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EucLiD — THE ELEMENTS

Definition 1 — Unit

A unit is that according to which each existing thing is said to be one.



K VII — DEFINITION 1: UNIT
each existing thing is said to be one.”

T - . Ty This “one” is what we call a UNIT—
ARISTOTLE: Alexander, before we speak of numbers, Behold this single stone. " 5 3
: that according to which each existing thing

we must understand the very idea of 5 Itis ONE.
) s said to be one.

-~ ™
When we put units together, we can count: See how each stone is first taken as one, From repeated units,
three stones = 1 + 1 + 1. because of the unit. 2,3, 4, and so on.
UNIT
“the idea of one”

|

repeat units
N\
2l
NUMBERS
(2,18,455,x.)

If we have apples, each apple is taken as one apple— Thus the order is: first the unit, it giyes the AT St
one unit—relative to the collection. then, by repeating it, numbers. and numbers are made of units.




EucLiD — THE ELEMENTS

Definition 2 — Number

A number is a multitude composed of units.



EUCLID, BOOK VII DEFINITION 2
“A number is a multitude composed of units.”

o TR

Alexander, we begin |

with one.

1+1+1+1=4

A number is many units taken together.

One soldier is a unit.
Many soldiers together give

a number.

. ]
dd another
\  ounic

Now we have 1 + 1.
s multitude of uni

Whatever we count—stones, soldies

apples—each is counted as one unit.

Now we have 1 + 1 + 1.
This multitude of units is called 3.

/ number is made by
repeating the unit.

Remember this, Alexander:
A unit gives the idea of one.
But a number is born
‘when units become
=\ 2 mulitude.
\

IS A MULTITUDE
COMPOSED OF UNITS.

of un




EucLiD — THE ELEMENTS

Definition 3 — Part

A number is part of another number, the lesser of the greater, when
it measures the greater.



EUCLID, BOOK VII — DEFINITION 3: PART

“A number is part of another number, the lesser of the greater, when it measures the greater.”

Alexander, today N
we learn what it means
| for one number o be \ 1
a PART of another.

2
»
e

L)
=
: Y

& »

Euclid says: “A number nother numbe
A p 4 : 12
of the greater, when it measures the greater”  Can the smaller number, 3, fit into 12 exactly . 3
Y The number 3 measures 12 exactly four tim

; Another example.
Therefore, 3 is : E

Another example
a PART of 12.

4+444

More precisely, 3 is the fourth part of 12 measures 10 exactly five times.
1

J= = ), apartof 10. (2 10)

But look at 5 and 12.

ais part of b
iff
na=b

3 for some whole number n

5 does 4 = ot
There are 2 left oves

5 If a group occurs the same number of times
The smaller number fits into the greater

in the whole army, then that group is a PART
So5is

of the whole.

ct whole number of times.

umples
A “part” fits into the whole EXACTLY. s a part of 6

3 is a part of 12 s a part of 20



EucLiD — THE ELEMENTS

Definition 4 — Parts

The lesser is parts of the greater when it does not measure it.



EUCLID, BOOK VII — DEFINITION 4: PARTS
“But the lesser is PARTS of the greater when it does not measure it.”

- N
S0, Alcander, | gral NP Consider 5 and 12.

weleamed what i means ([ 8
fora number t be a PART
of another.

Sometimes the smaller number does

measure the greater exactly.

So 5 is not
S a PART of 12.

o\

12 =5+ 5. with 2 left over. But it is contained in 12 as many times The lesser is PARTS of the greater

It does measure exactly. as possible, with something left over. when it does not measure it
Another example: 4 and 10. Another example: 3 and 10.

it is a PART.
+ Ifit does NOT measure
exacty, it is PARTS.

S S ithY |ef ovel 3, wi
5 + 4, with 2 left over. 3, with 1 left over. na<b

PARTS of 10, not a PART. So 3 is PARTS of 10. (no remainder) (remainder left over)

i EXAMPLES
IS of the greater 5 is PARTS of is P/ ‘ 3 is PARTS of 10

t does not measure it. (10=3+3+3+1)




EucLiD — THE ELEMENTS

Definition 5 — Multiple

The greater number is a multiple of the lesser when it is measured by
the lesser.

10



EUCLID, BOOK VII DEFIM : MULTIPLE
“The greater number is a multiple of the lesser whul it is measured by the lesser.”
L7 Alexander, when one ok
‘] number measures another
exactly, the greater number

is called a MULTIPLE
of the lesser.

3 measures 12,

then 3 is a PART of 12.

‘Therefore:.

and makes the greater number,
en the greater number is a mulnple 3
of the lesser.

x a (for some whole number n),

3isa PART of 12 (the hmrrh pml 24iS% i , then b is a multiple of a.
But 2

But look he;

T (e = o There is something left over.
is a multiple of 2 6 is a multiple of 4. 20 is a multiple of 5. &t St

= Remember Summar
\

‘The greater number is a of the le f a measures b exactly —> a is a PART of b

when it is measured by the le « If a measures b exactly — bisa

11



EucLiD — THE ELEMENTS

Definition 6 — Even Number

An even number is one which can be divided in half.

12



EUCLID, BOOK VII — DEFINITION 6: EVEN NUMBER

‘An even number is one which can be divided in half.

Nl ! ‘ n 2 PN Letus try with 8.
B Y

what it means for a
number to be

- (es! 8 = 4 + 4.
We have 8 stones. i : ;
So 8 can be divided in half.

Let us try other numbers. What do we notice?

Each of these numbers can be divided in half

is an even number. into two equal groups. They are all EVEN.

But what about 72

cannot divide 7 into two equal groups. An even number is one which

So 7 cannot be divided in half. can be divided in half.

MBER = one which can be divided in half.

It can be written as 2 X n
for some whole number 7.

13



EucLiD — THE ELEMENTS

Definition 7 — Odd Number

An odd number is one which cannot be divided in half, or which differs

from an even number by a unit.

14



DEFINITION 7: ODD NUMBER
ich differs from an even number by a unit.

3 eSS
| 5
5

EUCLID, BOOK VII

“An odd number is one which cannot be divided in half, or w

1
Tody e e e Yl FET ot

it means for a number
to be ODD.

get 3 and 4, not two equal groups.
which cannot be divided in half, Can we divide these into two equal groups? So7 be divided in half.

or which differs from an even number by a un Therefore, 7 is
For example: Other example:

=6 +1 gl St

RIE=c 105+ 1

1 is a unit.
1835= 12 £ 1

So 7 is different from the even number 6
by one unit. Each odd number is an even number + 1.

Let us try some numbers.

1 left over
1 left over
1 left over

as a partner, except one. 2 i
" In other words, it is one more
over unit shows the number is 5
than some even number.

ODD NUMBE
number is one which cannot be

divided in half, or which differs from an LAt

(Two equal groups are impossible.

number by a unit

15



EucLiD — THE ELEMENTS

Definition 8 — Even-times-even Number

An even-times-even number is one which is measured by an even num-
ber according to an even number.

16



EUCLID, BOOK VII DEFINITION
even-times-even number is one which is measured by
S — Let us take 12
what it means for a 2
number to be EVEN. &

12 is an EVEN number, for it can be divided in half:

12=6 +6.

Now we learn a special kind of even number.

More examples.

In other words, it s the product Gin each row (eve

of two even numbers.

2 is even, but 5 is

So 10

DEE ITION 8

An even-times-even number is one
which is measured by an even number

an even number.
(for some whole numbers 72,

17

) 10 in cach row (e

Can we

12 is measure

built from an e

measure 12 by an EVEN number
ording to an EVEN number?

<d by 6 according to 2

en number rep

an even number of times.

But not every e

Consider 6

(5.59)

Therefore, 6 is

E2 .

en number

n, but 3 is

even-times-

Remember this, Alexander.
EVEN x EVEN = EVEN-TIMES-EVEN.
en number belongs here!

‘We will learn other kinds n



EucLiD — THE ELEMENTS

Definition 9 — Even-times-odd Number

An even-times-odd number is one which is measured by an even num-
ber according to an odd number.

18



BOOK VII — DEFINITION 9: EVI

“An even-times-odd number is one w

We have learned “ 2y

even-times-cven numbers.
Now let us learn another
kind. Listen carcfully.

y we learn what it means for a number
to be EVEN-TIMES-ODD.

In other words, it is the product
of an

5 in cach row (

number and an number.

even number is even-times-odd.

7 Noteves

Consider 8. o

Both factors are even.
So8is

not

Even-times-odd numb.

A the products of an

W

and an numbe;

even-times-odd

More

ich is measured b;

in cach row (

times-odd.

mples to

(2 rows) by

19

-times-odd.

remember.

factor

(3 in each row)

N-TIMES-ODD NUMBER

an even number according to an odd number.”
Can we measure 6 by an number

accordi number?

12 is .3 is
measured by an even number (2)
according to an odd number (3).

Another way to sce it

Take 12 again.

We can sec it a

bl Since one factor is

the other is odd, 12

ven and
So 18 s

is even-times-odd

Remerler Gy Alsemi, »
Type

N x ODD)

10




EucLiD — THE ELEMENTS

Definition 10 — Odd-times-odd Number

An odd-times-odd number is one which is measured by an odd number
according to an odd number.

20



EUCLID, BOOK VII — DEFINITION 10: ODD-TIMES-ODD NUMBER
n odd-times-odd number is one which is measured by an odd number according to an odd number.”

We have leared P 2 " B s C 5Ly
2 d \ - : Y 5

three kinds of ever
products. Now let us
learn another kind.

So 15 is measured by an number (3)

W

according to an odd number

‘What do we notic

The product of two odd numbers
ords, it is the product S09 s is always

numbers.

9 =63

Each product is
So each is
number repeated an odd number of times

makes an number.

21



EucLiD — THE ELEMENTS

Definition 11 — Prime Number

A prime number is one which is measured by a unit alone.

22



EUCLID, BOOK VII — DEFINITION 11: PRIME NUMBER

“A prime number is one which is measured by a unit alone.”

n 4 measure 7 exactly?
Can 5 measure 7 exactly?
Can 6 ure 7 exactly?
Can the unit (1) measure 7 exactly

Only the unit measures
Therefore, 7 is PRIME

Why is 12 not prime?

Can the unit (1) measure
Therefore, 12 is

prime

It can be measured by numbers other than the unit.
oldiers.

8

But 12 soldiers can be arranged in many equal groups. | 9
2 rows of 6 3

There is no other cqual arran

So 7 is PRIME.

srime numbers:
So 12 s not prime, because it has other mea

oy 1o 3153, 1177 o

23



EucLiD — THE ELEMENTS

Definition 12 — Numbers Prime to One An-
other

Numbers prime to one another are those which are measured by a
unit alone as a common measure.

24



EUCLID, BOOK VII — DEFINITION 12: NUMBERS PRIME TO ONE ANOTHER

Numbers prime to one another are those which are measured by a unit alone as a common measure.”

Today we learn : s 3 B Only the ual
another kind of number |F5 o BRI rmcasures boch 8 and.
relationship. i e dy.

8 is not prime.
is not prime.
\ Yet they are prime
are measured by a unit NN t0 one another!
n measure. | What numbers measure both 8 and 15 exactly?

Since 12 and 18 are measured 6 e the idea in another way,
by numbers other than the unit
in common, they are NOT

prime to one anothe

companies of soldiers,

Saa Can we divide both companies 4
into equal groups of Groups of 32 42 57

IXLILY) L LI s, o None work for both

They have many common r er than the unit. 15925 . y of one soldier work f

In modern language, s | s More examples. 9 Remember this, Alexander.

ocd(8, 15) Prime to one another (onl

and

But for 12 and 1

Prime number and prime to one another
Look for the greatest number that measures both. e meltin

25



EucLiD — THE ELEMENTS

Definition 13 — Composite Number

A composite number is one which is measured by some number.

26



EUCLID, BOOK VII — DEFINITION 13: COMPOSITE NUMBER

“A composite number is one which is measured by some number.

2 Take the number 12 ake the number 15.
another kind of number. We can arrange 12 stones in cqual groups ey
1+ more than one way

o groups of 5
ups of 6 B

For example, 12 soldiers
They can be arranged as They can also be arrang
2 rows of 6 3 rows of 4
) measure 7 exactly? . a3 i }
Can 3 measure 7 exactly? n
an 4 measure
> measure 7

Can 6 mea:

Only the unit (1) me
Thercfore, 7 is composite.

