles. )y Prop. 111.20, Since 2BGC = 2EHF, [l Conclusion:
By Prop. 1126, cqual hypothess, arc BK = arc BC. Band C.Soarc BK | isfle. Hence, at the circumferences: the angle at the theie halves ae equal. Equal circumferences
oA arc EF = arc BC. i 2 part of arc BC. ZBGC = EHF ZBAC and ZEDF. crcumcence s Thereor, in equal cirdes stand
equal circes stand half the angle ZBAC = ZEDF. upon equal angles
1 2 2 e cener thee at the cente
upon equal arcs - at he cen cither at the centers
A 2 or at the circumerences.
@ @ @ @ @ @ /"AC”/BGC
B K E F|B C E F| K K & &
ZEDF =} ZEHF
arc BK = arc EF arc BK = arc BC | (|4 P"‘;";’;‘” g | [2BGC /z-m-

WHAT WE HAVE USED k FINAL CONCLUSION KEY TO DIAGRAMS.

Prop. IIL20: The angle at the circumference In equal circles, O @
s half the angle at the center. | angles standing upon equal circumferences fe
Prop. IIL26: In equal circles, equal central angles are equal to one another,

stand upon equal circumferences —  Are (circumference)

whether at the centers or at the circumferences. A Ange
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Proposition 28

Statement. In equal circles, equal straight-lines cut off equal circumfer-
ences, the greater (circumference being equal) to the greater, and the lesser
to the lesser.

Given / Construction. The complete labelled configuration and construc-
tion are preserved in the numbered actions below; every previously con-
structed object and incidence relation persists unless an action explicitly
modifies it.

Proof Actions.

1.

2.

10.

I1.

12.

13.

14.

15.

Draw two equal circles, ABC and DEF.
In the first circle draw chord AB.

In the second circle draw chord DE.

. The chords are given equal: AB equals DE.

Mark the lesser arcs cut off by the chords, AGB and DHE.

Mark the corresponding greater arcs, ACB and DFE; the goal is to prove
lesser equals lesser and greater equals greater.

Find the centers of the two circles, K and L.

Join the radii AK, KB, DL, and LE.

. Because the circles are equal, their radii are equal: AK equals DL and

KB equals LE. Together with AB equals DE, triangles AKB and DLE
have all three corresponding sides equal.

Therefore, by Proposition 1.8, angle AKB equals angle DLE.
These are equal central angles in equal circles.

By Proposition II1.26, equal central angles in equal circles stand upon
equal circumferences.

Hence the lesser arcs AGB and DHE are equal.
But the whole circles are also equal.

Remove the equal lesser arcs from the equal whole circles.
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16. The remaining greater arcs ACB and DFE are equal.

17. Thus equal chords in equal circles cut off equal arcs in both senses: lesser
to lesser and greater to greater.

18. Therefore AB equals DE implies arc AGB equals arc DHE and arc ACB
equals arc DFE.

Conclusion. Thus, in equal circles, equal straight-lines cut off equal cir-
cumferences, the greater (circumference being equal) to the greater, and the
lesser to the lesser. (Which is) the very thing it was required to show.
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EucLID’S ELEMENTS ¢ BOOK III ¢« PROPOSITION 28
In equal circles, equal straight-lines cut o
the greater circumference being fqmzl to rhe grea

equal circumfe
and the lesser to the

ik i
D SHOW EQUAL CHORDS GIVE EQUAL TRIANGLES
In the frs circle In the second circle The chords are: The chords cut off And the grester Let K and Lbethe | [ Join the radii
irdes ABC and DEF, draw the chord draw the chord given equal the leser crcumfrences ircumferences centers of thecicles. | AK, KB, DL LE equal,their i
8, DE . (minor arcs ). (major ars). are equal.
AB = DE l

Y Y @@wwf_;g OORR ==

|
| arc AGB ] [are DHE | | | arc ac |

arc DFEJ

EQUAL

These are equal By Propositon 1L

Thus, equal strai

Proposition L8 central angles in equal central angles in circles are equal. lesser circumferences circumferences lines cut off equal

|

(riangles AKB and (58S). equal circles. equal circles stand upon 3 from the equal whole ( major arcs ) must circumferences: = ||

|| DLE harediree paire Thvo= o o circle ABC F iestara b oo arc AGB | |
| of equal sdes. T circle DEF the greater = arc DHE | |
| [ax=pr L arc AGB = arc DHE arc ACB (oot |

ZAKB = ZDLE. = arc DFE and

| |kB-LE 2 |
I EEEE @ F @ F [4 F ( F and the lesser arc ACB | |
| = £ to the Jlesser. —weorE | |
| . \ |
| &% 5= |4 N 1 S B Wl |

SUMMARY OF THE PROOF
‘+ Equal chords in equal circles give equal central angles
(by SSS in the triangles formed by radi) arc AGB = arc DHE ( lesser arcs) ® KL contersofcires
+ Equal central angls in equalcircesstand upon wdii
equal minor arcs (Prop. I11.26). e Ae o (gares) ‘equal chords

WHAT WE HAVE PROVED KEY TO DIAGRAMS

* The remainders (major arcs) are therefore equal too, g lessr (minor) arcs

since the whole circles are equal. \ QED. greater (major) arcs
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Proposition 29

Statement. In equal circles, equal straight-lines subtend equal circumfer-
ences.

