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Introduction

Book IV develops the geometry of rectilinear figures and circles through a
sequence of exact constructions. It treats figures inscribed in and circum-
scribed about other figures, circles inscribed in and circumscribed about
polygons, chords inserted in circles, the incircle and circumcircle of a tri-
angle, inscribed and circumscribed squares, and the construction of regular
pentagons, hexagons, and finally the regular fifteen-sided figure. Its meth-
ods build especially on the elementary geometry of Book I and the theory
of circles in Book III, combining them into an increasingly sophisticated
theory of regular construction.
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Definition 1

A rectilinear figure is said to be inscribed in another rectilinear figure when
the respective angles of the inscribed figure touch the respective sides of the
figure in which it is inscribed.
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Definition 2

A rectilinear figure is said to be circumscribed about another rectilinear fig-
ure when the respective sides of the circumscribed figure touch the respec-
tive angles of the figure about which it is circumscribed.

Editorial note. The illustration below is intentionally a placeholder so that
the incorrectly generated earlier illustration can later be replaced without
altering the manuscript structure.
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Definition 3

A rectilinear figure is said to be inscribed in a circle when each angle of the
inscribed figure touches the circumference of the circle.
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Definition 4

A rectilinear figure is said to be circumscribed about a circle when each side
of the circumscribed figure touches the circumference of the circle.
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Definition 5

A circle is said to be inscribed in a rectilinear figure when the circumference
of the circle touches each side of the figure in which it is inscribed.
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Definition 6

A circle is said to be circumscribed about a rectilinear figure when the cir-
cumference of the circle touches each angle of the figure about which it is
circumscribed.
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Definition 7

A straight-line is said to be inserted into a circle when its extremities are on
the circumference of the circle.

Editorial note. The illustration below is intentionally a placeholder so that
the incorrectly generated earlier illustration can later be replaced without
altering the manuscript structure.
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Proposition 1

To insert a straight-line equal to a given straight-line into a cir-
cle, the given straight-line not being greater than the diameter
of the circle.

Let ABC be the given circle and letD be the given straight-line, withD
not greater than the diameter of the circle.

1. Begin with the given objects: the circleABC and the given straight-line
D.

2. Draw a diameter BC of the circle.

3. If BC = D, the required line has already been inserted into the circle.

4. Otherwise suppose BC > D.

5. On BC, construct CE = D by Proposition I.3.

6. With centre C and radius CE, draw the auxiliary circle EAF .

7. Let the auxiliary circle meet the given circle at A.

8. Join C to A.

9. Since C is the centre of circle EAF , its radii are equal, so CA = CE.

10. Since CE = D, it follows that CA = D.

11. Both C and A lie on the circumference of the given circle, so CA is
inserted into it.

12. Therefore CA, equal to the given straight-line D, has been inserted into
the given circle.

CA = CE = D

Which is the very thing it was required to do.

14



EUCLID’S ELEMENTS – BOOK IV

15



EUCLID’S ELEMENTS – BOOK IV

Proposition 2

To inscribe a triangle, equiangular with a given triangle, in a
given circle.

Let ABC be the given circle and DEF the given triangle.

1. Begin with the given circle ABC and the given triangle DEF .

2. Draw the straight-line GH tangent to circle ABC at A.

3. At A, on ray AH , construct ∠HAC = ∠DEF by Proposition I.23.

4. At A, on ray AG, construct ∠GAB = ∠DFE.

5. Join B to C, completing the candidate inscribed triangle ABC.

6. Since AH is tangent at A and AC is a chord, Proposition III.32 gives
∠HAC = ∠ABC.

7. Since ∠HAC = ∠DEF , conclude ∠ABC = ∠DEF .

8. By the same tangent–chord theorem applied to chord AB, ∠GAB =
∠ACB.

9. Since ∠GAB = ∠DFE, conclude ∠ACB = ∠DFE.

10. Thus two angles of triangleABC are respectively equal to two angles of
triangle DEF .

11. By Proposition I.32, the remaining angles are equal: ∠BAC = ∠EDF .

12. Hence triangle ABC is equiangular with triangle DEF .

13. Since A,B,C lie on the circumference, triangle ABC is the required
inscribed triangle.

∠ABC = ∠DEF, ∠ACB = ∠DFE, ∠BAC = ∠EDF

Which is the very thing it was required to do.
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Proposition 3

To circumscribe a triangle, equiangular with a given triangle,
about a given circle.

