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Book IX

PROPOSITION 1

If two similar plane numbers make some (number by) multiplying
one another then the created number will be square.

Proof

Action 1.

Action 2.
Action 3.
Action 4.

Action 5.

Action 6.

Action 7.

Action 8.

Action 9.

Let A and B be two similar plane numbers, and let A
make C (by) multiplying B.

I say that C is square.
For let A make D (by) multiplying itself.
D is thus square.

Therefore, since A has made D (by) multiplying itself, and
has made C (by) multiplying B, thus as A is to B, so D is
to C Prop. VIL17

And since A and B are similar plane numbers, one number
thus falls (between) A and B in mean proportion Prop.
VIII. 18

And if some numbers fall between two numbers in con-
tinued proportion then, as many numbers as fall in (be-
tween) them (in continued proportion), so many also (fall)
in (between numbers) having the same ratio (as them in
continued proportion) Prop. VIIL.8

And hence one number falls (between) D and C in mean
proportion.

And D is square.
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Action 10. Thus, C is also square Prop. VIII.22.

Therefore, If two similar plane numbers make some (number by)
multiplying one another then the created number will be square.

Which s the very thing it was required to show.



|
|

similar plane numbers,
andletAxB=C.

To show: C is square.

@ D IS SQUARE

But D is already known
to be square.

SinceAxA=DandAxB=C,
it follows that A: B =D : C.

Multiply A by itslf to form D.
Therefore D s square.

¥ bet hem are:
relation of sim
‘numbers.

Since D and C have one
mean proportional between
them, by Book VIII Prop. 22...

...and since the first, D,
is square, the second, C,
s also square.

i
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Aand
plane numbers.

siniar |

Therefore, by Book vl | _Therefore, by Book VIII
Prop. 18, there is one mean ""’B&t"mn}enumberl
proportional between A and B | ©f mean proportionals must

Thus there is one mean
proportional between D
andC.
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PROPOSITION 2

If two numbers make a square (number by) multiplying one an-
other then they are similar plane numbers.

Proof

Action 1.

Action 2.

Action 3.

Action 4.

Action 5.

Action 6.

Action 7.

Action 8.

Action 9.

Action 10.

Action 11.

Let A and B be two numbers, and let A make the square
number C (by) multiplying B.

I say that A and B are similar plane numbers.
For let A make D (by) multiplying itself.
Thus, D is square.

And since A has made D (by) multiplying itself, and has
made C (by) multiplying B, thus as A is to B, so D is to
C Prop. VII.17

And since D is square, and C is also, D and C are thus
similar plane numbers.

Thus, one number falls (between) D and C in mean pro-
portion Prop. VIII.18

And as D is to C, so A is to B.

Thus, one number also falls (between) A and B in mean
proportion Prop. VIII.8

And if one number falls (between) two numbers in mean
proportion then [the] numbers are similar plane numbers
Prop. VIII.20

Thus, A and B are similar plane numbers.

Therefore, If two numbers make a square (number by) multiplying
one another then they are similar plane numbers.

Which s the very thing it was required to show.



, s“=Ameas@e,
Let two numbers make a square ) construct A and B as similar plane numbers.

by multiplying one another. . 5
Thatis, A x B = C, where C is a square number. f(fhat i, ake A and B to have the same mumbet of

.. Cissquare.
Which is the very thing
'wasrequi.redtos

3. Multiply A by itself to form D.
Thus D = A? and D is square number.
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PROPOSITION 3

If a cube number makes some (number by) multiplying itself then
the created number will be cube.

Proof

Action 1.
Action 2.
Action 3.
Action 4.
Action 5.

Action 6.

Action 7.

Action 8.

Action 9.

Action 10.
Action 11.
Action 12.
Action 13.

Action 14.

Action 15.

Action 16.

For let the cube number A make B (by) multiplying itself.
I say that B is cube.

For let the side C of A have been taken.

And let C make D by multiplying itself.

So it is clear that C has made A (by) multiplying D.

And since C has made D (by) multiplying itself, C thus
measures D according to the units in it Def. 7.15

But, in fact, a unit also measures C according to the units
in it Def. 7.20

Thus, as a unit is to C, so C is to D.

Again, since C has made A (by) multiplying D, D thus
measures A according to the units in C.

And a unit also measures C according to the units in it.
Thus, as a unit is to C, so D is to A.

But, as a unit is to C, so C is to D.

And thus as a unit is to C, so C is to D, and D to A.

Thus, two numbers, C and D, have fallen (between) a unit
and the number A in continued mean proportion.

Again, since A has made B (by) multiplying itself, A thus
measures B according to the units in it.

And a unit also measures A according to the units in it.
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Action 17. Thus, as a unit is to A, so A is to B.

Action 18. And two numbers have fallen (between) a unit and A in
mean proportion.

Action 19. Thus two numbers will also fall (between) A and B in
mean proportion Prop. VIII.§

Action 20. And if two numbers fall (between) two numbers in mean
proportion, and the first number is cube, then the second
will also be cube Prop. VIII.23

Action 21. And A is cube.

Action 22. Thus, B is also cube.

Therefore, If a cube number makes some (number by) multiplying
itself then the created number will be cube.

Which is the very thing it was required to show.



Let A be a cube number.
So A can be arranged as a cube.
LetA x A=B.
‘We must show that B is cube.

Think of A as made of n layers,
and each layer contains n? units.

Therefore A = n layers of n? units.

So A can be written as n’,
a cube with n units on each edge.
(Thatis,A=nxnxn=n?)

6 MULTIPLY A BY ITSELF

Multiplying A by itself means placing n copies of A

one on another. Hence B has n layers,
and each layer has n® units.
SoBhas n x n? = n units in all.

F r

Multiply A by itself.
That is, n* x n* = B.
We will form B by multiplying
the cube A with itself.

B has n® units,
| arranged asa cube
‘with n units on

each edge.

‘Therefore
L, % Biis cube.

Thus B = n?,
which is a cube number.
Which is the very thing
it was required to show.
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PROPOSITION 4

If a cube number makes some (number by) multiplying a(nother)
cube number then the created number will be cube.

Proof

Action 1.

Action 2.

Action 3.

Action 4.

Action 5.

Action 6.

Action 7.

Action 8.

Action 9.

Action 10.

For let the cube number A make C (by) multiplying the
cube number B.

I say that C is cube.
For let A make D (by) multiplying itself.
Thus, D is cube Prop. I1X.3

And since A has made D (by) multiplying itself, and has
made C (by) multiplying B, thus as A is to B, so D is to
C Prop. VIL.17

And since A and B are cube, A and B are similar solid
numbers.

Thus, two numbers fall (between) A and B in mean pro-
portion Prop. VIII.19

Hence, two numbers will also fall (between) D and C in
mean proportion Prop. VIIIL.8

And D is cube.

Thus, C is also cube Prop. VIII.23.

Therefore, If a cube number makes some (number by) multiplying
a(nother) cube number then the created number will be cube.

Which s the very thing it was required to show.



COMPARE THE PRODUCTS \@) A AND B ARE CUBES
Since A and B are cube numbers,

they are similar solid numbers.

Therefore there are two mean

proportionals between them.

Let A and Bbe
‘cube numbers.

A A D 3
50D is formed. £
Since A s cube, by Prop. IX3, D is cube. -
gD APPLY BOOK VIII PROP. 23 £) LOGICAL SKELETON (SUMMARY)
In a continued proportion,if the irstterm
is cube,then the last term i aso cube.
: A

D was formed by A multplying itself
‘Hence, by Prop. IX.3, D is cube.  fi

6
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PROPOSITION 5

If a cube number makes a(nother) cube number (by) multiplying
some number then the number multiplied will also be cube.

Proof

Action 1.

Action 2.
Action 3.
Action 4.

Action 5.

Action 6.

Action 7.

Action 8.

Action 9.

Action 10.

Action 11.

For let the cube number A make the cube number C (by)
multiplying some number B.

I say that B is cube.
For let A make D (by) multiplying itself.
D is thus cube Prop. IX.3

And since A has made D (by) multiplying itself, and has
made C (by) multiplying B, thus as A is to B, so D is to
C Prop. VII.17

And since D and C are (both) cube, they are similar solid
numbers.

Thus, two numbers fall (between) D and C in mean pro-
portion Prop. VIII.19

And as D is to C, so A is to B.

Thus, two numbers also fall (between) A and B in mean
proportion Prop. VIII.8

And A is cube.

Thus, B is also cube Prop. VIII.25.

Therefore, If a cube number makes a(nother) cube number (by)
multiplying some number then the number multiplied will also be

cube.

Which s the very thing it was required to show.

11



1 GIVEN
Let A be a cube number.
Let B be some number.
Suppose AxB=C,
and Cis a cube number.

. To show: B is cube.