Given / Construction. The complete labelled configuration and construc-
tion are preserved in the numbered actions below; every previously con-
structed object and incidence relation persists unless an action explicitly
modifies it.

Proof Actions.

1.

2.

10.

11.

12.

Draw two equal circles, ABC and DEF.

In the first circle mark the circumference BGC.

. In the second circle mark the circumference EHF.

These circumferences are given equal: arc BGC equals arc EHF.

Join the endpoints of the first arc to form chord BC.

. Join the endpoints of the second arc to form chord EF; the goal is to prove

BC equals EF.

Find the centers of the two circles, K and L.

. Join the radii BK, KC, EL, and LF.

Since the equal arcs BGC and EHF stand in equal circles, Proposition
I11.27 gives angle BKC equals angle ELF.

Because the two circles are equal, their radii are equal: BK equals EL
and KC equals LF.

Thus triangles BKC and ELF have two corresponding sides and the in-
cluded angle equal; by Proposition 1.4 they are congruent, so BC equals
EF.

Hence in equal circles, equal circumferences are subtended by equal
straight-lines.

Conclusion. Thus, in equal circles, equal straight-lines subtend equal cir-
cumferences. (Which is) the very thing it was required to show.
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EucCLID’S ELEMENTS ¢ BOOK III ¢ PROPOSITION 29

, equal circumferences are subtended by equal straight-lines.

l J Drav owo equal circles In the first circle, mark In the second circle, mark ‘The circumferences are Join the endpoints of the Jointhe endyeints of he |
| ABC and DEF. the circumference BGC. the circumference EHF. given equal. first arc. | second arc.
. !
| |
| |
| |
[ : |
‘ ]
| B B CRFf
| The circles are equal. arc BGC arc EHF arc BGC = arc EHF \ chord BC [ chord EF i
|
|
e | To prove: BC = EF Lg
Let K and L be the centers B Join the radii BK, KC, EL and LF. Bl Since arc BGC = arc EHF, by Proposition I11.27, |
of the cirles the central angles they stand upon are equal. |
|
|

@) @ ’ @c @F

Thus, triangles BKC and ELF have two sides equal
and the included angle equal. By Proposition 1.4,
the triangles are equal.

: Therefore their
bases are equal.
KC=LF | B
[Bc=¢r |

SUMMARY OF THE PROOF

“Towo radii pairs P Chord: 1
equal (radi of > '(';,f:) B ]—m et
i N

Hence, in equal circles, equal circumferences

are subtended by equal straight-lines.
G H

The circles are equal, therefore their radii are equal.

Equal arcs in | Equal central
-

equal circles | —> {

angles
(Prop. 111.27)
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Proposition 30

Statement. To cut a given circumference in half.

Given / Construction. The complete labelled configuration and construc-
tion are preserved in the numbered actions below; every previously con-
structed object and incidence relation persists unless an action explicitly
modifies it.

Proof Actions.

1.

10.

I1.
12.

13.

14.

15.

Begin with the given circumference ADB; the task is to divide it into two
equal circumferences.

Join the endpoints A and B by the chord AB.
Bisect AB at C, so AC equals CB.

From C draw CD perpendicular to AB, meeting the given circumference
atD.

. Join AD.

. Join DB.

Focus on triangles ACD and BCD.

. Since C bisects AB, AC equals CB.

The side CD is common to both triangles.

Since CD is perpendicular to AB, angles ACD and BCD are both right
angles.

Therefore, by Proposition 1.4, triangles ACD and BCD are congruent.
Hence their corresponding bases are equal: AD equals DB.

The two equal chords AD and DB lie in the same circle; by Proposition
I11.28, equal straight-lines in equal circles cut off equal circumferences.

Therefore the corresponding lesser arcs AD and DB are equal.

Thus D bisects the given circumference ADB.

Conclusion. Thus, the given circumference has been cut in half at point

D.

(Which is) the very thing it was required to do.
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EUCLID’S ELEMENTS ¢ BOOK III ¢ PROPOSITION 30

To cut a given circumference in half.

Join the endpoints A and B. | [BJ Bisect AB at C. From C, draw CD perpendicular Join AD.
to AB. Let it meet the

D D |

circumference at D,

qual circumferences.

nsider the triangles Since C bisects AB, CD is common to both Hence their corresponding

| 4cDwd scD. [ac-cB) triangles. angles at C are right angles bases are equal.

‘ 2 cp=cp] ZACD = 2BCD = 90° D 4D = DB |
P D D

|

| |

A B | A B
A B A B A B [ B
AACD = ABCD c

| @ v have two equal chords | Therefore the circumferences cut off by them are equal. Thus D divides the given circumference

| of the same circle. | Irhzu are each less ;Jm. a semicircle, so the ADB in half. Therefore, the point D, found by drawing the

| \ AD = DB | s e 21 g B D perpendicular from the midpoint of chord AB,

‘ D D arc AD = arc DB n cuts the given circumferences in half.

m se=a
‘ A B 4 B arc ADB = 2
‘ Proposition L Q B arc AD + arc DB ® .
straig cles |

|| cut off equal circumferences |

|

L i o

| SUMMARY OF THE CONSTRUCTION AND PROOF

} Bisect chord AB Draw CD L AB Show AACD Equal chords in the same Hence arc AD = arc DB.

