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Euclid — The Elements

Proposition 1
If there are any multitude whatsoever of continuously proportional

numbers, and the outermost of them are prime to one another, then
the numbers are the least of those having the same ratio as them.

Proof.

Action 1. Let A,B,C,D be continuously proportional, so that

A : B = B : C = C : D,

and suppose that the outermost numbers A and D are prime to
one another:

gcd(A,D) = 1.

Action 2. Suppose, contrary to the required conclusion, that there is a
smaller continuously proportional sequence E,F,G,H having
the same corresponding ratios as A,B,C,D.

Action 3. Since the two sequences have the same number of terms and cor-
responding successive ratios, equality through the chains gives

A : D = E : H

(Prop. VII.14).
Action 4. Because A and D are prime to one another, they are the least

numbers having their ratio (Prop. VII.21).
Action 5. The least numbers of a ratio measure any other numbers having

that ratio an equal number of times, the leading measuring the
leading and the following the following (Prop. VII.20). Hence
A measures E and D measures H.

Action 6. But E was assumed smaller than A. A greater positive number
cannot measure a smaller positive number. This is impossible.

Action 7. Therefore the supposed smaller continuously proportional se-
quence E,F,G,H cannot exist.

Action 8. Hence A,B,C,D are the least numbers having their continued
ratio.
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Book VIII

Therefore, if the extremes of a continued proportional sequence are
prime to one another, the entire sequence is the least sequence having
that ratio.
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Book VIII

Proposition 2
To find the least numbers, as many as may be prescribed, which are

continuously proportional in a given ratio.

Proof.

Action 1. Let the given ratio be expressed by the least numbers A : B. By
Prop. VII.22, A and B are prime to one another.

Action 2. Suppose, for example, that four continuously proportional num-
bers are required in the ratio A : B.

Action 3. Form the first products

C = A2, D = AB, E = B2.

Action 4. Form a second layer by multiplying C,D,E by A, and E by B:

F = A3, G = A2B, H = AB2, K = B3.

Action 5. Since the same multiplier A produces C,D from A,B, and the
same multiplier B produces D,E from A,B, Props. VII.17–18
give

C : D = D : E = A : B.

Action 6. Applying the same reasoning to F,G,H,K gives

F : G = G : H = H : K = A : B.

Action 7. Since A and B are prime to one another, equal powers of them
are prime to one another (Prop. VII.27); hence C,E are prime
to one another and likewise F,K are prime to one another.

Action 8. By Proposition VIII.1, the three-term chain C,D,E and the
four-term chain F,G,H,K are therefore the least chains having
the ratio A : B.

Action 9. The same construction continues: for any prescribed number n
of terms, the sequence

An−1, An−2B, An−3B2, . . . , ABn−2, Bn−1

has each adjacent ratio equal to A : B.
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Euclid — The Elements

Action 10. Thus one can construct the least continuously proportional num-
bers, in any prescribed multitude, in the given ratio.

Therefore, the required least continued proportional sequence exists
for any prescribed number of terms.
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Euclid — The Elements

Proposition 3
If there are any multitude whatsoever of continuously proportional

numbers which are the least of those having the same ratio as them,
then the outermost of them are prime to one another.

Proof.

Action 1. Let A,B,C,D be the least numbers in their continued ratio:

A : B = B : C = C : D.

We must prove that A and D are prime to one another.
Action 2. Take the least pair E,F having the same basic ratio as A : B.

By Prop. VII.22,
gcd(E,F ) = 1.

Action 3. By Proposition VIII.2 construct the least three-term sequence
G,H,K in the ratio E : F .

Action 4. Continue the same construction, increasing the number of terms
one at a time, until a least sequence L,M,N,O is obtained with
the same number of terms as A,B,C,D.

Action 5. Since E,F are prime to one another, the successive extreme
powers constructed from them are prime to one another (Prop.
VII.27). Hence L and O are prime to one another.

