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Proposition 1

If there are any multitude whatsoever of continuously proportional
numbers, and the outermost of them are prime to one another, then
the numbers are the least of those having the same ratio as them.

Proof.

Action 1. Let A, B,C, D be continuously proportional, so that
A:B=B:C=C:D,

and suppose that the outermost numbers A and D are prime to
one another:

ged(A, D) = 1.

Action 2. Suppose, contrary to the required conclusion, that there is a
smaller continuously proportional sequence E, F,G, H having
the same corresponding ratios as A, B,C, D.

Action 3. Since the two sequences have the same number of terms and cor-
responding successive ratios, equality through the chains gives

A:D=F:H

(Prop. VIIL.14).

Action 4. Because A and D are prime to one another, they are the least
numbers having their ratio (Prop. VII.21).

Action 5. The least numbers of a ratio measure any other numbers having
that ratio an equal number of times, the leading measuring the
leading and the following the following (Prop. VII.20). Hence
A measures E and D measures H.

Action 6. But ' was assumed smaller than A. A greater positive number
cannot measure a smaller positive number. This is impossible.

Action 7. Therefore the supposed smaller continuously proportional se-
quence F, F, G, H cannot exist.

Action 8. Hence A, B,C, D are the least numbers having their continued
ratio.
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Therefore, if the extremes of a continued proportional sequence are
prime to one another, the entire sequence is the least sequence having
that ratio.
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Proposition 2

To find the least numbers, as many as may be prescribed, which are

continuously proportional in a given ratio.

Proof.

Action 1.

Action 2.

Action 3.

Action 4.

Action 5.

Action 6.

Action 7.

Action 8.

Action 9.

Let the given ratio be expressed by the least numbers A : B. By
Prop. VII.22, A and B are prime to one another.

Suppose, for example, that four continuously proportional num-
bers are required in the ratio A : B.

Form the first products
C = A2, D = AB, E = B2
Form a second layer by multiplying C, D, E by A, and F by B:
F = A3, G = A’B, H = AB?, K = B3.

Since the same multiplier A produces C, D from A, B, and the
same multiplier B produces D, E from A, B, Props. VII.17-18
give

C:D=D:E=A:B.
Applying the same reasoning to F, G, H, K gives

F:G=G:H=H:K=A:B.

Since A and B are prime to one another, equal powers of them
are prime to one another (Prop. VIL.27); hence C, E are prime
to one another and likewise F, K are prime to one another.

By Proposition VIII.1, the three-term chain C, D, FE and the
four-term chain F, G, H, K are therefore the least chains having
the ratio A : B.

The same construction continues: for any prescribed number n
of terms, the sequence

AMTLAMTEB, AMTSB? L AB™?, BT
has each adjacent ratio equal to A : B.

5
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Action 10. Thus one can construct the least continuously proportional num-
bers, in any prescribed multitude, in the given ratio.

Therefore, the required least continued proportional sequence exists
for any prescribed number of terms.
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Proposition 3

If there are any multitude whatsoever of continuously proportional
numbers which are the least of those having the same ratio as them,

then the outermost of them are prime to one another.

Proof.

Action 1.

Action 2.

Action 3.

Action 4.

Action 5.

Action 6.

Action 7.

Action 8.

Action 9.

Let A, B,C, D be the least numbers in their continued ratio:
A:B=B:C=C:D.

We must prove that A and D are prime to one another.

Take the least pair F, F' having the same basic ratio as A : B.
By Prop. VIIL.22,

ged(E,F) = 1.
By Proposition VIII.2 construct the least three-term sequence
G, H, K in the ratio F : F.

Continue the same construction, increasing the number of terms
one at a time, until a least sequence L, M, N, O is obtained with
the same number of terms as A, B,C, D.

Since E, F are prime to one another, the successive extreme
powers constructed from them are prime to one another (Prop.
VII.27). Hence L and O are prime to one another.

Both A, B,C,D and L, M, N, O are least sequences in the same
continued ratio and have the same number of terms.

Therefore corresponding terms are equal; in particular,
A=1L, D=0.

Since L and O are prime to one another, A and D are also prime
to one another.

Thus the outermost terms of a least continued proportional se-
quence are prime to one another.

Therefore, gcd(A, D) = 1.
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Proposition 4

For any multitude whatsoever of given ratios, expressed in the least
numbers, to find the least numbers continuously proportional in these
given ratios.

Proof.
Action 1. Let the given ratios, each already expressed in least numbers, be
A: B, C:D, E . F.

We seek four least numbers whose successive ratios are these
three ratios.

Action 2. Let G be the least number measured by both B and C (Prop.
VIIL.34).

Action 3. As many times as B measures GG, let A measure H. Then
H:G=A:B.

Action 4. As many times as C' measures G, let D measure K. Then
G:K=C:D.

Action 5. It remains to attach the ratio £ : F' to K. There are two cases
according as F measures K or does not measure it.

Action 6. If £ | K, let K = pE and set L = pF'. Then
K:L=F:F,

so H,G, K, L have the three required successive ratios.

Action 7. Suppose instead that F 1 K. Let M be the least number mea-
sured by both E and K. Scale H, G, K by the same factor which
takes K to M, obtaining N, O, M; then choose P so that

M:P=F:F.

Thus N, O, M, P have the required ratios.

10
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Action 8. In either case, suppose a smaller chain existed. Its second term
would be measured both by B and C, and therefore by their
least common multiple G (Prop. VIL.35), contradicting its being
smaller than G; in the second case the analogous argument uses
the least common multiple of F and K.

Action 9. Hence the chain produced in the relevant case is the least chain
continuously proportional in the prescribed ratios.

Therefore, the least numbers continuously proportional in any pre-
scribed sequence of ratios can be constructed.

11
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Proposition 5

Plane numbers have to one another the ratio compounded out of the

ratios of their sides.

Proof.

Action 1.

Action 2.

Action 3.

Action 4.

Action 5.

Action 6.

Action 7.

Action 8.

Action 9.

Action 10.

Let A and B be plane numbers. Let the sides of A be C, D and
the sides of B be E, F':

A=CD, B =FEF.
Isolate the two ratios of corresponding sides:
C:FE and D:F.

By Proposition VIII.4 take least numbers G, H, K continuously
proportional in those two ratios, so that

G:H=C:E, H:K=D:F.
Let D multiply F and produce the bridge number
L=DE.
Since D makes A from C and L from FE, Prop. VIL.17 gives
A:L=C:FEF=G:H.
Since F makes L from D and B from F, Prop. VII.17 gives
L:B=D:F=H:K.