- - -
at C. to the circle. AD circle cut off equal arcs. The circumference
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Proposition 31

Statement. In a circle, the angle in a semi-circle is a right-angle, and that
in a greater segment (is) less than a right-angle, and that in a lesser segment
(is) greater than a rightangle. And, further, the angle of a segment greater
(than a semi-circle) is greater than a right-angle, and the an- gle of a segment
less (than a semi-circle) is less than a right-angle.

Given / Construction. The complete labelled configuration and construc-
tion are preserved in the numbered actions below; every previously con-
structed object and incidence relation persists unless an action explicitly
modifies it.

Proof Actions.

1. Draw circle ABCD.

2. Let BC be a diameter.

3. Let E be the center of the circle.

4. Join BA, AC, AD, and DC.

5. Join AE.

6. Produce BA beyond A to F, so B-A-F are collinear.

7. Since BE and EA are radii, BE equals EA; therefore triangle ABE is
isosceles and angle ABE equals angle BAE.

8. Likewise CE equals EA, so triangle ACE is isosceles and angle ACE
equals angle CAE.

9. Hence angle BAC equals angle ABC plus angle ACB; the exterior angle
FAC also equals those same two interior opposite angles. Therefore angle
BAC equals angle FAC, and since they are adjacent on the straight line
BAF, each is a right angle.

10. Now consider angle ABC.

11. Intriangle ABC, angle ABC plus angle BAC is less than two right angles.
12. But angle BAC is one right angle.

13. Therefore angle ABC is less than a right angle.
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14.

15.

16.

17.

18.

19.

20.
21.

22.

23.

24.
25.

26.

27.

Angle ABC lies in the segment ABC, which is greater than a semicircle;
hence an angle in a greater segment is less than a right angle.

Now consider cyclic quadrilateral ABCD.

By Proposition I11.22, opposite angles ABC and ADC together equal two
right angles.

Since angle ABC is less than a right angle, angle ADC is greater than a
right angle.

Angle ADC lies in segment ADC, which is less than a semicircle; hence
an angle in a lesser segment is greater than a right angle.

Consider the angle of the greater segment, the inclination between cir-
cumference ABC and straight-line AC.

The rectilinear angle BAC between BA and AC is a right angle.

But the circumference ABC lies beyond BA in forming the angle with
AC.

Therefore the angle contained by circumference ABC and AC is greater
than a right angle.

Now consider the angle of the lesser segment, the inclination between
straight-line CA and circumference ADC.

Since BA has been produced to F, angle FAC is a right angle.
The arc ADC lies inside that right angle between CA and AF.

Therefore the angle contained by CA and circumference ADC is less than
a right angle.

Thus the angle in a semicircle is right, the angle in a greater segment
is less than right, the angle in a lesser segment is greater than right, the
angle of a greater segment is greater than right, and the angle of a lesser
segment is less than right.

Conclusion. And, further, the [angle] of a segment greater (than a semi-
circle) [is] greater than a rightangle, and the [angle] of a segment less (than
a semicircle) is less than a right-angle. (Which is) the very thing it was
required to show.
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D O
PANEL I — ACTIONS 1-9 | PANEL I — ACTIONS 10-18 PANEL IIl — ACTIONS 19—27
THE ANGLE IN A SEMICIRCLE IS RIGHT | GREATER AND LESSER SEGMENTS THE ANGLES OF THE SEGMENTS
[ Dew circle ABCD. Let BC be a Lt E be the ||| 9 consider ~anc. In AABC, But 2BAC = 90°. Consider the angle of But arc ABC
diameter conter ZABC + ZBAC the greater segment lies beyond the
¢ @ - <o the incination between aright ine BA
@ C arc ABC and | aight angle in forming the
swightlioe AC. | ZBAC = 90" angle with AC.
& @ @
A B A B | A B
b D AT
e 5 S’ 5
Join BA, AC, [d Produce BA b r\ B | A B | B
AD and DC. ©F
2 - B Therore ZABC lio i segnen | [} I eyelc quadiatenl £
(4 ZABC < %" ABC, which s ABCD, opposi e D Consider the angle of | B Since BA has been
greste than a o = ouined by arc ABC S s e
@ semiick supplementary and AC is grester theincination betwen | L FAC = 90"
(Prop. 122). | han e right ange sright line CA snd
4 B a B B ]
| Fa | | Ange Garc aBC, a0) axc ADC.
b b ) i >0 ¢ ¢ ¢
B
BE = EA (adi. - [ Thereore cBAC= || F A A B 4 5 /
Hence AABE is Hence AACE ABC + ZACB. 5
e eaied = o coior <FAC | D & Ll a b2
2ABE ZACE = £CAE. = ZABC + ZACB. Fa i
. & Hence 2BAC = 2FAC | | [ Thus i 248G <0 | I <ADC o i g ||

Since they are
adjacent on straight
line BAF, each is

a right angle.

2BAC = 9,

ther
24DC > 90°.

e [
B @E 5
b )

ADC, which is less
than 2 semicircle.