It is PRIME.

Examples:

4,6,8,9, 10,12, 14

27



EucLiD — THE ELEMENTS

Definition 14 — Numbers Composite to One
Another

Numbers composite to one another are those which are measured by
some number as a common measure.

28



NUMBERS COMPOSITE TO ONE

some number as a common measure.

EUCLID, BOOK VII — DEFINITION 1

another are those which are measured &

“Numbers composite to one
Today we lean Let us take the numbers
another imporant

and 1 are measured by 2, by 3, and by 6

soldiers

divided by

Aristotle explains with soldier soldiers
two armies: one of 1 c divided

nmon measure of 8 and 15 is the unit (1)
ide both armies into

greater than the units In modern lang

By 6
Common measure Some common measure

only 1

another definition.

29



EUCLID, BOOK VII — DEFINITION 14: NUMBERS COMPOSITE TO ONE ANOTHER
“Numbers compos one e those which are measured by some number mmon measure.
Today we learn the meaning 2 the numbers 12 and

of numbers composite
10 one another.

n we divide both into groups of 37
18 soldiers
- P 12=3x4 18=3x6

o -

DEFINITION 14
Numbers composite to one another 4 i
| are those which are measured by some e e
i number as a common measure.

Can we divide both into groups of 67 L g St 10 e LN
measured by some number r Common measures of 12 and 18:
greater than the unit as
1525 36.6¢
Because they have common measures
greater than the unit, 12 and 18 are

COMPOSITE TO ONE ANOTHER.

a common measure,

|
they are composite ‘
1o one another. ‘

|

|

Loang "3- LIRS 5, cwo numbers are composite To remember:
soldiers N to one another when they share
} 1 2 common measure greater
than the unit! Common measure Some common measure
only

Can we divide both into groups of - Erampit
Groups of 3 Groups of 4 8and 15
Groups of 52 Yk - / (ged = 1) (ged = 6)
Only the unit (1) measures both. ‘Tiwo numbers are composite to one another
when their only common measure s | Ne

some number greater than the unit.

Therefore, 8 and 15 are NOT composite we will learn what it means for
to one another (they are prime to one another) one number to multiply another.

30



Book VII

Definition 15 — Multiplication of Numbers

A number is said to multiply another number when the number being
multiplied is added to itself as many times as there are units in the
former number, and thereby some other number is produced.

31



MULTIPLICATION OF ONE NUMBER BY ANOTHER
number is said to multiply a(nother) number when the (number being) multiplied is added (to itself) as many times
are units in the former (number), and (thereby) some (other numl produced.
2 Let the number 3 multiply the number 4 3 Another example

Today we learn how | 2
s Pl k 4 ~3 Let the number 5 multiply the number
cher. The multiplying number s 3. ;

The number 2 is taken five times.

‘Therefore the number 4

st time

Therefore, 5 x 2 = 10.

Yet another example. In general, this is what multiplication means.
multiply the number (

Let the number Imagine we have 4 soldiers
“The number 6 is taken four s in one squad. < Jeipl
If we make three identical L e 6.5
§ squads, how many soldiers ()
will we have in all?

Wb & - Three copies of four produce tw

More examples. Important things to remember.

2 multiplies 3 multipli
Multiplication is repeated addition.

The order matters: 3 x

three groups of four

This idea will help us build

and solid numb:

This is the beginning of one of the most powerful ideas in all of mathematics.

32



Book VII

Definition 16 — Plane Number

When two numbers multiplying one another make some other number,
the number so created is called plane, and its sides are the numbers

which multiply one another.

33



EUCLID, BOOK VII — DEFINITION 16: PLANE NUMBER
When two numbers multiplying one another make some other number, then the number so created is called plane,
and its sides are the numbers which multiply one another.”
Take the numbers 3 and 4. 3 According to Definition 16,
Let 3 multiply 4 the number 12 is called
it is made by two numl
9
+4+4 =12
(4 taken three times) - s sides are the numbers

which multiply.

Why do we call it “planc™? Another example Yet another example.

Because we can arrange 12 objects 9 il 2 multiply

Itis a rectangle — a figure in the plane

In general, whenever 2 x | Many numbers can be plane numbers.

For cxample:

10

Each can be pictured as a rec
with its two sides.

This is the fir number as quantities, but also as figurcs

34



Book VII

Definition 17 — Solid Number

When three numbers multiplying one another make some other num-
ber, the number so created is called solid, and its sides are the numbers

which multiply one another.

35



:UCLID, BOOK VII —

*FINITION 1

B SOLID N
“When three numbers multiplying one another make some other number, then the number so created
— e

is called solid, and its sides are the numbers which multiply one
E Today we learn i
R | sbout solid numbers. 11

| When three numbers multiplying one another
‘make some other number, then the number
| 5o created is called solid, and its sides are
Imagine we
Beca v
in

e 24 ob
nal block.

We form a solid block:

In general, whene
the number d
and its side

second side solid number
(depth) (volume

36

Then

nd 4.

is multiplied by

IBER
nother.

According to Definition 1
the number 24 is called

cause it is made by three numbers

multiplying onc another.

I sides are the numb

which multip

Another cxample.

multiply one another
iply




Book VII

Definition 18 — Square Number

A square number is an equal times an equal, or a plane number con-
tained by two equal numbers.

37



EUCLID, BOOK VII — DEFINITION 18

THE IDEA

A solid number is that
which is contained

ANOTHER EXAMPLE
A cube with 4 units on each edge
contains 4 x 4 x 4 = 64 units.

Froa

| Asolid number
(64)

ARISTOTLE TO ALEX DER
“Just as a square number s contained
by a square, 50 a solid number s
contained by 2 cube — a number that

fills space in all three dimensions.”

EUCLID

A CUBE CONTAINS A NUMBER

A cube with 2 units on each edge
contains 2 x 2 x 2 = 8 units.

r5e

| A solid number

THE GENERAL FORM
A cube with 7 units on each edge
contains 7 X n X n = n® units.

DEFINITION 18

A solid number is that
which is contained by a cube.

e

ORDER IMMORTAL

38

“A solid number is that which is contained by a cube.”

OOK VII
NITIONS
A LARGER CUBE

A cube with 3 units on each edge
contains 3 x 3 x 3 = 27 units.

pum——

32 =007

| Asolid number
@7)

NOT EVERY NUMBER IS SOLID
Numbers like 2, 3, 5, 6, 7, 10, 12 are not
contained by a cube, and so are not solid numbers.

se 666

5 6 7o IO V)

Only numbers of the form n* (1, 8, 27, 64, 125, ...)
are solid numbers.

¢ &
I3

ALEXANDER LECTION

“So a solid number is a number
at forms a perfect cube in space.
It is the number of units that

fill a cube completely




Book VII

Definition 19 — Cube Number

A cube number is an equal times an equal times an equal, or a solid
number contained by three equal numbers.

39



EUCLID, BOOK

solid number are the three numbe:

THE DEFINITION

‘The sides of a solid number | §

are the three numbers which,
when multiplied together,
produce the solid number.

ANOTHER EXAMPLE
A solid number can have
different sides.

=30
The sides of the
solid number 30
| are3,5,and 2.

STOTLE TO ALEXANDER:

‘A solid number has three sides,
just as a geometric solid has
three dimensions. The number

from the multipl

of its three sides.”

A SOLID NUMBER
A rectangular solid (a cube or
rectangular parallelepiped) with
2 units in one direction, 3 in another,
and 4 in the third contains:

A CUBE AS A SPECIAL CASE
When the three sides are cqual,
we have a cube.

| The sides of the
' solid number 27
are 3,3, and 3.

DEFINITION 19
The sides of a solid number
are the three numbers which,
when multiplied together, !
produce the solid number. !

40

/II — DEFINITION 19

which, when multiplied together, produce the solid number.”  DEFINITIONS

K VI

THE SIDES
‘The three numbers 2, 3, and 4
are the sides of the solid number 24. 7

IN GENERAL
If the sides of a solid number are
A, B, and C, then the solid number is
|
J
Conversely, if a number can be
represented as the product of three numbers,
those three numbers are the sides
of that solid number.

LAxBxC

ALEXANDER'S REFLECTION
The sides show how the number
is buile — , breadth, and height
in number, just as in a geometric
olid. By multiplying the three sic
the whole is fi




Book VII

Definition 20 — Proportional Numbers

Numbers are proportional when the first is the same multiple, or the
same part, or the same parts, of the second that the third is of the
fourth.

41



EUCLID, BOOK VII — DEFINITION 20

lane numbers are similar to p umbers, and solid numbers to solid numbers, which their sides in tl

PLANE NUMBERS WITH SIDES ANOTHER EXAMPLE
IN THE SAME RATIO " ] o i |
Plane numbers are similar : [ ‘ il )
‘when their sides are in 6
the same ratio.”

6
6x6=36

‘The sides are in the same ratio:

3:6=

EEEPED
|- Therefore 4 and 9 are similar plane numbers.
. — -

THE DEFINITION
Plane numbers are similar to plane numbers,
and solid numbers to solid numbers,
which have their sides in the same ratio.

—— S‘J/f —— —o
- 3x3 %327 2x3x4=24 4x6x8=192 4 That is, if the sides of one plane (or solid)
v -

number are proportional to the sides of another,
then the numbers are similar.

The sides as

‘The sides are in the same ratio: he same ratio:
2:3=2:3=2:3.
Therefore 8 and 27 are similar solid numbers. e

\ __ — o s

DEFINITION 20 ALEXANDER'S REFLECTION

9 and 36

lumbers are similar when they 1 i il 1. ik
[ . o e St Plane numbers are similar to plane numbers,
and solid numbers to solid numbers,  their sides arc in the same ratio.

\‘ It is the ratio of the side: which have their sides in the same ratio. Their shapes are the same,
i ’
d

and 8 and 27 are similar,

that makes them of the same ki only larger or smaller.

IMMORTAL

42



Book VII

Definition 21 — Similar Plane and Solid Num-
bers

Similar plane and solid numbers are those having proportional sides.

43



/11 — DEFINITION

Similar plane and solid numb;

Today we learn about ' ‘ For plane numbers, each number is
plane and solid
numbers.

2x3=6

NE AND SOLID NUMBERS
onal sides.”
" Compare their corresponding sides.

Second number sides:
4 and 6

First number sides:
2and 3

represented by two sides.
Bl
Similar plane and solid numbers

First plane number: Second plane number:
are those having proportional sides.

Now let us see solid numbers.
Second solid number

First solid number
with sides 4,6, 8.

‘with sides 2, 3, 4.

Plane numbers: Solid numbers:

Jar: b=

d] [a:b:c:p:q:r

axbandcxd

similar plane numbers. are similar solid numbers.

“Similar numbers have proportional sides—
the same shape, different size.”

us Euclid teaches us that proportional

44

axbxeand pxqxr

Do the ratios match? J

 Similar plane and solid numbers
are those having
proportional sides.

Same proporton —» similr shape.
Scale changes — size changes,
bt ot the shape. ]

in number—as in figures.




Book VII

Definition 22 — Perfect Number

A perfect number is that which is equal to its own parts.

45



JCLID, BOOK VII — DEFINITION 22: PERFECT NUMBER
“A perfect number is that which is equal to its own parts.”

Let us begin with the number 6.
‘What are its parts (factors)?

‘which is equal to its own parts; Iu IE TS—
that is, equal to the sum of its own The um of s parts i equal 0 the umbes slf._
fistors : s

p— i
| 28 |
=1+2+4+7+414

Thus Euclid completes the twenty—two definitions of Book VIL The study of numbers
now prepares the mind for the propositions that follow.

46



Book VII

Propositions

47



EucLiD — THE ELEMENTS

Proposition 1

Statement. Two unequal numbers (being) laid down, and the lesser

being continually subtracted, in turn, from the greater, if the remain-

der never measures the (number) preceding it, until a unit remains,

then the original numbers will be prime to one another.

Proof.

Action 1.

Action 2.

Action 3.

Action 4.

Action 5.

Action 6.

Action 7.
Action 8.

Action 9.
Action 10.

Action 11.
Action 12.