Thus the two three-term chains A, L, B and G, H, K have corre-
sponding equal successive ratios.

Passing from first to last through equal ratios (Prop. VII.14)
gives

A:B=G: K.
But G : K is, by construction, the ratio compounded out of
G:H and H : K, that is, out of C: F and D : F.

Hence the ratio of the plane numbers A : B is compounded out
of the ratios of their sides.

Therefore, A : B is the ratio compounded from C : E and D : F.

13
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Proposition 6

If there are any multitude whatsoever of continuously proportional
numbers, and the first does not measure the second, then no other

number will measure any other number either.

Proof.

Action 1.

Action 2.

Action 3.
Action 4.

Action 5.

Action 6.

Action 7.

Action 8.

Let A, B,C, D, E be continuously proportional and suppose
A1 B.

The successive terms therefore do not measure one another.

We must show more generally that no earlier term measures any
later term.

Suppose, if possible, that A measures C.

Take the least three numbers F, G, H having the same continued
ratio as A, B,C (Prop. VIL.33). Then

A:C=F:H

by equality through the chains (Prop. VII.14).
Since A: B=F : G and At B, Def. VIL.20 gives F'{ G. Hence

F is not a unit, because the unit measures every number.

The numbers F, G, H are least in their continued ratio; therefore
their extremes F, H are prime to one another by Prop. VIIL.3.
Since F' is not a unit, F' cannot measure H.

But A: C = F: H. If A measured C, then the leading term F
would measure the following term H the same number of times
(Def. VII.20), contradiction.

Therefore A 4 C. Repeating the same argument for any two
nonadjacent members proves that no member of the continued
proportional sequence measures any other.

Therefore, if the first does not measure the second, no term in the
continued proportion measures another term.

15
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Proposition 7

If there are any multitude whatsoever of continuously proportional
numbers, and the first measures the last, then the first will also

measure the second.

Proof.

Action 1.

Action 2.

Action 3.

Action 4.

Action 5.

Action 6.

Action 7.
Action 8.

Let
A:B=B:C=C:D

and suppose that A measures the last term D:
Al D.

We must prove that
Al B.

Suppose, contrary to the desired conclusion, that
A1 B.

By Proposition VIIL.6, if the first term of a continued proportion
does not measure the second, then no term measures any other
term.

In particular Proposition VIII.6 would imply
At D.

But the hypothesis says
Al D.

This is a contradiction.

Therefore the supposition A 1 B is false, and hence A | B.

Thus the first term, if it measures the last term of a continued
proportion, also measures the second.

Therefore, A | B.

17
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Proposition 8

If between two numbers there fall some numbers in continued
proportion, then as many numbers as fall between them in continued
proportion, so many numbers will also fall between any two numbers

having the same ratio as them in continued proportion.

Proof.

Action 1.

Action 2.

Action 3.

Action 4.

Action 5.

Action 6.

Action 7.

Let
A:C=C:D=D:B,

so that two mean proportionals C, D lie between A and B.

Let another pair F, F' satisfy
A:B=FE:F.

We seek two means between E and F'.

Take the least four numbers G, H, K, L having the same contin-
ued ratio as A,C, D, B.

Since G, H, K, L are least in their continued ratio, their extremes
are prime to one another by Prop. VIII.3:

ged(G, L) = 1.
Comparing first-to-last ratios gives
A:B=G:L.

Together with A: B=F: F, thisgivesG: L=F : F.

Since G, L are prime to one another, they are the least numbers
in their ratio (Prop. VIIL.21), and hence they measure E,F
equally many times. Thus for some positive integer r,

E =1rG, F=nrL.
Scale the interior terms by the same factor:

M =rH, N =rK.

19
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Action 8. Equal scaling preserves all adjacent ratios, so
E:M=M:N=N:F

Action 9. Thus exactly two mean proportionals, M, N, lie between E and
F', the same number as between A and B.

Action 10. The argument is unchanged for any number of intermediate pro-
portional terms.

Therefore, pairs of numbers having the same outer ratio admit the
same number of intervening mean proportionals.

20
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Proposition 9

If two numbers are prime to one another, and some numbers fall
between them in continued proportion, then as many numbers as fall
between them in continued proportion, so many numbers will also
fall between each of them and a unit in continued proportion.

Proof.

Action 1.

Action 2.

Action 3.

Action 4.

Action 5.

Action 6.

Action 7.

Let A and B be prime to one another and let
A:C=C:D=D:B.

Set out the unit F = 1.

Take the least pair F,G having the same basic ratio as the con-
tinued chain.

By Proposition VIII.2 construct successively the least three num-
bers H, K, L and the least four numbers M, N, O, P in that ratio.

Because A, B are prime to one another, the original four-term
chain is least (Prop. VIII.1), and therefore coincides term-by-
term with the least four-term chain; in particular

M= A, P=B.
From the construction of Proposition VIII.2,
H=F?, M=F3=A,

and similarly

Since F is the unit,
EF:F=F:H=H:A.

Thus F, H are two mean proportionals between the unit and A.

Likewise,
E:G=G:L=L:B8B,

so GG, L are two mean proportionals between the unit and B.

22
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Action 8. Hence the same number of mean proportionals lies between 1
and each extreme as lay between A and B.

Action 9. The reasoning applies to any number of intervening terms.

Therefore, if prime extremes admit n mean proportionals, then each
extreme admits n mean proportionals with the unit.

23
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Proposition 10

If some numbers fall between each of two numbers and a unit in
continued proportion, then as many numbers as fall between each of
the two numbers and the unit in continued proportion, so many
numbers will also fall between the two numbers themselves in

continued proportion.

Proof.

Action 1.

Action 2.

Action 3.

Action 4.

Action 5.

Action 6.

Action 7.

Action 8.

Action 9.

Let C' =1 and suppose

C:D=D:E=FE:A, C:F=F:G=G:B.

Since C' is the unit, the first chain gives
E = D?, A= D3
Similarly, the second chain gives
G = F?, B = F3.
Let D multiply F', producing
H = DF.

Let

K = DH = D?F, L =FH = DF?.

From the products,
E:-H=H:G=D:F
Since A = D? and K = D?F,
A:K=D:F
Since K = D?F and L = DF?,
K:L=D:F.
Since L = DF? and B = F?,
L:B=D:F

25
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Action 10. Therefore
A:K=K:L=1L:B.

Action 11. Thus the same number of mean proportionals lies between A
and B as lies between the unit and each of them.

Therefore, the two means K, L fall between A and B in continued
proportion.