‘When two mean proportionals : ~ Biscube.
lie between two numbers, g o
and the firstis cube, 5 ‘Which s the very thing
 then the last is also cube. ) 7 4 X it was required to show.

QED. _
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BOOK IX

PROPOSITION 6

If a number makes a cube (number by) multiplying itself then it
itself will also be cube.

Proof

Action 1.

Action 2.
Action 3.

Action 4.

Action 5.

Action 6.
Action 7.

Action 8.

Action 9.
Action 10.
Action 11.
Action 12.

Action 13.

Action 14.

Action 15.

For let the number A make the cube number B (by) mul-
tiplying itself.

I say that A is also cube.
For let A make C (by) multiplying B.

Therefore, since A has made B (by) multiplying itself, and
has made C (by) multiplying B, C is thus cube.

And since A has made B (by) multiplying itself, A thus
measures B according to the units in (A).

And a unit also measures A according to the units in it.
Thus, as a unit is to A, so A is to B.

And since A has made C (by) multiplying B, B thus mea-
sures C according to the units in A.

And a unit also measures A according to the units in it.
Thus, as a unit is to A, so B is to C.

But, as a unit is to A, so A is to B.

And thus as A is to B, (so) B is to C.

And since B and C are cube, they are similar solid num-
bers.

Thus, there exist two numbers in mean proportion (be-
tween) B and C Prop. VIII.19

And as B is to C, (so) A is to B.

13
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Action 16. Thus, there also exist two numbers in mean proportion
(between) A and B Prop. VIIL8

Action 17. And B is cube.

Action 18. Thus, A is also cube Prop. VIII.23.

Therefore, If a number makes a cube (number by) multiplying itself
then it itself will also be cube.

Which is the very thing it was required to show.

14



4 BAND CAREC
e

and B is a cube number.
f Toshows Alis cube.

B (cube) C(cube)

5 6 SAME NUMBER OF MEAN TWO MEAN PROPORTIONALS
PROPORTIONALS BETWEEN A A BETWEEN A AND B

Bi(cube)

9 APPLY BOOK VIII, PROP. 23 10 CONCLUSION
. In a continued -
if the last term is cube, LY

4 ‘Therefore !
then the first term is cube. ‘4l A s cube.
(Book VI, Prop. 23)

Applying this to
A
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PROPOSITION 7

If a composite number makes some (number by) multiplying some
(other) number then the created number will be solid.

Proof

Action 1.

Action 2.

Action 3.

Action 4.

Action 5.

Action 6.

Action 7.

Action 8.

For let the composite number A make C (by) multiplying
some number B.

I say that C is solid.

For since A is a composite number, it will be measured
by some number.

Let it be measured by D.

And, as many times as D measures A, so many units let
there be in E.

Therefore, since D measures A according to the units in
E, E has thus made A (by) multiplying D Def. 7.15

And since A has made C (by) multiplying B, and A is the
(number created) from (multiplying) D, E, the (number
created) from (multiplying) D, E has thus made C (by)
multiplying B.

Thus, C is solid, and its sides are D, E, B.

Therefore, If a composite number makes some (number by) multi-
plying some (other) number then the created number will be solid.

Which s the very thing it was required to show.

16



o 50.C=(DxE)xB.
‘i 8 Therefore C s produced |
et

6 IDENTIFY THE THREE SIDES OF C 0 CONCLUSI

(side 3)
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PROPOSITION 8

If any multitude whatsoever of numbers is continuously propor-
tional, (starting) from a unit, then the third from the unit will
be square, and (all) those (numbers after that) which leave an
interval of one number, and the fourth (will be) cube, and all
those (numbers after that) which leave an interval of two num-
bers, and the seventh (will be) both cube and square, and (all)
those (numbers after that) which leave an interval of five num-

bers.

Proof

Action 1.

Action 2.

Action 3.

Action 4.

Action 5.

Action 6.

Action 7.
Action 8.

Action 9.

Let any multitude whatsoever of numbers, A, B, C, D, E,
F , be continuously proportional, (starting) from a unit.

I say that the third from the unit, B, is square, and all
those (numbers after that) which leave an interval of one
number.

And the fourth (from the unit), C, is cube, and all those
(numbers after that) which leave an interval of two num-
bers.

And the seventh (from the unit), F | is both cube and
square, and all those (numbers after that) which leave an
interval of five numbers.

For since as the unit is to A, so A is to B, the unit thus
measures the number A the same number of times as A
(measures) B Def. 7.20

And the unit measures the number A according to the
units in it.

Thus, A also measures B according to the units in A.
A has thus made B (by) multiplying itself Def. 7.15

Thus, B is square.

18
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Action 10.

Action 11.

Action 12.

Action 13.

Action 14.

Action 15.

Action 16.
Action 17.

Action 18.

Action 19.

Action 20.

Action 21.

Action 22.

And since B, C, D are continuously proportional, and B
is square, D is thus also square Prop. VIII.22

So, for the same (reasons), F is also square.

So, similarly, we can also show that all those (numbers af-
ter that) which leave an interval of one number are square.

So I also say that the fourth number from the unit, C, is
cube, and all those (numbers after that) which leave an
interval of two numbers.

For since as the unit is to A, so B is to C, the unit thus
measures the number A the same number of times that B
(measures) C.

And the unit measures the number A according to the
units in A.

And thus B measures C according to the units in A.
A has thus made C (by) multiplying B.

Therefore, since A has made B (by) multiplying itself, and
has made C (by) multiplying B, C is thus cube.

And since C, D, E, F are continuously proportional, and
C is cube, F is thus also cube Prop. VIII.23

And it was also shown (to be) square.

Thus, the seventh number from the unit is (both) cube
and square.

So, similarly, we can show that all those (numbers after
that) which leave an interval of five numbers are (both)
cube and square.

Therefore, If any multitude whatsoever of numbers is continuously
proportional, (starting) from a unit, then the third from the unit will
be square, and (all) those (numbers after that) which leave an interval
of one number, and the fourth (will be) cube, and all those (numbers
after that) which leave an interval of two numbers, and the seventh

19
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(will be) both cube and square, and (all) those (numbers after that)
which leave an interval of five numbers.

Which is the very thing it was required to show.

20



ND TERM AFTER
IS ALSO SQUARE -
Let any mulitude o Counting from the unit (1)
of mumbers be in , as the first term,
continuous proportion, f B the square numbers are
y the 3rd, 5th, 7th, ...

(square (squre) square  square  square

THE SEVENTH NUMBER
o 2

“The seventh number from || ﬁ [ 4
the unit is F. |
Fis in the square

Counting from the unit (1)
as the first term,
the cube numbers are
the 4th, 7th, 10th, ...

ButB=A xA.
S0 the terms

E.
Therefore C is cube. S

number, F, is both
square and cube.

A6, /
A6 is both

(square
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PROPOSITION 9

If any multitude whatsoever of numbers is continu ,

ously proportional, (starting) from a unit,

and the (num , . ber) after
the unit is square, then all the remaining numbers will also be
square. And if the number after the unit is cube, then all the
remaining numbers will also be cube.

Proof

Action 1.

Action 2.
Action 3.

Action 4.

So

Action 5.

Action 6.

Action 7.

Action 8.
Action 9.

Action 10.

So

Let any multitude whatsoever of numbers, A, B, C, D, E,
F |, be continuously proportional, (starting) from a unit.

And let the number after the unit, A, be square.
I say that all the remaining numbers will also be square.

In fact, it has (already) been shown that the third number
from the unit, B, is square, and all those (numbers after
that) which leave an interval of one number Prop. IX.8

I say that all the remaining numbers are also square.

For since A, B, C are continuously proportional, and A is
square, C is [thus] also square Prop. VIII.22

Again, since B, C, D are [also] continuously proportional,
and B is square, D is [thus| also square Prop. VIII.22

So, similarly, we can show that all the remaining numbers
are also square.

And so let A be cube.
I say that all the remaining numbers are also cube.

In fact, it has (already) been shown that the fourth num-
ber from the unit, C, is cube, and all those (numbers after
that) which leave an interval of two numbers Prop. IX.8

I say that all the remaining numbers are also cube.

22
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Action 11. For since as the unit is to A, so A is to B, the unit thus
measures A the same number of times as A (measures) B.

Action 12. And the unit measures A according to the units in it.
Action 13. Thus, A also measures B according to the units in (A).
Action 14. A has thus made B (by) multiplying itself.

Action 15. And A is cube.

Action 16. And if a cube number makes some (number by) multiply-
ing itself then the created number is cube Prop. I1X.3

Action 17. Thus, B is also cube.

