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Introduction

Book IV develops the geometry of rectilinear figures and circles through a
sequence of exact constructions. It treats figures inscribed in and circum-
scribed about other figures, circles inscribed in and circumscribed about
polygons, chords inserted in circles, the incircle and circumcircle of a tri-
angle, inscribed and circumscribed squares, and the construction of regular
pentagons, hexagons, and finally the regular fifteen-sided figure. Its meth-
ods build especially on the elementary geometry of Book I and the theory
of circles in Book III, combining them into an increasingly sophisticated
theory of regular construction.
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Definition 1

A rectilinear figure is said to be inscribed in another rectilinear figure when
the respective angles of the inscribed figure touch the respective sides of the
figure in which it is inscribed.
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DEFINITION 1.

A rectilinear figure is said to be inscribed in another rectilinear figure
when the respective angles of the inscribed figure touch the respective

sides of the figure in which it is inscribed.

Example 1: Quadrilateral inscribed in a quadrilateral

A P B

()
=

D N cC

Quadrilateral PQRS is inscribed in quadrilateral
ABCD, since each of its angles (at P, Q, R, §)
touches a side of ABCD.

Example 2: Hexagon inscribed in a hexagon

A P B

Hexagon PQRSTU is inscribed in hexagon ABCDEF,
since each of its angles (at P, O, R, S, T, U)
touches a side of ABCDEF.
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Definition 2

A rectilinear figure is said to be circumscribed about another rectilinear fig-
ure when the respective sides of the circumscribed figure touch the respec-
tive angles of the figure about which it is circumscribed.

Editorial note. The illustration below is intentionally a placeholder so that
the incorrectly generated earlier illustration can later be replaced without
altering the manuscript structure.
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Definition 3

A rectilinear figure is said to be inscribed in a circle when each angle of the
inscribed figure touches the circumference of the circle.
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DEFINITION 3.
A rectilinear figure is said to be inscribed in a circle when each
angle of the inscribed figure touches the circumference of the circle.

Example 1: Triangle inscribed in a circle Example 2: Quadrilateral inscribed in a circle

A
A B

B Cc DUC

Triangle ABC is inscribed in circle (O), Quadrilateral ABCD is inscribed in circle (O),
since each of its angles (at A, B, C) since each of its angles (at A, B, C, D)
touches the circumference of the circle. touches the circumference of the circle.
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Definition 4

A rectilinear figure is said to be circumscribed about a circle when each side
of the circumscribed figure touches the circumference of the circle.
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DEFINITION 4.

A rectilinear figure is said to be circumscribed about a circle when each

side of the circumscribed figure touches the circumference of the circle.

Example 1: Triangle circumscribed about a circle

A

C
B D C

Triangle ABC is circumscribed about circle (O),
since each of its sides AB, BC, CA
touches the circumference of the circle.

Example 2: Square circumscribed about a circle

A E B

o
\ U
G
Square ABCD is circumscribed about circle (O),

since each of its sides AB, BC, CD, DA
touches the circumference of the circle.

D C
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Definition 5

A circle is said to be inscribed in a rectilinear figure when the circumference
of the circle touches each side of the figure in which it is inscribed.
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DEFINITION 5.

A circle is said to be inscribed in a rectilinear figure when the circumference

of the circle touches each side of the figure in which it is inscribed.

Example 1: Circle inscribed in a triangle

A

o D
Circle (O) is inscribed in triangle ABC,
since the circumference of the circle touches
each side AB, BC, CA of the triangle.

Example 2: Circle inscribed in a quadrilateral

A E B

D e c

Circle (O) is inscribed in quadrilateral ABCD,
since the circumference of the circle touches
each side AB, BC, CD, DA of the quadrilateral.
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Definition 6

A circle is said to be circumscribed about a rectilinear figure when the cir-
cumference of the circle touches each angle of the figure about which it is
circumscribed.
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DEFINITION 6.
A circle is said to be circumscribed about a rectilinear figure when it touches
each angle of the figure about which it is circumscribed.

Example 1: Circle circumscribed about a triangle Example 2: Circle circumscribed about a quadrilateral
A
A B
B € D C
Circle (O) is circumscribed about triangle ABC, Circle (O) is circumscribed about quadrilateral ABCD,
since the circle touches each angle of the triangle, since the circle touches each angle of the quadrilateral,
namely, ZA, ZB, and ZC. namely, ZA, ZB, ZC, and £D.
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Definition 7

A straight-line is said to be inserted into a circle when its extremities are on
the circumference of the circle.

Editorial note. The illustration below is intentionally a placeholder so that
the incorrectly generated earlier illustration can later be replaced without
altering the manuscript structure.
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Proposition 1

To insert a straight-line equal to a given straight-line into a cir-
cle, the given straight-line not being greater than the diameter
of the circle.

Let ABC be the given circle and let D be the given straight-line, with D

not greater than the diameter of the circle.

1.

10.

11.

12.

Begin with the given objects: the circle ABC' and the given straight-line
D.

. Draw a diameter BC of the circle.

. If BC = D, the required line has already been inserted into the circle.

Otherwise suppose BC' > D.

On BC, construct CE = D by Proposition 1.3.

With centre C' and radius C'E, draw the auxiliary circle EAF.

Let the auxiliary circle meet the given circle at A.

Join C'to A.

Since C is the centre of circle EAF, its radii are equal, so CA = CFE.
Since CE = D, it follows that CA = D.

Both C' and A lie on the circumference of the given circle, so C'A is
inserted into it.

Therefore C' A, equal to the given straight-line D, has been inserted into
the given circle.

|CA=CE =D|

Which is the very thing it was required to do.

14
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BOOK IV — PROPOSITION 1: To insert a straight-line equal to a given straight-line into a given circle, ® Given circle

the given straight-line not being greater than the diameter of the circle. i Cenlstcaehtlng
= Constructed line

. Begin with the given objects. Check the easy case. EMMIE to the nontrivial case.

1fBC=D,
then BC itself
isa straightline

D

If BC = D, we are done.

On BC,

With centre C
and radius CE,
drawthe
ey B
circle EAF.

IN SUMMARY
Gives length D — copy it as CE — draw
ausilary circle centred at C = inersecton
gives A > radius CA = CE=D

B\ CA s the required chord.

15
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Proposition 2

10.

11.
12.
13.

To inscribe a triangle, equiangular with a given triangle, in a
given circle.

Let ABC be the given circle and D E'F the given triangle.

. Begin with the given circle ABC and the given triangle DEF'.

. Draw the straight-line GH tangent to circle ABC' at A.

. At A, onray AH, construct ZHAC = ZDFEF by Proposition 1.23.
. At A, onray AG, construct /GAB = /DFE.

. Join B to C, completing the candidate inscribed triangle ABC'.

. Since AH is tangent at A and AC is a chord, Proposition II1.32 gives

LHAC = ZABC.

. Since ZHAC = ZDEF, conclude ZABC = ZDEF.

. By the same tangent—chord theorem applied to chord AB, ZGAB =

LACB.

. Since ZGAB = ZDFEFE, conclude ZACB = Z/DFE.

Thus two angles of triangle ABC are respectively equal to two angles of
triangle DEF'.

By Proposition 1.32, the remaining angles are equal: /BAC = ZEDF.
Hence triangle ABC' is equiangular with triangle DEF'.

Since A, B, C lie on the circumference, triangle ABC is the required
inscribed triangle.