26
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Proposition 11

There exists one number in mean proportion to two given square
numbers; and one square number has to the other a squared ratio
with respect to the ratio of their sides.

Proof.
Action 1. Let A, B be square numbers with respective sides C, D:
A=C? B = D2
Action 2. Construct the mixed product
E=CD.
Action 3. Since A=C-C and E =C - D, Prop. VIL.17 gives
A:E=C:D.
Action 4. Since E=C-Dand B=D- D,
E:B=C:D.

Action 5. Hence
A:E=F:B,
so F is a mean proportional between A and B.
Action 6. Thus A, E, B are three continuously proportional numbers.

Action 7. Passing from the first term to the third takes the common ratio
twice; hence A : B is the squared ratio of A : E.

Action 8. But A: E=C: D.
Action 9. Therefore A : B is the squared ratio of C : D.

Action 10. In modern notation,
A (O
B \D)

Therefore, one mean proportional exists between two squares, and
the ratio of the squares is the squared ratio of their sides.

28
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Proposition 12

There exist two numbers in mean proportion to two given cube
numbers; and one cube number has to the other a cubed ratio with
respect to the ratio of their sides.

Proof.

Action 1. Let A, B be cube numbers with sides C, D:
A=C3, B = D3,
Action 2. Construct
E = (C?, F=CD, G = D?
Action 3. Multiply the mixed product by the two sides and set
H =CF = C?D, K = DF = CD?.
Action 4. Since A is the cube on C' and B the cube on D,
A=CE = ("3, B = DG = D3.
Action 5. From F = C? and F = CD,
E.F=C:D.
Action 6. From F = CD and G = D?,
F:G=C:D.
Action 7. Because A =CFE and H = CF,
A:H=FE:F=C:D.
Action 8. Because H = CF and K = DF,
H:K=C:D.
Action 9. Because K = DF and B = DG,
K:B=F:G=C:D.
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Action 10. Therefore
A:H=H:K=K:B,
so H, K are the two mean proportionals.

Action 11. The ratio from A to B consists of three successive copies of the
side ratio.

Action 12. Hence
A:B=(C:D)3.

Therefore, two mean proportionals lie between two cubes, and their
ratio is the cubed ratio of their sides.

31



VIII, PROPOSITION 12
THERE EX TWO NU IN N PROPORTION TO TWO GIVEN CUBE NUME
AND ONE CUBE NUMBER HAS ) THE OTHER CUBE NUME
WITH RESPECT TO THE RATIO OF THEIR §
SET OUT THE TWO CUBE NUMBERS. BO corrEaor,
e k o it ™ ANDFANDG
‘cube numbers, i by each of the orlginal sdes. 3 By Book VI, Prop. 17,

Let C be the side of A, L H=CxF=C'xD)]
and D the side o B
K=DxF=CxD?

betuween the cabe mumbers
andB.

« And A to B has the cubed.

AV H.
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Proposition 13

If there are any multitude whatsoever of continuously proportional
numbers, and each makes some number by multiplying itself, then
the numbers so produced will also be continuously proportional; and
if the original numbers multiply the numbers so produced, the new

numbers will likewise be continuously proportional.

Proof.
Action 1. Let
A:B=B:C.
Action 2. Let each original number multiply itself:

Action 3.

Action 4.

Action 5.

Action 6.

Action 7.

Action 8.

Action 9.

D = A2, FE = B2, F=C2
Let each original number multiply its own square:

G = A3, H = B3, K = 3.
Construct a bridge between A and B by setting

L = AB, M = AL = A%B, N = BL = AB?.

Then

D:L=L:FE,
for A2: AB=AB:B?>=A: B.
Likewise

G:M=M:N=N:H.
Construct the corresponding bridge between B and C:
O = BC, P = BO = B%C, Q = CO = BC?.

Then
E:0=0:PF.

Likewise
H:P=P:QQ=Q:K.
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Action 10. Since the original ratios satisfy A : B = B : ', the two square
bridge-chains have equal corresponding ratios, and the two cube
bridge-chains do also.

Action 11. Passing through the equal square chains gives
D:E=F:F

Action 12. Passing through the equal cube chains gives
G:H=H:K.

Action 13. Thus equal powers of continuously proportional numbers are
themselves continuously proportional; in modern notation,

A:B=B:C= A":B"=B":(C".

Therefore, squares, cubes, and successive equal powers preserve the
continued proportion.
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EUCLID — BOOK VIII, PROPOSITION 13
IF THERE ARE ANY MULTITUDE WHATSOEVER OF CONTINUOUSLY PROPORTIONAL NUMBERS,
AND EACH MAKES SOME NUMBER BY MULTIPLYING ITSELF, THEN THE NUMBERS CREATED FROM THEM WILL ALSO BE CONTINUOUSLY PROPORTIONAL
AND IF THE ORIGINAL NUMBERS MULTIPLY THE NUMBERS S ED, THE NEW NUMBERS WILL ALSO BE CONTINUOUSLY PROPORTIONAL

 SETOUT A CONTINUED ‘CUBE EACH NUMBER.

PROPORTION (PRODUCE THE THIRD KoW)

Let A, B, C be three numbers Let0=BxC.
in continued proportion it multiply the square made

fromit. Lb
D-AxA=A e T ] [E:0=0:F tromp,0 TR |
E-BxB=B | | H-5xE-B | = < 0=BC? Sowe have two equalraios. | | (fomB,C)

S0 we have two equal raios

” 'VISUAL SUMMARY

The chains D-L-E and
E-O-F have the same one above by muliplying continued proportion,
of chains (from A to B) i i ifA: each term by itslf. the numbers created from
lengeh it P
powers are also in
continued proportion.

s the same as the ratio
of the second pair heefore, by equalty
Buo) | from it s, from firs o st

D ] G:H=H:K |

So the squares are in B So the cubes are in
continued proportion. continued proportion.

B

STARTING PROPORTION
Continuous proportion s stable
under equal p AT = A

And the same for e
higher power.
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Proposition 14

If a square number measures another square number, then the side
of the former will also measure the side of the latter; and if the side
measures the side, the former square number will measure the latter

square number.

Proof.

Action 1.

Action 2.

Action 3.

Action 4.

Action 5.

Action 6.

Action 7.

Action 8.

Action 9.

Let A = C? and B = D? be square numbers, and first suppose
Al B.
Construct the mean proportional £ = CD. By Prop. VIIIL.11,
A:E=FE:B=C:D.

Since A, FE, B are continuously proportional and A | B, Propo-
sition VIIL.7 gives
A|E.