Action 18. And since the four numbers A, B, C, D are continuously
proportional, and A is cube, D is thus also cube Prop.
VIII.23

Action 19. So, for the same (reasons), E is also cube, and, similarly,
all the remaining numbers are cube.

Therefore, If any multitude whatsoever of numbers is continu

, ously proportional, (starting) from a
unit, and the (num , . ber) after
the unit is square, then all the remaining numbers will also be square.
And if the number after the unit is cube, then all the remaining
numbers will also be cube.

Which is the very thing it was required to show.

23



All are square.
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PROPOSITION 10

If any multitude whatsoever of numbers is [continuously] propor-
tional, (starting) from a unit, and the number after the unit is
not square, then no other number will be square either, apart
from the third from the unit, and all those (numbers after that)
which leave an interval of one number. And if the number after
the unit is not cube, then no other number will be cube either,
apart from the fourth from the unit, and all those (numbers after
that) which leave an interval of two numbers.

Proof

Action 1.

Action 2.

Action 3.

Action 4.
Action 5.

Action 6.

Action 7.

Action 8.

Action 9.
Action 10.
Action 11.
Action 12.

Action 13.

Let any multitude whatsoever of numbers, A, B, C, D, E,
F |, be continuously proportional, (starting) from a unit.

And let the number after the unit, A, not be square.

I say that no other number will be square either, apart
from the third from the unit [and (all) those (numbers
after that) which leave an interval of one number]

For, if possible, let C be square.
And B is also square Prop. IX.8

Thus, B and C have to one another (the) ratio which some
square number (has) to (some other) square number.

And as B is to C, (so) A is to B.

Thus, A and B have to one another (the) ratio which some
square number has to (some other) square number.

Hence, A and B are similar plane numbers Prop. VIII.26
And B is square.

Thus, A is also square.

The very opposite thing was assumed.

C is thus not square.

25
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Action 14.

Action 15.

Action 16.

Action 17.
Action 18.
Action 19.
Action 20.

Action 21.

Action 22.
Action 23.

Action 24.

Action 25.

Action 26.

Action 27.
Action 28.
Action 29.

Action 30.

So, similarly, we can show that no other (number is)
square either, apart from the third from the unit, and
(all) those (numbers after that) which leave an interval of
one number.

And so let A not be cube.

I say that no other number will be cube either, apart from
the fourth from the unit, and (all) those (numbers after
that) which leave an interval of two numbers.

For, if possible, let D be cube.

And C is also cube Prop. IX.8

For it is the fourth number from the unit.
And as C is to D, (so) B is to C.

And B thus has to C the ratio which some cube (number
has) to (some other) cube number.

And C is cube.
Thus, B is also cube [Props. 7.13, 8.25]

And since as the unit is to A, (so) A is to B, and the
unit measures A according to the units in it, A thus also
measures B according to the units in (A).

Thus, A has made the cube number B (by) multiplying
itself.

And if a number makes a cube (number by) multiplying
itself then it itself will be cube Prop. IX.6

Thus, A is also cube.
The very opposite thing was assumed.
Thus, D is not cube.

So, similarly, we can show that no other number is cube
either, apart from the fourth from the unit, and (all) those

26



BOOK IX

(numbers after that) which leave an interval of two num-
bers.

Therefore, If any multitude whatsoever of numbers is [continuously]
proportional, (starting) from a unit, and the number after the unit is
not square, then no other number will be square either, apart from
the third from the unit, and all those (numbers after that) which
leave an interval of one number. And if the number after the unit is
not cube, then no other number will be cube either, apart from the
fourth from the unit, and all those (numbers after that) which leave
an interval of two numbers.

Which s the very thing it was required to show.

27



1 GIVEN - A CONTINUOUS PROPORTION 2 PARTI - SUPPOSE A IS NOT SQUARE 3 BY PROPOSITION IX.8

‘Suppose the number after
L] e W e unit, A, is not square.

BDF ..
(the 3rd from the unitand.
every altermateterm).
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PROPOSITION 11

If any multitude whatsoever of numbers is continu

- ously proportional, (starting) from a

unit, then a lesser number measures a greater according to some
existing number among the proportional numbers.

Proof

Action 1.

Action 2.

Action 3.

Action 4.

Action 5.
Action 6.

Action 7.

Action 8.

Let any multitude whatsoever of numbers, B, C, D, E, be
continuously proportional, (starting) from the unit A.

I say that, for B, C, D, E, the least number, B, measures
E according to some one of C, D.

For since as the unit A is to B, so D is to E, the unit A
thus measures the number B the same number of times
as D (measures) E.

Thus, alternately, the unit A measures D the same number
of times as B (measures) E Prop. VIL.15

And the unit A measures D according to the units in it.
Thus, B also measures E according to the units in D.

Hence, the lesser number B measures the greater E ac-
cording to some existing number among the proportional
numbers (namely, D). Pirisma.

Corollary And (it is) clear that what(ever relative) place
the measuring num-
ber has from the unit, the number according to which it
measures has the same (relative) place from the measured
number, in (the direction of the number) before it.

Therefore, If any multitude whatsoever of numbers is continu

- ously proportional, (starting) from

a unit, then a lesser number measures a greater according to some
existing number among the proportional numbers.

29
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Which is the very thing it was required to show.

30
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PROPOSITION 12

If any multitude whatsoever of numbers is continu

, ously proportional, (starting) from a unit,

then however many prime numbers the last number is measured
by, the number next to the unit will also be measured by the same
(prime numbers).

Proof

Action 1.

Action 2.

Action 3.
Action 4.
Action 5.

Action 6.

Action 7.

Action 8.

Action 9.

Action 10.

Action 11.

Action 12.

Action 13.

Let any multitude whatsoever of numbers, A, B, C, D, be
(continuously) proportional, (starting) from a unit.

I say that however many prime numbers D is measured
by, A will also be measured by the same (prime numbers).

For let D be measured by some prime number E.
I say that E measures A.
For (suppose it does) not.

E is prime, and every prime number is prime to every
number which it does not measure Prop. VII.29

Thus, E and A are prime to one another.

And since E measures D, let it measure it according to F

Thus, E has made D (by) multiplying F .

Again, since A measures D according to the units in C
[Prop. 9.11 corr.], A has thus made D (by) multiplying
C.

But, in fact, E has also made D (by) multiplying F .

Thus, the (number created) from (multiplying) A, C is
equal to the (number created) from (multiplying) E, F .

Thus, as A is to E, (so) F is to C Prop. VII.19

32
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Action 14.

Action 15.
Action 16.
Action 17.

Action 18.

Action 19.

Action 20.

Action 21.

Action 22.
Action 23.
Action 24.

Action 25.

Action 26.

Action 27.

And A and E are prime (to one another), and numbers
prime (to one another are) also the least (of those num-
bers having the same ratio as them) Prop. VII.21, and the
least numbers measure those numbers having the same
ratio as them an equal number of times, the leading (mea-
suring) the leading, and the following the following Prop.
VIIL.20

Thus, E measures C.
Let it measure it according to G.
Thus, E has made C (by) multiplying G.

But, in fact, via the (proposition) before this, A has also
made C (by) multiplying B [Prop. 9.11 corr.]

Thus, the (number created) from (multiplying) A, B is
equal to the (number created) from (multiplying) E, G.

Thus, as A is to E, (so) G is to B Prop. VII.19

And A and E are prime (to one another), and numbers
prime (to one another are) also the least (of those num-
bers having the same ratio as them) Prop. VII.21, and the
least numbers measure those numbers having the same
ratio as them an equal number of times, the leading (mea-
suring) the leading, and the following the following Prop.
VIIL.20

Thus, E measures B.
Let it measure it according to H.
Thus, E has made B (by) multiplying H.

But, in fact, A has also made B (by) multiplying itself
Prop. 1X.8

Thus, the (number created) from (multiplying) E, H is
equal to the (square) on A.

Thus, as E is to A, (so) A is to H Prop. VII.19
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Action 28.

Action 29.

Action 30.
Action 31.
Action 32.
Action 33.

Action 34.

Action 35.

Action 36.
Action 37.
Action 38.

Action 39.

And A and E are prime (to one another), and numbers
prime (to one another are) also the least (of those num-
bers having the same ratio as them) Prop. VII.21, and the
least numbers measure those numbers having the same
ratio as them an equal number of times, the leading (mea-
suring) the leading, and the following the following Prop.
VII.20

Thus, E measures A, as the leading (measuring the) lead-
ing.

But, in fact, (E) also does not measure (A).
The very thing is impossible.

Thus, E and A are not prime to one another.
Thus, (they are) composite (to one another).

And numbers composite (to one another) are (both) mea-
sured by some [prime|] number Def. 7.14

And since E is assumed (to be) prime, and a prime number
is not measured by another number (other) than itself Def.
7.11, E thus measures (both) A and E.