Let ABC be the given circle and DEF the given triangle.

1. Begin with the given circle ABC and the given triangle DEF .

2. Produce EF in both directions to points G and H .

3. Find the centreK of circle ABC by Proposition III.1.

4. Draw a radiusKB across the circle.

5. AtK, construct ∠BKA = ∠DEG by Proposition I.23.

6. AtK, construct ∠BKC = ∠DFH .

7. Through A,B,C, draw the tangents LAM ,MBN , and NCL, forming
the outer triangle LMN .

8. Since radii to points of contact are perpendicular to the tangents, the an-
gles at A,B,C are right angles by Proposition III.18.

9. The quadrilateral AMBK has its four angles equal to four right angles.

10. Since ∠KAM and ∠KBM are right angles, ∠AKB +∠AMB equals
two right angles.

11. SinceEG is a straight continuation ofEF ,∠DEG+∠DEF also equals
two right angles.

12. By construction ∠AKB = ∠DEG, so the remaining angles are equal:
∠AMB = ∠DEF .

13. In the same way, ∠LNB = ∠DFE.

14. By Proposition I.32, the remaining angle of triangle LMN satisfies
∠MLN = ∠EDF .

15. Therefore triangle LMN is equiangular with triangle DEF .

16. Each side of LMN is tangent to the given circle.
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17. Therefore a triangle equiangular with the given triangle has been circum-
scribed about the given circle.

∠AMB = ∠DEF, ∠LNB = ∠DFE, ∠MLN = ∠EDF

Which is the very thing it was required to do.
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Proposition 4

To inscribe a circle in a given triangle.

Let ABC be the given triangle.

1. Begin with the given triangle ABC.

2. Bisect ∠ABC with BD by Proposition I.9.

3. Bisect ∠ACB with CD; let the two bisectors meet atD.

4. From D, draw DE ⊥ AB.

5. From D, draw DF ⊥ BC.

6. From D, draw DG ⊥ CA.

7. Compare triangles EBD and FBD: ∠EBD = ∠FBD, the angles at
E,F are right, and BD is common.

8. By Proposition I.26, conclude DE = DF .

9. Repeat the same reasoning at C to obtain DG = DF .

10. Therefore DE = DF = DG.

11. With centre D and radius DE, draw a circle.

12. Since DE = DF = DG, the circle also passes through F and G.

13. Since DE ⊥ AB, the circle touches AB at E.

14. Since DF ⊥ BC, the circle touches BC at F .

15. Since DG ⊥ CA, the circle touches CA at G.

16. Proposition III.16 excludes the possibility that any of these sides cuts the
circle at the perpendicular endpoint.

17. Hence the circle centred at D and passing through E,F,G touches all
three sides.

18. Therefore circle EFG has been inscribed in triangle ABC.
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DE = DF = DG

Which is the very thing it was required to do.
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Proposition 5

To circumscribe a circle about a given triangle.

Let ABC be the given triangle.