For two (unequal) numbers, AB and CD, the lesser being
continually subtracted, in turn, from the greater, let the
remainder never measure the (number) preceding it, until
a unit remains.

I say that AB and CD are prime to one anotherthat is to
say, that a unit alone measures (both) AB and CD.

For if AB and CD are not prime to one another then some
number will measure them.

Let (some number) measure them, and let it be E.

And let CD measuring BF leave F A less than itself, and
let AF measuring DG leave GC less than itself, and let
GC measuring F H leave a unit, HA.

In fact, since E measures CD, and CD measures BF | E
thus also measures BF .

And (E) also measures the whole of BA.

Thus, (E) will also measure the remainder AF . And AF
measures DG. Thus, E also measures DG.

And (E) also measures the whole of DC.

Thus, (E) will also measure the remainder CG. And CG
measures F H. Thus, E also measures F H.

And (E) also measures the whole of F A.

Thus, (E) will also measure the remaining unit AH, (de-
spite) being a number. The very thing is impossible.

48



Book VII

Action 13. Thus, some number does not measure (both) the numbers
AB and CD.

Action 14. Thus, AB and CD are prime to one another.

Action 15. (Which is) the very thing it was required to show. s b, and
b measures ¢, then a also measures ¢, where all symbols
denote , and a measures part of b, then a also measures
the remainder of b, where

Therefore, Two unequal numbers (being) laid down, and the lesser
being continually subtracted, in turn, from the greater, if the remain-
der never measures the (number) preceding it, until a unit remains,
then the original numbers will be prime to one another.

49



Begin with two unequal numbers, AB and CD. We must prove: s Assume the opposite.
Wr\ﬁ:xﬂ:zﬂuﬁmn:ﬁg T oy e e : Suppose AB and CD are not prime t0 one another.
Jarger semainder is  unit. g Ry e e e S ‘Then chere exists a number E (> 1) that measures both.

Follow the subtraction process. Since E measures CD, it also measures every multiple
Let each remainder be the next number and continue.
unil the final remainder is a unit.

—[ca)—
ot

CGleaves

‘The same reasoning again. f iction! | Therefore no number greater than the unit
E measures CG and also the relevant whole, E was assumed to be a number greater than 1. ‘measures both AB and CD.
therefore E measures the final remainder AH. | number greater than the unit cannot measure a unit. ‘Their only common measure is the unit.

AB and CD are
prime to one another.

QE.D.

] g~
Euclid’s first number-theoretic proof: the parts lead to a unit, : only the unit can measure both

50 1o common measure greater than the unit can exist. erefore the numbers are prime to one another.
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Proposition 2

Statement. To find the greatest common measure of two given num-

bers (which are) not prime to one another.

Proof.

Action 1.

Action 2.

Action 3.

Action 4.

Action 5.
Action 6.

Action 7.

Action 8.
Action 9.

Action 10.

Action 11.

Action 12.

Let AB and CD be the two given numbers (which are) not
prime to one another.

So it is required to find the greatest common measure of
AB and CD.

In fact, if CD measures AB, CD is thus a common measure
of CD and AB, (since CD) also measures itself.

And (it is) manifest that (it is) also the greatest (common
measure).

For nothing greater than CD can measure CD.

But if CD does not measure AB then some number will
remain from AB and CD, the lesser being continually sub-
tracted, in turn, from the greater, which will measure the
(number) preceding it. For a unit will not be left.

But if not, AB and CD will be prime to one another (Prop.
VIL.1).

The very opposite thing was assumed.

Thus, some number will remain which will measure the
(number) preceding it.

And let CD measuring BE leave EA less than itself, and
let EA measuring DF leave F C less than itself, and let
CF measure AE.

Therefore, since CF measures AE, and AE measures DF
, CF will thus also measure DF . And it also measures
itself.

Thus, it will also measure the whole of CD. And CD mea-
sures BE. Thus, CF also measures BE. And it also mea-
sures EA.
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Action 13.

Action 14.
Action 15.
Action 16.
Action 17.

Action 18.

Action 19.

Action 20.
Action 21.

Action 22.
Action 23.

Action 24.

Action 25.
Action 26.

Thus, it will also measure the whole of BA. And it also

measures CD.

Thus, CF measures (both) AB and CD.

Thus, CF is a common measure of AB and CD.

So I say that (it is) also the greatest (common measure).

For if CF is not the greatest common measure of AB and
CD then some number which is greater than CF will mea-
sure the numbers AB and CD.

Let it (so) measure (AB and CD), and let it be G.

And since G measures CD, and CD measures BE, G thus
also measures BE.

And it also measures the whole of BA.

Thus, it will also measure the remainder AE. And AE
measures DF . Thus, G will also measure DF .

And it also measures the whole of DC.

Thus, it will also measure the remainder CF |, the greater
(measuring) the lesser. The very thing is impossible.

Thus, some number which is greater than CF cannot mea-
sure the numbers AB and CD.

Thus, CF is the greatest common measure of AB and CD.

((Which is) the very thing it was required to show).

Corollary. So it is manifest, from this, that if a number measures

two numbers then it will also measure their greatest common measure.
(Which is) the very thing it was required to show.

Therefore, To find the greatest common measure of two given num-
bers (which are) not prime to one another.
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Subtract 30 from 84,
Remainder 54.

Subtract 30 from 54.
Remainder 24.

the preceding remainder 12.
“The process terminates.

Now subtract 24 from 30.
Remainder 6.

ommon measure of both

Suppose a greater measure.

=
Suppose G > 6

[ Since 6 measures 30,

§# | Thercfore no greater
‘common measure

then G cannot messure 6

“This s impossible.

ubtraction the number

Y i
I4__ of 84 and 30.

53

Since G measures 30,
and 30 measures 84,
G also measures 84,

General statement
The same procedure
finds the greatest common

messue of any two numbers
that are o prime o one another.

BB} hercfore G would measure 6

| Any common measure.
of 84 and 30 must

IFa number measures
w0 numbers,then i lso
measures their greatest

s the last remainder

hich none can g
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Proposition 3

Statement. To find the greatest common measure of three given

numbers (which are) not prime to one another.

Proof.

Action 1.

Action 2.

Action 3.

Action 4.

Action 5.

Action 6.
Action 7.

Action 8.

Action 9.

Action 10.

Action 11.
Action 12.

Action 13.

Action 14.

Let A, B, and C be the three given numbers (which are)
not prime to one another.

So it is required to find the greatest common measure of
A, B, and C.

For let the greatest common measure, D, of the two (num-
bers) A and B have been taken (Prop. VIIL.2).

So D either measures, or does not measure, C. First of all,
let it measure (C). And it also measures A and B. Thus,
D measures A, B, and C.

Thus, D is a common measure of A, B, and C.
So I say that (it is) also the greatest (common measure).

For if D is not the greatest common measure of A, B,
and C then some number greater than D will measure the
numbers A, B, and C.

Let it (so) measure (A, B, and C), and let it be E.

Therefore, since E measures A, B, and C, it will thus also
measure A and B.

Thus, it will also measure the greatest common measure
of A and B (Prop. VIIL.2 corr.).

And D is the greatest common measure of A and B.

Thus, E measures D, the greater (measuring) the lesser.
The very thing is impossible.

Thus, some number which is greater than D cannot mea-
sure the numbers A, B, and C.

Thus, D is the greatest common measure of A, B, and C.
So let D not measure C.
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Action 15.

Action 16.

Action 17.

Action 18.
Action 19.
Action 20.

Action 21.

Action 22.

Action 23.
Action 24.

Action 25.

Action 26.

Action 27.

Action 28.

Action 29.

Action 30.

I say, first of all, that C and D are not prime to one
another.

For since A, B, C are not prime to one another, some
number will measure them.

So the (number) measuring A, B, and C will also measure
A and B, and it will also measure the greatest common

measure, D, of A and B (Prop. VIIL.2 corr.). And it also
measures C.

Thus, some number will measure the numbers D and C.
Thus, D and C are not prime to one another.

Therefore, let their greatest common measure, E, have
been taken (Prop. VIIL.2).

And since E measures D, and D measures A and B, E thus
also measures A and B. And it also measures C. Thus, E
measures A, B, and C.

Thus, E is a common measure of A, B, and C.
So I say that (it is) also the greatest (common measure).

For if E is not the greatest common measure of A, B,
and C then some number greater than E will measure the
numbers A, B, and C.

Let it (so) measure (A, B, and C), and let it be F .

And since F measures A, B, and C, it also measures A
and B.

Thus, it will also measure the greatest common measure
of A and B (Prop. VIIL.2 corr.).

And D is the greatest common measure of A and B. Thus,
F measures D. And it also measures C. Thus, F measures
D and C.

Thus, it will also measure the greatest common measure
of D and C (Prop. VIIL.2 corr.).

And E is the greatest common measure of D and C.
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Action 31. Thus, F measures E, the greater (measuring) the lesser.
The very thing is impossible.

Action 32. Thus, some number which is greater than E does not mea-
sure the numbers A, B, and C.

Action 33. Thus, E is the greatest common measure of A, B, and C.

Action 34. (Which is) the very thing it was required to show.

Therefore, To find the greatest common measure of three given num-
bers (which are) not prime to one another.
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“To find the greatest common measure of three given numbers which are not prime to one another.”

Start with three numbers First, find the greatest
A, B, and C which are v
not prime to one another.

Case ‘measures C.
Suppose some larger number E (> D)
measures A, B, and C.

Some common measure G (> 1)

G|A.G|B.G|C|

Corollary (from Proposition
fa number measu
hen it al

o7
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Proposition 4

Statement. Any number is either part or parts of any (other) num-
ber, the lesser of the greater.

Proof.

Action 1.
Action 2.
Action 3.
Action 4.
Action 5.

Action 6.
Action 7.
Action 8.
Action 9.

Action 10.
Action 11.
Action 12.

Action 13.

Action 14.

Let A and BC be two numbers, and let BC be the lesser.
I say that BC is either part or parts of A.

For A and BC are either prime to one another, or not.
Let A and BC, first of all, be prime to one another.

So separating BC into its constituent units, each of the
units in BC will be some part of A. Hence, BC is parts of
A.

So let A and BC be not prime to one another.
So BC either measures, or does not measure, A.
Therefore, if BC measures A then BC is part of A.

And if not, let the greatest common measure, D, of A and
BC have been taken (Prop. VIIL.2), and let BC have been
divided into BE, EF | and F C, equal to D.

And since D measures A, D is a part of A.
And D is equal to each of BE, EF , and F C.

Thus, BE, EF , and F C are also each part of A. Hence,
BC is parts of A.

Thus, any number is either part or parts of any (other)
number, the lesser of the greater.

(Which is) the very thing it was required to show.

Therefore, Any number is either part or parts of any (other) number,
the lesser of the greater.
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“Any number is either part or parts of any other number, the lesser of the greater.”
Let A be any greater number, There are two cases. .
and BC the lesser number. Either A and BC are prime to one another,
A=) > or they are not.
BC (lsser)
—_—

Case 1: Suppose A and BC are prime to one another.

Break BC into its constituent units.
We must show:
BC is cither a PART of A,

or PARTS of A.

Case 2(i): If BC measures A.
Since BC is the lesser and it By Proposition 2, take D as the greatest
‘measures A, by Definition 3, common measure of A and BC.
BC isa PART of A.
e
BC i
N
So in this case also,
BC is a PART of A.
Divide BC into pieces each equal to D.
Let the picces be BE, EF, FC.

Therefore BC s made from several parts of A.

In all cases, the lesser number (BC)
Since each of the pieces (BE, EF, FC) is a part of A, is cither a PART of the greater (A)
sy their whole cogether, BC, is PARTS of A. or PARTS of the greater.

BCisa PART of A BC is PARTS of A
(when BC measures A). (when BC does not

Aorwhen |
A and BC are prime).
A

Any number s cither
part or parts of any other
number, the lesser of the greater:

. " Lesson for life:
EITE MEPH TOY TTAEIONOS, { : """ﬁ( .‘“‘;‘:‘""’w

e st it Into the grea

O ONEAATTON. in one of two ways.
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Proposition 5

Statement. If a number is part of a number, and another (number)
is the same part of another, then the sum (of the leading numbers)
will also be the same part of the sum (of the following numbers) that

one (number) is of another.

Proof.

Action 1.

Action 2.

Action 3.