Hence, E measures A.
And it also measures D.
Thus, E measures (both) A and D.

So, similarly, we can show that however many prime num-
bers D is measured by, A will also be measured by the
same (prime numbers).

Therefore, If any multitude whatsoever of numbers is continu

, ously proportional, (starting) from a unit,

then however many prime numbers the last number is measured by,
the number next to the unit will also be measured by the same (prime

numbers).

Which is the very thing it was required to show.
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@ GIVEN - A CONTINUOUS PROPORTION @ TAKE A PRIME NUMBER E THAT MEASUR @ WE MUST SHOW THAT E M}

Let a multtude of numbers be. i “ Suppose, contrary
in continuous proportion, i L K to what we want,
tarting from a unit. X | N that E does not

=A:

y -
propartion starting from 1, | i s
every term is formed from A our original assumption

that E measures D.

NCLUSION (Q.
S s it e
every prime number that g
measures D. starting from a unit, then
Soall prime divisors
of D also messure A. E|D 2 E|A

we concluded E | D,
but we assumed E | D.

F[D =2 F|A
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PROPOSITION 13

If any multitude whatsoever of numbers is continu

ously proportional, (starting) from a unit,

and the (num [ ] ber) after the
unit is prime, then the greatest number will be measured by no
[other] numbers except (num E

bers) existing among the proportional numbers.

Proof

Action 1.

Action 2.

Action 3.

Action 4.

Action 5.

Action 6.

Action 7.
Action 8.
Action 9.

Action 10.

Action 11.

Action 12.

Let any multitude whatsoever of numbers, A, B, C, |
A - D, be continuously pro-
portional, (starting) from a unit.

And let the number after the unit, A, be prime.

I say that the greatest of them, D, will be measured by
no other numbers except A, B, C.

For, if possible, let it be measured by E, and let E not be
the same as one of A, B, C.

So it is clear that E is not prime.

For if E is prime, and measures D, then it will also measure
A, (despite A) being prime (and) not being the same as
it Prop. 1X.12

The very thing is impossible.
Thus, E is not prime.
Thus, (it is) composite.

And every composite number is measured by some prime
number Prop. VIIL.31

Thus, E is measured by some prime number.

So I say that it will be measured by no other prime number
than A.
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Action 13.

Action 14.

Action 15.
Action 16.

Action 17.

Action 18.

Action 19.

Action 20.

Action 21.
Action 22.
Action 23.

Action 24.

Action 25.

Action 26.
Action 27.
Action 28.

Action 29.

For if E is measured by another (prime number), and
E measures D, then this (prime number) will thus also
measure D.

Hence, it will also measure A, (despite A) being prime
(and) not being the same as it Prop. 1X.12

The very thing is impossible.
Thus, A measures E.

And since E measures D, let it measure it according to F

I say that F is not the same as one of A, B, C.

For if F is the same as one of A, B, C, and measures D
according to E, then one of A, B, C thus also measures D
according to E.

But one of A, B, C (only) measures D according to some
one of A, B, C Prop. IX.11

And thus E is the same as one of A, B, C.
The very opposite thing was assumed.
Thus, F is not the same as one of A, B, C.

Similarly, we can show that F is measured by A, (by)
again showing that F is not prime.

For if (F is prime), and measures D, then it will also mea-
sure A, (despite A) being prime (and) not being the same
as it Prop. I1X.12

The very thing is impossible.
Thus, F is not prime.
Thus, (it is) composite.

And every composite number is measured by some prime
number Prop. VIIL.31
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Action 30.

Action 31.

Action 32.

Action 33.

Action 34.
Action 35.

Action 36.

Action 37.

Action 38.

Action 39.

Action 40.
Action 41.
Action 42.

Action 43.

Action 44.

Action 45.

Action 46.

Thus, F is measured by some prime number.

So I say that it will be measured by no other prime number
than A.

For if some other prime number measures F , and F mea-
sures D, then this (prime number) will thus also measure
D.

Hence, it will also measure A, (despite A) being prime
(and) not being the same as it Prop. 1X.12

The very thing is impossible.
Thus, A measures F .

And since E measures D according to F , E has thus made
D (by) multiplying F .

But, in fact, A has also made D (by) multiplying C [Prop.
9.11 corr.]

Thus, the (number created) from (multiplying) A, C is
equal to the (number created) from (multiplying) E, F .

Thus, proportionally, as A is to E, so F is to C Prop.
VII.19

And A measures E.
Thus, F also measures C.
Let it measure it according to G.

So, similarly, we can show that G is not the same as one
of A, B, and that it is measured by A.

And since F measures C according to G, F has thus made
C (by) multiplying G.

But, in fact, A has also made C (by) multiplying B [Prop.
9.11 corr.]

Thus, the (number created) from (multiplying) A, B is
equal to the (number created) from (multiplying) F , G.
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Action 47.

Action 48.
Action 49.
Action 50.
Action 51.

Action 52.

Action 53.

Action 54.

Action 55.
Action 56.

Action 57.

Action 58.

Action 59.

Thus, proportionally, as A is to F , so G is to B Prop.
VIIL.19

And A measures F .

Thus, G also measures B.

Let it measure it according to H.

So, similarly, we can show that H is not the same as A.

And since G measures B according to H, G has thus made
B (by) multiplying H.

But, in fact, A has also made B (by) multiplying itself
Prop. IX.8

Thus, the (number created) from (multiplying) H, G is
equal to the square on A.

Thus, as H is to A, (so) A is to G Prop. VII.19
And A measures G.

Thus, H also measures A, (despite A) being prime (and)
not being the same as it.

The very thing is absurd.

Thus, the greatest number D cannot be measured by an-
other number except (one of) A, B, C.

Therefore, If any multitude whatsoever of numbers is continu

unit, and the (num [ ]

, ously proportional, (starting) from a
ber) after the

unit is prime, then the greatest number will be measured by no [other]

numbers except (num E

bers) existing

among the proportional numbers.

Which is the very thing it was required to show.
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2 WHAT WE MUST PROVE
" We must prove that D is measured
by no numbers except A, B, and C
(which are among the proportonal

‘numbers).
|

ONTINUOUS PROPORTION
Leta multitude of numbers
i continuous proportion,

D

Care allowed Others are no
(prmne) (peme

ore E is not prime.

D
(grestest)
6 WRITED = E 8 COMPARE WITH D = A

1 E WITH C = A x

we have

A:E=E:C

But A s prime, and H
is ot A. Therefore H
cannot divide A.
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PROPOSITION 14

If a least number is measured by some prime num

bers then it will not be measured by any other

prime number except (one of) the original measuring numbers.

Proof

Action 1.

Action 2.

Action 3.

Action 4.

Action 5.

Action 6.
Action 7.

Action 8.

Action 9.
Action 10.
Action 11.
Action 12.
Action 13.

Action 14.

For let A be the least number measured by the prime
numbers B, C, D.

I say that A will not be measured by any other prime
number except (one of) B, C, D.

For, if possible, let it be measured by the prime number
E.

And let E not be the same as one of B, C, D.

And since E measures A, let it measure it according to F

Thus, E has made A (by) multiplying F .
And A is measured by the prime numbers B, C, D.

And if two numbers make some (number by) multiplying
one another, and some prime number measures the num-
ber created from them, then (the prime number) will also
measure one of the original numbers Prop. VII.30

Thus, B, C, D will measure one of E, F .

In fact, they do not measure E.

For E is prime, and not the same as one of B, C, D.
Thus, they (all) measure F | which is less than A.
The very thing is impossible.

For A was assumed (to be) the least number measured by
B, C, D.
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Action 15. Thus, no prime number can measure A except (one of) B,
C, D.

Therefore, If a least number is measured by some prime num
bers then it will not be measured by any
other prime number except (one of) the original measuring numbers.

Which s the very thing it was required to show.
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GIVEN - THE LEAST NUMBER A 2 ASSUME ANOTHER PRIME E ALSO MEASURES A LET E MEASURE A ACCORDING TO F

Let E measure A
according t0 a number F.

A=ExF

2 product of two mumbers,
it must measure one:

Since A=ExFandE>1,
itfolowsthat F <A W smaller than A that is measured
by the same primes B, C, and D.

3

13 M CONCLUSION
Therefore A is measured
by no other prime number

except B, C, and D.
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PROPOSITION 15

If three continuously proportional numbers are the least of those
numbers having the same ratio as them then two (of them) added
together in any way are prime to the remaining one.

Proof

Action 1.

Action 2.

Action 3.

Action 4.

Action 5.

Action 6.

Action 7.
Action 8.
Action 9.

Action 10.

Action 11.