/ABC = /DEF, /ACB=/DFE, /BAC = /EDF

Which is the very thing it was required to do.
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— Given
BOOK IV — PROPOSITION 2: To inscribe a triangle, equiangular with a given triangle, in a given circle.

—— Construction / Tangent
—— Result / Used

Copy £E of triangle DEF at A Pl Copy ZF of triangle DEF at A
given objects.

sy A
A D

Given circle ABC. ~ Given triangle DEF.

Construct ZGAB = ZDFE
(using Prop. 123).

a

Butwe Since we.
£HAC = £DEF. i £GAB = ZDFE,

Therefore

therefore
ZABC = £DEF. B ZACB = DFE. B:

Conclude equiangularity.

| Thus A Since 4, B, C e on the
TR I circumference of the
k, given circle ABC,
| LACB = LDFE iangle ABCis
ZBAC=ZEDF  p inscribed i the
; givencircle and s
Thercfore triengle ABC > equiangular with the B
s equiangular with a . given triangle DEF.

£BAC = LEDF.

17
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Proposition 3

10.

11.

12.

13.

14.

15.

16.

To circumscribe a triangle, equiangular with a given triangle,
about a given circle.

Let ABC be the given circle and D E'F’ the given triangle.

. Begin with the given circle ABC and the given triangle DEF'.
. Produce E'F in both directions to points G' and H.

. Find the centre K of circle ABC by Proposition III.1.

. Draw aradius K B across the circle.

. At K, construct /ZBK A = ZDEG by Proposition 1.23.

. At K, construct /BKC = Z/DFH.

. Through A, B, C, draw the tangents LAM, M BN, and NC'L, forming

the outer triangle LM N.

. Since radii to points of contact are perpendicular to the tangents, the an-

gles at A, B, C' are right angles by Proposition I1I.18.

. The quadrilateral AM BK has its four angles equal to four right angles.

Since /K AM and £ K BM are right angles, ZAK B + ZAM B equals
two right angles.

Since EG is a straight continuation of EF', ZDEG+ /D EF also equals
two right angles.

By construction ZAK B = ZDFEG, so the remaining angles are equal:
/AMB = /DEF.

In the same way, /LNB = ZDFE.

By Proposition 1.32, the remaining angle of triangle LM N satisfies
/MLN = ZEDF.

Therefore triangle LM N is equiangular with triangle DEF'.

Each side of LM N is tangent to the given circle.

18
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17. Therefore a triangle equiangular with the given triangle has been circum-
scribed about the given circle.

LAMB = ZDEF, ZLNB = /ZDFE, LMLN = /ZEDF

Which is the very thing it was required to do.
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BOOK IV - PROPOSITION 3. A
To inscribe a right-angled triangle in a given circle.
STATEMENT.

Let ABC be the given circle. To inscribe in it a triangle
having a right angle.

VERBAL PROOF BROKEN INTO ACTIONS. B c
1. Begin with the given circle. Let ABC be the given circle.
2. Draw a diameter of the circle. Draw diameter BC.

3. Take any point on the circle. On the circumference
of the circle, take any point A.

4. Join A to the ends of the diameter. Draw the straight-lines

AB and AC.
5. Apply the angle-in-a-semicircle theorem. Since BC is a Given:
diameter and A is a point on the circle, the angle subtended O Circle ABC.
by the diameter at the circumference is a right angle To(eonetinet:
(Proposition IT1.31). A right-angled triangle inscribed in the circle.

6. Conclude that the inscribed triangle is right-angled.
Therefore ZBAC is a right angle.

Construction summary:

Draw diameter BC.

7. Hence triangle ABC has a right angle at A. Take any point A on the circumference.
8. And it is inscribed in the given circle ABC. Join, ABland?AC.

9. Therefore, a right-angled triangle has been inscribed Result:
in the given circle. Triangle ABC is right-angled at A.

e e o T ny JBN ik any point on the circle.

Draw diameter A On the circumference
of the circle,
take any point A.

Conclude that the inscribed triangle
s right-angled.

Join A to the ends of the diameter.

Draw the straight- A Since BC is a diameter A
lines AB and AC. 8% and Aisa point on

Therefore

B el the angle
Ty o
c
[ Hence csiangle ABC has aright angle ac 4. JEl Ao icis inscribed in the given circle ABC.
Triangle ABC 7 The triangle "
i [ aibedl
angle at A. | in the given
c c

| RESULT: Triangle ABC is right-angled ac 4. |

20
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Proposition 4

10.

11.

12.

13.

14.

15.

16.

17.

18.

To inscribe a circle in a given triangle.

Let ABC be the given triangle.

. Begin with the given triangle ABC.

. Bisect ZABC with BD by Proposition L.9.

. Bisect ZAC B with C D; let the two bisectors meet at D.
. From D, draw DE 1 AB.

. From D, draw DF' 1 BC.

. From D, draw DG 1 CA.

. Compare triangles EBD and FBD: /EBD = ZFBD, the angles at

E| F are right, and BD is common.

. By Proposition 1.26, conclude DE = DF'.

. Repeat the same reasoning at C' to obtain DG = DF'.

Therefore DE = DF = DQG.

With centre D and radius D E, draw a circle.

Since DE = DF = DG, the circle also passes through F' and G.
Since DE 1 AB, the circle touches AB at E.

Since DF' 1 BC, the circle touches BC' at F'.

Since DG L C'A, the circle touches C A at G.

Proposition I11.16 excludes the possibility that any of these sides cuts the
circle at the perpendicular endpoint.

Hence the circle centred at D and passing through E, F, G touches all
three sides.

Therefore circle £'F'G has been inscribed in triangle ABC.

21
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DE = DF = DG |

Which is the very thing it was required to do.

22
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BOOK IV — PROPOSITION 4: To inscribe a circle in a given triangle.

[l Begin with che

given triangle.

from D to BC.
| DrawDF L BC.

3 .
from D to AB.
Draw BD so that

ZABD = 2DBC . Draw DE 1 AB.
(Proposition 1.9).

Use Proposition 1.26. ‘The circle also passes

Thereore wiangles b r A dheough Fand 6.

EBD and FBD are

congruent n the
pired sense.

Hence

|| pE=DF.

Since DE =DF = DG,
the same circle
passes through

The circle touches AB at E. Use Propositon I1L16
DE is perpendicullar 4 to justify tangency.
w0 ABatE. Ly

Therefore the circle
cannot cut AB there;
it touches AB at E.

Therefore the circle
touches BC at .

| ConstRUCTION SUMMARY: 4 A

‘ Bisect ZABC and ZACB to meet at D. From D draw perpendiculars i e pit G

| 1o the three sides, meeting them at E, F, G, With centre D and radius DE.

| F = DG) draw the circle touching all three sides. 5 S, AL, B A\
F

23



EUCLID’S ELEMENTS - BOOK IV

Proposition 5

10.
11.
12.
13.
14.
15.
16.

To circumscribe a circle about a given triangle.

Let ABC be the given triangle.

. Begin with the given triangle ABC.

. Bisect ABat D.

. Bisect AC at E.

. Through D, draw DF 1 AB.

. Through F, draw EF 1 AC, meeting DF at F.
. Join FA, FB,and FC.

. Compare triangles ADF and BDF: AD = DB, DF is common, and

the included angles are right.

. By Proposition 1.4, conclude FFA = F'B.

. Compare triangles AFF and C E'F in the same way.

By Proposition 1.4, conclude F'A = FC.

Therefore FA = FB = FC.

With centre F' and radius F'A, draw a circle.

Since F'B = F A, the circle passes through B.