Action 6. Both A,B,C,D and L,M,N,O are least sequences in the same
continued ratio and have the same number of terms.

Action 7. Therefore corresponding terms are equal; in particular,

A = L, D = O.

Action 8. Since L and O are prime to one another, A and D are also prime
to one another.

Action 9. Thus the outermost terms of a least continued proportional se-
quence are prime to one another.

Therefore, gcd(A,D) = 1.

8



9



Euclid — The Elements

Proposition 4
For any multitude whatsoever of given ratios, expressed in the least

numbers, to find the least numbers continuously proportional in these
given ratios.

Proof.

Action 1. Let the given ratios, each already expressed in least numbers, be

A : B, C : D, E : F.

We seek four least numbers whose successive ratios are these
three ratios.

Action 2. Let G be the least number measured by both B and C (Prop.
VII.34).

Action 3. As many times as B measures G, let A measure H. Then

H : G = A : B.

Action 4. As many times as C measures G, let D measure K. Then

G : K = C : D.

Action 5. It remains to attach the ratio E : F to K. There are two cases
according as E measures K or does not measure it.

Action 6. If E | K, let K = pE and set L = pF . Then

K : L = E : F,

so H,G,K,L have the three required successive ratios.
Action 7. Suppose instead that E ∤ K. Let M be the least number mea-

sured by both E and K. Scale H,G,K by the same factor which
takes K to M , obtaining N,O,M ; then choose P so that

M : P = E : F.

Thus N,O,M,P have the required ratios.
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Action 8. In either case, suppose a smaller chain existed. Its second term
would be measured both by B and C, and therefore by their
least common multiple G (Prop. VII.35), contradicting its being
smaller than G; in the second case the analogous argument uses
the least common multiple of E and K.

Action 9. Hence the chain produced in the relevant case is the least chain
continuously proportional in the prescribed ratios.

Therefore, the least numbers continuously proportional in any pre-
scribed sequence of ratios can be constructed.
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Proposition 5
Plane numbers have to one another the ratio compounded out of the

ratios of their sides.

Proof.

Action 1. Let A and B be plane numbers. Let the sides of A be C,D and
the sides of B be E,F :

A = CD, B = EF.

Action 2. Isolate the two ratios of corresponding sides:

C : E and D : F.

Action 3. By Proposition VIII.4 take least numbers G,H,K continuously
proportional in those two ratios, so that

G : H = C : E, H : K = D : F.

Action 4. Let D multiply E and produce the bridge number

L = DE.

Action 5. Since D makes A from C and L from E, Prop. VII.17 gives

A : L = C : E = G : H.

Action 6. Since E makes L from D and B from F , Prop. VII.17 gives

L : B = D : F = H : K.

Action 7. Thus the two three-term chains A,L,B and G,H,K have corre-
sponding equal successive ratios.

Action 8. Passing from first to last through equal ratios (Prop. VII.14)
gives

A : B = G : K.

Action 9. But G : K is, by construction, the ratio compounded out of
G : H and H : K, that is, out of C : E and D : F .

Action 10. Hence the ratio of the plane numbers A : B is compounded out
of the ratios of their sides.

Therefore, A : B is the ratio compounded from C : E and D : F .
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Proposition 6
If there are any multitude whatsoever of continuously proportional
numbers, and the first does not measure the second, then no other

number will measure any other number either.

Proof.

Action 1. Let A,B,C,D,E be continuously proportional and suppose

A ∤ B.

The successive terms therefore do not measure one another.
Action 2. We must show more generally that no earlier term measures any

later term.
Action 3. Suppose, if possible, that A measures C.
Action 4. Take the least three numbers F,G,H having the same continued

ratio as A,B,C (Prop. VII.33). Then

A : C = F : H

by equality through the chains (Prop. VII.14).
Action 5. Since A : B = F : G and A ∤ B, Def. VII.20 gives F ∤ G. Hence

F is not a unit, because the unit measures every number.
Action 6. The numbers F,G,H are least in their continued ratio; therefore

their extremes F,H are prime to one another by Prop. VIII.3.
Since F is not a unit, F cannot measure H.