Let A, B, C be three continuously proportional numbers
(which are) the least of those numbers having the same
ratio as them.

I say that two of A, B, C added together in any way are
prime to the remaining one, (that is) A and B (prime) to
C, B and C to A, and, further, A and C to B.

Let the two least numbers, DE and EF , having the same
ratio as A, B, C, have been taken Prop. VIII.2

So it is clear that DE has made A (by) multiplying itself,
and has made B (by) multiplying EF | and, further, EF
has made C (by) multiplying itself Prop. VIII.2

And since DE, EF are the least (of those numbers having
the same ratio as them), they are prime to one another
Prop. VII.22

And if two numbers are prime to one another then the
sum (of them) is also prime to each Prop. VII.28

Thus, DF is also prime to each of DE, EF .
But, in fact, DE is also prime to EF .
Thus, DF , DE are (both) prime to EF .

And if two numbers are (both) prime to some number
then the number created from (multiplying) them is also
prime to the remaining number Prop. VII.2j

Hence, the (number created) from (multiplying) F D, DE
is prime to EF .
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Action 12.

the remaining number.

Action 13.

Action 14.

Action 15.

Action 16.

Action 17.

Action 18.

Action 19.

Action 20.

Action 21.

Hence, the (number created) from (multiplying) F D, DE
is also prime to the (square) on EF Prop. VII.25

But the (number created) from (multiplying) F D, DE
is the (square) on DE plus the (number created) from
(multiplying) DE, EF Prop. 2.3

Thus, the (square) on DE plus the (number created) from
(multiplying) DE, EF is prime to the (square) on EF .

And the (square) on DE is A, and the (number created)
from (multiplying) DE, EF is B, and the (square) on EF
is C.

Thus, A, B summed is prime to C.

So, similarly, we can show that B, C (summed) is also
prime to A.

So I say that A, C (summed) is also prime to B.

For since AE A, AE, EZ B,
DF is prime to each of DE, EF then the (square) on DF
EZ I AT B - is also prime

to the (number created) from (multiplying) DE, EF Prop.
VII.25

But, the (sum of the squares) on DE, EF plus twice the
(number created) from (multiplying) DE, EF is equal to
the (square) on DF Prop. 2.4

And thus the (sum of the squares) on DE, EF plus twice
the (rectangle contained) by DE, EF [is] prime to the
(rectangle contained) by DE, EF .

By separation, the (sum of the squares) on DE, EF plus
once the (rectangle contained) by DE, EF is prime to the
(rectangle contained) by DE, EF .

Therefore, If three continuously proportional numbers are the least
of those numbers having the same ratio as them then two (of them)
added together in any way are prime to the remaining one.
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Which is the very thing it was required to show.
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1 Gven PROP RS BERS IN ET DF = DE + EF

 Therefore (x + ) x i prime to, : tssquare is prime to the product xy.
and also prime 0" 7 i i3 ek ore  + 2xy + y* is pime to xy.

(cty)xx
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PROPOSITION 16

If two numbers are prime to one another then as the

, first is to the second, so the second will

not (be) to some other number.

Proof

Action 1.
Action 2.
Action 3.
Action 4.

Action 5.

Action 6.

Action 7.

Action 8.

Action 9.

Action 10.

Action 11.

For let the two numbers A and B be prime to one another.
I say that as A is to B, so B is not to some other number.
For, if possible, let it be that as A is to B, (so) B is to C.
And A and B are prime (to one another).

And numbers prime (to one another are) also the least
(of those numbers having the same ratio as them) Prop.

VII.21

And the least numbers measure those numbers having the
same ratio (as them) an equal number of times, the lead-
ing (measuring) the leading, and the following the follow-
ing Prop. VII.20

Thus, A measures B, as the leading (measuring) the lead-
ing.

And (A) also measures itself.

Thus, A measures A and B, which are prime to one an-
other.

The very thing is absurd.

Thus, as A is to B, so B cannot be to C.

Therefore, If two numbers are prime to one another then as the

, first is to the second, so the second

will not (be) to some other number.

Which s the very thing it was required to show.
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PONDING
TIMES

(1)

THEY ARE THE LEAST NUMBERS IN THEIR
(Book VI, Prop. 21)

that there exists a number C %ﬂ
such that

4 least in the.

\ ratio

)
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PROPOSITION 17

If any multitude whatsoever of numbers is continu

, ously proportional, and the outermost

of them are prime s to one

another,

then as the first is to the second, so the last will not be

to some other number.

Proof

Action 1.

Action 2.

Action 3.
Action 4.
Action 5.
Action 6.

Action 7.

Action 8.

Action 9.
Action 10.
Action 11.
Action 12.

Action 13.

Let A, B, C, D be any multitude whatsoever of continu-
ously proportional numbers.

And let the outermost of them, A and D, be prime to one
another.

I say that as A is to B, so D is not to some other number.
For, if possible, let it be that as A is to B, so D is to E.
Thus, alternately, as A is to D, (so) Bis to E Prop. VII.13
And A and D are prime (to one another).

And numbers prime (to one another are) also the least
(of those numbers having the same ratio as them) Prop.
VII.21

And the least numbers measure those numbers having the
same ratio (as them) an equal number of times, the lead-
ing (measuring) the leading, and the following the follow-
ing Prop. VII.20

Thus, A measures B.

And as A is to B, (so) B is to C.
Thus, B also measures C.

And hence A measures C Def. 7.20

And since as B is to C, (so) C is to D, and B measures C,
C thus also measures D Def. 7.20
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Action 14. But, A was (found to be) measuring C.
Action 15. And hence A also measures D.
Action 16. And (A) also measures itself.

Action 17. Thus, A measures A and D, which are prime to one an-
other.

Action 18. The very thing is impossible.

Action 19. Thus, as A is to B, so D cannot be to some other number.
Therefore, If any multitude whatsoever of numbers is continu

, ously proportional, and the outermost of

them are prime , to one another,

then as the first is to the second, so the last will not be to some other
number.

Which is the very thing it was required to show.
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1 GIVEN - A CONTINUOUS PROPORTION

n

CONTRARY

* Assume there exists
anumber E such that

A:B=D:E

Let four numbers A, B, C, D'
. be continuously proportional:

SO A MEASURES B THEN B MEASURES C
" FromA:D
A and D are the least n thei ratio,
they must measure B and E.
respectively.

SO A MEASURES C
From the continued proportion
A :B=B:C and since
A | B, it follows that

Because A | Band B | C,
it follows that

there exists a number E such that
A:B=D:E
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PROPOSITION 18

For two given numbers, to investigate whether it is possible to
find a third number proportional to them.

Proof

Action 1.

Action 2.

Action 3.

Action 4.

Action 5.
Action 6.
Action 7.
Action 8.
Action 9.
Action 10.

Action 11.

Action 12.

Action 13.

Action 14.

Action 15.

Action 16.

Let A and B be the two given numbers.

And let it be required to investigate whether it is possible
to find a third number proportional to them.

So A and B are either prime to one another, or not.

And if they are prime to one another then it has (already)
been show that it is impossible to find a third number
proportional to them Prop. IX.16

And so let A and B not be prime to one another.

And let B make C (by) multiplying itself.

So A either measures, or does not measure, C.

Let it first of all measure (C) according to D.

Thus, A has made C (by) multiplying D.

But, in fact, B has also made C (by) multiplying itself.

Thus, the (number created) from (multiplying) A, D is
equal to the (square) on B.

Thus, as A is to B, (so) B is to D Prop. VII.19

Thus, a third number has been found proportional to A,
B, (namely) D.

And so let A not measure C.

I say that it is impossible to find a third number propor-
tional to A, B.

For, if possible, let it have been found, (and let it be) D.
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Action 17.

Action 18.

Action 19.

Action 20.
Action 21.

Action 22.

Action 23.

Action 24.

Thus, the (number created) from (multiplying) A, D is
equal to the (square) on B Prop. VII.19

And the (square) on B is C.

Thus, the (number created) from (multiplying) A, D is
equal to C.

Hence, A has made C (by) multiplying D.
Thus, A measures C according to D.

But (A) was, in fact, also assumed (to be) not measuring

(©).
The very thing is absurd.

Thus, it is not possible to find a third number proportional
to A, B when A does not measure C.

Therefore, For two given numbers, to investigate whether it is pos-
sible to find a third number proportional to them.

Which s the very thing it was required to show.
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OUR PROBLEM

7A  THEN D IS THE THIRD PROPORTIO!
By Book VI, Prop. 19,

from A x D = B it follows that
A: B:D.

CONTRADICTION!
Assume,contraryto what we want,

By Book VII, Prop. 19,
! - fon
B4 that there exists & number D such that

B=B:
it follows that

A does not measure C.
‘This is a contradiction.
A:B £ A

CONCLUSION OF CAS]

IMPOSSIBLE!