Since F'C' = F A, the circle passes through C.

Thus the circle passes through all three vertices A, B, C.

Therefore a circle has been circumscribed about the given triangle.

|FA=FB=FC|

Which is the very thing it was required to do.
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BOOK IV — PROPOSITION 5: To circumscribe a circle about a given triangle.

)
Begin with the Bisect side AB. Bisect side AC. Erect a perpendicular at D.
e 4
n triangle. A H
- Bisect AB Bisect AC From D, draw
Let ABCbe « D. atE
(Prop. 1.10)
2 D

Since

FB= A,
point B lies on
the circle.

E Therefore the circle passes
through allthree vertices.
passes through
ABC

v SRl
B Erect a perpendicular at E. Compare triangles ADF and BDF. Conclude FA = FB. R
F
| From E, draw We have: 4 F Therefore the two /
| 2R papendicular « AD=DB triangles are equal A I
0 AC. + DFis common by Prop. L4,
Lot ooy + LADF = ZBDF=90" and hence
perpendiculars 5 FA=FB.
meetat F. 1y
D D
Compare triangles AEF and CEF. m Conclude FA = FC. Combine the cqualities.  F
| A F F AN
Similarly: A We have Draw a circle
* AE=EC FA=FB=FC. with centre F'
- EFis common Thurd, B, Caseall and radius FA.
* LAEF = LCEF = 90° equally distant
5 from F
E E = J

The circle with
centre Fhas
therefore been
circumscribed
about the given
riangle ABC.

CONSTRUCTION SUMMARY

* Bisect ABat Dand ACat E.

+ Erect perpendiculars at D and E.

+ Their intersection is F.

* Draw circle with centre F and radius FA.

e —

Key Idea:
‘The point F is equally
distant from A, B and C,
soa circle centred at F
through any vertex

passes through all three.

25
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Proposition 6

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

To inscribe a square in a given circle.

Let ABCD be the given circle, with centre E.

. Begin with the given circle.

. Draw diameter AC' through the centre F.

. Through F, draw diameter B D perpendicular to AC.

. Join A to B.

. Join Bto C.

. Join C'to D.

. Join D to A.

. Compare triangles AE B and AE D; since F is the centre, EB = ED.

. The side E'A is common to the two triangles.

Because the diameters are perpendicular, ZAEB = ZAED = 90°.
By Proposition .4, conclude AB = AD.

Repeating the same reasoning around the circle gives AB = BC =
CD = DA.

Therefore quadrilateral ABC'D is equilateral.
Now consider diameter BD.
By Proposition 111.31, Z/BAD is a right angle.

By the same theorem, the other three angles of the quadrilateral are right
angles.

Therefore ABC'D is right-angled.
Thus ABCD is both equilateral and right-angled.
By Definition 1.22, ABCD is a square.

26
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20. Since its four vertices lie on the circumference, the square is inscribed in
the given circle.

AB = BC =CD = DA, LA=/B=/C=/4D =90

Which is the very thing it was required to do.
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BOOK IV — PROPOSITION 6: To inscribe a square in a given circle.

. Begin with the . Draw one diameter. Draw a second diameter Join 4 o B. n
jven circle. | perpendicular to the first. B
Draw diameter || Draw chord 8.
l AC through Through E, draw diameter
the centre E. DRy
C| ACLBD. /1 c || . A C

Join D to A. . Compare triangles ‘) EAjis common.
| AEB and AED.
Draw chord DA. ‘ B
EB=ED p, o bmﬁ triangles.
Quadrilateral || (Eis the centre)
ABCD is formed. € A
Q R - 2
= = —
it around the circle. ABCD is equilateral. JEY Consider diameter BD.
<q
Since AC L BD, Therefore, by Prop. L4, [ Similarly, Allfour sides BD is a diameter.
ZAEB = LAED = 90°. AB = AD. are equal.
C
mu angle in-eeemicircle thisorem Apply the same at other vertices. ABCD is right-angled. e ot | Recognize the square.

Since BD is a diameter, Similarly, £ “The quadrilateral ABCD is “Therefore ABCD
e angle subtended za5C=50, s four ight cquilteral isa square,
by icac A s a right ZBCD =90, angles. ad by Defnition 1.22.
angle (Prop. T1L31). 2CDA =90 X right-angled.
ZBAD = 90°.

. Conclude.
t 'CONSTRUCTION SUMMARY B
Since 4, B, C, D Therefore,

2 5 5
:"u:::z.:.‘; of /\ m m m a square has been
e v = = = inscribed inthe . I
square ABCD is given circle.
inscribed in the circl
iz Draw diameter Join A-B, B-C, Square ABCD -I:!a :'
AC. . D, D-A. inscribed.

D

28
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Proposition 7

10.
11.
12.
13.
14.

15.
16.
17.

18.
19.
20.

To circumscribe a square about a given circle.

Let ABCD be the given circle, with centre E.

. Begin with the given circle.

. Draw diameter AC.

. Through F, draw diameter BD perpendicular to AC.

. Through A, draw tangent F'G.

. Through B, draw tangent GH.

. Through C, draw tangent H K.

. Through D, draw tangent K F', forming quadrilateral FGHK.
. By Proposition I11.18, FA L FG.

. Likewise FEB L GH,EC 1. HK,and ED 1 KF.

Since GH | BD and AC L BD,GH || AC.
Similarly AC || FK.

Hence GH || F K by Proposition 1.30.

In the same way, F'G | HK.

The regions formed with the diameters and tangent lines are parallelo-
grams.

By Proposition .34, FG = HK and GH = FK.
Since AC and BD are diameters of the same circle, AC = BD.

From the parallelograms, GH = AC, FK = AC, FG = BD, and
HK = BD.

Therefore FG =GH = HK = KF.
Hence FGHK is equilateral.
Consider the parallelogram formed by A, F, B, G.

29
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21.
22.
23.
24,
25.
26.
27.

Because AC | BD, ZAEB = 90°.

By Proposition 1.34, the opposite angle at G is also right.
Repeating the argument gives right angles at H, K, F.
Therefore F'GH K 1is right-angled.

Thus FGH K is both equilateral and right-angled.
Therefore FGH K is a square.

Since each side is tangent to the circle, the square has been circumscribed
about the given circle.

|FG=GH = HK = KF |

Which is the very thing it was required to do.
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© Begin with the
given circle.
Let ABCD be
the given crcle.

© Draw « perpendicular
diameter.
Theough £, d
diameter BD so that
ACLBD. 4

© Draw a tangent ac B.
£

PANEL 1 - CONSTRUCTION

BOOK IV — PROPOSITION 7: To circumscribe a square about a given circle.

@ Draw one diameter.

Draw diameter
AC through
the centre E.

O Drowa angent ac 4.
E

Through 4, draw
tangent FG.

oinnw 2 angent at C.

B
:

Through C, draw.
tangent HK.

o

@ Drow 2 cangent a D

Through D, draw T
tangent KF.

b

The four tangent lines
form the qua !
FGHK about the
given circle.

Construction Summary (Panel 1):

Draw two perpendicular diameters AC and BD.
| Draw tangents at A, B, €, D to form the quadilateral FGHK.

(S

PANEL 2

© Radii are perpendicular

PRO!