Action 4.

Action 5.

Action 6.

Action 7.

Action 8.

Action 9.

Action 10.

Action 11.

For let a number A be part of a (number) BC, and another
(number) D (be) the same part of another (number) EF
that A (is) of BC.

I say that the sum A, D is also the same part of the sum
BC, EF that A (is) of BC.

For since which(ever) part A is of BC, D is the same part
of EF , thus as many numbers as are in BC equal to A,
so many numbers are also in EF equal to D.

Let BC have been divided into BG and GC, equal to A,
and EF into EH and HF , equal to D.

So the multitude of (divisions) BG, GC will be equal to
the multitude of (divisions) EH, HF .

And since BG is equal to A, and EH to D, thus BG, EH
(is) also equal to A, D.

So, for the same (reasons), GC, HF (is) also (equal) to A,
D.

Thus, as many numbers as (are) in BC equal to A, so
many are also in BC, EF equal to A, D.

Thus, as many times as BC is (divisible) by A, so many
times is the sum BC, EF also (divisible) by the sum A, D.

Thus, which(ever) part A is of BC, the sum A, D is also
the same part of the sum BC, EF .

(Which is) the very thing it was required to show. = (1/n)
d then (a 4+ ¢) = (1/n) (b + d), where all symbols denote
numbers.
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Therefore, If a number is part of a number, and another (number)
is the same part of another, then the sum (of the leading numbers)
will also be the same part of the sum (of the following numbers) that
one (number) is of another.
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“If one number is a part of another, and a second number is the same part of another,
__then the sum of the first pair is that same part of the sum of the second pair.”

Let A be a part of BC. | > Let D be the same part of EF . We must show that
So BC contains some exact = that A is of BC. 3 A + D is the same part
number of copies of A. So if A is one third of BC, y of BC + EF that

D is also one third of EF. | Ais of BC.

Divide BC into equal picces, f{ivid:dlif.inm d:dz nm“:l‘umbq
each equal t0 A. Pt ST e i Tabs one picce cqualto A'
Suppose there are 4 copies of A Since D is the same part of EF y from BC and one piece equal
. that A s of BC, there are : D from EF.
also 4 copies of D.

Therefore the combined whole
Since each piece from BC equals A, > contains the same number of
and each corresponding picce from EF copies of A + D.
equals D, each pairis A + D. ; . BCAEF-4(A+D)
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Proposition 6

Statement. If a number is parts of a number, and another (number)

is the same parts of another, then the sum (of the leading numbers)
will also be the same parts of the sum (of the following numbers) that
one (number) is of another.

Proof.

Action 1.

Action 2.

Action 3.

Action 4.

Action 5.

Action 6.

Action 7.

Action 8.

Action 9.

For let a number AB be parts of a number C, and another
(number) DE (be) the same parts of another (number) F
that AB (is) of C.

I say that the sum AB, DE is also the same parts of the
sum C, F that AB (is) of C.

For since which(ever) parts AB is of C, DE (is) also the
same parts of F , thus as many parts of C as are in AB,
so many parts of F are also in DE.

Let AB have been divided into the parts of C, AG and
GB, and DE into the parts of F , DH and HE.

So the multitude of (divisions) AG, GB will be equal to
the multitude of (divisions) DH, HE.

And since which(ever) part AG is of C, DH is also the
same part of F | thus which(ever) part AG is of C, the
sum AG, DH is also the same part of the sum C, F (Prop.
VIL5).

And so, for the same (reasons), which(ever) part GB is of
C, the sum GB, HE is also the same part of the sum C, F

Thus, which(ever) parts AB is of C, the sum AB, DE is
also the same parts of the sum C, F .

(Which is) the very thing it was required to show. d ¢ =
(m/n) d then (a + ¢) = (m/n) (b + d), where all symbols
denote
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Therefore, If a number is parts of a number, and another (number)
is the same parts of another, then the sum (of the leading numbers)
will also be the same parts of the sum (of the following numbers) that

one (number) is of another.
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parts of another, and a second number is the same parts of ann(h&r,
3 ir is the same parts of the sum of the second pair.”

“If one number
then the sum of the first pair

Let AB be certain parts of C. . Let DE be the same parts of F
Here AB is two thirds of C. that AB is of C.
4 Thus DE is also two thirds of F.

Divide AB into its parts of C.
Since AB is two thirds of C,
let each part be one third of C.

Add the paired parts together. Therefore AB + DE is the same parts
(AG + DH) + (GB + HE) = AB + DE of C+ F that ABis of C.
) AB + DE is two thirds of

By Proposition 5, each pair of corresponding parts
added together is the same part of C + F
that each partis of C. y
~EO-E +
AG+DH — § € F
! These two equal one- C+F
cfcm‘wmmm,m
- W n In symbols:
/) § fa-Zbadc-2d

(one third of C + F)
4 of C+F.
then a +c = 2% (b + d).

Indeed, 18 is two thirds of 27.
So th ition is true.

Let AB = 8 be two thirds of C = 12.
Let DE = 10 be two thirds of F = 15,
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Proposition 7

Statement. If a number is that part of a number that a (part) taken

away (is) of a (part) taken away then the remainder will also be the
same part of the remainder that the whole (is) of the whole.

Proof.

Action 1.

Action 2.

Action 3.

Action 4.

Action 5.

Action 6.

Action 7.
Action 8.
Action 9.

Action 10.

Action 11.

Action 12.

For let a number AB be that part of a number CD that
a (part) taken away AE (is) of a part taken away CF .

I say that the remainder EB is also the same part of the
remainder F D that the whole AB (is) of the whole CD.

For which(ever) part AE is of CF | let EB also be the
same part of CG.

And since which(ever) part AE is of CF |, EB is also the
same part of CG, thus which(ever) part AE is of CF , AB
is also the same part of GF (Prop. VIL5).

And which(ever) part AE is of CF , AB is also assumed
(to be) the same part of CD.

Thus, also, which(ever) part AB is of GF , (AB) is also
the same part of CD. Thus, GF is equal to CD.

Let CF have been subtracted from both.

Thus, the remainder GC is equal to the remainder F D.

And since which(ever) part AE is of CF |, EB (is) also
the same part of GC, and GC (is) equal to F D, thus
which(ever) part AE is of CF | EB is also the same part
of F D.

But, which(ever) part AE is of CF , AB is also the same
part of CD.

Thus, the remainder EB is also the same part of the re-
mainder F D that the whole AB (is) of the whole CD.

(Which is) the very thing it was required to show. = (1/n)
d then (a ¢) = (1/n) (b d), where all symbols denote
numbers.
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Therefore, If a number is that part of a number that a (part) taken
away (is) of a (part) taken away then the remainder will also be the
same part of the remainder that the whole (is) of the whole.
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Let EB be the same part of some number CG
that AE is of CE.

Subtrace the same part CF from both
Since the wholes are equal,
the remainders are equal.

< L D-CF> 4
i

S -CF >

it
Fa=Lbandc=14
w i

JCLID, BOOK VII — PROPO¢
that part of a number that a part taken away is of
ainder will also be the same part of the remainder that the

Take away matching parts.
‘Take AE from AB, and CF from CD,
with AE the same part of CF
that AB s of CD.

E

Since AF: s a part of CF,
and EB is the same part of CG,
by Proposition 5:

AB = AE + EB is the same part of

We constructed EB to be the same part of CG
that AE is of CE.
Since CG = FD,

it follows that EB is the same part of FD.

Example with numbers
Let 6 be one half of 12, and 2 be one half of 4.

1
thena—c= = (b= d).

12 and 2=34 > 6-

68

=4 and 12-4=8 > 4

We must prove that
the remainder EB s the same part of
the remainder FDD that AB is of CD.

Bue AB s already the same part of CD.
that AE is of CE.
Therefore AB is the same part of
both FG and CD. Hence:
FG=CD.

‘Therefore the remainder EB is the same part
of the remainder FID that AB is of CD.
‘Thus the proposition is proved.
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Proposition 8

Statement. If a number is those parts of a number that a (part)

taken away (is) of a (part) taken away then the remainder will also
be the same parts of the remainder that the

Proof.

Action 1.

Action 2.

Action 3.

Action 4.
Action 5.

Action 6.

Action 7.

Action 8.

Action 9.

Action 10.

Action 11.

Action 12.

whole (is) of the whole.

G M K NH For let a number AB be those parts of a
number CD that a (part) taken away AE (is) of a (part)
taken away CF .

I say that the remainder EB is also the same parts of the
remainder F D that the whole AB (is) of the whole CD.

For let GH be laid down equal to AB.

Thus, which(ever) parts GH is of CD, AE is also the same
parts of CF .

Let GH have been divided into the parts of CD, GK and
KH, and AE into the part of CF , AL and LE.

So the multitude of (divisions) GK, KH will be equal to
the multitude of (divisions) AL, LE.

And since which(ever) part GK is of CD, AL is also the
same part of CF , and CD (is) greater than CF |, GK (is)
thus also greater than AL. Let GM be made equal to AL.

Thus, which(ever) part GK is of CD, GM is also the same
part of CF .

Thus, the remainder M K is also the same part of the
remainder F D that the whole GK (is) of the whole CD
(Prop. VIL5).

Again, since which(ever) part KH is of CD, EL is also the
same part of CF , and CD (is) greater than CF , HK (is)
thus also greater than EL. Let KN be made equal to EL.

Thus, which(ever) part KH (is) of CD, KN is also the
same part of CF .
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Action 13.

Action 14.

Action 15.

Action 16.
Action 17.

Action 18.

Thus, the remainder N H is also the same part of the
remainder F D that the whole KH (is) of the whole CD
(Prop. VIL5).

And the remainder M K was also shown to be the same
part of the remainder F D that the whole GK (is) of the
whole CD.

Thus, the sum M K, N H is the same parts of DF that
the whole HG (is) of the whole CD.

And the sum M K, N H (is) equal to EB, and HG to BA.

Thus, the remainder EB is also the same parts of the
remainder F' D that the whole AB (is) of the whole CD.

(Which is) the very thing it was required to show. d ¢ =
(m/n) d then (a ¢) = (m/n) (b d), where all symbols
denote

Therefore, If a number is those parts of a number that a (part) taken
away (is) of a (part) taken away then the remainder will also be the
same parts of the remainder that the
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OK VII — PROPOSITIO

8

“If a number is those parts of a number that a part taken away is of a part taken away, then

the remainder will

Let AB be the same parts of C
that DE is of E

Divide AB into the partsof C of which it is made.
Since AB is two thirds of C, divide it into two.
equal pars.

M B

Since MB is one third of EG, and MB is the same part.
of C that AM is of C, it follows that EG is also cqual
0 CG (because AM + MB = AB = two thirds of C).

Lec AB =8 be two thirds of C = 12.
| Lec DE = 4 be two thirds of F =

Is0 be the same parts of th

‘Take away the marching parts.
Remove DE from AB,
and remove the corresponding

‘Now look at the whole remainders after removal.
W removed two thirds from both wholes.
Since EG = CG, the remainders
stand in the same relation,

DIE!
(emainder EE)

Afier subtracting matching parts
12-6=6 8-4=4

remainder that the whole is of the whole.”

We must prove that
the remainder EB is the same parts
of the remainder CG that AB is of C.

'

/ o
3 D B Remainder:
t s

Now apply Proposition 7 to each corresponding pair.
Since AM is the same part of C that DN is of F,
the remainders after removing these parts are also

in the same relation.

Therefore the remainder EB s the same parts
of the remainder CG that AB is of C.
The proposition is proved.

LESSON FOR LIFE
Remove equal portions from things
that i

22
Remainder = 6

i 2
Remainder = 4

and the balance of that proportion
remains. il
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Proposition 9

Statement. If a number is part of a number, and another (number)

is the same part of another, also, alternately, which(ever) part, or
parts, the first (number) is of the third, the second (number) will also
be the same part, or

Proof.

Action 1.
Action 2.

Action 3.

Action 4.

Action 5.

Action 6.

Action 7.

Action 8.

Action 9.
Action 10.

the same parts, of the fourth.

For let a number A be part of a number BC, and another
(number) D (be) the same part of another EF that A (is)
of BC.

I say that, also, alternately, which(ever) part, or parts, A
is of D, BC is also the same part, or parts, of EF .