ZABC + 2ADC = 180"

CONCLUSIONS OF PANEL II
Angle in a greater segment is less than a right angle.
Angle in a lesser segment is greater than a right angle.
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Proposition 32

Statement. If some straight-line touches a circle, and some (other)
straight-line is drawn across, from the point of contact into the circle, cut-
ting the circle (in two), then those angles the (straight-line) makes with the
tangent will be equal to the angles in the alternate segments of the circle.
Given / Construction. The complete labelled configuration and construc-
tion are preserved in the numbered actions below; every previously con-
structed object and incidence relation persists unless an action explicitly
modifies it.

Proof Actions.

1. Draw circle ABCD.
2. Let straight-line EF touch the circle at point B.
3. From B draw the chord BD through the circle.

4. The chord BD divides the circle into the two alternate segments BAD
and DCB.

5. The goal is to prove angle DBF equals angle BAD and angle DBE equals
angle DCB.

6. From B draw BA perpendicular to EF.
7. Choose any point C on the circumference BD in the opposite segment.
8. Join AD, DC, and CB.

9. Since EF is tangent at B and BA is perpendicular to EF, Proposition I11.19
says the center lies on BA; hence BA is a diameter, and by Proposition
II1.31 angle ADB is a right angle.

10. In triangle ADB, since angle ADB is right, angles BAD and ABD to-
gether equal one right angle.

11. Because BA is perpendicular to EF, angle ABF is a right angle.

12. Therefore angle ABF equals angle BAD plus angle ABD.

13. Subtract the common angle ABD; hence angle DBF equals angle BAD.
14. Now consider cyclic quadrilateral ABCD.
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15. By Proposition 111.22, angle BAD plus angle BCD equals two right an-
gles.

16. Since E, B, F are collinear, angle DBF plus angle DBE also equals two
right angles.

17. Subtract the equal angles DBF and BAD from these equal sums; hence
angle DBE equals angle BCD.

18. Thus each angle made by tangent EF and chord BD equals the angle in
the alternate segment.

Conclusion. Thus, if some straight-line touches a circle, and some (other)
straight-line is drawn across, from the point of contact into the circle, cut-
ting the circle (in two), then those angles the (straight-line) makes with the
tangent will be equal to the angles in the alternate segments of the circle.
(Which is) the very thing it was required to show.
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EUCLID’S ELEMENTS * BOOK III * PROPOSITION 32

If a straight line touches a circle, and another straight line is drawn

from the point of contact into the circle, cutting it, then the angles which it
makes with the tangent are equal to the angles in the alternate segments of the circle.

PANEL I — ACTIONS 1- PROVE «DBF = «BAD

I Do circle Let straight line EF From B, draw the Chord BD divides the circle | [B To prove From B, draw BA Choose any point C Since EF touches the circle
ABCD. touch the circle at B. chord BD. into the segments BAD ZDBF = 2BAD perpendicular to EF. on the circumference at Band BA L EF, by
and DCB. BD (opposite segment) Prop. 11L19 the center lics
c c c c and 2DBE = £BCD. c c on BA; hence BA is a
diameter. By Prop. 1131,
. ) ‘The angle between | 2415 5L
Segment
A Dl a D |a AfE= the tangent and A DIPA -
the chord equals a s
Segment| | the angle in the
5 DCB alternate segment.
E B ERIIVE] B F E B F|E B F

In AADB, since I since B4 L EF, Therefore Subtract 2ABD from | [} xn cydw quadnhlenl 8 sivce £ B Fare But 2DBF = 2BAD | B Thisthe ngles which
0, ZABF = 90°. ZABF = ZBAD + ZABD. | both sides. Hence D, by Prop. collinear (2 stright line), | ZDBF + 2DBE= | (from Action 13). BD makes with the

the remaining two. ZDBF = 2BAD. conptn gl the adscent angles with | 2 BAD + 2BCD, Subtract thee oqual | tgeat ot Bare el

angles sum to 90°. S common sde BD sum angls from both 1o the gl in the

0 180°. sides. Hence E——
< DBE = 2BCD. of the circl.
c
ZDBF = 2BAD
b and
2DBE = 2BCD.
E B F

Wumm:w ﬁ Zanr j <avi = 2540 + zawD. | | [ 2DBF = 28aD. mwm:ma\ <o+ com = | [ Zoner e

CCONCLUSION

KEY DIAGRAM (for reference)
EF is tangent at B
BD s a chord through B.

ZDBF equals the angle in
segment BAD (e.g., 2BAD).

The angle between a tangent and a chord
is equal to the angle in the alternate
segment of the circle.

ZDBE equals the angle in
segment DCB (e.g, 2BCD).
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Proposition 33

Statement. To draw a segment of a circle, accepting an angle equal to a
given rectilinear angle, on a given straight-line.

Given / Construction. The complete labelled configuration and construc-
tion are preserved in the numbered actions below; every previously con-
structed object and incidence relation persists unless an action explicitly
modifies it.

Proof Actions.

1.

10.

11.
12.

13.
14.

15.

Begin with the given straight-line AB and the given acute rectilinear an-
gle C.

At point A on AB, construct angle BAD equal to angle C.
Since angle C is acute, angle BAD is acute.
Draw AE perpendicular to AD.

Bisect AB at F, so AF equals FB.

. From F draw FG perpendicular to AB.

Join GB.

. In triangles AFG and BFG, AF equals FB, FG is common, and angles

AFG and BFG are right; therefore AG equals BG.

With center G and radius GA, draw the circle through A and B; let the
circular segment be AEB.