Since A: E = C': D, the equal numerical ratio implies

C | D.
Thus
A|B=C|D.
Conversely suppose
C| D.

Again A: F = C : D, so the equality of ratios gives
Al E.

Since A: E = E : B, the same continued proportional structure
carries the divisibility onward, and A | B.

Therefore
A|B < C|D.

Therefore, C? | D? if and only if C' | D.
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== — 5 =
EUCLID — BOOK VIII, PROPOSITION 14
IF A SQUARE NUMBER MEASURES ANOTHER SQUARE NUMBER, THEN THE SIDE OF THE FORMER
WILL ALSO MEASURE THE SIDE OF THE LATTER. AND IF THE SIDE OF A SQUARE NUMBER MEASURES
THE SIDE OF ANOTHER SQUARE NUMBER, THEN THE FORMER SQUARE NUMBER WILL ALSO URE THE LATTER
FIRST DIRECTION SET OUT THE SQUARES 'CONSTRUCT THE MEAN 'USE THAT A MEASURES B
If the square A measures Let A and B be square numbers. Pro] IONAL Since A, E, B are in
) Let Ge the side of A, Miliply the sces C and D> Core oy
then side C measures il e =g B LetE = CxD. and A measures B (A | B),
By Prop. 11, by Prop. 7,

| B)

Aalso measures E.

and we have A | E.
Therefore the first side.

measures the second.
Therefore A | E.

ASSUME THE SIDES
Assume C measures D.

Hence C | D.

| Thehore
| from A | Bwe have
TRANSFER FROM SIDES
TO NUMBERS PROPORTION
Since C:D = A:E Since A, E, B are in
and C measures D (C | D),
therefore A measures E.
Thus A | E.
WHOLE IDEA
Insert the mean proportional
en the squar
with common ratio C

continued proportion,

and A measures E (A | E),
D.

by Prop. 7,
Aalso measures B,

Therefore A | B.

Property of Continued Proportion
then it measuresevery mean
‘proportional

them.
(Prop.7)

EQUALITY OF RATIOS
[A%IE = B} BI=IC!4D]
i the bridge that connects

squares and their sides.
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Proposition 15

If a cube number measures another cube number, then the side of the
former will also measure the side of the latter; and if the side
measures the side, the former cube number will measure the latter

cube number.

Proof.

Action 1.

Action 2.

Action 3.

Action 4.

Action 5.

Action 6.

Action 7.

Action 8.

Let A= C? and B = D3 be cube numbers, and first suppose
Al B.
Construct the Proposition VIII.12 chain
A:H=H:K=K:B=C:D,

where H = C2D and K = CD?.

Since A, H,K,B are continuously proportional and A | B,
Proposition VIII.7 gives

A|H.

Because A: H = C : D, it follows that

C| D.
Hence
A|B=C|D.
Conversely suppose
C | D.

From C : D = A : H we obtain
Al H.

Since A : H = H : K = K : B, the divisibility propagates
through the chain and yields

A|B.
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Action 9. Hence
C|D= A|B.

Action 10. Therefore
A|B < C|D.

Therefore, C? | D3 if and only if C' | D.

39



E

NUMBER A
MEASL

IF A CUR
AND IF THE SIDE OF
SET OUT THE CUBES
Let A and B be two
cube numbers.
Let C be the side of A,
and D the side of B.

FIRST DIRECTION
If A measures B,

ASSUME THE SIDES
Assume C measures D.
(D)

SECOND DIRECTION
1f C measures D,
then A measures B.

THE WHOLE [DEA
Squares and

Between the cubes C* and D)
F=CxD

T —— :-C
C?D and CT
this continued proportion.

OTHER CL

ES THE

UCLID - BOOK VIII, PR

NUMBER, TH

SIDE OF A

THE

'SQUARES AND PRODUCTS

E=C* (CxQ)
cxD

G=D* (DxD)

“Then multiply F by C and by D:

E=C%, F=CxD, G
(HE cipiic=cnd

From Proposition 12,

POWFERS BUILT FROM THE SIDES.
Products

G=D*

NOTHER

SIDE OF THE

EN TH
NUMBER, THER

CUBE TH

BY PROPOSITION 12

AH K, Barein
continued proportion
and their common
ratio s C < D

and C measures D (C | D),
therefore A measures H.

HE GiDESR=CDd

40

OPOS
ORMEF

ITION 15
L ALSC

L
UBE NUMBEF

SRMER

Since A, H, K, B are in
continued proportion and
Ameasures B (A| B),
by Proposition 7,

A also measures H.

OF PROPORTION
Since A, H, K, B are in
continued proportion and
A measures H (A | H),
by Proposition 7,
. Aalso measures B.

KeY Toow
Proposition 7
Ifin a continued proporton.
thefrstterm
the last, it measures

RE THE SIT

ButA:H=C:D,
and we have A | H.

|
B oo e docsiae

‘measures the second.

Hence C | D.

CONCLUSION

Therefore:
A measures B
iff

SUMMARY OF
SECOND DIRECTION.

c|p }
1 C measures D.

AlB = C|D
or
D = el

EQUIVALENCE
ICHD> = " C[Di
Cube numbers divide

iff
their sides divide.
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Proposition 16

If a square number does not measure another square number, then

the side of the former will not measure the side of the latter either;

and if the side does not measure the side, the former square number
will not measure the latter square number either.

Proof.

Action 1. Let A = C? and B = D? be square numbers and suppose
A1 B.

Action 2. Assume, contrary to the desired conclusion, that
C|D.

Action 3. By Proposition VIII.14, C' | D implies
Al B.

Action 4. This contradicts the hypothesis A t B.
Action 5. Therefore
C{D.
Action 6. Conversely suppose
C{D.
and assume that A | B.
Action 7. Proposition VIII.14 would then imply C' | D, contradiction.
Action 8. Hence
A1 B.

Action 9. Thus
AtB < C1{D.

Therefore, C? { D? if and only if C'{ D.
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FIRST DIRECTION: If A

Let A and B be square numbers.
Let C be the side of A,
and D the side of B.

A=C?

SET OUT THE SIDES.

Assume: C does not

quare number and another square number
stand in the same relation of divisibility

as their si

EUCLID — BOOK VIII, PROPOSITION

ARE NUMBER DOES NOT MEASURE
E

THE SIDE OF THE
JRE THE SIDE OF
UMBER

/ASSUME THE OPPOSITE
Suppose, on the contrary,
that C measures D.

ASSUME THE OPPOSITE
Suppose, on the contrary,

B =D

NOTHER SQU

RE NUMBER

LA EITHER

OTHER SQU

ARE NU

E THE LATTER SQUARE

42

@ Arewy ProvosiTION 14

But by Proposition 14,
if C measures D,
then A measures B.