For since which(ever) part A is of BC, D is also the same
part of EF | thus as many numbers as are in BC equal to
A, so many are also in EF equal to D.

Let BC have been divided into BG and GC, equal to A,
and EF into EH and HF , equal to D.

So the multitude of (divisions) BG, GC will be equal to
the multitude of (divisions) EH, HF .

And since the numbers BG and GC are equal to one an-
other, and the numbers EH and HF are also equal to one
another, and the multitude of (divisions) BG, GC is equal
to the multitude of (divisions) EH, HC, thus which(ever)
part, or parts, BG is of EH, GC is also the same part, or
the same parts, of HF .

And hence, which(ever) part, or parts, BG is of EH, the
sum BC is also the same part, or the same parts, of the
sum EF (Props. 7.5, 7.6).

And BG (is) equal to A, and EH to D.

Thus, which(ever) part, or parts, A is of D, BC is also the
same part, or the same parts, of EF .
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Action 11. (Which is) the very thing it was required to show. = (1/n)
d then if a = (k/1) ¢ then b = (k/1) d, where all symbols
denote

Therefore, If a number is part of a number, and another (number) is
the same part of another, also, alternately, which(ever) part, or parts,
the first (number) is of the third, the second (number) will also be
the same part, or
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“If a number t of a num v(x, and another number i: “
then Iurn-(gl\ \xh

Let A be a part of BC. B8 We must prove alternately: ; \  Since A is a part of BG,
Let D be the same part & ‘whatever part or parts 2 ¥ let us divide BC into equal
EE. 4 Aisof D, 5 parts, each equal to A.
BC is the same part or parts | s
EE

ey
IfA:D=k
then BC : EF

Since D is the same part of EF s §, Compare one part from cach. Every other pair of corresponding
that A is of BC, divide EF also ¢ HereBGisequal o A, part is equal to the frst pair.
into the same number of ¥ and EH is equal to D. g SoGCisequal 0BG (both A),
c e
atever part or
parts A is of D,
E H | BG is the same part
e or parts of EH.

R e ..m..; pars. F ButBG = A ami EH =D. d Therefore, if A is k parts
“zy_ympm.um 5 (or 6), y e of D out of I parts,
IG s a cerain part or parts B ; then BC is also k parts
of EF out of I parts.

EXAMPLE WITH NUMBERS
Let A = 3 is one fourth of BC = 12.
A=3

LESSON FOR LIFE
LeeD = 5 is one fourth of EF < 20, | S7¢ A 8 thre iths of D (3:), g e tdh
then BC is three fifths of EF. many things in nature and life
D=5
CHIlISE F
v - 5 :5=12:20
2 20
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Proposition 10

Statement. If a number is parts of a number, and another (number)

is the same parts of another, also, alternately, which(ever) parts, or
part, the first (number) is of the third, the second will also be the
same parts, or the same part, of the fourth.

Proof.

Action 1.

Action 2.

Action 3.

Action 4.

Action 5.

Action 6.

Action 7.

Action 8.

Action 9.

Action 10.

For let a number AB be parts of a number C, and another
(number) DE (be) the same parts of another F .

I say that, also, alternately, which(ever) parts, or part,
AB is of DE, C is also the same parts, or the same part,
of F .

For since which(ever) parts AB is of C, DE is also the
same parts of F , thus as many parts of C as are in AB,
so many parts of F (are) also in DE.

Let AB have been divided into the parts of C, AG and
GB, and DE into the parts of F , DH and HE.

So the multitude of (divisions) AG, GB will be equal to
the multitude of (divisions) DH, HE.

And since which(ever) part AG is of C, DH is also the
same part of F | also, alternately, which(ever) part, or

parts, AG is of DH, C is also the same part, or the same
parts, of F (Prop. VIL9).

And so, for the same (reasons), which(ever) part, or parts,
GB is of HE, C is also the same part, or the same parts,
of F (Prop. VIL9).

And so (which(ever) part, or parts, AG is of DH, GB is
also the same part, or the same parts, of HE.

And thus, which(ever) part, or parts, AG is of DH, AB is
also the same part, or the same parts, of DE (Props. 7.5,
7.6).

But, which(ever) part, or parts, AG is of DH, C was also
shown (to be) the same part, or the same parts, of F .
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Action 11. And, thus) which(ever) parts, or part, AB is of DE, C is
also the same parts, or the same part, of F .

Action 12. (Which is) the very thing it was required to show. = (m/n)
d then if a = (k/1) ¢ then b = (k/1) d, where all symbols
denote

Therefore, If a number is parts of a number, and another (number)
is the same parts of another, also, alternately, which(ever) parts, or
part, the first (number) is of the third, the second will also be the
same parts, or the same part, of the fourth.
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EUCLID, BOOK — PROPOSITION 10
“If one number is parts of another, and a second number is the same parts of another, then alternately,
_ whatever parts or part the first is of the third, the second will k the same parts or the same p

Let AB be certain parts of C, 7 2 We must prove alternately: EY Divide AB into the individual
and let DE be the same parts @23\ whatever parts or part e ef Cof STt o i,

_ ABisof DE, Suppose AB consists of
Ciis the same parts or
three equal parts.

AG is the same single part of C {
that DH is of F. R In the same way;
By Proposition 9, alternately, GBistoHEas Cisto
whatever part or parts AG is of DH,
Cis the same parts or part of E.

Divide DE into the matching
individual parcs of F.
DE also consists of the

same number of equal parts.

But the relation AG : DH is the same
By Propositions 5 and 6, e = as C : F (from step 5).
VY, whatever part o parts AG is of DH, 4§ Therefore C is the same parts or part
GB s of HE, and so on. 1 ? AB is the same parts or parts of DE. 3 ¥ of F that AB is of DE.

AG:DH=k:I

EXAMPLE WITH NUMBERS
Let AB = 8 be two thirds of C = 12. Let DE = 10 be two thirds of F = 15. Compare AB and DE.
3 8 s four fifths of 10.
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Proposition 11

Statement. If as the whole (of a number) is to the whole (of another),
so a (part) taken away (is) to a (part) taken away, then the remainder
will also be to the remainder as the whole (is) to the whole.

Proof.

Action 1.

Action 2.

Action 3.

Action 4.

Action 5.
Action 6.

Let the whole AB be to the whole CD as the (part) taken
away AE (is) to the (part) taken away CF .

I say that the remainder EB is to the remainder F D as
the whole AB (is) to the whole CD.

(For) since as AB is to CD, so AE (is) to CF , thus
which(ever) part, or parts, AB is of CD, AE is also the
same part, or the same parts, of CF (Def. VII.20).

Thus, the remainder EB is also the same part, or parts, of
the remainder F D that AB (is) of CD (Props. 7.7, 7.8).

Thus, as EB is to F D, so AB (is) to CD (Def. VII.20).

(Which is) the very thing it was required to show. : b :
a c¢: b d, where all symbols denote numbers.

Therefore, If as the whole (of a number) is to the whole (of another),
so a (part) taken away (is) to a (part) taken away, then the remainder
will also be to the remainder as the whole (is) to the whole.
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“If the whole is to the whole as a part ta away is to a part taken av

then the remainder will also be to the remainder as the whole is to the whole.

Start with two wholes.
Let the whole AB be
to the whole CD in
some fixed ratio.

State what must be proved.

‘We must show that
the remainders have

Translate back into a ratio.
By Definition 20 again,
e
| ifEB s the same part or
of FD that AB is of CD,
the

EXAMPLE WITH NUMBERS
Suppose the wholes and the removed parts
have the same ratio.

g tisdeE =
12

12-4=8

Take away corresponding parts.
Remove AE from AB,
2} and remove CF from CD.
Assume AE : CF = AB: CD.

Since AB: CD = AE : CF,
by Definition 20,
whatever part or parts
AB s of CD,

[ Theretoe the remainder |
| has the same ratioas |

‘The remainders have
the same ratio.

§=12°=12" 8

Subtract corresponding parts.
18-6=12

8 8
—

e (st 23 =2:3)

18

Name the remainders.
After subtraction,
the remainders are:

Therefore EB is the same part or parts
of FD that AB is of C)

LESSON FOR LIFE
When we remove matching parts
from things that stand in the same

proportion, the balance of their
relationship remains unchanged.
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Proposition 12

Statement. If any multitude whatsoever of numbers are propor-

tional then as one of the leading (numbers is) to one of the following
so (the sum of) all of the leading (numbers) will be to (the sum of)
all of the following.

Proof.

Action 1.

Action 2.

Action 3.

Action 4.

Action 5.
Action 6.

Let any multitude whatsoever of numbers, A, B, C, D, be
proportional, (such that) as A (is) to B, so C (is) to D.

I say that as A is to B, so A, C (is) to B, D.

For since as A is to B, so C (is) to D, thus which(ever)
part, or parts, A is of B, C is also the same part, or parts,
of D (Def. VII.20).

Thus, the sum A, C is also the same part, or the same
parts, of the sum B, D that A (is) of B (Props. 7.5, 7.6).

Thus, as A is to B, so A, C (is) to B, D (Def. VII.20).

(Which is) the very thing it was required to show. : b :
a + c: b+ d, where all symbols denote numbers.

Therefore, If any multitude whatsoever of numbers are proportional

then as one of the leading (numbers is) to one of the following so (the
sum of) all of the leading (numbers) will be to (the sum of) all of the

following.
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“If any multitude whatsoever of numbers are proportional, then as one of the lgmdan numbers

of all the le: :Inu., m\mlwu’\ mI[ lu to the sum of .\ll the [nllm\m

Let A, B, C, D be numbers such that
AistoBasCistoD.

Byl ARISTOTLE: Here, Alexander, o pirs of numbers
share the very same proportion.
Add the following numbers together.
Join B and D.

ARISTOTLE: And.
we join B with D.
Let us sce this with numbers.
A=2, B=3, C=
LT = 6E @R =
A+C=2+4=6
B+D =3+6=9

T E—
89 ARISTOTLE: The same ratio appears again!

LESSON FOR LIFE: When many things stand in the same proportion, their balance is preserved,

By Definition 20, whatever part or parts
)\ Alsof B, Cis the same part or parts of D.

SlmAlSvh:nmmenrpﬂmnfB
that C is of D, by Propositions 5 and 6,
A+ Cis the same part or parts of B + D

that A is of B.

A+C

“This is true not only for two pairs,
but for any multitude whatsoever.

ARISTOTLE: However many proportional pairs we have,
they all share one and the same proportion.

even when we bring them together.

81

Add the leading numbers together.
Join A and C.

By Definition 20 again, this means.
that the ratio of A to B is the same
as the ratio of A+ C to B + D.

S0
= (A+C):(B+D)

Join all the leading numbers together,
and all the following numbers together.
A A
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Proposition 13

Statement. If four numbers are proportional then they will also be

proportional alternately.

Proof.

Action 1.

Action 2.

Action 3.

Action 4.

Action 5.
Action 6.

Let the four numbers A, B, C, and D be proportional,
(such that) as A (is) to B, so C (is) to D.

I say that they will also be proportional alternately, (such
that) as A (is) to C, so B (is) to D.

For since as A is to B, so C (is) to D, thus which(ever)
part, or parts, A is of B, C is also the same part, or the
same parts, of D (Def. VII.20).

Thus, alterately, which(ever) part, or parts, A is of C, B
is also the same part, or the same parts, of D (Props. 7.9,
7.10).

Thus, as A is to C, so B (is) to D (Def. VII.20).

(Which is) the very thing it was required to show. : c¢ :
b : d, where all symbols denote numbers.

Therefore, If four numbers are proportional then they will also be

proportional alternately.
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EUCLID, BOOK VII — PROPOSITION 13
“If four numbers are proportional, then they will also be proportional alternatel
Let four numbers A, B, C, D By Definition 20,
be such chat whaver partorpars T
AistoBas Cisto D. Aisof B, A
A= @am

By Propositions 9 and 10, |
since A is the same part or parts by
of B that Ciis of D,
therefore whatever part or parts
Aisof C, | Aisof C,
B is the same part or parts
1 of D.

EOBNA
Whatever part

ST

e
|

 The crosswise relation inherits.

Bee o the same cquality of parts.