EQUAL SIDES

© GH || AC and FK | A

PANEL 3 — PROVE RIGHT ANGLES AND CONCLUDE

C. || @ Usea paralielogram. ® Opposite angle is right.
to tangents.

N G | Since GH L BD and I parallcogram AEBG, By Prop. 134 (opposice
EALFG, 4C L BD, GH || AC. LAEB = 90° since angles of a parallclogram
EB L GH, Similarly, FK | AC. ACLBD. G | are cqua,

ECLHE, “Therefore, GH || FK] G 2AGE - 90"
i e (Prop. 130)
Prop.IL19)
L
B 3 t
3 \
¥ F I3
@ rc | HE @ Opposite sides @ Repeat at other vertices. @ All angles are right.
By the same reasoning, - e ‘::"' Similaly, Quadsilateral FGHK
FG | HK. . | 1n the poralcograms : 2 :
bt © | formed, by Prop. L34, (3| s
FG = HK and
GH - FK. b
b t i
tE a3
| h | b
I3
® Relate 0 diameters. ® Al four sides are equal. @© Combine both resuls. ‘[T =
From the parllelograms Since AC = BD (boch FGHK s boh
GH = ACnd FK = AC, dismeters), it follows cquilteral (Banel2)
FG = BD and HK = BD. and right-angled ;
4 (Panel 3.
7
b d
s T
| @D Conclusion.

erefore, ) =
quadrilateral FGHK \
s equilateral L
(all four sides 2 t
are equa), kj
h d
F

‘ @ Recognize the square.

Therefore, by
| Definition 122,

GHK is a square.

The square FGHK

A square has been circumscribed
about the given circle.

has been circumseribed
about the given circle
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Proposition 8

10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.

21.

To inscribe a circle in a given square.

Let ABC'D be the given square.

. Begin with the given square ABC'D.

. Bisectside AD at .

. Bisect side AB at F.

. Through E, draw EH || AB and CD.

. Through F', draw FK || AD and BC.

. Let EH and F'K meet at G.

. Recognize the parallelograms formed by these two lines.
. Since ABCD is a square, AD = AB.

. Since F, F’ are midpoints, AF = %AD and AF = %AB.

Therefore AE = AF.

By equality of opposite sides in the parallelograms, GE = GF.
Similarly GH = GK, and these lengths equal GE and GF'.
Hence GE = GF = GH = GK.

With centre GG and radius GFE, draw a circle.

The same circle passes through F, H, K.

Since FH || ABand AB 1 AD,GE 1 AD.

Since FK || AD and AD 1 AB,GF 1 AB.

Similarly GH L BC'and GK L CD.

Therefore the circle touches AD at .

It touches AB at F.

It touches BC' at H.
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22. It touches CD at K.

23. Thus the circle centred at G touches all four sides and has been inscribed
in square ABCD.

|GE =GF = GH = GK |

Which is the very thing it was required to do.
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BOOK IV — PROPOSITION 8: To inscribe a circle in a given square.

PANEL 1 — CONSTRUCTION

Begin with the o o “The construction forms A F
given square. parallelograms.
Let ABCD be Opposite sidesinia B
the given square. parallelogram are equal. E 2
In
c = L
B B 10 the square, 4D = AB. 4
P =
] si idpoints,
e B Since E and F are midpoins,
E G
Let E be the E
midpoint of AD. b . [ Therefore, AE = AF.
D C
Bisect side AB. A £ o8 | EERRCER .
Let Fbe the D By cquality of opposiee sides 4 F
askipola of 4B, E in the parallelograms,
GE = GF.
G
(i - Oc ‘ | [ similarly, E
Through E, draw 4 2 B G’;’ iGK . }
and these are equal to i
EH parallel to
D
AB and CD. e &
Hence
r e GE=GF = GH =GK.
Through F, draw v 4
FK parallel to NS E
AD and BC. S A
D
Let the two lines T

meet at G.

EH and FK
intersect at G.

PANEL 2 — EQUAL DISTANCES FROM THE CENTRE

Therefore, G is the centre
of the required circle.

34

With centre

draw a circle of
radius GE.

The circle passes
through E, F, H, K.

)

GE L AD, because A

& GF L 4B, because E
FK || AD and AD L AB.

EH || ABand AB L AD. )

Similarly,
GH L BCand
GK L CD.

‘Therefore the circle
touches AD at E.

It touches AB at F.
It touches BC at H.
It touches CD at K.

“Thus the circle centred at G,
passing through E, F, H, K,
touches all four sides of the
square ABCD.

A circe s been | |

inscribed in the

given square
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Proposition 9

10.
11.
12.
13.
14.
15.
16.
17.
18.

To circumscribe a circle about a given square.

Let ABCD be the given square.

. Draw diagonal AC.

. Draw diagonal BD.

DC = BC.

Therefore /EFAB =

. Begin with the given square ABC'D.

. Let the diagonals meet at E.

. Compare triangles DAC and BAC: DA = AB, AC is common, and

. By Proposition 1.8, /ZDAC = Z/BAC.
. Hence AC bisects /DAB.
. Similarly, the diagonals bisect the other angles of the square.

. Since ZDAB = ZABC, their halves are equal.

/ZEBA.

By Proposition 1.6, FA = EB.

Repeating the same reasoning gives EA = EC and EA = ED.

Hence FA = EB =

EC =FED.

With centre F and radius F' A, draw a circle.

Since EB = F A, the circle passes through B.

Since EC' = F A, the circle passes through C.

Since ED = E A, the circle passes through D.

Thus the circle passes through A, B, C, D and is circumscribed about the

given square.

EA=EB=EC=ED|

Which is the very thing it was required to do.
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BOOK IV — PROPOSITION 9: To circumscribe a circle about a given square.

A B
Begin with the =} =
given square.
Let ABCD be
the given square.
o o
A B

Draw diagonal AC. T

Draw diagonal BD. o

Let the diagonals

meet at E.

B 1n triangles DAC and BAC,

DA=AB (sides of a squarc)
AC = AC (common)
DC=BC (sides of a square)

By Prop. L8, 2DAC = ZBAC. S

t
| @ Therefore diagonal AC
| ™ bisects 2DAB.

Similarly, the diagonals

bisec the other angles
of the square.

PANEL 2 — EQUAL DISTANCES FROM THE CENTRE

B since 2DAB = 24BC
(sight angles of the square),
their halves are equal.

Hence LEAB = ZEBA,
because AC and BD bisect
those angles.

0 in wiangle AEB,
ZEAB = LEBA.
By Prop. L6,
FA=EB.

Similarly,
EA=EC and EA=ED.

B Thercfore
EA = EB = EC = ED.
All four vertices are
equally distant
from E.

| Thus E is the

centre of a circle

since all are equally
| distant from E.

36

PANEL 3 — THE CIRCUMCIRCLE

A B
With centre E, N
draw a circle of /
radius EA.
D c
- B
Since EB = EA, ‘
point B lies on b 2
the circle. of
c

Since EC = EA,
point C lies on
the circle.

16|

Since ED = EA,
point D lies on
the circle.

& The circle centred at E.
passes through 4, B, G, D.

Therefore, a circle
has been circumscribed

about the given
square ABCD.
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Proposition 10

10.

11.
12.

13.

14.
15.
16.
17.
18.
19.

20.

To construct an isosceles triangle having each of the angles at
the base double the remaining angle.

. Begin with a straight-line AB.

Cut AB at C so that AB - BC = AC?, by Proposition II.11.

. With centre A and radius AB, draw circle BDE.

In the circle, insert chord B D such that BD = AC, by Proposition I'V.1.
Join A to D.

Join D to C'.

Circumscribe a circle about triangle AC'D, by Proposition IV.5.

From the original construction, AB - BC = AC?.