1. Begin with the given triangle ABC.

2. Bisect AB at D.

3. Bisect AC at E.

4. Through D, draw DF ⊥ AB.

5. Through E, draw EF ⊥ AC, meeting DF at F .

6. Join FA, FB, and FC.

7. Compare triangles ADF and BDF : AD = DB, DF is common, and
the included angles are right.

8. By Proposition I.4, conclude FA = FB.

9. Compare triangles AEF and CEF in the same way.

10. By Proposition I.4, conclude FA = FC.

11. Therefore FA = FB = FC.

12. With centre F and radius FA, draw a circle.

13. Since FB = FA, the circle passes through B.

14. Since FC = FA, the circle passes through C.

15. Thus the circle passes through all three vertices A,B,C.

16. Therefore a circle has been circumscribed about the given triangle.

FA = FB = FC

Which is the very thing it was required to do.
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Proposition 6

To inscribe a square in a given circle.

Let ABCD be the given circle, with centre E.

1. Begin with the given circle.

2. Draw diameter AC through the centre E.

3. Through E, draw diameter BD perpendicular to AC.

4. Join A to B.

5. Join B to C.

6. Join C to D.

7. Join D to A.

8. Compare triangles AEB and AED; since E is the centre, EB = ED.

9. The side EA is common to the two triangles.

10. Because the diameters are perpendicular, ∠AEB = ∠AED = 90◦.

11. By Proposition I.4, conclude AB = AD.

12. Repeating the same reasoning around the circle gives AB = BC =
CD = DA.

13. Therefore quadrilateral ABCD is equilateral.

14. Now consider diameter BD.

15. By Proposition III.31, ∠BAD is a right angle.

16. By the same theorem, the other three angles of the quadrilateral are right
angles.

17. Therefore ABCD is right-angled.

18. Thus ABCD is both equilateral and right-angled.

19. By Definition I.22, ABCD is a square.
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20. Since its four vertices lie on the circumference, the square is inscribed in
the given circle.

AB = BC = CD = DA, ∠A = ∠B = ∠C = ∠D = 90◦

Which is the very thing it was required to do.
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Proposition 7

To circumscribe a square about a given circle.

Let ABCD be the given circle, with centre E.

1. Begin with the given circle.

2. Draw diameter AC.

3. Through E, draw diameter BD perpendicular to AC.

4. Through A, draw tangent FG.

5. Through B, draw tangent GH .

6. Through C, draw tangent HK.

7. Through D, draw tangentKF , forming quadrilateral FGHK.

8. By Proposition III.18, EA ⊥ FG.

9. Likewise EB ⊥ GH , EC ⊥ HK, and ED ⊥ KF .

10. Since GH ⊥ BD and AC ⊥ BD, GH ∥ AC.

11. Similarly AC ∥ FK.

12. Hence GH ∥ FK by Proposition I.30.

13. In the same way, FG ∥ HK.

14. The regions formed with the diameters and tangent lines are parallelo-
grams.

15. By Proposition I.34, FG = HK and GH = FK.

16. Since AC and BD are diameters of the same circle, AC = BD.

17. From the parallelograms, GH = AC, FK = AC, FG = BD, and
HK = BD.

18. Therefore FG = GH = HK = KF .

19. Hence FGHK is equilateral.

20. Consider the parallelogram formed by A,E,B,G.
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21. Because AC ⊥ BD, ∠AEB = 90◦.

22. By Proposition I.34, the opposite angle at G is also right.

23. Repeating the argument gives right angles atH,K,F .

24. Therefore FGHK is right-angled.

25. Thus FGHK is both equilateral and right-angled.

26. Therefore FGHK is a square.

27. Since each side is tangent to the circle, the square has been circumscribed
about the given circle.

FG = GH = HK = KF

Which is the very thing it was required to do.
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Proposition 8

To inscribe a circle in a given square.

Let ABCD be the given square.

1. Begin with the given square ABCD.

2. Bisect side AD at E.

3. Bisect side AB at F .

4. Through E, draw EH ∥ AB and CD.

5. Through F , draw FK ∥ AD and BC.

6. Let EH and FK meet at G.

7. Recognize the parallelograms formed by these two lines.

8. Since ABCD is a square, AD = AB.

9. Since E,F are midpoints, AE = 1
2AD and AF = 1

2AB.