Let us see with numbers.
TakeA=2,B=3,C=4D=6

——

. = . g ——
: e
¥ THE RULE OF ALTERNATION Bl e
ok i s A:B=C:D = A:C=B:D e i Sonstoat
onal. R though
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Proposition 14

Statement. If there are any multitude of numbers whatsoever, and
(some) other (numbers) of equal multitude to them, (which are) also
in the same ratio taken two by two, then they will also be in the same
ratio via equality. Let there be any multitude of numbers whatsoever,
A, B, C, and (some) other (numbers), D, E, F | of equal multitude to
them, (which are) in the same ratio taken two by two, (such that) as
A (is) to B, so D (is) to E, and as B (is) to C, so E (is) to F . I say
that also, via equality, as A is to C, so D (is) to F .

Proof.

Action 1. For since as A is to B, so D (is) to E, thus, alternately, as
A is to D, so B (is) to E (Prop. VIL.13).

Action 2. Again, since as B is to C, so E (is) to F , thus, alternately,
as B is to E, so C (is) to F (Prop. VIL.13).

Action 3. And as B (is) to E, so A (is) to D.
Action 4. Thus, also, as A (is) to D, so C (is) to F .

Action 5. Thus, alternately, as A is to C, so D (is) to F (Prop.
VIL13).

Action 6. (Which is) the very thing it was required to show. c :: e :
fthena: c:: d: f, where all symbols denote numbers.

Therefore, If there are any multitude of numbers whatsoever, and
(some) other (numbers) of equal multitude to them, (which are) also
in the same ratio taken two by two, then they will also be in the same
ratio via equality. Let there be any multitude of numbers whatsoever,
A, B, C, and (some) other (numbers), D, E, F | of equal multitude to
them, (which are) in the same ratio taken two by two, (such that) as
A (is) to B, so D (is) to E, and as B (is) to C, so E (is) to F . I say
that also, via equality, as A is to C, so D (is) to F .
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v 300K VII —
If there are any number of numbers, and another set equal in m
pairs are in the same ratio, then the first and last numbers
Take two scts of numbers, " Assume the first pair ! y Assume the sccond pair
equal in number. of numbers are in the are also in the same ratio.

{  The ratio from A to B
o et matches that from D to E.
= —— - 2z .
" Again by Proposition 13, Now look carefully.
from B:C = E:F | . A:D=B:EandB:E=C:F
we get: i
B:E=C:F are equal to the same ratio B : E.
Hence, A:D = C: F
: VAN A:D = B:E = C:F

e —— 1 o 1 Z (They are all equal

it Once more, by Proposi

(alternate) on A : D = C: F,

"
“The first numbers compared to the last numbers
have

the same ratio.

ach step in
has the same ratio,

ETO A
When relationships are consi:
 every step, truth reache
from the beginning
all the way to the end,

then the end to end

ratio also matches.
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Proposition 15

Statement. If a unit measures some number, and another number

measures some other number as many times, then, also, alternately,
the unit will measure the third number as many times as the second
(number measures) the fourth.

Proof.

Action 1.

Action 2.

Action 3.

Action 4.

Action 5.

Action 6.

Action 7.

Action 8.

Action 9.

For let a unit A measure some number BC, and let another
number D measure some other number EF as many times.

I say that, also, alternately, the unit A also measures the
number D as many times as BC (measures) EF .

For since the unit A measures the number BC as many
times as D (measures) EF | thus as many units as are in
BC, so many numbers are also in EF equal to D.

Let BC have been divided into its constituent units, BG,
GH, and HC, and EF into the (divisions) EK, KL, and
LF , equal to D.

So the multitude of (units) BG, GH, HC will be equal to
the multitude of (divisions) EK, KL, LF .

And since the units BG, GH, and HC are equal to one
another, and the numbers EK, KL, and LF are also equal
to one another, and the multitude of the (units) BG, GH,
HC is equal to the multitude of the numbers EK, KL, LF
, thus as the unit BG (is) to the number EK, so the unit
GH will be to the number KL, and the unit HC to the
number LF .

And thus, as one of the leading (numbers is) to one of the
following, so (the sum of) all of the leading will be to (the
sum of) all of the following (Prop. VII.12).

Thus, as the unit BG (is) to the number EK, so BC (is)
to EF .

And the unit BG (is) equal to the unit A, and the number
EK to the number D.
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Action 10. Thus, as the unit A is to the number D, so BC (is) to EF

Action 11. Thus, the unit A measures the number D as many times
as BC (measures) EF (Def. VII.20).

Action 12. (Which is) the very thing it was required to show.

Therefore, If a unit measures some number, and another number
measures some other number as many times, then, also, alternately,
the unit will measure the third number as many times as the second
(number measures) the fourth.
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PROPOSITION 15
ber measures some other number
as many times

tely, the unit will measure the third numb

If a unit measures s
the same number of times, then altern:
as the second number measures the fourth.
Let another number D measure

Let a unit A measure
X i another number EF
b the same number of times. s
3 | as many times as
#  BC measures EF.

a number BC.

Suppose the unit A fits
into BC a certain number
of times.

Divide BC into unit pieces.
Cut BC into parts equal to the unit A.

G H

‘There are six unit picces.

Apply Proposition 12.
If many pairs have the same ratio,
then one of the pairs is to one of the
pais as the sum of the first terms

So D fis into EF exactly
the same number of times
as A fis into BC.

units, and EF = 24 units,

Example: If D
then D fits into EF six times.

Divide EF into parts equal to D.
Cut EF into parts each equal to D.

Since the counts are the same,
there are also six D-picces.

Replace the small pieces
by the original numbers.
BG=A, EK=D.

Equal repetition counts

| What we want o prove: §
A measures D
as many times as
BC measures EF.

‘Compare corresponding pieces.
Every unt pcce s equal to every unit picce,
and every D-piece is equal to every D-piece.

S0 cach small pair has the same ratio:

BG : EK = GH : KL = HI : LM

J : MN = JK : NO = KC : OF

By Definition 20, this means
that the unit A measures D
as many tmes as

Mathematics shows us that when the same
measure is used equally, the balance of
relationships holds truc in cvery dircction.

UnitA=1  NumberD =4 i
1 s ine produce equal cros
measurement counts

1 fits into 6
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Proposition 16

Statement. If two numbers multiplying one another make some
(numbers) then the (numbers) generated from them will be equal to
one another.

Proof.

Action 1.
Action 2.

Action 3.

Action 4.

Action 5.

Action 6.

Action 7.

Action 8.

Action 9.

Action 10.

Action 11.

Action 12.

Let A and B be two numbers.

And let A make C (by) multiplying B, and let B make D
(by) multiplying A. I say that C is equal to D.

For since A has made C (by) multiplying B, B thus mea-
sures C according to the units in A (Def. VII.15).

And the unit E also measures the number A according to
the units in it.

Thus, the unit E measures the number A as many times
as B (measures) C.

Thus, alternately, the unit E measures the number B as
many times as A (measures) C (Prop. VIIL.15).

Again, since B has made D (by) multiplying A, A thus
measures D according to the units in B (Def. VIL.15).

And the unit E also measures B according to the units in
it.
Thus, the unit E measures the number B as many times

as A (measures) D.

And the unit E was measuring the number B as many
times as A (measures) C.

Thus, A measures each of C and D an equal number of
times. Thus, C is equal to D.

(Which is) the very thing it was required to show. ymbols
denote numbers.
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Modern reading.

Ax B=DBxA.

Therefore, If two numbers multiplying one another make some (num-
bers) then the (numbers) generated from them will be equal to one
another.
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bers multiplying one another make some numbers, then the numbers generated from tk

“If two numt
Let A and B be two numbers.

Let A multiplying B make C.
Let B muldplying A make D.

By Proposition 15 (alternately),
E measures B as many times
a5 A measures C.

Ef B B E
ey

o

'From (4): E measures B 25 many times
@

15 A measures C.
From (6):E measurs B 25 many times

Therefore, A measures C
and D the same number of times.

mathematics, truth is stcad
and does not depend on order

but on relation.

'We have changed the comparison. p

©

BES B rcpeatcd the same number of imes -
(the number of units in A) produces C. 8

Now, since B x A = D,
by Definition 15,
A measures D according to
the number of units in B.
A A A .. A
| bessosbes
N

- N D 3
- repeated the same number of times ’
(che number of units in B) produces D. ®
Butif the same number
‘measures two numbers.

the same number of times,
the two numbers are equal.

“Thas the numbers produced are equal.
THE COMMUTATIVE LAW OF MULTIPLICATION

Two numbers, whatever their order, [ B AT
produce the same number. Rl
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n will be equal to one another.”

Let E be a unit.
"The unit E measures A
a5 many times a there are
units in A.

“The unit E measures B
according to the number
of units in B.

EXAND!
1 things change pla
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Proposition 17

Statement. If a number multiplying two numbers makes some (num-

bers) then the (numbers) generated from them will have the same

ratio as the multiplied (numbers).

Proof.

Action 1.

Action 2.
Action 3.

Action 4.

Action 5.

Action 6.

Action 7.

Action 8.
Action 9.

Action 10.

For let the number A make (the numbers) D and E (by)
multiplying the two numbers B and C (respectively).

I say that as B is to C, so D (is) to E.

For since A has made D (by) multiplying B, B thus mea-
sures D according to the units in A (Def. VII.15).

And the unit F also measures the number A according to
the units in it.

Thus, the unit F measures the number A as many times
as B (measures) D.

Thus, as the unit F is to the number A, so B (is) to D
(Def. VII.20).

And so, for the same (reasons), as the unit F (is) to the
number A, so C (is) to E.

And thus, as B (is) to D, so C (is) to E.

Thus, alternately, as B is to C, so D (is) to E (Prop.
VIL13).

(Which is) the very thing it was required to show. then d
: e b: ¢, where all symbols denote numbers.

Therefore, If a number multiplying two numbers makes some (num-

bers) then the (numbers) generated from them will have the same

ratio as the multiplied (numbers).
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Start with one multiplier.
Let A multiply two numbers
Band C.
So,
AxB D
AxC=E

We must prove that

F measures A the same.
number of times that

B measures D.

Alternate the proportion.

By Proposition 13 (alternation),
Gl

UCLID, BOOK VII -
b

Since A multiplies
to make D,
B measures D as many
times as there are

units in A.

Repeat for the second product.
Since A multiplies C
0 make E,
by the same reasoning,

‘THE PRINCIPLE
Same multiplier — same proportion.

B:C=(AxB): (AxC)]

93
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>ROPOSITION 17
fr them will have the same ratio as th
IRy Lo coducaunicE
LetF be a unic.
‘The unit F measures A

25 many times as there

See it with numbers.
LecA=4, B=3, C=5.

ThenD=4x3=12
and E=4x5=20

B:C-3:5

D:E=12:20=3:5

&

“Thus, my boy,” said Aristotle

ris like ju

truth in numl ice in rule
it treats equals equally
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Proposition 18

Statement. If two numbers multiplying some number make some

(other numbers) then the (numbers) generated from them will have
the same ratio as the multiplying (numbers).

Proof.

Action 1.

Action 2.
Action 3.

Action 4.

Action 5.

Action 6.
Action 7.

For let the two numbers A and B make (the numbers) D
and E (respectively, by) multiplying some number C.

I say that as A is to B, so D (is) to E.

For since A has made D (by) multiplying C, C has thus
also made D (by) multiplying A (Prop. VIL.16).

So, for the same (reasons), C has also made E (by) multi-
plying B.

So the number C has made D and E (by) multiplying the
two numbers A and B (respectively).

Thus, as A is to B, so D (is) to E (Prop. VIIL.17).

(Which is) the very thing it was required to show. e then
a: b: d: e, where all symbols denote numbers.

Therefore, If two numbers multiplying some number make some
(other numbers) then the (numbers) generated from them will have
the same ratio as the multiplying (numbers).
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“If two numbers multiplying some number make some other numbers, then the
i 5 as the multiplying number:

Let A and B be two.
‘multiplying numbers,
and C a common number.
AxC=D

Do the same for the second product.
We are given
BxC=E
By Proposition 16,

Incerpretation.
Aand B are scaled
by the same factor C.
Thercfore their ratio

like lines in a harmony
heir size together

will have the same rat

Look at the first product.
We are given

AxC=D

.ﬁ.t"‘.‘.
N

e~ A multiplicd by C makes D.