Action 7. But A : C = F : H. If A measured C, then the leading term F
would measure the following term H the same number of times
(Def. VII.20), contradiction.

Action 8. Therefore A ∤ C. Repeating the same argument for any two
nonadjacent members proves that no member of the continued
proportional sequence measures any other.

Therefore, if the first does not measure the second, no term in the
continued proportion measures another term.
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Proposition 7
If there are any multitude whatsoever of continuously proportional

numbers, and the first measures the last, then the first will also
measure the second.

Proof.

Action 1. Let
A : B = B : C = C : D

and suppose that A measures the last term D:

A | D.

Action 2. We must prove that
A | B.

Action 3. Suppose, contrary to the desired conclusion, that

A ∤ B.

Action 4. By Proposition VIII.6, if the first term of a continued proportion
does not measure the second, then no term measures any other
term.

Action 5. In particular Proposition VIII.6 would imply

A ∤ D.

Action 6. But the hypothesis says
A | D.

This is a contradiction.
Action 7. Therefore the supposition A ∤ B is false, and hence A | B.
Action 8. Thus the first term, if it measures the last term of a continued

proportion, also measures the second.

Therefore, A | B.
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Proposition 8
If between two numbers there fall some numbers in continued

proportion, then as many numbers as fall between them in continued
proportion, so many numbers will also fall between any two numbers

having the same ratio as them in continued proportion.

Proof.

Action 1. Let
A : C = C : D = D : B,

so that two mean proportionals C,D lie between A and B.
Action 2. Let another pair E,F satisfy

A : B = E : F.

We seek two means between E and F .
Action 3. Take the least four numbers G,H,K,L having the same contin-

ued ratio as A,C,D,B.
Action 4. Since G,H,K,L are least in their continued ratio, their extremes

are prime to one another by Prop. VIII.3:

gcd(G,L) = 1.

Action 5. Comparing first-to-last ratios gives

A : B = G : L.

Together with A : B = E : F , this gives G : L = E : F .
Action 6. Since G,L are prime to one another, they are the least numbers

in their ratio (Prop. VII.21), and hence they measure E,F
equally many times. Thus for some positive integer r,

E = rG, F = rL.

Action 7. Scale the interior terms by the same factor:

M = rH, N = rK.
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Action 8. Equal scaling preserves all adjacent ratios, so

E : M = M : N = N : F.

Action 9. Thus exactly two mean proportionals, M,N , lie between E and
F , the same number as between A and B.

Action 10. The argument is unchanged for any number of intermediate pro-
portional terms.

Therefore, pairs of numbers having the same outer ratio admit the
same number of intervening mean proportionals.
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Euclid — The Elements

Proposition 9
If two numbers are prime to one another, and some numbers fall

between them in continued proportion, then as many numbers as fall
between them in continued proportion, so many numbers will also

fall between each of them and a unit in continued proportion.

Proof.

Action 1. Let A and B be prime to one another and let

A : C = C : D = D : B.

Set out the unit E = 1.
Action 2. Take the least pair F,G having the same basic ratio as the con-

tinued chain.
Action 3. By Proposition VIII.2 construct successively the least three num-

bers H,K,L and the least four numbers M,N,O, P in that ratio.
Action 4. Because A,B are prime to one another, the original four-term

chain is least (Prop. VIII.1), and therefore coincides term-by-
term with the least four-term chain; in particular

M = A, P = B.

Action 5. From the construction of Proposition VIII.2,

H = F 2, M = F 3 = A,

and similarly
L = G2, P = G3 = B.

Action 6. Since E is the unit,

E : F = F : H = H : A.

Thus F,H are two mean proportionals between the unit and A.
Action 7. Likewise,

E : G = G : L = L : B,

so G,L are two mean proportionals between the unit and B.
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Action 8. Hence the same number of mean proportionals lies between 1
and each extreme as lay between A and B.