Since BD = AC, conclude AB - BC = BD?.

By Proposition I11.37, BD is tangent to the circumcircle of triangle AC'D
at D.

By Proposition 111.32, /ZBDC' = ZDAC.
Add ZC DA to both sides: /BDA=/CDA+ Z/DAC.

By the exterior-angle theorem at C', /ZBCD = ZCDA+ ZDAC, hence
/ZBDA = ZBCD.

Since AB = AD, triangle ABD is isosceles and /BDA = ZDBA.
Thus /BDA = /DBA = ZBCD.

In triangle BC'D, Z/DBC = ZBCD, so by Proposition 1.6, BD = DC.
Since BD = AC, it follows that AC' = CD.

Therefore triangle AC'D is isosceles and ZCDA = ZDAC.

Hence ZCDA+ ZDAC =2/DAC.

But /BCD = ZCDA+ ZDAC,so ZBCD =2/DAC.
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21.

22,

23.

Since /BDA = ZBCD and ZDBA = ZBCD, each base angle of
triangle ABD is twice the angle at A.

Thus triangle ABD is the required isosceles triangle.

Therefore an isosceles triangle has been constructed with each base angle
double the remaining angle.

AB - BC = AC? = BD?

Which is the very thing it was required to do.
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BOOK IV — PROPOSITION 10: To construct an isosceles triangle having each of the angles at the base double the remaining angle.

PANEL 2 — PROOF: TANGENT AND ANGLES

© From the construction,
AB x BC = AC*.

@ CucABacCso szhn A & B
AB x BC = A
(Prop. IL11). LAC E‘TJ

By Prop. I11.37 (converse of
tangent-secand), BD is

E
© With centre A and radius AB, tangent o the circumcircle
draw circle BDE. 2 of eriangle ACD at D.
D
By Prop. I11.32 (sangent-chord),
@ I the circle, draw chord BD 5 42D DA
such that BD = AC B | B Add £CDA 10 both sides: 185 o/
(Prop. IV.1). £BDA = ZCDA + ZDAC. 5
D A,
E | By exterior angle theorem at C,
@ JoinAtoD. g teD - CDA+ 2DAS
£BCD = £CDA + £DAC. B
Hence 2BDA = 2BCD.
D 2 4
@ JoinDwC. E Since AB = AD (radii of the circle BDE),
by Prop. LS, 2BDA = 2DBA. I
Therefore ZBDA = ZDBA = ZBCD. D
D

In triangle BCD, since £DBC = £ZBCD,
by Prop. 16, BD = DC.

ircumscribe a circle about

Buc BD = AC (construction).
Therefore AC = CD.

In wiangle ACD, AC = CD;
by Prop. 15, ZCDA = 2DAC.

« BD is tangent at D.
- AC=CD.
+ ZBDA = 2DBA = 2BCD.

39

= 38

B Since 2CDA = 2DAC,
add them:
ZCDA + £DAC = 22DAC.

But ZBCD = ZCDA + ZDAC.
Therefore £BCD = 2£DAC.

Since ZBDA = ZBCD and

£BDA = 2DBA = 22DAC.

Thus in triangle ABD, the two
angles at the base (at B and D)
are each double the remaining
angle (at 4).

Therefore the required isosceles
riangle has been constructed.

QED.
An isosceles triangle in which each of the angles
at the base is double the remaining angle
has been constructed.
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Proposition 11

10.
11.
12.
13.
14.
15.
16.
17.
18.
19.

20.

To inscribe an equilateral and equiangular pentagon in a given
circle.

Let ABCDFE be the given circle.

. Begin with the given circle.

. Construct the special isosceles triangle F'G H of Proposition I'V.10.

. By Proposition IV.2, inscribe triangle AC'D equiangular with FGH.
. Hence ZACD =2/CAD and Z/CDA =2/CAD.

. Bisect ZACD with CFE.

. Bisect ZCDA with DB.

. Extend CF and DB to meet the circumference at ' and B.

. The five angles /CAD,/ACE, /ECD,/CDB,/BDA are equal.

. By Proposition I11.26, equal inscribed angles cut off equal arcs.

ZCAD subtends arc C'D.

/ACFE subtends arc AFE.

ZECD subtends arc ED.

ZC DB subtends arc C'B.

/BD A subtends arc BA.

Therefore arcs AB, BC,CD, DE, EA are equal.
By Proposition I11.29, equal arcs are subtended by equal chords.
Hence AB = BC =CD = DFE = FA.
Therefore pentagon ABC' DFE is equilateral.

Join A to C.

Join B to F.
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21.

22,

23.

24,
25.
26.
27.
28.
29.

Angle ABC stands on the arc from A to C' not containing B, namely
AE + ED + DC.

Angle C'DFE stands on the arc from C to E not containing D, namely
CB+ BA+ AE.

Since all five component arcs are equal, these two three-arc sums are
equal.

Therefore ZABC = ZC DE by Proposition I11.27.
Repeat the same comparison around the pentagon.
Hence all five interior angles are equal.

Therefore the pentagon is equiangular.

The pentagon is both equilateral and equiangular.

Therefore an equilateral and equiangular pentagon has been inscribed in
the given circle.

|AB=BC =CD = DE = EA|

Which is the very thing it was required to do.
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BOOK IV

BOOK IV — PROPOSITION 11: To inscribe an equilateral and

@ Let ABCDE be

the given circle.

© Construct isosccles
wiangle FGH (Prop. IV10)
such that each base
angle is double the
vertex angle.

© By Prop. V2, inscribe in
the circle a trangle ACD
equiangular with FGH.

ZCAD = £F,
ZACD = £G,
ZCDA = 2H.

@ Thercfore 2ACD and £CDA
are each double £CAD.

@ Biscct LACD: draw CE.

@ Biscet 2CDA: draw DB.

|

| @ Extend CE and DB to the
circl. Points E and B lic
on the circumference.

in a given circle.

PANEL 2 —

EQUAL SIDES (EQUILATERAL)

© CE and DB bisect the two double angles.
Hence the five highlighted angles are equal.
£CAD = LACE = LECD =
ZCDB = £BDA.

| 0’ Equal angles standing on the circumference

cut nffzq\ul arcs (]’mp. 111.26).

2BDA
R e e B e

OOOC

Therefore the five arcs are equal
arc AB = arc BC = arc CD = arc DE = arc EA.

Equal arcs of the same circle are subtended E
by equal straight-lines (Prop. I11.29).

@ Thercfore all five sides are equal.
=BC = CD = DE = EA.

42

@® £ABC stands on arc A-C (not containing B):

arc AE + arc ED + arc DC.

@ ZCDE stands on arc C-E (not containing, m
arc CB + arc BA + arc AE.

@) Since all five arcs are equal,
AE + ED + DC = CB + BA + AE.

|| @ By Prop. 111.27, equal arcs subtend equal angles.
“Therefore ZABC = 2CDE.

® By the same reasoning around the pentagon,
ZBCD = ZDEA = LEAB. A

@ Hence all five interior angles
are equal.

D C

Therefore ABCDE is an equilateral (all sides equal)
and equiangular (all angles equal) pentagon
inscribed in the given circle.
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Proposition 12

10.
11.

12.
13.
14.
15.
16.

17.

18.
19.

To circumscribe an equilateral and equiangular pentagon
about a given circle.

Let ABC DFE denote the five equal divisions of the given circle.

. Begin with the given circle.

. Take five points A, B, C, D, E so that arcs AB, BC,CD,DE, EA are

equal.