10. Therefore AE = AF .

11. By equality of opposite sides in the parallelograms, GE = GF .

12. Similarly GH = GK, and these lengths equal GE and GF .

13. Hence GE = GF = GH = GK.

14. With centre G and radius GE, draw a circle.

15. The same circle passes through F,H,K.

16. Since EH ∥ AB and AB ⊥ AD, GE ⊥ AD.

17. Since FK ∥ AD and AD ⊥ AB, GF ⊥ AB.

18. Similarly GH ⊥ BC and GK ⊥ CD.

19. Therefore the circle touches AD at E.

20. It touches AB at F .

21. It touches BC at H .
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22. It touches CD atK.

23. Thus the circle centred atG touches all four sides and has been inscribed
in square ABCD.

GE = GF = GH = GK

Which is the very thing it was required to do.
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Proposition 9

To circumscribe a circle about a given square.

Let ABCD be the given square.

1. Begin with the given square ABCD.

2. Draw diagonal AC.

3. Draw diagonal BD.

4. Let the diagonals meet at E.

5. Compare triangles DAC and BAC: DA = AB, AC is common, and
DC = BC.

6. By Proposition I.8, ∠DAC = ∠BAC.

7. Hence AC bisects ∠DAB.

8. Similarly, the diagonals bisect the other angles of the square.

9. Since ∠DAB = ∠ABC, their halves are equal.

10. Therefore ∠EAB = ∠EBA.

11. By Proposition I.6, EA = EB.

12. Repeating the same reasoning gives EA = EC and EA = ED.

13. Hence EA = EB = EC = ED.

14. With centre E and radius EA, draw a circle.

15. Since EB = EA, the circle passes through B.

16. Since EC = EA, the circle passes through C.

17. Since ED = EA, the circle passes through D.

18. Thus the circle passes throughA,B,C,D and is circumscribed about the
given square.

EA = EB = EC = ED

Which is the very thing it was required to do.
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Proposition 10

To construct an isosceles triangle having each of the angles at
the base double the remaining angle.

1. Begin with a straight-line AB.

2. Cut AB at C so that AB ·BC = AC2, by Proposition II.11.

3. With centre A and radius AB, draw circle BDE.

4. In the circle, insert chord BD such that BD = AC, by Proposition IV.1.

5. Join A to D.

6. Join D to C.

7. Circumscribe a circle about triangle ACD, by Proposition IV.5.

8. From the original construction, AB ·BC = AC2.

9. Since BD = AC, conclude AB ·BC = BD2.

10. By Proposition III.37,BD is tangent to the circumcircle of triangleACD
at D.

11. By Proposition III.32, ∠BDC = ∠DAC.

12. Add ∠CDA to both sides: ∠BDA = ∠CDA+ ∠DAC.

13. By the exterior-angle theorem atC,∠BCD = ∠CDA+∠DAC, hence
∠BDA = ∠BCD.

14. Since AB = AD, triangle ABD is isosceles and ∠BDA = ∠DBA.

15. Thus ∠BDA = ∠DBA = ∠BCD.

16. In triangleBCD, ∠DBC = ∠BCD, so by Proposition I.6,BD = DC.

17. Since BD = AC, it follows that AC = CD.

18. Therefore triangle ACD is isosceles and ∠CDA = ∠DAC.

19. Hence ∠CDA+ ∠DAC = 2∠DAC.

20. But ∠BCD = ∠CDA+ ∠DAC, so ∠BCD = 2∠DAC.
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21. Since ∠BDA = ∠BCD and ∠DBA = ∠BCD, each base angle of
triangle ABD is twice the angle at A.

22. Thus triangle ABD is the required isosceles triangle.

23. Therefore an isosceles triangle has been constructed with each base angle
double the remaining angle.

AB ·BC = AC2 = BD2

Which is the very thing it was required to do.
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Proposition 11

To inscribe an equilateral and equiangular pentagon in a given
circle.