Action 9. The reasoning applies to any number of intervening terms.

Therefore, if prime extremes admit n mean proportionals, then each
extreme admits n mean proportionals with the unit.
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Proposition 10
If some numbers fall between each of two numbers and a unit in

continued proportion, then as many numbers as fall between each of
the two numbers and the unit in continued proportion, so many
numbers will also fall between the two numbers themselves in

continued proportion.

Proof.

Action 1. Let C = 1 and suppose

C : D = D : E = E : A, C : F = F : G = G : B.

Action 2. Since C is the unit, the first chain gives

E = D2, A = D3.

Action 3. Similarly, the second chain gives

G = F 2, B = F 3.

Action 4. Let D multiply F , producing

H = DF.

Action 5. Let
K = DH = D2F, L = FH = DF 2.

Action 6. From the products,

E : H = H : G = D : F.

Action 7. Since A = D3 and K = D2F ,

A : K = D : F.

Action 8. Since K = D2F and L = DF 2,

K : L = D : F.

Action 9. Since L = DF 2 and B = F 3,

L : B = D : F.
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Action 10. Therefore
A : K = K : L = L : B.

Action 11. Thus the same number of mean proportionals lies between A
and B as lies between the unit and each of them.

Therefore, the two means K,L fall between A and B in continued
proportion.
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Euclid — The Elements

Proposition 11
There exists one number in mean proportion to two given square
numbers; and one square number has to the other a squared ratio

with respect to the ratio of their sides.

Proof.

Action 1. Let A,B be square numbers with respective sides C,D:

A = C2, B = D2.

Action 2. Construct the mixed product

E = CD.

Action 3. Since A = C · C and E = C ·D, Prop. VII.17 gives

A : E = C : D.

Action 4. Since E = C ·D and B = D ·D,

E : B = C : D.

Action 5. Hence
A : E = E : B,

so E is a mean proportional between A and B.
Action 6. Thus A,E,B are three continuously proportional numbers.
Action 7. Passing from the first term to the third takes the common ratio

twice; hence A : B is the squared ratio of A : E.
Action 8. But A : E = C : D.
Action 9. Therefore A : B is the squared ratio of C : D.

Action 10. In modern notation,
A

B
=

(
C

D

)2

.

Therefore, one mean proportional exists between two squares, and
the ratio of the squares is the squared ratio of their sides.
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Euclid — The Elements

Proposition 12
There exist two numbers in mean proportion to two given cube

numbers; and one cube number has to the other a cubed ratio with
respect to the ratio of their sides.

Proof.

Action 1. Let A,B be cube numbers with sides C,D:

A = C3, B = D3.

Action 2. Construct

E = C2, F = CD, G = D2.

Action 3. Multiply the mixed product by the two sides and set

H = CF = C2D, K = DF = CD2.

Action 4. Since A is the cube on C and B the cube on D,

A = CE = C3, B = DG = D3.

Action 5. From E = C2 and F = CD,

E : F = C : D.

Action 6. From F = CD and G = D2,

F : G = C : D.

Action 7. Because A = CE and H = CF ,

A : H = E : F = C : D.

Action 8. Because H = CF and K = DF ,

H : K = C : D.

Action 9. Because K = DF and B = DG,

K : B = F : G = C : D.
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Action 10. Therefore
A : H = H : K = K : B,

so H,K are the two mean proportionals.
Action 11. The ratio from A to B consists of three successive copies of the

side ratio.
Action 12. Hence

A : B = (C : D)3.

Therefore, two mean proportionals lie between two cubes, and their
ratio is the cubed ratio of their sides.
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Proposition 13
If there are any multitude whatsoever of continuously proportional
numbers, and each makes some number by multiplying itself, then

the numbers so produced will also be continuously proportional; and
if the original numbers multiply the numbers so produced, the new

numbers will likewise be continuously proportional.

Proof.

Action 1. Let
A : B = B : C.