'@ APPLY PROPOSITION 14 AGAIN ¢
But by Proposition 14,
measures B,
then C measures D.
Fayz

v (Prop. 14)

[c|p
D

THEN THE SIDE OF THE FORMER

REACH CONTRADICTION
‘But we assumed C does not measure D.
‘Thus we have both:
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Proposition 17

If a cube number does not measure another cube number, then the
side of the former will not measure the side of the latter either; and
if the side does mot measure the side, the former cube number will

not measure the latter cube number either.

Proof.

Action 1.

Action 2.

Action 3.

Action 4.

Action 5.

Action 6.

Action 7.

Action 8.

Action 9.

Let A= C? and B = D3 be cube numbers and suppose
A1 B.

Assume, contrary to the desired conclusion, that
C|D.

By Proposition VIIL.15, C | D implies
Al B.

This contradicts A t B.
Therefore
C{D.
Conversely suppose C'1 D and assume A | B.
Proposition VIIL.15 would then imply C' | D, contradiction.
Hence

At B.

Therefore
A{B < C1{D.

Therefore, C* { D3 if and only if C'{ D.
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E NUMBER, THEN THE S|
TER EITHER. AND IF THE SIDE OF A
DOES NOT MEASURE THE SIDE OF ANOTHER CUBE NUMBER, THEN THE FORMER CUBE
NUMBER WILL NOT MEASURE THE LATTER CUBE NUMBER EITHER
, then C does not measure D.

ASSUME THE OPPOSITE APPLY PROPOSITION 15 © REACH A CONTRADICTION
Suppose, on the contrary, 0 But by Proposition 15, But we assumed A does not measure B.
Let C be the side of A, and | BB that C measures D. § i Cmessures D, | “Thus we have both:
D the side of B.

L=E

A|B and A#B
IMPOSSIBITE! 5

SET OUT THE SIDES /ASSUME THE OPPOSITE 'APPLY PROPOSITION 15 AGAIN
Assume: C does not ) Suppose, on the contrary, | S But by Proposition 15,
measure D. i that A measures B. |

THE WHOLE RESULT
For cube numbers and their side:

divisibility (or non-divisibility)
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Proposition 18

There exists one number in mean proportion to two similar plane
numbers; and one plane number has to the other a squared ratio with
respect to that which a corresponding side has to a corresponding side.

Proof.

Action 1. Let A, B be similar plane numbers. Let the sides of A be C, D,
and those of B be E, F':

A=0CD, B=FEF.
Action 2. Since the plane numbers are similar,
C:D=FE:F.
Action 3. Alternately (Prop. VIIL.13),
C:E=D:F.
Action 4. Let D multiply E and produce
G = DE.
Action 5. Since A = CD and G = DF share the multiplier D,
A:G=C:FE.
Action 6. UsingC: E=D: F,
A:G=D:F.
Action 7. Since G = DFE and B = EF share the multiplier F,
G:B=D:F.

Action 8. Hence
A:G=G:B,

so (7 is one mean proportional between A and B.

Action 9. The chain is structurally
CD — DE — EF.
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Action 10. Since A : G = G : B, the ratio A : B is the squared ratio of
A:G.
Action 11. But A:G=C:E=D:F.

Action 12. Therefore
A:B=(C:E)?=(D:F)>

Therefore, one mean proportional lies between similar plane num-
bers, and their ratio is the squared ratio of corresponding sides.
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THERE EXISTS ONE NUMBER IN MEAN PROPORTION TO T
AND ONE PLANE NUMBER HAS TO THE OTHER PLANI

R D RATIO
WITH RESPECT TO THAT WHICH A CORRESPONDING SIDE HAS TO A ¢

A SQU
ORRESPONDING SIDE
EROM Si
‘OF THE PLANE NUMBERS.
Since A and B are similar, o
- ther sides are we alternately obtain
i i i (65 3 il T
and the sides of B be E, E. C:D=E:F C:E = D:E

@ THE MEAN PROPORTIONAL
From (5) and (6) we have
A:G=G:B=D:F
Therefore  A:G = G:B.

So G is the one mean proportional from A toB.

=G:B,

But A: G = C: E (from step 5).
the same ratio (D : F)

Therefore.
s taken twice to go

between A and B. Hence A : B is the {
ER G t 2 Thus one plane number
A e = 1 has to the other plane number
7 a squared ratio with respect to that
which a corresponding side
has to.a corresponding side.
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Proposition 19

Two numbers fall between two similar solid numbers in mean
proportion; and a solid number has to a similar solid number a
cubed ratio with respect to that which a corresponding side has to a

corresponding side.

Proof.

Action 1.

Action 2.

Action 3.

Action 4.

Action 5.

Action 6.

Let A, B be similar solid numbers with sides
A=CDE, B =FGH.
Similarity gives
C:D=F:QG, D:E=G:H.
Form the plane numbers
K =0CD, L =FQG.

Since C': D = F : G, K and L are similar plane numbers.

By Proposition VIII.18 there is one mean M between K and L;
in the construction,

M = DF, K:M=M:L.
Because K = CD and M = DF,
K:M=C:F

Thus the plane chain has the ratio of corresponding first sides.

Alternating the side proportions gives
C.:.F=D:G=F:H.

Multiply M by E and H to form two intermediate solid numbers
N =FEM, O=HM.

Also A= FK and B= HL.
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Action 7.

Action 8.

Action 9.

Action 10.

Action 11.

Action 12.

Since E multiplies K, M to give A, N,
A:N=K:M=C:F.

Since E, H multiply the same number M to give N, O,
N:O=FE:H=C:F.

Since H multiplies M, L to give O, B,
O:B=M:L=C:F

Therefore
A:N=N:0=0:B.
Thus N, O are two mean proportionals between A and B.

The four-term chain contains three equal proportional steps,
each equal to a corresponding-side ratio.

Hence
A:B=(C:F»=(D:G)?®=(E:H)?.

Therefore, two means lie between similar solid numbers, and their
ratio is the cubed ratio of corresponding sides.
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EUCLID — BOOK VIII, PROPOSITION 19
1D NMBER HAS TO A SIMILAR SOLID NUMBER A CUBED RATIO
R

ke the it two sids of exch solid 3 A=CDE, N=FDE, O-FGE, BFGHL
D and L=FG, : Compare stp by step
Since C:D = F: G, the plane numbers A el O OLE
K and L are similar. So two mumbers,
Nand O,
Fist form N = FDE Al ot B
(eplace Cy ) in mean proportion.