For two given numbers A and B:

NO third
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PROPOSITION 19

For three given numbers, to investigate when it is possible to find
a fourth number proportional to them.

Proof

Action 1.

Action 2.

Action 3.

Action 4.

Action 5.

Action 6.

Action 7.
Action 8.
Action 9.

Action 10.

Action 11.

Let A, B, C be the three given numbers.

And let it be required to investigate when it is possible to
find a fourth number proportional to them.

In fact, (A, B, C) are either not continuously proportional
and the outermost of them are prime to one another, or
are continuously proportional and the outermost of them
are not prime to one another, or are neither continuously
proportional nor are the outermost of them prime to one
another, or are continuously proportional and the outer-
most of them are prime to one another.

In fact, if A, B, C are continuously proportional, and the
outermost of them, A and C, are prime to one another,
(then) it has (already) been shown that it is impossible to
find a fourth number proportional to them Prop. IX.17

So let A, B, C not be continuously proportional, (with)
the outermost of them again being prime to one another.

I'say that, in this case, it is also impossible to find a fourth
number proportional to them.

For, if possible, let it have been found, (and let it be) D.
Hence, it will be that as A is to B, (so) C is to D.
And let it be contrived that as B is to C, (so) D is to E.

And since as A is to B, (so) C is to D, and as B is to C,
(so) D is to E, thus, via equality, as A is to C, (so) C is
to E Prop. VII. 14

And A and C are prime (to one another).
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Action 12.

Action 13.

Action 14.

Action 15.

Action 16.

Action 17.

Action 18.

Action 19.

Action 20.
Action 21.
Action 22.
Action 23.
Action 24.

Action 25.

Action 26.

Action 27.

And numbers prime (to one another are) also the least
(numbers having the same ratio as them) Prop. VII.21

And the least numbers measure those numbers having the
same ratio as them (the same number of times), the lead-
ing (measuring) the leading, and the following the follow-
ing Prop. VII.20

Thus, A measures C, (as) the leading (measuring) the
leading.

And it also measures itself.

Thus, A measures A and C, which are prime to one an-
other.

The very thing is impossible.

Thus, it is not possible to find a fourth number propor-
tional to A, B, And so let A, B, C again be continuously
proportional, and let A and C not be prime to one an-
other.

I say that it is possible to find a fourth number propor-
tional to them.

For let B make D (by) multiplying C.

Thus, A either measures or does not measure D.
Let it, first of all, measure (D) according to E.
Thus, A has made D (by) multiplying E.

But, in fact, B has also made D (by) multiplying C.

Thus, the (number created) from (multiplying) A, E is
equal to the (number created) from (multiplying) B, C.

Thus, proportionally, as A [is] to B, (so) C is to E Prop.
VIIL.19

Thus, a fourth number proportional to A, B, C has been
found, (namely) E.
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Action 28.

Action 29.

Action 30.

Action 31.

Action 32.

Action 33.

Action 34.
Action 35.
Action 36.
Action 37.
Action 38.

Action 39.

Action 40.

Action 41.

Action 42.

And so let A not measure D.

I say that it is impossible to find a fourth number propor-
tional to A, B, C.

For, if possible, let it have been found, (and let it be) E.

Thus, the (number created) from (multiplying) A, E is
equal to the (number created) from (multiplying) B, C.

But, the (number created) from (multiplying) B, C is D.

And thus the (number created) from (multiplying) A, E
is equal to D.

Thus, A has made D (by) multiplying E.
Thus, A measures D according to E.
Hence, A measures D.

But, it also does not measure (D).

The very thing is absurd.

Thus, it is not possible to find a fourth number propor-
tional to A, B, C when A does not measure D.

And so (let) A, B, C (be) neither continuously propor-
tional, nor (let) the outermost of them (be) prime to one
another.

And let B make D (by) multiplying C.

So, similarly, it can be show that if A measures D then it
is possible to find a fourth number proportional to (A, B,
C), and impossible if (A) does not measure (D).

Therefore, For three given numbers, to investigate when it is possible
to find a fourth number proportional to them.

Scholarly note. The source edition marks Proposition 1X.19 with a
dagger and observes that one transmitted case of Euclid’s proof is
defective. The proposition is retained here in the form transmitted
by the source, with the note kept separate from the proof.
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Which is the very thing it was required to show.
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{OT CONTINUOUSLY PROPOR
RE PRIME TO ONE AN

ONCLUDE FOURTH PROPOI
By Book VI, Prop. 19,
fomAXE=BxC,
wegetA:B=C:E.

NEITHER CONTIN
. . R OUTERMOST

Suppose, contrary to fact, g b .

that a fourth proportional E . 16, B, C are ot coninuouslyproporiona

exists such that A : B= C : E. and A and C are not prime to one another,

Seciti form D = B x C and ask again:
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PROPOSITION 20

The (set of all) prime numbers is more numerous than any as-
signed multitude of prime numbers.

Proof

Action 1.

Action 2.

Action 3.
Action 4.
Action 5.

Action 6.

Action 7.
Action 8.
Action 9.
Action 10.
Action 11.
Action 12.
Action 13.
Action 14.

Action 15.

Action 16.

Action 17.

Let A, B, C be the assigned prime numbers.

I say that the (set of all) primes numbers is more numer-
ous than A, For let the least number measured by A, B,
C have been taken, and let it be DE Prop. VII.36

And let the unit DF have been added to DE.
So EF is either prime, or not.
Let it, first of all, be prime.

Thus, the (set of) prime numbers A, B, C, EF , (which is)
more numerous than A, B, C, has been found.

And so let EF not be prime.

Thus, it is measured by some prime number Prop. VII.31
Let it be measured by the prime number G.

I say that G is not the same as any of A, B, C.

For, if possible, let it be (the same).

And A, B, C (all) measure DE.

Thus, G will also measure DE.

And it also measures EF .

(So) G will also measure the remainder, unit DF , (despite)
being a number Prop. VII.28

The very thing is absurd.
Thus, G is not the same as one of A, B, C.
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Action 18. And it was assumed (to be) prime.

Action 19. Thus, the (set of) prime numbers A, B, C, G, (which
is) more numerous than the assigned multitude (of prime
numbers), A, B, C, has been found.

Therefore, The (set of all) prime numbers is more numerous than
any assigned multitude of prime numbers.

Which is the very thing it was required to show.
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CASE 1~ EF IS PRIME 5] CAS) 1 EF OF A, B OR

Could G be equalto 1|
AorBorC?

CONCLUSION - G IS NONE OF A, B, C

Therefore G # A, |
G#B, G#C.

G is anew prime,
outside e list.
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PROPOSITION 21

If any multitude whatsoever of even numbers is added together
then the whole is even.

Proof

Action 1. For let any multitude whatsoever of even numbers, AB,
BC, CD, DE, lie together.

Action 2. I say that the whole, AE, is even.

Action 3. For since everyone of AB, BC, CD, DE is even, it has a
half part Def. 7.6

Action 4. And hence the whole AE has a half part.

Action 5. And an even number is one (which can be) divided in half
Def. 7.6

Action 6. Thus, AE is even.

Therefore, If any multitude whatsoever of even numbers is added
together then the whole is even.

Which s the very thing it was required to show.
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2  EACH EVEN NUMBER HAS A HA
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PROPOSITION 22

If any multitude whatsoever of odd numbers is added together,
and the multitude of them is even, then the whole will be even.

Proof

Action 1. For let any even multitude whatsoever of odd numbers,
AB, BC, CD, DE, lie together.

Action 2. I say that the whole, AE, is even.

Action 3. For since everyone of AB, BC, CD, DE is odd then, a unit
being subtracted from each, everyone of the remainders
will be (made) even Def. 7.7

Action 4. And hence the sum of them will be even Prop. 1X.21
Action 5. And the multitude of the units is even.

Action 6. Thus, the whole AE is also even Prop. 1X.21.

Therefore, If any multitude whatsoever of odd numbers is added
together, and the multitude of them is even, then the whole will be
even.

Which is the very thing it was required to show.
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PROPOSITION 23

If any multitude whatsoever of odd numbers is added together,
and the multitude of them is odd, then the whole will also be odd.

Proof

Action 1. For let any multitude whatsoever of odd numbers, AB,
BC, CD, lie together, and let the multitude of them be
odd.

Action 2. I say that the whole, AD, is also odd.

Action 3. For let the unit DE have been subtracted from CD.
Action 4. The remainder CE is thus even Def. 7.7

Action 5. And CA is also even Prop. 1X.22

Action 6. Thus, the whole AE is also even Prop. 1X.21
Action 7. And DE is a unit.