Action 2. Let each original number multiply itself:

D = A2, E = B2, F = C2.

Action 3. Let each original number multiply its own square:

G = A3, H = B3, K = C3.

Action 4. Construct a bridge between A and B by setting

L = AB, M = AL = A2B, N = BL = AB2.

Action 5. Then
D : L = L : E,

for A2 : AB = AB : B2 = A : B.
Action 6. Likewise

G : M = M : N = N : H.

Action 7. Construct the corresponding bridge between B and C:

O = BC, P = BO = B2C, Q = CO = BC2.

Action 8. Then
E : O = O : F.

Action 9. Likewise
H : P = P : Q = Q : K.
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Action 10. Since the original ratios satisfy A : B = B : C, the two square
bridge-chains have equal corresponding ratios, and the two cube
bridge-chains do also.

Action 11. Passing through the equal square chains gives

D : E = E : F.

Action 12. Passing through the equal cube chains gives

G : H = H : K.

Action 13. Thus equal powers of continuously proportional numbers are
themselves continuously proportional; in modern notation,

A : B = B : C =⇒ An : Bn = Bn : Cn.

Therefore, squares, cubes, and successive equal powers preserve the
continued proportion.
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Euclid — The Elements

Proposition 14
If a square number measures another square number, then the side

of the former will also measure the side of the latter; and if the side
measures the side, the former square number will measure the latter

square number.

Proof.

Action 1. Let A = C2 and B = D2 be square numbers, and first suppose

A | B.

Action 2. Construct the mean proportional E = CD. By Prop. VIII.11,

A : E = E : B = C : D.

Action 3. Since A,E,B are continuously proportional and A | B, Propo-
sition VIII.7 gives

A | E.

Action 4. Since A : E = C : D, the equal numerical ratio implies

C | D.

Action 5. Thus
A | B =⇒ C | D.

Action 6. Conversely suppose
C | D.

Action 7. Again A : E = C : D, so the equality of ratios gives

A | E.

Action 8. Since A : E = E : B, the same continued proportional structure
carries the divisibility onward, and A | B.

Action 9. Therefore
A | B ⇐⇒ C | D.

Therefore, C2 | D2 if and only if C | D.
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Proposition 15
If a cube number measures another cube number, then the side of the

former will also measure the side of the latter; and if the side
measures the side, the former cube number will measure the latter

cube number.

Proof.

Action 1. Let A = C3 and B = D3 be cube numbers, and first suppose

A | B.

Action 2. Construct the Proposition VIII.12 chain

A : H = H : K = K : B = C : D,

where H = C2D and K = CD2.
Action 3. Since A,H,K,B are continuously proportional and A | B,

Proposition VIII.7 gives

A | H.

Action 4. Because A : H = C : D, it follows that

C | D.

Action 5. Hence
A | B =⇒ C | D.

Action 6. Conversely suppose
C | D.

Action 7. From C : D = A : H we obtain

A | H.

Action 8. Since A : H = H : K = K : B, the divisibility propagates
through the chain and yields

A | B.
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Action 9. Hence
C | D =⇒ A | B.

Action 10. Therefore
A | B ⇐⇒ C | D.

Therefore, C3 | D3 if and only if C | D.
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Proposition 16
If a square number does not measure another square number, then
the side of the former will not measure the side of the latter either;
and if the side does not measure the side, the former square number

will not measure the latter square number either.

Proof.

Action 1. Let A = C2 and B = D2 be square numbers and suppose

A ∤ B.

Action 2. Assume, contrary to the desired conclusion, that

C | D.

Action 3. By Proposition VIII.14, C | D implies

A | B.

Action 4. This contradicts the hypothesis A ∤ B.
Action 5. Therefore

C ∤ D.

Action 6. Conversely suppose
C ∤ D.

and assume that A | B.
Action 7. Proposition VIII.14 would then imply C | D, contradiction.
Action 8. Hence

A ∤ B.