(replace D by G).

'SUMMARY OF CONSTRUCTION || THE RESULT

The ratio (C : F) is taken three times to go

o mean proportionals
from A toB.

- - o nambers ll betwsen
N and Ol between el IS, e e ||| “For Nature works
Therefore A : B has the cubed ratio D K M s in threes in space,
N=FDE (replace CbyP) ANOB
O=FGE (xpace DbyO) || pnd e i f et || that are whole
B=FGH (eplccEbyH) || & tecbeimioot |

comesponding e

as in all things
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Proposition 20

If one number falls between two numbers in mean proportion, then

the numbers will be similar plane numbers.

Proof.

Action 1.

Action 2.
Action 3.

Action 4.

Action 5.

Action 6.

Action 7.

Action 8.

Action 9.

Let
A:C=C:B.

Thus C' is one mean proportional between A and B.
Take the least numbers D, E having the same ratio as A, C.

Since D, E are least, they measure A,C an equal number of
times. Let that common multiplicity be F'. Then

A= DF.

Thus A is a plane number with sides D, F.

Because A : C' = C : B, the same least ratio D : E also corre-
sponds to C : B.

Let the corresponding multiplicity for B be G. Then
B = EG,

so B is a plane number with sides F, G.

The proportional structure gives
D:E=A:C=C:B.

Comparing the second pair of sides gives
F:G=C:B=D:EFE.

Alternately,
D:F=F:G.

Thus the sides of A and B are proportional.

Therefore A and B are similar plane numbers.

o1



EucLiD — THE ELEMENTS

Therefore, A and B are similar plane numbers.

Scholarly note. The transmitted proof in some editions contains a
defective intermediate step: one asserted product is not explicitly
demonstrated. The intended proportional structure and the conclu-
sion above are nevertheless the one transmitted by the proposition.
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SET OUT THE CONTINUED
PROPORTION

Let the numbers A, C, B |

be such that
/N6 S

50 C s the mean
proportional between
AandB

COMPARE ONE PAIR OF SIDES
From the original proportion

D : E has the same ratio
asA:C (andas C:B).

F
we build A and B as plane o

and show their sides are proportional

IF ONE NUMBER

©  revuce roms et RaTo
LD, be et s
e

L Since D, E are the s,
they measure A, C
an equal number of times

@  Comrare THE OTHER PAIR
From the constructions we have
A=DxF and B=ExG.

It follows that

ALLS BETW

©

But C:

EN TWO NUMBERS IN ME
THEN THE NUMBERS WILL BE SIMILAR PLANE

A=DxF.

Therefore A is a
plane number
with sides D and F.

EQUAL RATIOS
=D:E (fomstep).
Therefore.

FiG=D:E

Hence

53

N PROPORTION

NUMBERS

Let G be that number of times
E measures B.

Then B =E X G.
Therefore B is a

plane number
with sides E and G.

© AurernaTE THE PROPORTION

FomD:E=F:G,
by altermation we obtain
D E2 EnG o the sdes of B

Therefore
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Proposition 21

If two numbers fall between two numbers in mean proportion, then

the latter are similar solid numbers.

Proof.

Action 1.

Action 2.

Action 3.

Action 4.

Action 5.

Action 6.

Action 7.

Let
A:C=C:D=D:B.

Thus C, D are the two mean proportionals between A and B.

Take the least three numbers F, F, G having the same ratio as
A,C, D:
E:F=F:G.

The extremes E,G are prime to one another by Prop. VIII.3;
and because one mean F' lies between them, Prop. VIII.20 shows
that E, G are similar plane numbers.

Let the sides of F be H, K and those of G be L, M:
E=HK, G =LM.

Then

H:L=K:M.
From the preceding proposition, the continued ratio £ : F' = F':
G is also the ratio of corresponding sides:

E.:F=F:G=H:L=K:M.

Since E,F,G and A,C,D have the same ratio and the same
number of terms,

E:G=A:D.
Because E, G are prime to one another, they are the least num-

bers in their ratio and measure A, D equally many times. Let
that multiplicity be N. Then

A=NE =N(HK)= HKN.

Thus A is a solid number with sides H, K, N.
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Action 8.

Action 9.

Action 10.

Action 11.

Action 12.
Action 13.

Applying the same least-number reasoning to the triple C, D, B,
let the corresponding multiplicity be O. Then

B=0G=0(LM)=LMO.
Thus B is a solid number with sides L, M, O.
‘We have therefore constructed two solid numbers

A=HKN, B=LMO.

Since N, O multiply the corresponding least number to produce
the corresponding terms of the original continued proportion,

N:0O=A:C.

But
A:C=FE:F=H:L=K:M.
Hence
N:O=H:L=K:M.
Therefore all three pairs of corresponding sides are proportional.

Hence A and B are similar solid numbers.

Therefore, A and B are similar solid numbers.
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EUCLID — BOOK VIII, PR
) NUMBERS IN MEAN

POSITION 21

PROPORTION,

TWO NUMBERS FALL BETWEEN TW
THEN THE LATTER ARE SIMILAR SOLID NUMBERS.
GIVE SIDESTO EAND G

lies between E and G,

E:F=F:G

by Proposition 20,
E and G are similar

Let E, F, G be the leastthree numbers
having the same ratio as A, C, D.

E:F=F:G

‘Therefore E and G are prime
0 one another.

SET OUT THE CONTINUED
PROPORTION

@ sourrroomina
'SmuE:G=A DandE LG,

the least number E measures A
s many times as G measures D.
Let N be that number

of times.

‘COMPARE THE EXTREMES
Since E,F, G have th e o
a5 4,C, D, s both ripkes
e
(E:G=4a:D)

But E and G are prime

F=F
toEandG,

up to form ¢

Let the sides of E be H, K
and the sides of G be L, M.
xK

© Coveare e THiRD S1DES
Since E measures A N times

and also measures C N times,
= N

56

@ 71k R0 OF THE TrREE TeRMS
From the continued propartion,

CONCLUDE
We have shown that the

three corresponding sides
of the solids A and B are

H M=N

Therefore A and B
are similar solid numbers.
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Proposition 22

If three numbers are continuously proportional, and the first is
square, then the third will also be square.

Proof.
Action 1. Let
A:B=B:C.
Action 2. Suppose that A is a square number.

Action 3. Because B is one mean proportional between A and C', Propo-
sition VIII.20 shows that A and C are similar plane numbers.

Action 4. A square number is a plane number whose two sides are equal;
hence the ratio of the two sides of Ais 1: 1.