Since AE is a diameter and AD is perpendicular to AE at endpoint A, AD
is tangent to the circle at A.

Chord AB is drawn from the point of contact A.

By Proposition 111.32, angle DAB equals the angle AEB in the alternate
segment.

But by construction angle DAB equals angle C.

Therefore angle AEB equals angle C; the required segment has been con-
structed for the acute case.

Now let the given angle C be a right angle.
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16.

17.

18.

19.
20.
21.
22.
23.
24,

25.

26.

27.

Again construct at A the right angle BAD equal to angle C.

Bisect AB at F and, with center F and radius FA, draw the circle through
A and B; AB is therefore a diameter.

The angle in semicircle AEB is a right angle, so angle AEB equals angle
C; the construction works for the right-angle case.

Finally, let the given angle C be obtuse.

At A on AB construct angle BAD equal to angle C.

Draw AE perpendicular to AD.

Bisect AB at F, so AF equals FB.

From F draw FG perpendicular to AB and join GB.

As before, triangles AFG and BFG are congruent, so AG equals BG.

Draw the circle with center G and radius GA; it passes through both A
and B.

Since AD is perpendicular to the diameter AE at endpoint A, AD is tan-
gent at A; by Proposition 111.32, angle BAD equals the angle in the alter-
nate segment AHB.

But angle BAD equals angle C; therefore the angle in segment AHB
equals angle C, completing the obtuse case.

Conclusion. Thus, a segment AHB of a circle, accepting an angle equal to
C, has been drawn on the given straight-line AB. (Which is) the very thing
it was required to do.
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EUCLIDS ELEMENTS o BOOK III . PR()P()SITION 33

% draw a segment of a crcle, accepting an angle equal to a given rectilinear angle, on a given straight-line.

PANEL I — ACTIONS 1-9: ACUTE ANGLE CASE  (<C is acute)

J Since £ i st B o ot o | [ v pnr [ e done FG

ZBAD is scute So AF = FB. perpendicular to AB.

In AAFG and ABFG,
AF = FB,
and right angles are

<. L , .
G G equl. ¢
Thercore AG = BG. e
& ) :
4 B | 4 2 | ATIRF, B |4 F B AA 4 &

PANEL II — ACTIONS 10— 18 COMPLETE ACUTE E CASE, THEN RIGHT ANGLE CASE
s st | [T o | By P T2 e
D L AE s

given acute angle C.

Bt 2DAB - 2C Theneos wow et 20 || [ At i Bt AB a . Wih The wghe i e
e ol biceen the tngent AD oy oy right angie. ZBAD = 2C = 0 | 1 comr F and i A, | " semicls AZB

Ry || e P¥ ey G the il hroug Py

{ang 1ot e e e e = A and B. Thus AB s 2 Thods

wh o 24 (Requied segrment. |

E .
constructed for the
; PN , PN
4 B A B A B

PANEL Il — ACTIONS 19-27: OBTUSE ANGLE CASE (<C is obtuse)

Bisect AB at F.
2BAD = zC. perpendicular So AF = FB.

e TH] 4, comstra Draw A
g

In AAFG and ABFG, |

e ot ;
ek & oty e e AD &
: 5 2 =" 3 e s
» o
¢
L
= e
b— \/ S B 7 g )
A B A A F B

CONCLUSION ACUTL CASE (from Actons 1-14) | {
On the given straight line AB, we have |
AHE = 2C

| | constructed a segment of a circle such that
the angle in that segment is equal to the ZAEB ]
| | given rectilinear angle C, in all three cases: e AED) | L
(1) C acute, (2) C right, (3) C obtuse. A ' & T

|
|

[ Ange i sgmen|
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Proposition 34

Statement. To cut off a segment, accepting an angle equal to a given rec-
tilinear angle, from a given circle.

Given / Construction. The complete labelled configuration and construc-
tion are preserved in the numbered actions below; every previously con-
structed object and incidence relation persists unless an action explicitly
modifies it.

Proof Actions.

1.

2.

10.
11.

12.

Begin with the given circle ABC and the given rectilinear angle D.

The task is to cut off from circle ABC a segment which accepts an angle
equal to angle D.

Choose point B on the circle.

Draw tangent EF to the circle at B.

. At point B on tangent ray BF, construct angle FBC equal to the given

angle D.
Let ray BC meet the circle again at C.
The chord BC now cuts off circular segment BAC.

Since EF is tangent at B and BC is drawn from the point of contact into
the circle, Proposition I11.32 applies.

Therefore angle FBC between the tangent and chord equals the angle in
the alternate segment BAC.

But by construction angle FBC equals angle D.
Hence the angle in segment BAC equals the given rectilinear angle D.

Therefore segment BAC is the required segment.