Action 9. Thus
A ∤ B ⇐⇒ C ∤ D.

Therefore, C2 ∤ D2 if and only if C ∤ D.
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Proposition 17
If a cube number does not measure another cube number, then the

side of the former will not measure the side of the latter either; and
if the side does not measure the side, the former cube number will

not measure the latter cube number either.

Proof.

Action 1. Let A = C3 and B = D3 be cube numbers and suppose

A ∤ B.

Action 2. Assume, contrary to the desired conclusion, that

C | D.

Action 3. By Proposition VIII.15, C | D implies

A | B.

Action 4. This contradicts A ∤ B.
Action 5. Therefore

C ∤ D.

Action 6. Conversely suppose C ∤ D and assume A | B.
Action 7. Proposition VIII.15 would then imply C | D, contradiction.
Action 8. Hence

A ∤ B.

Action 9. Therefore
A ∤ B ⇐⇒ C ∤ D.

Therefore, C3 ∤ D3 if and only if C ∤ D.
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Proposition 18
There exists one number in mean proportion to two similar plane

numbers; and one plane number has to the other a squared ratio with
respect to that which a corresponding side has to a corresponding side.

Proof.

Action 1. Let A,B be similar plane numbers. Let the sides of A be C,D,
and those of B be E,F :

A = CD, B = EF.

Action 2. Since the plane numbers are similar,

C : D = E : F.

Action 3. Alternately (Prop. VII.13),

C : E = D : F.

Action 4. Let D multiply E and produce

G = DE.

Action 5. Since A = CD and G = DE share the multiplier D,

A : G = C : E.

Action 6. Using C : E = D : F ,

A : G = D : F.

Action 7. Since G = DE and B = EF share the multiplier E,

G : B = D : F.

Action 8. Hence
A : G = G : B,

so G is one mean proportional between A and B.
Action 9. The chain is structurally

CD −→ DE −→ EF.
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Action 10. Since A : G = G : B, the ratio A : B is the squared ratio of
A : G.

Action 11. But A : G = C : E = D : F .
Action 12. Therefore

A : B = (C : E)2 = (D : F )2.

Therefore, one mean proportional lies between similar plane num-
bers, and their ratio is the squared ratio of corresponding sides.
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Proposition 19
Two numbers fall between two similar solid numbers in mean

proportion; and a solid number has to a similar solid number a
cubed ratio with respect to that which a corresponding side has to a

corresponding side.

Proof.

Action 1. Let A,B be similar solid numbers with sides

A = CDE, B = FGH.

Similarity gives

C : D = F : G, D : E = G : H.

Action 2. Form the plane numbers

K = CD, L = FG.

Since C : D = F : G, K and L are similar plane numbers.
Action 3. By Proposition VIII.18 there is one mean M between K and L;

in the construction,

M = DF, K : M = M : L.

Action 4. Because K = CD and M = DF ,

K : M = C : F.

Thus the plane chain has the ratio of corresponding first sides.
Action 5. Alternating the side proportions gives

C : F = D : G = E : H.

Action 6. Multiply M by E and H to form two intermediate solid numbers

N = EM, O = HM.

Also A = EK and B = HL.
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Action 7. Since E multiplies K,M to give A,N ,

A : N = K : M = C : F.

Action 8. Since E,H multiply the same number M to give N,O,

N : O = E : H = C : F.

Action 9. Since H multiplies M,L to give O,B,

O : B = M : L = C : F.

Action 10. Therefore
A : N = N : O = O : B.

Thus N,O are two mean proportionals between A and B.
Action 11. The four-term chain contains three equal proportional steps,

each equal to a corresponding-side ratio.
Action 12. Hence

A : B = (C : F )3 = (D : G)3 = (E : H)3.

Therefore, two means lie between similar solid numbers, and their
ratio is the cubed ratio of corresponding sides.
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Proposition 20
If one number falls between two numbers in mean proportion, then

the numbers will be similar plane numbers.

Proof.