. Draw the tangent at A.

. Draw the tangent at B.

. Draw the tangent at C'.

. Draw the tangent at D.

. Draw the tangent at £; let the five tangents form pentagon GH K LM .
. Find the centre F’ of the circle.

. Join FB, FC,FD, FK, FL as required by the proof.

Since K L touches the circle at C', FC' L K L.

Likewise the corresponding radii at B and D are perpendicular to their
tangents.

In right triangle FCK, FK? = FC? + CK?.
In right triangle FBK, FK? = FB? 4 BK?.
Since F'B = F'C, their squares are equal.
Subtracting equals gives BK? = CK?2.
Therefore BK = CK.

Compare triangles BFK and CFK: FFB = FC, FK is common, and
BK =CK.

By Proposition 1.8, /BFK = /ZKFC and /ZBKF = ZFKC.
Thus F' K bisects the corresponding central and outer angles.
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20.
21.

22,
23.
24.

25.
26.
27.

28.

29.
30.
31.

32.
33.
34.
3s.

Repeat the same reasoning at the adjacent outer vertex L.

Since arcs BC and C D are equal, central angles ZBF'C' and ZC'F D are
equal.

Hence the corresponding half-angles /K F'C and Z/LFC are equal.
Compeare triangles F K C and F'LC.

By Proposition .26, KC' = C'L and the remaining corresponding angles
are equal.

Therefore KL = 2KC.
Similarly HK = 2BK.
Since BK = KC, conclude HK = K L.

Repeat around the pentagon to obtain GH = HK = KL = LM =
MG.

Therefore the outer pentagon is equilateral.
The small angles at K and L are equal.

Since the full pentagon angles there are twice these equal small angles,
/HKL=/KLM.

Repeat this reasoning around all five vertices.
Therefore all five interior angles are equal.
Hence GH K LM is equiangular and, as already shown, equilateral.

Since every side is tangent to the circle, the required equilateral and
equiangular pentagon has been circumscribed about the given circle.

|GH=HK = KL =LM = MG|

Which is the very thing it was required to do.
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BOOK IV — PROPOSITION 12: To di ibe an equilateral and equiangul gon about a given circle.

PANEL 2 — RIGHT ANGLES AND
PYTHAGOREAN EQUALITIES
(Figures 10-18)

PANEL 3 — EQUAL TANGENT SEGMENTS
(Figures 19-27)

UAL SIDES AND EQUAL ANGLES
(Figures 28—36)

G

Therefore the

equilateral
L 3

Let ABCDE be the | Take fv pointsso chat | Draw a angent at A

By the same reasoning all

Since KL touchesthecirde | Similarly, FB L GH at B Repeat at L. FL bisccts | Ars BC.s0d CD e fence G
jven circle. s AB, BC, D, DE, EA
L o G, FC LKL and FD L LM at . ZEFD wnd ZELF. | i bybop 12, ZKFC= ZLFC. || around, GH = HK = KL =
7 ZBFC = £CHD. LM = MG.
M H
24
L x

AtK and L, the small
angles (biscced oncs)are
cqual

In AFBK, ZFBK is righ 32 G
By Pythagoras, | In AFKC and AFLC,
e Therefore
FK? = FB? + BK. ZKFC = ZLEC, By Prop. 1.26 Theimror gl K B
y 3 ZHKL
DrovatgestB. Drawatugentst G, Drawa tangentat D ZFCK = ZFCL= 90", KC Therore || et gl
> 4 [——
Ea FC common. LCKF=LFIC|  KCCL || o ot
i6] 218D k
a Therefore FB = FC (ndii. | Subtracing equas from Sikilily sround]
Therfore: cqu, fo e g
’ B = FC? BK? = CK*. ! 3 el il
G . Similary Since BK = KC,
Ths KL = 2.KC. d
H M H HK = 2-BK. HK = KL
G G Hence an cquilateral
o l and equiangular
D E H E H f pentagon has been
A " | | circumscribed about
Draw s tangentat . The ive angents form | Let F be the ceme, ) JiN 0 |E B the given circle
pentagon GHKLM. | Join B, FC,FD, FKFL A \ /
L 3 - ’ Fop—
o wangles BFK and CFK, |, prop, 15, F L T M, B
FB = FC, FK common, | /BFK = ZKF
K. ZBKE
Thus FK bisects
ZBFC and 2 BKF. ) P k
— Bluc circle: given circle —— Pink lines: tangents B Red square: right angle (radius L tangen) [ Equal angles are shown with the same colour.  —#— Equal lengths ae shown with the same marks.
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Proposition 13

To inscribe a circle in a given pentagon which is equilateral and
equiangular.

Let ABC' DFE be the given equilateral and equiangular pentagon.

1. Begin with the given regular pentagon.

10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.

. Bisect Z/ZBCD with CF.

. Bisect ZCDE with DF.

. Join F' to B.
. Join F' to A.

. Join F'to E.

LBCF = /ZFCD.

Hence BF = DF.

Also ZCBF = ZCDF.

Since the pentagon is equiangular, ZABC = ZCDE.
Since DF bisects ZCDE, Z/CDE =2/CDF.
Since /CDF = /CBF, /ABC =2/CBF.

Therefore F'B bisects LZABC.

Similarly F'A bisects /BAFE and F'E bisects ZAED.

Drop FG L AB.
Drop FH 1 BC.
Drop FK 1 CD.

Drop FL L DE.

. Let the two angle bisectors meet at F'.

. Compare triangles BCF and DCF: BC = CD, CF is common, and

. By Proposition 1.4, the triangles are congruent.
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21.
22.

23.
24,
25.
26.
27.

28.
29.
30.
31.
32.

33.

Drop FM 1 EA.

Compare right triangles FHC and FKC: ZHCF = ZFCK, both
have right angles, and £'C' is common.

By Proposition 1.26, FH = FK.

Repeat the argument around the pentagon.
Therefore FG = FH = FK = FL=FM.
With centre F' and radius F'G, draw a circle.

Since the five perpendicular distances are equal, the circle passes through
H K, L, M.

The circle touches AB at G.

It touches BC' at H.

It touches C'D at K.

It touches DE at L and EA at M.

Proposition II1.16 excludes the possibility that a side cuts the circle at
one of these perpendicular endpoints.

Therefore the circle centred at F' touches all five sides and has been in-
scribed in the given regular pentagon.

|FG=FH=FK=FL=FM

Which is the very thing it was required to do.
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BOOK IV — PROPOSITION 13: To inscribe a circle in a given equilateral and equiangul

PANEL 1 — CONSTRUCTION L 2 — THE POINT F AND PANEL 3 — PERPENDICULARS AND
(Figures 1-9) ANGLE BISECTIONS EQUAL DISTANCES
(Figures 10—18) (Figures 19-27)

4 (@ 4 R ‘A 4 ¢ : 7
:QQ /e @@

I [£ o2 C D [ ] ic | c
p

— THE INSCRIBED CIRCLE
AND TANGENCY
(Figures 28—36)