Action 8. Thus, AD is odd Def. 7.7.

Therefore, If any multitude whatsoever of odd numbers is added
together, and the multitude of them is odd, then the whole will also
be odd.

Which s the very thing it was required to show.
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AT d numbers (even in number)

5 EVEN REMAINDER (THE 6)

14 (even)
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PROPOSITION 24

If an even number is subtracted from an(other) even number
then the remainder will be even.

Proof

Action 1.

Action 2.

Action 3.

Action 4.

Action 5.

Thus,

For let the even number BC have been subtracted from
the even number AB.

I say that the remainder CA E AB ,
is even.

For since AB is even, it has a half part Def. 7.6

So, ] [ ] AT - . for the
same (reasons), BC also has a half part.

And hence the remainder [CA has a half part|

AC is even.

Therefore, If an even number is subtracted from an(other) even
number then the remainder will be even.

Which is the very thing it was required to show.
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CH EVEN NUMBER HAS A HALF REMOVE BC FROM AB

ce AB s even, it has
a half part.

me I
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PROPOSITION 25

If an odd number is subtracted from an even number then the
remainder will be odd.

Proof

Action 1. For let the odd number BC have been subtracted from
the even number AB.

Action 2. I say that the remainder CA is odd.

Action 3. For let the unit CD have been subtracted from BC.
Action 4. DB is thus even Def. 7.7

Action 5. And AB is also even.

Action 6. And thus the remainder AD is even Prop. IX.2/
Action 7. And CD is a unit.

Action 8. Thus, CA is odd Def. 7.7.

Therefore, If an odd number is subtracted from an even number
then the remainder will be odd.

Which is the very thing it was required to show.
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N ODD NUMBER NE UNIT FR NUMBER )TH AB AND DB ARE EVEN

-
D aBseen, g BR o L4
and DB is even.

N
\

’

AB (even)

BC (odd)

N NUMBER DB FROM AB

Subtract the even number DI
from the even number AB.

A (odd)
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PROPOSITION 26

If an odd number is subtracted from an odd number then the
remainder will be even.

Proof

Action 1. For let the odd number BC have been subtracted from
the odd number AB.

Action 2. I say that the remainder CA is even.

Action 3. For since AB is odd, let the unit BD have been subtracted
(from it).

Action 4. Thus, the remainder AD is even Def. 7.7
Action 5. So, for the same (reasons), CD is also even.

Action 6. And hence the remainder CA is even Prop. 1X.24.

Therefore, If an odd number is subtracted from an odd number then
the remainder will be even.

Which is the very thing it was required to show.
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MOVE ONE UNI M AB

9
Remove one unit BD i
L L

half of G

t has a half is ev
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PROPOSITION 27

If an even number is subtracted from an odd number then the
remainder will be odd.

Proof

Action 1. For let the even number BC have been subtracted from
the odd number AB.

Action 2. I say that the remainder CA A [ ] AA- AB
. is odd.

For let the unit AD have been subtracted (from AB).
Action 3. DB is thus even Def. 7.7
Action 4. And BC is also even.
Action 5. Thus, the remainder CD is also even Prop. 1X.2/

Action 6. CA is thus odd Def. 7.7.

Therefore, If an even number is subtracted from an odd number
then the remainder will be odd.

Which is the very thing it was required to show.

76



FROM THE ODD NUMBER

& VA"A
I

from AB.

"AB (0dd)

(even) =
‘We want to show that CA is odd. Since AB is odd, DB = AB - AD is even.

BC FROM D E DIFFE] 3 v D NTAINS CD AND AD
"

Subtract the even number il § ‘ o igi i | e
BC from the even number DB. ¥y consists of CD together
I ‘with the removed unit AD.

CD (even)

ACK THE REMOVED EVEN PLUS ONE IS ODD CONCLUSION

Add back the unit AD'
o CD.

CA (odd)
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PROPOSITION 28

If an odd number makes some (number by) multiplying an even

number

Proof

Action 1.

Action 2.

Action 3.

Action 4.
Action 5.

Action 6.

Action 7.

then the created number will be even.

For let the odd number A make C (by) multiplying the
even number B.

I say that C is even.

For since A has made C (by) multiplying B, C is thus
composed out of so many (magnitudes) equal to B, as
many as (there) are units in A Def. 7.15

And B is even.
Thus, C is composed out of even numbers.

And if any multitude whatsoever of even numbers is added
together then the whole is even Prop. 1X.21

Thus, C is even.

Therefore, If an odd number makes some (number by) multiplying
an even number then the created number will be even.

Which is the very thing it was required to show.
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Since A multiplies B,
C is made of as many copies
of B as there are units in A.

2ndB  3rdB  4th

R e

A SUM OF EVEN NUMBERS

-

.
Hence Cisasum A SLINAY
of even numbers.

B —> even
3 — even =
Seen AAARAAD CEEE L sum of
even numbers

half of C
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PROPOSITION 29

If an odd number makes some (number by) multiplying an odd
number then the created number will be odd.

Proof

Action 1. For let the odd number A make C (by) multiplying the
odd number B.

Action 2. I say that C is odd.

Action 3. For since A has made C (by) multiplying B, C is thus
composed out of so many (magnitudes) equal to B, as
many as (there) are units in A Def. 7.15

Action 4. And each of A, B is odd.

Action 5. Thus, C is composed out of odd numbers, (and) the mul-
titude of them is odd.

Action 6. Hence C is odd Prop. IX.23.

Therefore, If an odd number makes some (number by) multiplying
an odd number then the created number will be odd.

Which is the very thing it was required to show.
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B IS ODD

5odd)

B (odd) B+B+B+B+B
ant to show that C is od has 5 units, so there are 5 copies of |

PROP. IX.23

An odd mulitude o
of B, which is an odc
THEREFORE C IS ODD
Therefore C, which is.

the sum we have formed,
is odd.

T
One left over

an odd number.
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PROPOSITION 30

If an odd number measures an even number then it will also
measure one half of it.

Proof

Action 1.
Action 2.
Action 3.
Action 4.
Action 5.

Action 6.

Action 7.

Action 8.
Action 9.
Action 10.
Action 11.
Action 12.
Action 13.

Action 14.

For let the odd number A measure the even number B.

I say that (A) will also measure one half of (B).

For since A measures B, let it measure it according to C.
I say that C is not odd.

For, if possible, let it be (odd).

And since A measures B according to C, A has thus made
B (by) multiplying C.

Thus, B is composed out of odd numbers, (and) the mul-
titude of them is odd.

B is thus odd Prop. IX.23

The very thing is absurd.

For (B) was assumed (to be) even.

Thus, C is not odd.

Thus, C is even.

Hence, A measures B an even number of times.

So, on account of this, (A) will also measure one half of

(B).

Therefore, If an odd number measures an even number then it will
also measure one half of it.

Which is the very thing it was required to show.

82



83



EUCLID — THE ELEMENTS

PROPOSITION 31

If an odd number is prime to some number then it will also be
prime to its double.

Proof

Action 1.
Action 2.

Action 3.

Action 4.
Action 5.
Action 6.

Action 7.

Action 8.
Action 9.
Action 10.

Action 11.

Action 12.
Action 13.

Action 14.

For let the odd number A be prime to some number B.
And let C be double B.

I say that A is [also] prime to For if [A and C] are not
prime (to one another) then some number will measure
them.

Let it measure (them), and let it be D.
And A is odd.
Thus, D is also odd.

And since D, which is odd, measures C, and C is even, [D]
will thus also measure half of C Prop. 1X.30

And B is half of C.
Thus, D measures B.
And it also measures A.

Thus, D measures (both) A and B, (despite) them being
prime to one another.

The very thing is impossible.
Thus, A is not unprime to C.

Thus, A and C are prime to one another.

Therefore, If an odd number is prime to some number then it will
also be prime to its double.

Which s the very thing it was required to show.

84



DOUBLE THE NUMBEF

A (odd) C = 2B (even)
2B (even)

To prove: ged(A, C) =

o D MEASURE NC, SOIT M,

Now D (odd) measures C (even). '
By Proposition IX.30,
D also measures one half of C.

D IS ODD BECAUSE IT MEASU

a

D
fore, D is odd.

THEREFORE D ME CONTRADICTION
a

ONCLUSION
1 4

ButC2=B. NN '} Thus D measures both A and B: | "‘ Therefore our assumption was false.
L, Therefore, D measures B. 1 D|AandD|B.

A and C are prime to one another.

X Thatis, ged(A, C) = 1.
4

it A and B were prime to one another. ence, if an odd number is prime to some number, |
This is a contradiction. then it will also be prime to its doub

85



EUCLID — THE ELEMENTS

PROPOSITION 32

Each of the numbers (which is continually) doubled, (starting)
from a dyad, is an even-times-even number only.