Action 5. Since similar plane numbers have proportional corresponding
sides, the two sides of C' must likewise be equal.

Action 6. Therefore C' is a square number.

Therefore, C is square.
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In proportion
there is order,
and from one truth
“another follows.

EUCLID’S ELEMENTS — BOOK VIII

PROPOSITION 22

&

So, my boy,
if the first number

If three numbe;
and the first i:

is a square, and the

v numbers are in
are continuor

ly proportional,
square, then the third will a

Let A, B, C be three
continuously proportional numbers.

Assume the first is square.
Let the first number A be a square.
‘Then A can be expressed as
the product of two equal numbers.

Identify the mean proportional

Since A:B=B:C,
the number B is

i e continued proportion,
be square.

the last is also a square.

Apply Proposition 20
By Proposition 20, if one mean

amean proportional
n A and C

between A and

A:B=B:C |

proportional les betsween two numbers,
then the two numbers are similar
plane numbers.

A and C are similar plane numbers.

‘Ais a square number i a mean proportinel

with equal sides.

Use the fact that A is square Transfer equality of sides through similarity . Conclude
Since A and C are similar plane numbers, i -
their corresponding sides are proportional.
But the two sides of A are equal,

50 the two sides of C must aso be equal.

A square number is a plane number
whose two sides are equal.

Therefore C is a square number.

B B he oo sices of C are exqual
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Book VIII

Proposition 23

If four numbers are continuously proportional, and the first is cube,

then the fourth will also be cube.

Proof.
Action 1. Let
A:B=B:C=C:D.
Action 2. Suppose that A is a cube number.

Action 3.

Action 4.
Action 5.
Action 6.

Action 7.
Action 8.

The numbers B, C are the two mean proportionals between A
and D.

By Proposition VIII.21, A and D are similar solid numbers.
Since A is cube, its three sides are equal.

Similarity of the solid numbers makes the three corresponding
sides of D proportional to three equal sides.

Therefore the three sides of D are equal.

Hence D is a cube number.

Therefore, D is cube.
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EUCLID — BOOK VIII, PROPOSITION 23

IF FOUR NUMBERS ARE CONTINUOUSLY PROPORTIONAL,
AND THE FIRST IS CUBE, THEN THE FOURTH WILL AL

) BE CUBE.

Let the four numbers

RECOGNIZE THE TWO.
MEAN PROPORTIONALS
A, B, C, D be such that

@ Areuy Provosirion 21 ¢
Since A:B=B:C=C:D, By Proposition 21,

i the numbers B and C if two mean proportionals

] rween A an lie between two numbers,
A:B=B:C=C:D i ol AP
| in mean proportion.

Band Care
the two mesn.
proportionals.

i-m-8 i
BE\ BRI SOy §

the corresponding sides

THEREFORE D 15 A CUB

CONCLUSION
Lt the equal side of D

i i ber D
between A and D | e From a sigle cube,
J i there exists a number y through harmony of ratios,
Nt | another cbe s born.
Asnd D aresiilar il
ol umbers

Ads cube (x, x,x)

Therefore D has equal

fon and the first is cube
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Book VIII

Proposition 24

If two numbers have to one another the ratio which a square number
has to another square number, and the first is square, then the

second will also be square.

Proof.

Action 1.

Action 2.
Action 3.

Action 4.

Action 5.

Action 6.

Action 7.

Action 8.

Let

A:B=C:D,
where C, D are square numbers, and suppose that A is square.
Since C, D are squares, they are similar plane numbers.

By Proposition VIII.18 one mean proportional lies between C
and D; let it be M:

C:M=M:D.
Return to the given equality
A:B=C:D.

By Proposition VIII.8, the same number of mean proportionals
lies between any other pair having the same outer ratio. Thus
one mean lies between A, B.

Let that mean be NV:
A:N=N:B.

Since A is square and A, N, B are three continuously propor-
tional numbers, Proposition VIII.22 applies.

Therefore B is square.

Therefore, B is square.
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B EUCLID — BOOK VIII, PROPOSITION 24
e /0 NUMBERS HAVE TO ONE ANOTHER THE &

LLSSEh peopo HAS TO ANOTHER SQUARE NUMBER
el throvgh s

\TIO WHICH A SQUARE NUMBER
THEN THE SECOND

AND THE FIRST IS SQUARE

ILL ALSO BE SQUARE

SET OUT THE EQUAL RATIOS TWO SQUARES ARE © ~rvrrorosmon 18 @) RerurwtoTHe @) Aveiy PRoPoSITION 8
SIMILAR PLANE NUMBERS. EQUAL RATIO
Let A, B be two numbers and 3 Since C and D are simlar
(R Let the sdes of C be x, x e
and the sides of D be y,
G al T h ber of
one mean proportio TG e same number of mesn
lies between them. Wil T = T2l ‘proportionals wil lie between
s i T, any other two numbers
[c:M=M:D | ) having

Since one mean proportional
But we are given that lies between C and D,

the same ratio.

50 there exists a number M
such that

RECALL: A IS SQUARE. @ corcuuoe: B is sauars
We are given that

Therefore.

B has two.
equal sides.

Let the side of B be y.

WHAT WE USED
Prop. 8 same harmon
Equal ratios carry the ps the
ame number of mean
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Book VIII

Proposition 25

If two numbers have to one another the ratio which a cube number
has to another cube number, and the first is cube, then the second

will also be cube.

Proof.

Action 1.

Action 2.
Action 3.

Action 4.

Action 5.

Action 6.

Action 7.

Let

A:B=C:D,
where C, D are cube numbers, and suppose that A is cube.
Since C, D are cubes, they are similar solid numbers.

By Proposition VIII.19 two mean proportionals lie between C, D;
let them be M, N:

C:M=M:N=N:D.

Since A : B = C : D, Proposition VIIL.8 transfers the same
number of means to A, B.

Let the two transferred means be FE, F":
A:E=F:F=F:B.

Thus A, E, F, B are four continuously proportional numbers and
the first, A, is cube.

By Proposition VIII.23, the fourth term B is therefore cube.

Therefore, B is cube.
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i mathemrics,
s in e, harmony

SET OUT THE EQUAL
RaTIOS

Let A, B be two numbers

RECALL PROPOSITION 23
Proposition 23 sates:
IF four numbers are continuously
proportonal, and the first i cube,
then the fourth i cube.