L ABCDEbe e | it £BCD. | it £CDE: || D e By Prop. 14, | ZABC= ZCDE || e b G LAB, | DrweFH 1 BC, | D P L D, e
given equilateral and | Drawe CF Draw DE CF comumn, ABCFuADCE | (cquiangslad. || mocing AB.at G. mocing BC at . | meeting CD at K. =
equbngule penagon s e T ey = dow e e Soitondhes BCat . Soumshes Dt K.
2
a , a , # 1 o 7 B, a G
I
| . "
v 9 |
F *
|7 & | W
D= e DI =ic L I
i i
Let the owo bisecors | Join FB. Join A S0 £CDE= 24CDF. | Hence FB bises | Sy FAbias | 1 pe | o epuscs throgh L T pases hough M. | The circe tuches
meet at F. Since ZCDF = £CBF,  2ABC. £BAE. /H(‘l ,zI’O( Soit touches DEat L. So it touches EA at M. all five sides.
moving DEw L | mecting EA st M. |t~ o
£ABC = 22CBF. So LABF = £FBC. ARG = ARG
P
4 B 4 p . B, |@ , )
o £ oy e cu he
0 Gk o of ;
B . £ s : i
i s angen o the
+ cice s h fox of
s he perpendicalar
K || Vi o
Join FE. Rt 4| Conmiont | St e i e | T 0 | BAPR 126, bt e ot A
v complece. ZAED. angle biocos. | of e il . | FH - FK. G = =L, o e s
i e | Therefore a circle has been inscribed
i the given equlanal and
equiangudar pentagon
() ABCDE: given equiteesl lines drawn. O : right angle (perpendicula). @ @ <) @ : equal angles (ame colow). 4+ + cqual sides (same marks) O ' required incirle.

and equiangular pentagon.

BOOK IV — PROPOSITION 13: To inscribe a circle in a given pentagon which is equilateral and equiangul

PANEL 1 — CONSTRUCTION OF F PANEL 2 — EQUAL DISTANCES PANEL 3 — FIVE PERPENDICULARS
(Figures 1-9) (F ) 4Fig\.m 19-27)

21]

EL 4 — THE INCIRCLE AND CONCLUSION
u-‘iy,uus 28~

4 A 4
D S S i
wyg g W i i i A
& A D K The circle touches
D D AB at G since

Let ABCDE be the With centre F and radius FG, | FG L AB.
given equilateral and | Biseccangle BCD. | Biectangle CDE. | ZABC= ZCDE  DFbisecs ZCDE. - Hence ZABC=2.4CBE. :::;T?::d: ::“;"""DE'" “"'L Z"’;:’:‘""‘;’ drdcht Grcle
equiangular pentagon. | Draw CF. Draw DF. (pentagon equiangular). ZCDE = 2ZCDF. ' So FB biscts ZABC. 2 S e = e

23]
4 B s S
N
B K i
i K
P The circle touches | Thecicle touches | The circle souches
) BCatH. Dak DE L.
> N In right AFHC and
Lecthe biscorsmeer | Join Fro B, Join Fro A, sam reasoning, Thus Flisonall e |, diculars: FG, | AFKC: FC comamon, 35/
ER FA bisects ZBAE. angle bsectocs, IECrper 4 a
FH, FK, FL, FM. Fany side cue
M e il insead
o gt | % H
a . 16 4 |27 his would contradice
4 & a 16 6
4 olarto
2 o B Dy NE | Treadeuade a dimecr o L %
i e wM. | Blouwidd.  Thecircl touches
| ll fve sides
\ F
\z\_s/ W < ¢ W #
D c D . #]
iRl & Therefore, acirce
£CBF = £CDF, Dropa perpendicular Drop a perpendicular Al ive perpendicular o
Join Fto £, BC=CDequiend. ~pp. fom Fro AB.  from F 1o BC. s fom Face e
CFeommon. "1y s the given equilareral

and equiangular
pentagon.
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Proposition 14

10.
11.

12.

13.
14.
15.
16.
17.
18.

19.

To circumscribe a circle about a given pentagon which is equi-
lateral and equiangular.

Let ABC DFE be the given regular pentagon.

. Begin with the given equilateral and equiangular pentagon ABCDE.
. Bisect ZBCD with C'F.

. Bisect ZCDE with DF'.

. Let the two angle bisectors meet at F'.

. Join F' to B.

. Join F'to A.

. Join F' to F.

. By the reasoning of Proposition 1V.13, F'B, FFA, F'E bisect the corre-

sponding remaining pentagon angles.

. Since the pentagon is equiangular, /BC'D = ZCDE.

Therefore their halves are equal: ZFCD = ZCDF.
By Proposition 1.6, FC' = F'D.

Repeating the same reasoning gives FB = F'C, FA = FC,and FE =
FC.

Hence FA=FB=FC=FD = FEFE.
With centre F' and radius I’ A, draw a circle.
The circle passes through A.

Since F'B = F A, it passes through B.
Since F'C' = F A, it passes through C.
Since F'D = F'A, it passes through D.
Since F'E = F'A, it passes through E.
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20. Therefore the circle centred at F' has been circumscribed about the given
regular pentagon.

|FA=FB=FC=FD=FE

Which is the very thing it was required to do.
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BOOK IV — PROPOSITION 14: To circumscribe a circle about a given pentagon which is equil qui 1
PANEL 1 — CONSTRUCTION PANEL 2 — POINT F ON ALL PANEL 3 — EQUAL DISTANCES FROM F — CONCLUSION
(Figures 1-5) ANGLE BISECTORS TO THE VERTICES gures 16-20)
o (Figures (Figures 11-15)
Let ABCDE be the given A | Since FB = FA,
o e B A Join A B 1o wiangle CFD, since e
equllteal nd equiangular poin B lies on
E B ZFCD = ZCDF, e
pentagon. e cirle.
by Prop. L6,
FC=FD.
D (] w A=l
Join FE. 4 Since FC = FA,

B By the same reasoning,

Biscce ZBCD. point C lies on

Draw CF. E B FB=FC, FA=FC, FE=FC.| the circle.
A |
M8 Thercfore .
D o w e
G 7 FA=FB=FC=FD=FE. Ef B Since FD = FA,

| By the same reasoning as in a

’ ine D lies on
B 2CDE Prop. 13, FB, FA and FE ::: 3 )

el also biscct the angles st £ oE W W circle.

B, A and E respecivly.
‘ Thus F lies nnwjﬁv:y Wih cnce Fand rdivs A, S
- d raw a circle,
P angle bisectors. D 8 d 4 P
‘ Le the two bisectors Il since the pentagon is b4 F
| meetacE. cquiangular, \ A
B £BCD = £CDE. [\
U G ND) D B The circle passes through

[ ‘Therefore their halves are equal, A.B.C Dand E.
Bipee ZFCD = ZCDE.  f

point E lies on
the circle.

B herefore the circle
cented at F has been
cireumscribed about
the given equilateral
and cquiangular
pentagon ABCDE.

©
&

A circle has been circumscribed
about the given equilateral and
equiangular pentagon.
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Proposition 15

10.
11.
12.
13.
14.
15.

16.

17.

18.

19.

To inscribe an equilateral and equiangular hexagon in a given
circle.

Let ABCDEF be the given circle, with centre G.

. Begin with the given circle.

. Draw diameter AD.

. Find the centre G of the circle.

. With centre D and radius DG, draw an auxiliary circle.
. Let the auxiliary circle meet the given circle at £ and C'.
. Join E'to G.

. Join C'to G.

. Produce EG through G to meet the original circle at B.

. Produce C'G through G to meet the original circle at F'.

Join the six consecutive vertices AB, BC,CD,DE,EF, FA.
Since G is the centre of the original circle, GE = GD.

Since D is the centre of the auxiliary circle, DE = DG.
Therefore GE = GD = DE.

Hence triangle EG D is equilateral.

Its three angles are equal.

By Proposition 1.32, each angle of triangle £G D is one third of two right
angles.