Proof

Action 1.

Action 2.

Action 3.

Action 4.
Action 5.
Action 6.

Action 7.

Action 8.
Action 9.

Action 10.

For let any multitude of numbers whatsoever, B, C, D,
have been (continually) doubled, (starting) from the dyad
A.

I say that B, C, D are even-times-even numbers only.

In fact, (it is) clear that each [of B, C, D] is an even-times-
even number.

For it is doubled from a dyad Def. 7.8
I also say that (they are even-times-even numbers) only.
For let a unit be laid down.

Therefore, since any multitude of numbers whatsoever are
continuously proportional, starting from a unit, and the
number A after the unit is prime, the greatest of A, B,
C, D, (namely) D, will not be measured by any other
numbers except A, B, C Prop. IX.13

And each of A, B, C is even.
Thus, D is an even-time-even number only Def. 7.8

So, similarly, we can show that each of B, C is [also] an
eventime-even number only.

Therefore, Each of the numbers (which is continually) doubled,
(starting) from a dyad, is an even-times-even number only.

Which is the very thing it was required to show.
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PROPOSITION 33

If a number has an odd half then it is an even-timeodd number

only.

Proof

Action 1.

Action 2.

Action 3.

Action 4.

Action 5.

Action 6.

Action 7.

Action 8.

Action 9.

Let A be a number whose half is odd.

Because the half of A measures A exactly twice, A is even-
times-odd.

To prove the word “only,” assume for contradiction that
A is also even-times-even.

If A is even-times-even, some even number E measures A
an even number of times.

Since E measures A an even number of times, E also mea-
sures one half of A.

But by the given condition, one half of A is odd.

Thus an even number would measure an odd number,
which is impossible.

Therefore the assumption is false: A is not even-times-
even.

Hence A is even-times-odd only.

Therefore, If a number has an odd half then it is an even-timeodd
number only.

Which s the very thing it was required to show.
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PROPOSITION 34

If a number is neither one of the numbers doubled

from a dyad, nor has an odd half, then

it s (both) an even-times-even and an even-times-odd number.

Proof

Action 1.

Action 2.

Action 3.

Action 4.

Action 5.

Action 6.

Action 7.

Action 8.

Action 9.

Let A be a number which is not one of the numbers con-
tinually doubled from the dyad, and whose half is not
odd.

Since half of A is not odd, it is even; hence A is even-
times-even.

Begin repeatedly halving A: A} A/2, A/4, A/8, and so on.

Continuing the halving process, we must eventually arrive
at an odd number O.

Suppose no odd number appeared; then repeated halving
would eventually reach the dyad 2, and reversing the pro-
cess would show that A arose by continual doubling from
2.

This contradicts the hypothesis, so an odd number O must
appear before reaching 2.

Because O is reached by repeated halving, O measures A.

The quotient is a power of two and hence even; therefore
the odd number O measures A an even number of times,
so A is even-times-odd.

Thus A is both even-times-even and even-times-odd.

Therefore, If a number is neither one of the numbers doubled

from a dyad, nor has an odd half,

then it is (both) an even-times-even and an even-times-odd number.

Which is the very thing it was required to show.
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A 1S EVEN-TIMES-EVEN

- = " | Thus A is measured by an even number |
‘We must prove that A is both (A/2), an even number of times.

even-times-even and even-times-odd.

N ODD NUMBER

WHY AN ODD NU

ABER MUST

PE

EACH AN ODD NUMBER
| Suppose we never reach an odd number.
‘Then we will eventually arrive at the dyad (2).
¥

A2
hat would make
tinually doubled frc

!
Al4 O (odd)

| Thus, repeated halving of A reveals an odd number O.
A IS EVEN-TIMES-ODD

CONCLUSION

From (2), A is even-times-even.
‘From (8), A is even-times-odd.

=

and Ads
n number of times)

A is both eve
and e i
P i O s

A s written as an odd number times an even number.
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PROPOSITION 35

If there is any multitude whatsoever of continually proportional
numbers, and numbers equal to the first are subtracted from
(both) the second and the last, then as the excess of the second
(number is) to the first, so the excess of the last will be to (the
sum of) all those numbers before it.

Proof

Action 1.

Action 2.

Action 3.

Action 4.

Action 5.

Action 6.

Action 7.

Action 8.

Action 9.

Action 10.

Set out continuously proportional numbers A, BC, D, EF,
beginning from the least A.

Subtract from BC a part BG equal to A, leaving GC; and
subtract from EF a part FH equal to A, leaving EH.

Construct FK equal to BC and FL equal to D.

Since FK equals BC and FH equals BG, subtracting
equals from equals gives HK equal to GC.

Rewrite the continued proportion as EF:FL. = FL.FK =
FK:FH.

By separation, obtain EL:FL = LK:FK = KH:FH.

Combine corresponding ratios to obtain KH:FH =
(EL+LK+KH):(FL+FK+FH).

Simplify the sums: EL+LK+KH = EH and FL4+FK+FH
= D+BC+A.

Replace KH by GC and FH by A.

Therefore GC:A = EH:(A+BC+D).

Therefore, If there is any multitude whatsoever of continually pro-
portional numbers, and numbers equal to the first are subtracted from
(both) the second and the last, then as the excess of the second (num-
ber is) to the first, so the excess of the last will be to (the sum of) all
those numbers before it.
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Which is the very thing it was required to show.
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From th second (BC), ubtracta part | Q | .

(BG) equal to the fist (A). | Byl On EF, fiom F take FK cqual to
‘From the last (EF), subtract a part. On EF, from F take FL cqual to D.
(FH) also equal to the first (A). i\

and since FL = D, FK = BC, FH = A,
we have:

)\
-
e

K

. TET 2
Therefore, in continuous proportion, Y
M"‘"‘"""‘ < - = T:‘tm
of the second over B S A RC T t over remainders that are related thus:
o A~ A+BC+D ey e =
"G A= FH (A 3O D)

A +BC +D is the sum
of all the numbers before the last. Which is the very thing it was required to show
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PROPOSITION 36

If any multitude whatsoever of numbers is set out con

)

tinuously in a double proportion,

(starting) from a unit, ,

until the whole sum added together becomes prime, and the sum
multiplied into the last number makes some number, then the
(number so) created will be perfect.

Proof

Action 1.

Action 2.

Action 3.

Action 4.

Action 5.

Action 6.

Action 7.

Action 8.

Action 9.

Action 10.

Action 11.

Starting from the unit, set out numbers in continued dou-
ble proportion until their whole sum is prime.

Let E be equal to that prime sum.

Let E multiply the last term D to make FG; it is required
to prove that FG is perfect.

From E construct a second progression, with the same
number of terms, continually doubling: E, HK, L, M.

Compare the two progressions; via equality obtain A:D =
E:M, hence ED = AM = FG.

Since A is the dyad, FG = 2M, so FG is the next term
after M in the second doubling progression.

Apply Proposition IX.35 to E, HK, L, M, FG by subtract-
ing a quantity equal to E from the second and the last
terms.

Use the resulting proportion to reconstruct FG as the sum
of E, HK, L, M together with A, B, C, D and the unit.

Observe that all of the displayed numbers divide FG.

Assume for contradiction that some additional divisor P
of FG exists outside the displayed list.

Let Q be its cofactor, so PQ = FG = ED, and compare
the two factorizations.
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Action 12. Apply Proposition IX.13 to the first doubling progression
to restrict divisors of D to its preceding terms.

Action 13. Use the ratio relations between the two progressions to
force the supposed new divisor back into the displayed
list, contradicting its novelty.

Action 14. Therefore FG has no other proper divisors beyond the
displayed ones.

Action 15. The sum of all those proper divisors has already been
shown equal to FG.

Action 16. By the definition of a perfect number, FG is perfect.
Therefore, If any multitude whatsoever of numbers is set out con
, tinuously in a double proportion,
(starting) from a unit, , until the
whole sum added together becomes prime, and the sum multiplied

into the last number makes some number, then the (number so) cre-
ated will be perfect.

Modern explanatory note. In modern notation, the construction yields
272" — 1),

which is perfect whenever 2 — 1 is prime. The classical examples are
6, 28,496, 8128.

Which is the very thing it was required to show.
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LTIPLY BY THE LAST TERM

O S

E-1+2+4+8+..+2"0 ||
_E-2"_1 (prime) _
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Conclusion of Book IX

Book IX has carried the arithmetic of the Elements from continued
proportion and the behavior of squares and cubes through divisibil-
ity, prime numbers, third and fourth proportionals, the infinitude of
primes, parity, the classification of even numbers, the summation of
a geometric progression, and finally the construction of perfect num-
bers.
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