Action 1. Let
A : C = C : B.

Thus C is one mean proportional between A and B.
Action 2. Take the least numbers D,E having the same ratio as A,C.
Action 3. Since D,E are least, they measure A,C an equal number of

times. Let that common multiplicity be F . Then

A = DF.

Thus A is a plane number with sides D,F .
Action 4. Because A : C = C : B, the same least ratio D : E also corre-

sponds to C : B.
Action 5. Let the corresponding multiplicity for B be G. Then

B = EG,

so B is a plane number with sides E,G.
Action 6. The proportional structure gives

D : E = A : C = C : B.

Action 7. Comparing the second pair of sides gives

F : G = C : B = D : E.

Action 8. Alternately,
D : F = E : G.

Thus the sides of A and B are proportional.
Action 9. Therefore A and B are similar plane numbers.
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Therefore, A and B are similar plane numbers.

Scholarly note. The transmitted proof in some editions contains a
defective intermediate step: one asserted product is not explicitly
demonstrated. The intended proportional structure and the conclu-
sion above are nevertheless the one transmitted by the proposition.
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Proposition 21
If two numbers fall between two numbers in mean proportion, then

the latter are similar solid numbers.

Proof.

Action 1. Let
A : C = C : D = D : B.

Thus C,D are the two mean proportionals between A and B.
Action 2. Take the least three numbers E,F,G having the same ratio as

A,C,D:
E : F = F : G.

Action 3. The extremes E,G are prime to one another by Prop. VIII.3;
and because one mean F lies between them, Prop. VIII.20 shows
that E,G are similar plane numbers.

Action 4. Let the sides of E be H,K and those of G be L,M :

E = HK, G = LM.

Then
H : L = K : M.

Action 5. From the preceding proposition, the continued ratio E : F = F :
G is also the ratio of corresponding sides:

E : F = F : G = H : L = K : M.

Action 6. Since E,F,G and A,C,D have the same ratio and the same
number of terms,

E : G = A : D.

Action 7. Because E,G are prime to one another, they are the least num-
bers in their ratio and measure A,D equally many times. Let
that multiplicity be N . Then

A = NE = N(HK) = HKN.

Thus A is a solid number with sides H,K,N .
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Action 8. Applying the same least-number reasoning to the triple C,D,B,
let the corresponding multiplicity be O. Then

B = OG = O(LM) = LMO.

Thus B is a solid number with sides L,M,O.
Action 9. We have therefore constructed two solid numbers

A = HKN, B = LMO.

Action 10. Since N,O multiply the corresponding least number to produce
the corresponding terms of the original continued proportion,

N : O = A : C.

Action 11. But
A : C = E : F = H : L = K : M.

Hence
N : O = H : L = K : M.

Action 12. Therefore all three pairs of corresponding sides are proportional.
Action 13. Hence A and B are similar solid numbers.

Therefore, A and B are similar solid numbers.
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Proposition 22
If three numbers are continuously proportional, and the first is

square, then the third will also be square.

Proof.

Action 1. Let
A : B = B : C.

Action 2. Suppose that A is a square number.
Action 3. Because B is one mean proportional between A and C, Propo-

sition VIII.20 shows that A and C are similar plane numbers.
Action 4. A square number is a plane number whose two sides are equal;

hence the ratio of the two sides of A is 1 : 1.
Action 5. Since similar plane numbers have proportional corresponding

sides, the two sides of C must likewise be equal.
Action 6. Therefore C is a square number.

Therefore, C is square.
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Proposition 23
If four numbers are continuously proportional, and the first is cube,

then the fourth will also be cube.

Proof.

Action 1. Let
A : B = B : C = C : D.

Action 2. Suppose that A is a cube number.
Action 3. The numbers B,C are the two mean proportionals between A

and D.
Action 4. By Proposition VIII.21, A and D are similar solid numbers.
Action 5. Since A is cube, its three sides are equal.
Action 6. Similarity of the solid numbers makes the three corresponding

sides of D proportional to three equal sides.
Action 7. Therefore the three sides of D are equal.
Action 8. Hence D is a cube number.