Conclusion. Thus, the segment BAC, accepting an angle equal to the
given rectilinear angle D, has been cut off from the given circle ABC.
(Which is) the very thing it was required to do.
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EUCLID’S ELEMENTS ¢ BOOK III ¢ PROPOSITION

To cut off from a given circle a segment accepting
an angle equal to a given rectilinear angle.

n Given the circle ABC | The task is to cut off from circle ABC Choose point B on ‘ P} Draw the tangent EF
and the given rectilinear a segment which accepts an angle the circle. | to the circle at B.
angle D. ual to 2 D. |

ele e @ @
¢ =
D Required: | A A
A /: a segment of the circle
whose angle = 2 D.
B
| e BT BN N e St SR e T S Y |

At point B, on the tangent ray BF, Let the ray BC meet the circle The chord BC now cuts off n Since EF is tangent to the circle
construct the angle 2 FBC cqual again at C. the circular segment BAC. at B, and BC is drawn from the
to the given angle £ D. point of contact into the circle,

@ C C Proposition 11132 applies.
. o ; Al segment c
| BAC A
&D)
E B F E B F E B F )i
Therefore the angle between the But by construction, Hence the angle in segment BAC | Therefore the required segment
tangent and chord, £ FBC, ZFBC = 2D. is also equal to the given has been cut off from the given circle:
is equal to the angle in the rectilinear angle £ D. segment BAC, and it accepts
alternate segment BAC. @ c an angle equal to £ D.
ZFBC
= Segment Angle in
angle in ‘ 4 segment BAC
segment BAC
| E

Key Idea:
| Angle between tangent and chord
‘ = angle in alternate segment (Prop. IIL.32).
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Proposition 35

Statement. If two straight-lines in a circle cut one another then the rectan-
gle contained by the pieces of one is equal to the rectangle contained by the
pieces of the other.

Given / Construction. The complete labelled configuration and construc-
tion are preserved in the numbered actions below; every previously con-
structed object and incidence relation persists unless an action explicitly
modifies it.

Proof Actions.

1.

2.

10.

I1.

12.

13.

14.

15.

Draw circle ABCD.
Draw straight-line AC through the circle.

Draw straight-line BD through the circle so that AC and BD intersect at
E.

The goal is to prove AE multiplied by EC equals DE multiplied by EB.

First consider the special case where both AC and BD pass through the
center.

. Then their intersection point E is the center of the circle.

Therefore AE equals EC, because both are radii.

Likewise DE equals EB.

. Since all four pieces are equal, AE multiplied by EC equals DE multiplied

by EB.

Now suppose AC and BD do not pass through the center.
Find the center of the circle and call it F.

From F draw FG perpendicular to AC.

From F draw FH perpendicular to BD.

Join FB, FC, and FE.

Since FG passes through the center and is perpendicular to chord AC,
Proposition I11.3 gives AG equals GC.
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16.

17.

18.

19.

20.

21.
22.

23.

24.

25.

26.

27.

Thus chord AC is cut equally at G and unequally at E; by Book II Propo-
sition 5, AE multiplied by EC plus GE squared equals GC squared.

Add FG squared to both sides.

By Pythagoras, GE squared plus FG squared equals FE squared, and GC
squared plus FG squared equals FC squared; therefore AE multiplied by
EC plus FE squared equals FC squared.

Since FC and FB are radii, FC equals FB.

Hence FC squared equals FB squared, so AE multiplied by EC plus FE
squared equals FB squared.

Now repeat the same argument for chord BD.
Since FH is perpendicular to BD and F is the center, DH equals HB.

Thus BD is bisected at H and cut unequally at E; by Book II Proposition
5, DE multiplied by EB plus EH squared equals HB squared.

Add FH squared to both sides and use Pythagoras: EH squared plus FH
squared equals FE squared, and HB squared plus FH squared equals FB
squared; hence DE multiplied by EB plus FE squared equals FB squared.

Therefore AE multiplied by EC plus FE squared equals DE multiplied by
EB plus FE squared.

Subtract the common square FE squared from both sides.

Hence AE multiplied by EC equals DE multiplied by EB.

|AE-EC = DE - EB
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EUCLID’S ELEMENTS ¢ BOOK III ¢ PROPOSITION 3

If two straight-lines in a circle cut one another,

then the rectangle contained by the pieces of one is equal to the rectangle contained by the pi

PANEL I — ACTIONS 1—

B Do cie ABcD. | ] Draw siighctine | [E] Draw stght line Fist, uppose both | [ Therctore B Avd DE wnd £5

5 1C trougs BD drough 4C ad D pu ke |w o

e ider e s hrough the cete: = 4
D Let the lines 1y Then E is the
et w5, cesaloil B
A c | AE - EC = DE - EB the el
A Cl A
C A
B

2 | B S S e

Now suppose AC Let Draw FG L AC. Draw FH 1 BD. Join FB, FC, and FE. Since FG is through | [ So AC is bisected
and BD do NOT | comter of the center and L to Gl o
pass dhrough the the il H chord AC, Prop. 13 | unequaly at E. AE - EC + GE® + FG?

; gves AG =
By Prop. ILS5, and GC? + FG* = FC*.