The same reasoning shows /DG is one third of two right angles.

Since E, G, B are collinear, the adjacent angles on that straight line sum
to two right angles.

Therefore ZCGB is also one third of two right angles.
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20.

21.
22,
23.
24.
25.

26.
27.
28.
29.
30.
31.
32.

33.

34.

By vertically opposite angles, / BGA, ZAGF, /FGE equal their oppo-
site central angles.

Hence all six central angles are equal.

By Proposition I11.26, equal central angles stand on equal arcs.
Therefore arcs AB, BC,CD, DE, EF, F A are equal.

By Proposition I11.29, the corresponding chords are equal.

Thus AB = BC = CD = DE = EF = FA, so the hexagon is
equilateral.

Compare the equal arcs F'A and ED.

Add the common arc ABC'D to both.

The resulting larger arcs are equal.

Angles FFED and AF'E stand on these equal arcs.

By Proposition [11.27, ZAFE = ZFED.

Repeating around the hexagon shows all six interior angles are equal.
Hence ABC DEF is equiangular.

Therefore the hexagon is both equilateral and equiangular and is in-
scribed in the given circle.

Corollary: aside of the regular hexagon is equal to the radius of the circle.

|AB=BC =CD=DE =EF = FA|

‘ side of regular hexagon = radius of the circle ‘

Which is the very thing it was required to do.
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BOOK IV — PROPOSITION 15: To inscribe an equil | and equi lar h in a given circle.

PANEL 1 — CONSTRUCTION
(Figures 1-8)

PANEL 2 — EQUAL CENTRAL ANGLES

PANEL 3 — EQUAL INTERIOR ANGLES
(Figures 19-27)

PANEL 4 — CONCLUSION AND COROLLARY
(Figures 28-34)

AND EqQuAL SIDES (Figures 9-18)

A m

a 4 4 | 4 4 21 I} A 2] 30
Each angle of F, B | F 8 | F B
. G ¢ | Therefore AEGD | an equilateral [P | All six vertces
) iscquitersl. | viangle s one | e o the gien
E c dhindof o E c £ o B ' e, ‘
= 5 3 .

~ £ ©
e incanses | DL | D g s 7 3 55 3
o pearat | st [ St S [I8 e APGEEE @010 || Coniderequal | Add the common | Thusares FABCD || ABCDEF i both
(Prop. IIL1) CESCD = arcs FAand ED.  arc ABCD to both.  and EDCBA are equilateral and
equiangula
\ B 2 s
Since E, G, Vertically opposite | '\ 3
ZDCCT oo || ard s siighely], ngies ars ZFED sands | Equal ares: . . Thus an equilateral
third of two. line, ZCGBis | Thus ZBGA, b o o e *ﬂ"";-s":f
t 5. Iso one thir il exagon has been
L tpoonetind | LAGRand LFGE || cAFEmanh | ciocumberence. inscribed in the
5 oftworight | ar cach one i e ibon | e | RS Cprh
With centre D and | Let it meet the given  Join EG and CG. angles. of two right angles. NI'J/
adivs DG, draw an | circle st E and C. Therefore b
suniay il LAFE = ZFED,
17 B . 26] Corolary
Bl cenmal angles A side o the egular
. O Bqulacare || F | zrBC = 2CDA, : w
st on cqal s | 0 wagon i equal
(Prop. 111.26) il 4BCD = £DEA, the radius of the
e el | <coe 22 e
o | (rop.1129) $ S g
Produce EG through G By the same Hence all i intrior
o the circle at B reasoning, angles of ABCDEF

Since AB is also

are equal
a a radius (i subtends
central ange of
Join AB, BC, CD, one third of two
DE, EF and FA. Hexagon ABCDEF right angles)
Hexagon ABCDEF is equiangular. g

is formed. Hexagon ABCDEF

! Hence a side of the
is equilateral. regular hexagon

equals the radius.
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Proposition 16

10.
11.
12.
13.
14.

15.

16.

17.
18.
19.

. Hence arc(BC) = & —

To inscribe an equilateral and equiangular fifteen-sided figure
in a given circle.

Let ABCD be the given circle.

. Begin with the given circle.

. By Proposition IV.2, inscribe chord AC as a side of an equilateral trian-

gle.

. By Proposition IV.11, inscribe chord AB as a side of a regular pentagon.
. Therefore arc ABC' is one third of the circle.

. Thus arc(ABC) = £ = 2.

. Arc AB is one fifth of the circle.

. Thusarc(AB) =1 = 2

57 15"

. Arc BC is the difference between arcs ABC and AB.

2

3 =
15— 15°
By Proposition I11.30, bisect arc BC' at E.

Therefore arc(BE) = arc(EC).

Since arc BC was %, each half is % of the circle.
Join B to .
Join E to C.

Chords BE and EC therefore subtend arcs of exactly one fifteenth of
the circumference.

By Proposition 1V.1, insert successive chords equal to BE around the
circle.

Continue until the circumference is divided into fifteen equal arcs.
Join consecutive division points.
Equal arcs subtend equal chords, so all fifteen sides are equal.
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20. Since the corresponding arc spans are equal, all fifteen interior angles are

equal.

21. Therefore an equilateral and equiangular fifteen-sided figure has been
inscribed in the given circle.

1 ) 1 3

arc(ABC) 3= 5 arc(AB) T
2
arc(BC) = TRETARET

1
arc(BE) = arc(EC) = 1

Euclid further observes that, by analogous constructions, a regular fifteen-
sided figure may be circumscribed about the circle, and circles may be in-
scribed in or circumscribed about such a figure.

Which is the very thing it was required to do.

56



EUCLID’S ELEMENTS —

BOOK IV

BOOK IV — PROPOSITION 16: To inscribe an

PANEL 1 — PREPARATION
(Fi

PANEL 2 — FINDING A 1/15 ARC
(Figures 6 12)

A 1

ided figure in a given circle.

PANEL 3 — COPYING THE Al ROUND
THE CIRCLE (Figures 13-19)

PANEL 4 — EQUAL ANGLES
AND CONCLUSION (Figures 20—21)

B Leancobe
the given circle.

By Prop. IV.2, Al
inseribe AC,
a side of an
equilateral B D
riangle
<
A

By Prop. IV.11, AR~
nsetbe AB, / \
aside of a

reguler pectagon.

Arc ABC is one
third of the
circle.

o
fifth of the
circle. B D
M)
»

B Acc a8c=5n5

of the circle
the
Arc AB = 3/15 dnﬁuen(e
of the circle.
B therefore arc BC = 5/15-3/15 = /15 = 215 of the e

0 5y Prop. 30,
bmc! the arc BC
5
B Thos e BE - arc EC.

Therefore each is 1/15
of the circle. D

Join EC.

BEand ECarcsides
subtending arcs of ¥
1/15 of the circle.

8 By prop. 1v.1, insere su«emvﬂy
srsight lnes cqual to
around the circle. B

@
Continue until the circle is 4
divided into fificen equal arcs .
B
¢
i

B soin consecutive division points.
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Al fificen arcs are equal,
50 the inscribed angles
are equal.

Hence all fiftcen interior angles of ABCDEE...
are equal. The figure is equiangular.

‘Therefore an equilateral and
equiangular fifteen-sided figure
has been inscribed in the
given circle.

f FURTHER REMARK
It is also possible to circumscribe
a regular fifteen-sided figure

about such a fifteen-sided ﬁgum




End of Book IV

Euclid’s Elements — Book IV

Inscribed and Circumscribed Figures
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