Now we see:
‘The same number C
‘multplies both A and B.
CRACS
C xB =

THE PRINCIPLE
Same multiplier —> same proportion

. If AxC=D and BxC=E thn A:B=D:E

95

By Proposition 16 (commutativicy),
we may reverse the order:
FA % Clm ChocoAl
Therefore,
CxA=D
06 $06 -0
= -

By Proposition 17:
When one number multiplies
w0 numbers, the products
‘have the same ratio as the
‘mulciplied numbers.

g

Thus the proposition is proved.

Multiplying both members
of a ratio by the same number
preserves the ratio.

ne r acts on both,
the relation between them
remains forever the
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Proposition 19

Statement. If four number are proportional then the number created
from (multiplying) the first and fourth will be equal to the number
created from (multiplying) the second and third. And if the number
created from (multiplying) the first and fourth is equal to the (num-
ber created) from (multiplying) the second and third then the four
numbers will be proportional.

Proof.

Action 1.

Action 2.

Action 3.
Action 4.

Action 5.
Action 6.
Action 7.
Action 8.

Action 9.
Action 10.
Action 11.
Action 12.

Action 13.

Let A, B, C, and D be four proportional numbers, (such
that) as A (is) to B, so C (is) to D.

And let A make E (by) multiplying D, and let B make F
(by) multiplying C. I say that E is equal to F .

For let A make G (by) multiplying C.

Therefore, since A has made G (by) multiplying C, and
has made E (by) multiplying D, the number A has made
G and E by multiplying the two numbers C and D (re-
spectively).

Thus, as C is to D, so G (is) to E (Prop. VIIL.17).
But, as C (is) to D, so A (is) to B.
Thus, also, as A (is) to B, so G (is) to E.

Again, since A has made G (by) multiplying C, but, in
fact, B has also made F (by) multiplying C, the two num-
bers A and B have made G and F (respectively, by) mul-
tiplying some number C.

Thus, as A is to B, so G (is) to F (Prop. VIL.18).
But, also, as A (is) to B, so G (is) to E.
And thus, as G (is) to E, so G (is) to F .

Thus, G has the same ratio to each of E and F . Thus, E
is equal to F (Prop. 5.9). So, again, let E be equal to F .

I say that as A is to B, so C (is) to D.
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Action 14.

Action 15.
Action 16.
Action 17.
Action 18.

For, with the same construction, since E is equal to F
thus as G is to E, so G (is) to F (Prop. 5.7).

But, as G (is) to E, so C (is) to D (Prop. VIL.17).
And as G (is) to F' , so A (is) to B (Prop. VIL.18).
And, thus, as A (is) to B, so C (is) to D.

(Which is) the very thing it was required to show.

Modern reading.

A:B=C:D < AD = BC.

Therefore, If four number are proportional then the number created
from (multiplying) the first and fourth will be equal to the number
created from (multiplying) the second and third. And if the number

created from (multiplying) the first and fourth is equal to the (num-
ber created) from (multiplying) the second and third then the four
numbers will be proportional.
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We have:
G=AxC
and
E=AxD.

. The same number A
‘multiplies C and D.

Wemuslpnw:l! i

;w.-s—-

Now A and B
multiply the same
number C:

G=AxC

Conversely, suppose

AxD=BxC.

Using the same reasoning,
we obtain A1 B= 4 .
A beautiful law: proportions
remain true when we multiply
o divide by the same number.

RISTOTLE TO ALEXANI " THE PROPOSITION

A proportion and the (qm]lt'ni

ABCD¢=>ADBC
t
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“If four number:
con

Lt four mumbers be |

| proportional:
A:B=C:D.

‘We must prove that

tional, the product of th
products ar

first and fourth equals ¢
B N e

Let A multiply C,
¥ producing a new
‘number G.

Using the same
reasoning, we find
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Proposition 20

Statement. The least numbers of those (numbers) having the same

ratio measure those (numbers) having the same ratio as them an equal
number of times, the greater (measuring) the greater, and the lesser

the lesser.

Proof.

Action 1.

Action 2.

Action 3.
Action 4.

Action 5.

Action 6.

Action 7.

Action 8.

Action 9.

Action 10.
Action 11.

For let CD and EF be the least numbers having the same
ratio as A and B (respectively).

I say that CD measures A the same number of times as
EF (measures) B. For CD is not parts of A.

For, if possible, let it be (parts of A).

Thus, EF is also the same parts of B that CD (is) of A
(Def. 7.20, Prop. 7.13).

Thus, as many parts of A as are in CD, so many parts of
B are also in EF .

Let CD have been divided into the parts of A, CG and
GD, and EF into the parts of B, EH and HF .

So the multitude of (divisions) CG, GD will be equal to
the multitude of (divisions) EH, HF .

And since the numbers CG and GD are equal to one an-
other, and the numbers EH and HF are also equal to one
another, and the multitude of (divisions) CG, GD is equal
to the multitude of (divisions) EH, HF , thus as CG is to
EH, so GD (is) to HF .

Thus, as one of the leading (numbers is) to one of the
following, so will (the sum of) all of the leading (numbers)
be to (the sum of) all of the following (Prop. VII.12).

Thus, as CG is to EH, so CD (is) to EF .

Thus, CG and EH are in the same ratio as CD and EF ,
being less than them. The very thing is impossible.
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Action 12. For CD and EF were assumed (to be) the least of those
(numbers) having the same ratio as them. Thus, CD is
not parts of A.

Action 13. Thus, (it is) a part (of A) (Prop. VIL.4).

Action 14. And EF is the same part of B that CD (is) of A (Def. 7.20,
Prop 7.13).

Action 15. Thus, CD measures A the same number of times that EF
(measures) B.

Action 16. (Which is) the very thing it was required to show.

Modern reading. If C,D are the least numbers in the ratio
of A, B, then
A=kC, B=kD

for the same whole number k.

Therefore, The least numbers of those (numbers) having the same
ratio measure those (numbers) having the same ratio as them an equal
number of times, the greater (measuring) the greater, and the lesser
the lesser.
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“The least numbers of those having the same ratio measure those having the

an cqual number of times, the

Let A and B be two numbers.
Let CD and EF be the least
numbers having the same ratio

CD:EF=A:B
We must prove that

CD measures A as many times
as EF measures B.

Compare one pair of ing parcs.
Since the divisions are equal in number
and in size within each group,

Al corresponding parts have the same ratio.

0§

Therefore CD is not parts of A.
Tt must be a single part of A.

CD|A

And EF is the same part of B
chat CD s of A.

TOTLE TO ALEX.
The least pair s the pattern.
I other pairs in the same ratio

are built from it, by the same number

measuring the

or parts of A
Suppose, for contradiction,
that CD is parts of A.
Then, because CD B,
EF is the same parts of B
that CD s of A.

By Proposition 12,
i the corresponding parts have the same ratio,
then the sums have the same ratio.

['CG : EH = CD : EF

|
‘Hence CD measures A as many times
as EF measures B.

Both measure an equal number of times.
A=kxCD and B=kxEF
for the same whole number k.

THE PRINCIPLE
Least numbers — primitive ratio

CD:EF=A:B (las)
&
A=kxCD and B=kxEF

> all others by the same multiplier.
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ame ratio as them

and the lesser the lesser.

= —
Break CD into the part of A.

But CG < CD and EH < EF.
S0 CG and EH are smaller numbers
having the same ratio as CD and EF.

[Cc En-cD . EF)
CG : EH = CD EEJ
“This contradics our assumption that

CD and EF are the least numbers
having that ratio.

Example.
A:B=12:18=2:3
The least numbers in this ratio are 2 and 3.

2 measures 12 3

exactly 6 times. exactly 6 times.

So in harmony, the smalle

d, and all others are its fruits

same number
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Proposition 21

Statement. Numbers prime to one another are the least of those

(numbers) having the same ratio as them.

Proof.

Action 1.
Action 2.

Action 3.

Action 4.

Action 5.

Action 6.

Action 7.

Action 8.

Action 9.

Action 10.

Action 11.

Let A and B be numbers prime to one another.

Isay that A and B are the least of those (numbers) having
the same ratio as them.

For if not then there will be some numbers less than A
and B which are in the same ratio as A and B. Let them
be C and D.

Therefore, since the least numbers of those (numbers) hav-
ing the same ratio measure those (numbers) having the
same ratio (as them) an equal number of times, the greater
(measuring) the greater, and the lesser the lesserthat is to
say, the leading (measuring) the leading, and the follow-
ing the followingC thus measures A the same number of
times that D (measures) B (Prop. VII.20).

So as many times as C measures A, so many units let
there be in E.

Thus, D also measures B according to the units in E.

And since C measures A according to the units in E, E
thus also measures A according to the units in C (Prop.
VII.16).

So, for the same (reasons), E also measures B according
to the units in D (Prop. VII.16).

Thus, E measures A and B, which are prime to one an-
other. The very thing is impossible.

Thus, there cannot be any numbers less than A and B
which are in the same ratio as A and B.

Thus, A and B are the least of those (numbers) having
the same ratio as them.
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Action 12. (Which is) the very thing it was required to show.

Modern reading.

ged(A, B) =1 = A, B are the least numbers in their ratio.

Therefore, Numbers prime to one another are the least of those
(numbers) having the same ratio as them.
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“Numbers prime to one another a;

LetAmdBbeowo 2R

‘numbers prime
t0 one another.
‘We must prove that
Aand B are the least
numbers having
the ratio A : B.

Let E contain as many units
as the number of times
C measures A.
Then
A=CxE
And D measures B

E is the common number
of repetitions.

was
There are no numbers

Cand D, both smaller
than A and B, such that

ARISTOTLE
28 When two numbers share no common
73%  measure, nothing greater than the unit
c ide them both

Suppose the opposite.

Suppose there are numbers
Cand D, both smaller
than A and B, such that

C:D=A:B

By Proposition 16 (commutativity),
A=CxE becomes A=E x C.
Therefore E measures A.

B =D x E becomes B = E x D.

Thercfore E measures B as well.

Hence A and B are
the least numbers
having the ratio

THE PRINCIPLE

Numbers prime to one another are the seed of their ratio. |

All other pairs in the same ratio arc obtained
by multiplying both by the same whole number.

105

re the least of those numbers having the same ratio as them.”

By Proposition 20,
the least numbers C and D
having the ratio A : B
measure A and B
an equal number of times.
C measures A
as many times as
D measures B.

Thus E measures both A and B.
But A and B are prime
to one another.
By Definition 12,
no number greater than
the unit can measure
them both.

Examples.

v
|A=8, B=15 8: 15 is already

the least ratio.

12:18=2:3
(ot least)

REFLECTION:
st form of a ratio
with numbers

that share no common me

]
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Proposition 22

Statement. The least numbers of those (numbers) having the same

ratio as them are prime to one another.

Proof.

Action 1.

Action 2.
Action 3.

Action 4.
Action 5.

Action 6.

Action 7.

Action 8.

Action 9.

Action 10.
Action 11.

Action 12.

Action 13.
Action 14.

Let A and B be the least numbers of those (numbers)
having the same ratio as them.

I say that A and B are prime to one another.

For if they are not prime to one another then some number
will measure them.

Let it (so measure them), and let it be C.

And as many times as C measures A, so many units let
there be in D.

And as many times as C measures B, so many units let
there be in E.

Since C measures A according to the units in D, C has
thus made A (by) multiplying D (Def. VIL.15).

So, for the same (reasons), C has also made B (by) multi-
plying E.

So the number C has made A and B (by) multiplying the
two numbers D and E (respectively).

Thus, as D is to E, so A (is) to B (Prop. VIIL.17).

Thus, D and E are in the same ratio as A and B, being
less than them. The very thing is impossible.

Thus, some number does not measure the numbers A and

B.
Thus, A and B are prime to one another.

(Which is) the very thing it was required to show.

Modern reading.

A, B least in their ratio => gcd(A, B) = 1.
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Therefore, The least numbers of those (numbers) having the same
ratio as them are prime to one another.
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he least numbers of those having the same ratio as them are prime to one another.”

Let A and B be the least
‘numbers having their atio.
‘We must prove that
Aand B are

prime to one another.

prime to one another.

Let C measure B.
Let E contain as many
units as the number of

unit.

Therefore D < A and E < B.
50D and E are smaller
numbers having the
same ratio as A and B.

tis the mark of harmony

Suppose the opposite.
Suppose A and B are
not prime to one

another.