Let ABCDE be the given circle.

1. Begin with the given circle.

2. Construct the special isosceles triangle FGH of Proposition IV.10.

3. By Proposition IV.2, inscribe triangle ACD equiangular with FGH .

4. Hence ∠ACD = 2∠CAD and ∠CDA = 2∠CAD.

5. Bisect ∠ACD with CE.

6. Bisect ∠CDA with DB.

7. Extend CE and DB to meet the circumference at E and B.

8. The five angles ∠CAD,∠ACE,∠ECD,∠CDB,∠BDA are equal.

9. By Proposition III.26, equal inscribed angles cut off equal arcs.

10. ∠CAD subtends arc CD.

11. ∠ACE subtends arc AE.

12. ∠ECD subtends arc ED.

13. ∠CDB subtends arc CB.

14. ∠BDA subtends arc BA.

15. Therefore arcs AB,BC,CD,DE,EA are equal.

16. By Proposition III.29, equal arcs are subtended by equal chords.

17. Hence AB = BC = CD = DE = EA.

18. Therefore pentagon ABCDE is equilateral.

19. Join A to C.

20. Join B to E.
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21. Angle ABC stands on the arc from A to C not containing B, namely
AE + ED +DC.

22. Angle CDE stands on the arc from C to E not containing D, namely
CB +BA+AE.

23. Since all five component arcs are equal, these two three-arc sums are
equal.

24. Therefore ∠ABC = ∠CDE by Proposition III.27.

25. Repeat the same comparison around the pentagon.

26. Hence all five interior angles are equal.

27. Therefore the pentagon is equiangular.

28. The pentagon is both equilateral and equiangular.

29. Therefore an equilateral and equiangular pentagon has been inscribed in
the given circle.

AB = BC = CD = DE = EA

Which is the very thing it was required to do.
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Proposition 12

To circumscribe an equilateral and equiangular pentagon
about a given circle.

Let ABCDE denote the five equal divisions of the given circle.

1. Begin with the given circle.

2. Take five points A,B,C,D,E so that arcs AB,BC,CD,DE,EA are
equal.

3. Draw the tangent at A.

4. Draw the tangent at B.

5. Draw the tangent at C.

6. Draw the tangent at D.

7. Draw the tangent at E; let the five tangents form pentagon GHKLM .

8. Find the centre F of the circle.

9. Join FB,FC, FD,FK,FL as required by the proof.

10. SinceKL touches the circle at C, FC ⊥ KL.

11. Likewise the corresponding radii at B and D are perpendicular to their
tangents.

12. In right triangle FCK, FK2 = FC2 + CK2.

13. In right triangle FBK, FK2 = FB2 +BK2.

14. Since FB = FC, their squares are equal.

15. Subtracting equals gives BK2 = CK2.

16. Therefore BK = CK.

17. Compare triangles BFK and CFK: FB = FC, FK is common, and
BK = CK.

18. By Proposition I.8, ∠BFK = ∠KFC and ∠BKF = ∠FKC.

19. Thus FK bisects the corresponding central and outer angles.

43



EUCLID’S ELEMENTS – BOOK IV

20. Repeat the same reasoning at the adjacent outer vertex L.

21. Since arcsBC andCD are equal, central angles∠BFC and∠CFD are
equal.

22. Hence the corresponding half-angles ∠KFC and ∠LFC are equal.

23. Compare triangles FKC and FLC.

24. By Proposition I.26,KC = CL and the remaining corresponding angles
are equal.

25. ThereforeKL = 2KC.

26. SimilarlyHK = 2BK.

27. Since BK = KC, conclude HK = KL.

28. Repeat around the pentagon to obtain GH = HK = KL = LM =
MG.

29. Therefore the outer pentagon is equilateral.

30. The small angles atK and L are equal.

31. Since the full pentagon angles there are twice these equal small angles,
∠HKL = ∠KLM .

32. Repeat this reasoning around all five vertices.

33. Therefore all five interior angles are equal.

34. Hence GHKLM is equiangular and, as already shown, equilateral.

35. Since every side is tangent to the circle, the required equilateral and
equiangular pentagon has been circumscribed about the given circle.