F
s D D F H |
Eron | Ly e e v
A i
A (o ¥ o A c A ' { = 2,
(SRR BT R [P B i e B

Add FG* to both sides: By Bythagorss,
|

GE* + FG* = FE

B
- PANEL III — ACTIONS 19-27: DO THE SAME FOR THE OTHER CHORD AND CONCLUDE |
S FC and £ Therdore Now o o 8. | B S0 80 s b a 1| B A F1" 1 bt s | ] By g, o Actors 20 nd 20, | ] Suborc FEY
T I e e BN bR S o b

and F is the center, *E DE - EB + EH' + FH'
and HB' + FH' = B
By Prop. IL5, = DE - EB + FE* = FB'
= HB' + FH. Thus

»
= .
T o - £8 + B2
21 o I s
‘ < op- £+ p

Thus the rectangle contained

Hence from
Action 15,

Key Propositions Used
TIL3 — The sigh in dravn fom the cnter Drop perpendicalars from the

by the picces of one line o symbol: s s e L coer e o mercing
Fh

AE - EC = DE - EB ords. Using Props. I3, IL5
1Fa igh i s dravm cutiog anaher
raight e, i€ males th reciangl couaned
by the ices o the ne el 1 the ectange
conained by the pleces o the tbe.
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Proposition 36

Statement. If some point is taken outside a circle, and two straight-lines
radiate from it towards the circle, and (one) of them cuts the circle, and the
(other) touches (it), then the (rectangle contained) by the whole (straight-
line) cutting (the circle), and the (part of it) cut off outside (the circle), be-
tween the point and the convex circumference, will be equal to the square
on the tangent (line).

Given / Construction. The complete labelled configuration and construc-
tion are preserved in the numbered actions below; every previously con-
structed object and incidence relation persists unless an action explicitly
modifies it.

Proof Actions.

1. Draw circle ABC.

2. Take a point D outside the circle.

3. From D draw a secant through the circle in the order D-C-A.

4. From D draw tangent DB touching the circle at B.

5. The goal is to prove AD multiplied by DC equals DB squared.

6. First suppose the secant DCA passes through the center of the circle.
7. Let F be the center, lying on A-F-C-D.

8. Join FB; since DB is tangent at B, FB is perpendicular to DB, so angle
FBD is a right angle.

9. Since F is the center and AC is a diameter, AF equals FC; thus AC is
bisected at F and the external part CD has been added to it.

10. By Book II Proposition 6, AD multiplied by DC plus FC squared equals
FD squared.

11. Since FC and FB are radii, FC equals FB; therefore AD multiplied by
DC plus FB squared equals FD squared.

12. Triangle FBD is right-angled at B.
13. By Proposition 1.47, FD squared equals FB squared plus BD squared.
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14.

15.
16.
17.
18.

19.
20.

21.

22.

23.

24.

25.

26.

27.

Hence AD multiplied by DC plus FB squared equals FB squared plus BD
squared.

Subtract the common square FB squared from both sides.
Therefore AD multiplied by DC equals BD squared.
So Proposition 36 is proved when the secant passes through the center.

Now consider the general case where DCA does not pass through the
center.

Let E be the center of circle ABC.
From E draw EF perpendicular to AC.

Join EB, EC, and ED; since DB is tangent at B, angle EBD is a right
angle.

Because the perpendicular from the center to chord AC bisects it, AF
equals FC; by Book II Proposition 6, AD multiplied by DC plus FC
squared equals FD squared.

Add FE squared to both sides.

By Pythagoras, FC squared plus FE squared equals EC squared and FD
squared plus FE squared equals ED squared; hence AD multiplied by DC
plus EC squared equals ED squared.

Since EC and EB are radii, EC equals EB; thus AD multiplied by DC
plus EB squared equals ED squared.

Triangle EBD is right-angled at B, so ED squared equals EB squared plus
BD squared; subtract EB squared to obtain AD multiplied by DC equals
BD squared.

Therefore, in both cases, the whole secant multiplied by its external part
equals the square on the tangent.

AD-DC = DB?
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EUCLID S ELEMENTS QO BOOK Hl O PROI‘L)SI][()\ Jb

If some point is taken outside a circle, and two straight-lines are drawn from it

toward the circle, one cutting the circle and the other touching it,
then the rectangle contained by the whole secant and its external part is equal to the square on the tangent.

PANEL I — ACTIONS 1-9: SET UP THE THEOREM AND THE CENTRAL CASE
B oo cteazc. | B Teaponed s e[ P e | I o e I e | [ e e
cuside e e g e o b e D e gl yogon A £
boc-a s

Join FB. Since DB s tageot | [E] Since F is the center and.
aB, FB L DB, ACis  duameter, AF = FC.
Therefore ZFBD = 90" This AC is biscted a F.

@Q@@W@@ﬁ@

PANEL Il — ACTIONS 10-18: COMPLETE THE CENTRAL CASE

By Bk 1, Prop. 6, S ——— by Pop 147, — e e R 5o o 36 1 reved | I N comirthe e
“pC’s 5= | Qi PO R vihtanged st B 0w B B0 | AD.DCAFR | s FBfom | AD-DC = BDY | whenthe s puses | coe whoe DCA dos
D = FB? + BD* ‘ both sides. ‘ through the center. g:ﬂ ‘pess theough

AD I)C4F57 FD*.
ale (7 @

4D-DC + IC’ = m' [an- b + 5 = 7]

|
|| ap ncenx‘ ‘ AD - DC = BD* AD - DC = BD*
+ BD?

mf + BD

PANEL m - ACTION5 19-27: THE GENERAL CASE (THE SECANT DOES NOT PASS THROUGH THE CENTER)
Lo Ebe e | B Fom B, de Jon £5, e the perpediclr | ] Add FE 1o both s
of e ABC pepecdinis 10 AC. | Sace DB s tangnt o e ot
w8, ZEBD - %" e 1, AF