Therefore, D is cube.
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Proposition 24
If two numbers have to one another the ratio which a square number

has to another square number, and the first is square, then the
second will also be square.

Proof.

Action 1. Let
A : B = C : D,

where C,D are square numbers, and suppose that A is square.
Action 2. Since C,D are squares, they are similar plane numbers.
Action 3. By Proposition VIII.18 one mean proportional lies between C

and D; let it be M :

C : M = M : D.

Action 4. Return to the given equality

A : B = C : D.

Action 5. By Proposition VIII.8, the same number of mean proportionals
lies between any other pair having the same outer ratio. Thus
one mean lies between A,B.

Action 6. Let that mean be N :

A : N = N : B.

Action 7. Since A is square and A,N,B are three continuously propor-
tional numbers, Proposition VIII.22 applies.

Action 8. Therefore B is square.

Therefore, B is square.
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Proposition 25
If two numbers have to one another the ratio which a cube number
has to another cube number, and the first is cube, then the second

will also be cube.

Proof.

Action 1. Let
A : B = C : D,

where C,D are cube numbers, and suppose that A is cube.
Action 2. Since C,D are cubes, they are similar solid numbers.
Action 3. By Proposition VIII.19 two mean proportionals lie between C,D;

let them be M,N :

C : M = M : N = N : D.

Action 4. Since A : B = C : D, Proposition VIII.8 transfers the same
number of means to A,B.

Action 5. Let the two transferred means be E,F :

A : E = E : F = F : B.

Action 6. Thus A,E, F,B are four continuously proportional numbers and
the first, A, is cube.

Action 7. By Proposition VIII.23, the fourth term B is therefore cube.

Therefore, B is cube.
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Proposition 26
Similar plane numbers have to one another the ratio which some

square number has to another square number.

Proof.

Action 1. Let A,B be similar plane numbers.
Action 2. By Proposition VIII.18 one mean proportional C lies between

them:
A : C = C : B.

Action 3. Take the least three numbers D,E, F having the same continued
ratio as A,C,B:

D : E = E : F.

Action 4. By the corollary to Proposition VIII.2, in a least three-term
continued proportion the outermost numbers are squares. Hence
D and F are square numbers.

Action 5. Because the least chain and the original chain have correspond-
ing equal ratios and the same number of terms, their first-to-last
ratios are equal:

A : B = D : F.

Action 6. Since D,F are squares, A : B is the ratio of one square number
to another square number.

Therefore, A : B = square : square.
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Proposition 27
Similar solid numbers have to one another the ratio which some cube

number has to another cube number.

Proof.

Action 1. Let A,B be similar solid numbers.
Action 2. By Proposition VIII.19 two mean proportionals C,D lie between

them:
A : C = C : D = D : B.

Action 3. Take the least four numbers E,F,G,H having the same contin-
ued ratio as A,C,D,B:

E : F = F : G = G : H.

Action 4. By the corollary to Proposition VIII.2, the outermost numbers
of a least four-term continued proportion are cubes. Hence E
and H are cube numbers.

Action 5. The two four-term chains have corresponding equal ratios, so
their first-to-last ratios are equal:

A : B = E : H.

Action 6. Since E,H are cubes, A : B is the ratio of one cube number to
another cube number.

Therefore, A : B = cube : cube.
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Closing Note
Book VIII begins with the structure of continued numerical propor-
tion and the least representatives of such proportions. It then de-
velops the arithmetic of mean proportionals, square and cube num-
bers, divisibility and non-divisibility of powers, and finally the nu-
merical characterization of similar plane and solid numbers. The clos-
ing propositions show that similar plane numbers stand in a ratio of
squares, while similar solid numbers stand in a ratio of cubes. In
this way the book binds numerical proportion, dimensional form, and
powers into a single arithmetic theory.
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