N SYMBOL

LetC =D =y

EUCLID — BOOK VIII, PROPOSITION 25
TWO NUMBERS HAVE TO ONE ANOTHER THE RATIO WHICH A CUBE NUMBER
HAS TO ANOTHER CUBE NUMBER, AND THE FIRST IS CUBE,
THEN THE SECOND WILL ALSO BE CUBE.

TWO CUBES ARE APPLY PROPOSITION 19 B) Arex Prorosimon s i

SIMILAR SOLID NUMBERS
LetC=x'and D = y'.
Ther three sides are equal

Since C and D are similar Since two mean proportionals

solid mumbers, by Propositon 19,
w0 mean proportionals lie

Lo den, will e between any other two

So there exist numbers ‘numbers having the same ratio.

Therefore there exist

COoNCLUSION
Therefore B is cube.

Cube nature passes
from first to fourth.

WHAT WE Usen ARISTOTLE'S WORDS TO ALEXANDER
Pro. 19 Prop. 8 Prop. 23 z AT
y, how the order of mean:
Similar solid numbers Four numbers in continucd
binds numbers  in a chain of
two mean proportionals tran oportion, first cube

proportionals exist. with the same ratia fourth cube
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Book VIII

Proposition 26

Similar plane numbers have to one another the ratio which some

square number has to another square number.

Proof.

Action 1.
Action 2.

Action 3.

Action 4.

Action 5.

Action 6.

Let A, B be similar plane numbers.

By Proposition VIII.18 one mean proportional C' lies between
them:

A:C=C:B.

Take the least three numbers D, E, F’ having the same continued
ratio as A, C, B:
D:E=FE:F.

By the corollary to Proposition VIIL.2, in a least three-term
continued proportion the outermost numbers are squares. Hence
D and F' are square numbers.

Because the least chain and the original chain have correspond-
ing equal ratios and the same number of terms, their first-to-last
ratios are equal:

A:B=D:F.

Since D, F' are squares, A : B is the ratio of one square number
to another square number.

Therefore, A : B = square : square.
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PLANE NUMBERS
Let A and B be
similar plane numbers.
Our goal is to show that
A+ B s the ratio of
two square numbers.

COMPARE THE OUTER RATIOS

‘The original chain is A : C = C:B 3,
and the least equivalent chain is D:E = E:F.
Since the corresponding successive ratos are equal and
the chains have the same number of terms,
their firstto-last ratios are equal

A:B=D:F

B.
A:B=D:F
with D and F s

ANE NUMBERS HAVE TO ONE ANOTHER THE RATIO WHICH

AE SQUARE NUN A O ANOTHER SQUARE NUMBER.

REPLACE THE CHAIN
BY ITS LEAST EQUIVALENT

ONE MEAN PROPORTIONAL
LIES BETWEEN THEM

By Proposition 18,
since A and B arc similar
plane numbers, there is
one mean proportional
between them.

Take the least three numbers
D, E, F having the same
continued ratio as A, C, B.

IDENTIFY THE RATIO AS A RATIO | THE CONCLUSION
OF SQUARE NUMBERS
But D and F are square numbers.
Therefore A: B is the same ratio
as a square number to a square number.

Thus, the ratio of two
similar plane numbers
is a ratio of
a square number
to a square number.

A:B = square : square | |

LOGIC IN A NUTSHELL
nilarity p
Aleast

66

“Numbers are the
language by which the
universe speaks.”
. — Aristotle

THE EXTREMES OF A LEAST
CHAIN ARE SQUARE NUMBERS
By Proposition 2, the
outermost numbers of a
least three-term continued
proportion are squares.

Hence D is square
and F is square.

“Similarity of plane numbers
“> one mean proportional
—> least three-term chain
— square extremes

.~ ratio of squares.




Book VIII

Proposition 27

Similar solid numbers have to one another the ratio which some cube

number has to another cube number.

Proof.

Action 1.
Action 2.

Action 3.

Action 4.

Action 5.

Action 6.

Let A, B be similar solid numbers.

By Proposition VIII.19 two mean proportionals C, D lie between
them:

A:C=C:D=D:B.
Take the least four numbers E, F, G, H having the same contin-
ued ratio as A,C, D, B:

E.:F=F:G=G:H.

By the corollary to Proposition VIII.2, the outermost numbers
of a least four-term continued proportion are cubes. Hence E
and H are cube numbers.

The two four-term chains have corresponding equal ratios, so
their first-to-last ratios are equal:

A:B=F:H.

Since E, H are cubes, A : B is the ratio of one cube number to
another cube number.

Therefore, A : B = cube : cube.
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‘CONCLUDE THE RATIO

COMPARE THE OUTER RATIOS
Therefore the ratio of A to B
s the same as the rat
i of two cube numbrs.
AB=E:H

(A,C,D, B) and (&, , G, H)
have the same continued rato,
their first to last ratios are equil,

LID NUMBERS HAVE TO ONE ANOTHER
E NUMBER

HICH SOME CUBE NUMBER

Soitis, my boy,
harmony i sl
figuessings in
the anguage
Lok THE RATIO
s HAS TO ANOTHER C
SeT OUT THE GiveN AppLx PROPOSITION 19 (@ v Prorosmmon 25avs
Let A and B be Since A and B ar similac T B ropos
solid numbers, by Proposition 19, {Dikethe Joes be in the least four-term
E,F, G, H havingthe same
0 Do g ol continued ratio as A, C, D, B. Sontizugd peo v
i betwoen them 2 the first and the s
“Ths i the lest fourterm
continued proportion with
s rato.
Similaity preserves the ratios
of correspanding edges.
I
volume grows with the

ANOTHER VIEW
If ll corresponding sides
of A are k times those of B
(same scale factor K), then
cube of the edge length.
Therefore the atio of volumes
of simila solids is always
Fatio of cubes.

So thereexist numbers C and D
such that 4, C, D, Barein |
contnued proportion.

Outer terms 8 and 216 are cubes.

And8:64=8:216/3=1:8
When f

AB=E:
(a5 cube : cube)
QE.D. (whichiis 13 : 2%).
of Ratios
What s true

Equali

E USED
Corollary
n chai
1 oute

WHAT
b

and last ar

Proposition 19
lid numbers
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Closing Note

Book VIII begins with the structure of continued numerical propor-
tion and the least representatives of such proportions. It then de-
velops the arithmetic of mean proportionals, square and cube num-
bers, divisibility and non-divisibility of powers, and finally the nu-
merical characterization of similar plane and solid numbers. The clos-
ing propositions show that similar plane numbers stand in a ratio of
squares, while similar solid numbers stand in a ratio of cubes. In
this way the book binds numerical proportion, dimensional form, and
powers into a single arithmetic theory.
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