2 2 » e e - Rt R ol = Tt (Proposition 36)
— 4D - DC + FC* w FD%. P aFEtm B0t | ap.pca g | AR DC+EB
| . 7 o e ’ - 8% + BD
e 5 . el
/ & |, 5 |, / 7 Al e T Pt
n ¢ |[40 pc + Bt - 0. - m? AD - DC = BD*
B B ] il
TH HEOREM \ - - KEeY PROPOSITIONs USED
IN SYMBOLS S ¥ g b s chning o 147 1 e rpa e

straight line (bisecting the chord), ‘the square on the side subtending.
AD - DC = DB? g+ e bl e
e

Since EC and EB. But 2EBD = 90°, | [I] Therefore, in cither case,
are radis, EC = EB. ~EB 4BV AD.DC = DB’
i

AD-DC + FC' 4 FE* | FC'+ FE' = EC?

Whole secant x external part

= (tangent)? =

ofthe qars o the aher two e
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Proposition 37

Statement. If some point is taken outside a circle, and two straight-lines
radiate from the point towards the circle, and one of them cuts the circle, and
the (other) meets (it), and the (rectangle contained) by the whole (straight-
line) cutting (the circle), and the (part of it) cut off outside (the circle), be-
tween the point and the convex circumference, is equal to the (square) on
the (straight-line) meeting (the circle), then the (straight-line) meeting (the
circle) will touch the circle.

Given / Construction. The complete labelled configuration and construc-
tion are preserved in the numbered actions below; every previously con-
structed object and incidence relation persists unless an action explicitly
modifies it.

Proof Actions.

1. Draw circle ABC.

2. Take a point D outside the circle.

3. Draw secant D-C-A through the circle.

4. Draw another straight-line DB from D to the circle, meeting it at B.

5. We are given AD multiplied by DC equals DB squared; the goal is to
prove that DB is tangent to the circle.

6. From the same external point D, construct an actual tangent DE to the
circle.

7. Find the center of the circle and call it F.
8. Join FE, FB, and FD; since DE is tangent at E, angle FED is a right angle.

9. Apply Proposition II1.36 to tangent DE and secant DCA: AD multiplied
by DC equals DE squared. But AD multiplied by DC also equals DB
squared; therefore DE squared equals DB squared and hence DE equals
DB.

10. Since E and B lie on the same circle with center F, FE equals FB.
11. Also FD is common to triangles DEF and DBF.
12. Thus DE equals DB, FE equals FB, and FD equals FD.
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13.
14.

15.

16.

17.

18.

Therefore, by Proposition 1.8, triangles DEF and DBF are congruent.
Hence the corresponding angles DEF and DBF are equal.

But angle DEF is a right angle because DE is tangent at E; therefore angle
DBEF is also a right angle.

So DB is perpendicular to FB.

Since FB is a radius drawn to point B and DB is perpendicular to that
radius at its endpoint, Proposition II1.16 corollary gives that DB touches
the circle at B.

Therefore AD multiplied by DC equals DB squared implies that DB is
tangent to circle ABC.

AD - DC = DB? = DB is tangent to the circle at B
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PROPOSITION
rht-lines are drawn toward the circle,
one cuutting the circle and the other merely meeting it,
and if the rectangle contained by the whole secant and its external part is equal to the square on the line which meets the circle,
then that line will touch the circle.

EucLID’S ELEMENTS ¢ BOOK III

If a point i taken outside a circle, and from that pe

PaNEL I — ACTIONS 152 CONSTRUCA' A TANGENT AND COMPARE LENGTHS

Draw circle ABC. Take & point D Draw m sccant Draw the line DB Given: | A From D, construct B s e e oner | ]am FE, FB, By Prop. 11136,
outside the circe. = the circle 2 tangent DE to of the crce. |™ ap- pc = DB
| | | the e But given,
D D AD - DC = DB* D D Since DE is T 16 o 55
| | tangent at E,
1 | E E | zrEp = 90- ‘ Therefore
D
To prove: |
C c
A DB is tangent E
| o the circle. 2 C(la C
| B A C |
B B
= - e = W | .

| CPanes T — Acrionslion —18: FORCE DB TO BE PERPENDICULAR TO THE RADIUS

[ e 2 and B e SIS | - PP [ FA—— w 2DEF = 5008 1 /5| [ S 5 0 i, | [ T, o
S o, i e, s, b R Ll S
|| circle with center F, D = D s X o0 Therefore o the radius at B, A
ADFF = £DBF. by Prop. IIL. lé(mri
) [ 208 - .

[ 5B touchs e | DB is tangent
| cmbems | to the circle
at B

Kev ProposTions Use

‘THE THEOREM

If from & point outsde a circle
a secant and a line meeting
the circle are drawn, and if

L8 Ifin two riangls two sides and the
e o one are cqual o two sides
and the included angle of the cthe, the
tringles are congruent.

(whole secant) x (external part)
= square on the other line,
then the line is tangent.

LI I o sright v i e from a pint 11136 (Tangent—Socant Theorem)
outid a ik, tuchin the circ,

then it s prpendiclar o the radis

v 0 the poin of contat

i, the square on the tangent
equal the rectangle contined by the
whole secant and i cxteral prt.
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Conclusion

Book IIT has established the principal elementary relations of the circle, cul-
minating in the power relation for a tangent and secant and its converse

criterion for tangency.
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