GH = HK = KL = LM = MG

Which is the very thing it was required to do.
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Proposition 13

To inscribe a circle in a given pentagon which is equilateral and
equiangular.

Let ABCDE be the given equilateral and equiangular pentagon.

1. Begin with the given regular pentagon.

2. Bisect ∠BCD with CF .

3. Bisect ∠CDE with DF .

4. Let the two angle bisectors meet at F .

5. Join F to B.

6. Join F to A.

7. Join F to E.

8. Compare triangles BCF and DCF : BC = CD, CF is common, and
∠BCF = ∠FCD.

9. By Proposition I.4, the triangles are congruent.

10. Hence BF = DF .

11. Also ∠CBF = ∠CDF .

12. Since the pentagon is equiangular, ∠ABC = ∠CDE.

13. Since DF bisects ∠CDE, ∠CDE = 2∠CDF .

14. Since ∠CDF = ∠CBF , ∠ABC = 2∠CBF .

15. Therefore FB bisects ∠ABC.

16. Similarly FA bisects ∠BAE and FE bisects ∠AED.

17. Drop FG ⊥ AB.

18. Drop FH ⊥ BC.

19. Drop FK ⊥ CD.

20. Drop FL ⊥ DE.
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21. Drop FM ⊥ EA.

22. Compare right triangles FHC and FKC: ∠HCF = ∠FCK, both
have right angles, and FC is common.

23. By Proposition I.26, FH = FK.

24. Repeat the argument around the pentagon.

25. Therefore FG = FH = FK = FL = FM .

26. With centre F and radius FG, draw a circle.

27. Since the five perpendicular distances are equal, the circle passes through
H,K,L,M .

28. The circle touches AB at G.

29. It touches BC at H .

30. It touches CD atK.

31. It touches DE at L and EA atM .

32. Proposition III.16 excludes the possibility that a side cuts the circle at
one of these perpendicular endpoints.

33. Therefore the circle centred at F touches all five sides and has been in-
scribed in the given regular pentagon.

FG = FH = FK = FL = FM

Which is the very thing it was required to do.
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Proposition 14

To circumscribe a circle about a given pentagon which is equi-
lateral and equiangular.

Let ABCDE be the given regular pentagon.

1. Begin with the given equilateral and equiangular pentagon ABCDE.

2. Bisect ∠BCD with CF .

3. Bisect ∠CDE with DF .

4. Let the two angle bisectors meet at F .

5. Join F to B.

6. Join F to A.

7. Join F to E.

8. By the reasoning of Proposition IV.13, FB,FA, FE bisect the corre-
sponding remaining pentagon angles.

9. Since the pentagon is equiangular, ∠BCD = ∠CDE.

10. Therefore their halves are equal: ∠FCD = ∠CDF .

11. By Proposition I.6, FC = FD.

12. Repeating the same reasoning gives FB = FC, FA = FC, and FE =
FC.

13. Hence FA = FB = FC = FD = FE.

14. With centre F and radius FA, draw a circle.

15. The circle passes through A.

16. Since FB = FA, it passes through B.

17. Since FC = FA, it passes through C.

18. Since FD = FA, it passes through D.

19. Since FE = FA, it passes through E.

49



EUCLID’S ELEMENTS – BOOK IV

20. Therefore the circle centred at F has been circumscribed about the given
regular pentagon.

FA = FB = FC = FD = FE

Which is the very thing it was required to do.
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Proposition 15

To inscribe an equilateral and equiangular hexagon in a given
circle.

Let ABCDEF be the given circle, with centre G.

1. Begin with the given circle.

2. Draw diameter AD.

3. Find the centre G of the circle.

4. With centre D and radius DG, draw an auxiliary circle.

5. Let the auxiliary circle meet the given circle at E and C.

6. Join E to G.

7. Join C to G.

8. Produce EG through G to meet the original circle at B.

9. Produce CG through G to meet the original circle at F .

10. Join the six consecutive vertices AB,BC,CD,DE,EF, FA.

11. Since G is the centre of the original circle, GE = GD.

12. Since D is the centre of the auxiliary circle,DE = DG.

13. Therefore GE = GD = DE.

14. Hence triangle EGD is equilateral.

15. Its three angles are equal.

16. By Proposition I.32, each angle of triangleEGD is one third of two right
angles.

17. The same reasoning shows ∠DGC is one third of two right angles.

18. Since E,G,B are collinear, the adjacent angles on that straight line sum
to two right angles.

19. Therefore ∠CGB is also one third of two right angles.
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20. By vertically opposite angles, ∠BGA,∠AGF,∠FGE equal their oppo-
site central angles.

21. Hence all six central angles are equal.

22. By Proposition III.26, equal central angles stand on equal arcs.

23. Therefore arcs AB,BC,CD,DE,EF, FA are equal.

24. By Proposition III.29, the corresponding chords are equal.

25. Thus AB = BC = CD = DE = EF = FA, so the hexagon is
equilateral.

26. Compare the equal arcs FA and ED.

27. Add the common arc ABCD to both.

28. The resulting larger arcs are equal.

29. Angles FED and AFE stand on these equal arcs.

30. By Proposition III.27, ∠AFE = ∠FED.

31. Repeating around the hexagon shows all six interior angles are equal.

32. Hence ABCDEF is equiangular.

33. Therefore the hexagon is both equilateral and equiangular and is in-
scribed in the given circle.

34. Corollary: a side of the regular hexagon is equal to the radius of the circle.

AB = BC = CD = DE = EF = FA

side of regular hexagon = radius of the circle

Which is the very thing it was required to do.
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Proposition 16

To inscribe an equilateral and equiangular fifteen-sided figure
in a given circle.

Let ABCD be the given circle.

1. Begin with the given circle.

2. By Proposition IV.2, inscribe chord AC as a side of an equilateral trian-
gle.

3. By Proposition IV.11, inscribe chord AB as a side of a regular pentagon.

4. Therefore arc ABC is one third of the circle.

5. Thus arc(ABC) = 1
3 = 5

15 .

6. Arc AB is one fifth of the circle.

7. Thus arc(AB) = 1
5 = 3

15 .

8. Arc BC is the difference between arcs ABC and AB.

9. Hence arc(BC) = 5
15 − 3

15 = 2
15 .

10. By Proposition III.30, bisect arc BC at E.

11. Therefore arc(BE) = arc(EC).

12. Since arc BC was 2
15 , each half is

1
15 of the circle.

13. Join B to E.

14. Join E to C.

15. Chords BE and EC therefore subtend arcs of exactly one fifteenth of
the circumference.

16. By Proposition IV.1, insert successive chords equal to BE around the
circle.

17. Continue until the circumference is divided into fifteen equal arcs.

18. Join consecutive division points.

19. Equal arcs subtend equal chords, so all fifteen sides are equal.
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20. Since the corresponding arc spans are equal, all fifteen interior angles are
equal.

21. Therefore an equilateral and equiangular fifteen-sided figure has been
inscribed in the given circle.

arc(ABC) =
1

3
=

5

15
, arc(AB) =

1

5
=

3

15

arc(BC) =
5

15
− 3

15
=

2

15

arc(BE) = arc(EC) =
1

15

Euclid further observes that, by analogous constructions, a regular fifteen-
sided figure may be circumscribed about the circle, and circles may be in-
scribed in or circumscribed about such a figure.

Which is the very thing it was required to do.
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End of Book IV

Euclid’s Elements – Book IV

Inscribed and Circumscribed Figures
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