5 S —

A=CxD
and
B=CxE.
. The same number C
‘multiplies D and E
0 produce A and B.

But A and B were the least
numbers having that ratio.
It is impossible for smaller

numbers D and E.
o have the same ratio.

THE PRINCIPLE
Least numbers in a ratio — cannot be reduced further — must be coprime.

[ Leastnumbersinarado <> Prime o one another. |
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Let C measure A.
Let D contain as many.
units as the number of

times C measures A.

By Proposition 17:
‘When one number multiplies
two numbers, the products
have the same ratio as
the multiplled numbers.

‘Therefore our assumption
was false.

No number greater than
the unit measures both
AandB.

Hence, Aand Bare _
‘prime to one another.

So purity of numbes
is the foundation of all

proportions
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Proposition 23
Statement. If two numbers are prime to one another then a number
measuring one of them will be prime to the remaining (one).

Proof.

Action 1. .

Action 2. Let A and B be two numbers (which are) prime to one
another, and let some number C measure A.

Action 3. I say that C and B are also prime to one another.

Action 4. For if C and B are not prime to one another then (some)
number will measure C and B.

Action 5. Let it (so) measure (them), and let it be D.

Action 6. Since D measures C, and C measures A, D thus also mea-
sures A. And (D) also measures B.

Action 7. Thus, D measures A and B, which are prime to one an-
other. The very thing is impossible.

Action 8. Thus, some number does not measure the numbers C and
B.

Action 9. Thus, C and B are prime to one another.

Action 10. (Which is) the very thing it was required to show.

Modern reading.

ged(A,B) =1, C| A= ged(C,B) = 1.

Therefore, If two numbers are prime to one another then a number
measuring one of them will be prime to the remaining (one).
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numbers are prime to one another, then a number measuring one of them will be prime to the remaining one.”

Let A and B be b)Y S Suppose the opposite.
two numbers { 2 BN Supposc Cand Bare
prime to one another. \
Let C be a number
‘measuring A.

not prime to one another.

Then some number D
‘measures both C and B.

Therefore D measures

Since D measures C, both A and B.

and C measures A,

D also measures A.

A ey

D iy

ence T B Enposmiiie
No number greaer than the unit

OTLE TO ALEX
T S W R | If A and B are coprime, and C | A,
remains coprime to the other. i then C and B are coprime.
e purity of the ratio. [ gcd(A,B)=1 and C|[A = gcd(C,B B < purity

XANDER’S REF

harmony in music
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Proposition 24

Statement. If two numbers are prime to some number then the

number created from (multiplying) the former (two numbers) will
also be prime to the latter (number).

Proof.

Action 1.

Action 2.
Action 3.
Action 4.

Action 5.

Action 6.

Action 7.

Action 8.

Action 9.
Action 10.
Action 11.

Action 12.

Action 13.
Action 14.

For let A and B be two numbers (which are both) prime
to some number C.

And let A make D (by) multiplying B.
I say that C and D are prime to one another.

For if C and D are not prime to one another then (some)
number will measure C and D.

Let it (so) measure them, and let it be E.

And since C and A are prime to one another, and some
number E measures C, A and E are thus prime to one
another (Prop. VII.23).

So as many times as E measures D, so many units let
there be in F' .

Thus, F also measures D according to the units in E (Prop.
VIIL.16).

Thus, E has made D (by) multiplying F (Def. VII.15).
But, in fact, A has also made D (by) multiplying B.

Thus, the (number created) from (multiplying) E and F is
equal to the (number created) from (multiplying) A and
B.

And if the (rectangle contained) by the (two) outermost
is equal to the (rectangle contained) by the middle (two)
then the four numbers are proportional (Prop. 6.15).

Thus, as E is to A, so B (is) to F .

And A and E (are) prime (to one another).
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Action 15.

Action 16.

Action 17.

Action 18.

Action 19.
Action 20.

And (numbers) prime (to one another) are also the least
(of those numbers having the same ratio) (Prop. VII.21).

And the least numbers of those (numbers) having the
same ratio measure those (numbers) having the same ratio
as them an equal number of times, the greater (measur-
ing) the greater, and the lesser the lesserthat is to say, the
leading (measuring) the leading, and the following the fol-
lowing (Prop. VII.20). Thus, E measures B. And it also
measures C.

Thus, E measures B and C, which are prime to one an-
other. The very thing is impossible.

Thus, some number cannot measure the numbers C and

D.
Thus, C and D are prime to one another.

(Which is) the very thing it was required to show.

Modern reading.

ged(A,C) = ged(B,C) =1 = ged(4AB,C) = 1.

Therefore, If two numbers are prime to some number then the num-
ber created from (multiplying) the former (two numbers) will also be
prime to the latter (number).
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prime to some number C.
ged(4, C) =1
ged(B, C) = 1
Let A multiply B
and produce D.

Let F contain as many units
as the number of times

A and E are prime to one another.
By Proposition 21,

E and A are the least numbers
in the ratio . : A.

ommon measure)
it holds together

Suppose the opposite.
Suppose C and D are

not prime to one another.

Then some number E > 1
‘measures them both.

E measures C

But D was also produced
by A muldiplying B.
D=AxB
Therefore,
ExF = AxB |
SinceE:A=B:F,
and Eand A are the least numbers
in this ratio, by Proposition 20,
E measures B

as many times as A measures F.

Therefore, E | B.

THE PRINCIPLE
If two numbers are each prime t0 a third number,
then their product is also prime to that third number.

(A, C) =

and ged(B,C) =1 = ged(Ax B, C)=
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EUCLID, BOOK VII — PROPOSITION 2
re prime to some number, then the number created from multiplying the former two numbers
will also be prime to the latter number.

e A and C are prime to one another,
and E measures C,
by Proposition 23,
A and E are

prime to one another.

From equality of producs,
we get the proportion:

[E:A=B:F|
ExF AxB

that B and C are prime to one another.

EFLECTION
As in the lyre, when ead
is in harmony with a tuning not

the chord remains pure
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Proposition 25

Statement. If two numbers are prime to one another then the num-

ber created from (squaring) one of them will be prime to the remaining

(number).

Proof.

Action 1.

Action 2.
Action 3.

Action 4.

Action 5.

Action 6.

Action 7.
Action 8.

Let A and B be two numbers (which are) prime to one
another.

And let A make C (by) multiplying itself.

I say that B and C are prime to one another. For let D
be made equal to A.

Since A and B are prime to one another, and A (is) equal
to D, D and B are thus also prime to one another. Thus,
D and A are each prime to B.

Thus, the (number) created from (multilying) D and A
will also be prime to B (Prop. VII.24).

And C is the number created from (multiplying) D and
A.

Thus, C and B are prime to one another.

(Which is) the very thing it was required to show.

Modern reading.

ged(A, B) = 1 = ged(A%, B) = 1.

Therefore, If two numbers are prime to one another then the number

created from (squaring) one of them will be prime to the remaining

(number).
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“If two numbers are prime to one another, then the number created from squaring one of them
will be prime to the remaining num 5
Let A and B b T 3
moer R

Let A multiply itself
s . (square it) and
e e ‘li RG]
ged(A,B) =1

(Gl=vAv A=A

Aand B are prime
t0 one another.

‘We must prove that
C and B are prime

Since D = A,
and Ais prime to B,
D is also
prime to B.

to one another.

Thus boh D and A
are each prime to B.

e A
e
D and A,

By Proposition 24: |
ged(D, B) = 1 I two numbers are each
ged(A, B) =1 e e e

then their product s also
prime to that third number.

—
[} Therefore D x A

soDxA=AxA=C.|
D A S

ARISTOTLE TO ALEXANDER:

THE PRINCIPLE EXANDER o
g a number that is pure in If A and B are prime to one another,
rmon then the square of A is also prime to B.

s a chord in music

with another number
cannot introduce any comon measure.

if a note is in
harmony with another, the same
harmony remains

[ged(A,B)=1 = ged(A’B)=1]

hen it is repeated.
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Proposition 26

Statement. If two numbers are both prime to each of two numbers

then the (numbers) created from (multiplying) them will also be prime

to one another.

Proof.

Action 1.

Action 2.

Action 3.

Action 4.

Action 5.

Action 6.
Action 7.

Action 8.

Action 9.

Action 10.
Action 11.

For let two numbers, A and B, both be prime to each of
two numbers, C and D.

And let A make E (by) multiplying B, and let C make F
(by) multiplying D.

I say that E and F are prime to one another.

For since A and B are each prime to C, the (number)
created from (multiplying) A and B will thus also be prime
to C (Prop. VIIL.24).

And E is the (number) created from (multiplying) A and
B.

Thus, E and C are prime to one another.

So, for the same (reasons), E and D are also prime to one
another. Thus, C and D are each prime to E.

Thus, the (number) created from (multiplying) C and D
will also be prime to E (Prop. VII.24).

And F is the (number) created from (multiplying) C and
D.

Thus, E and F are prime to one another.

(Which is) the very thing it was required to show.

Modern reading.

ged(A, C) = ged(A, D) =1,

= gcd(AB,CD) =1.

ged(B,C) = ged(B,D) =1
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Therefore, If two numbers are both prime to each of two numbers
then the (numbers) created from (multiplying) them will also be prime
to one another.
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“If two numbers are both prime to cach
then the numbers created from multiplying them will also be prime to one another.”

Let four numbers | & eIy n o

A, B, C, D be such that & and produce E. ¥ 1:.5 ,,:;l:felyrb
every number in the first pair 3 e i

is prime to every number M 3 =

in the second pair. 3 | &1 Pt ) P N F ,,C," D4

ged(A, C) = 1 / D

gd(A, D) = 1 3 [

ged(B, C) = 1

ged(B, D) = 1

our assumption.

S0 far we have proved:

“Therefore b ? ‘We know ;
ged(E,C) =1 § BB cca(A, D) = 1 ged(E, C) = 1
and ged(E, D) = 1

¥ gcd(B,D) = 1. bl %

_ \ Thus both C and D

By Proposition 24, S l are cach prime to E.
preser than 1.

‘Therefore.

d(E, C d(F, E et

g ) ged(E, ) = 1, S
% ; i

ged(E, D) = 1, ; \ fietie . P gcd(36, 35) = 1

S N ecdEF) =1 5 v ged(4,7) = 1
Friesil v ged®5)-1 T
cd(C x D, E) 2 e - Digpyd i he
,E) = < R prime to one another. | 18
= a L _— - - 2
ARISTOTLE TO ALEXANDER: THE PRINCIPLE IN ONE LINE . LEXANDE LECTION:
‘See how harmony is preserved. . n a me ly hen e y note
[y W | 17 2cd(4, ©) = ged(4, D) = ged(B,©) = ged(B, D) = 1. | S
G e e then ged(A x B, Cx D) = 1. the chords created from them
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Proposition 27

Statement. If two numbers are prime to one another and each makes

some (number by) multiplying itself then the numbers created from
them will be prime to one another, and if the original (numbers)
make some (more numbers by) multiplying the created (numbers)

then these will also be prime to one another [and this always happens

with the extremes.

Proof.

Action 1.

Action 2.

Action 3.

Action 4.

Action 5.

Action 6.

Action 7.

Action 8.

Action 9.

Let A and B be two numbers prime to one another, and
let A make C (by) multiplying itself, and let it make D
(by) multiplying C.

And let B make E (by) multiplying itself, and let it make
F by multiplying E.

I say that C and E, and D and F , are prime to one
another.

For since A and B are prime to one another, and A has
made C (by) multiplying itself, C and B are thus prime
to one another (Prop. VII.25).

Therefore, since C and B are prime to one another, and
B has made E (by) multiplying itself, C and E are thus
prime to one another (Prop. VII.25).

Again, since A and B are prime to one another, and B has
made E (by) multiplying itself, A and E are thus prime
to one another (Prop. VII.25).

Therefore, since the two numbers A and C are both prime
to each of the two numbers B and E, the (number) created
from (multiplying) A and C is thus prime to the (number
created) from (multiplying) B and E (Prop. VII.26).

And D is the (number created) from (multiplying) A and
C, and F the (number created) from (multiplying) B and
E.

Thus, D and F are prime to one another.
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Action 10. (Which is) the very thing it was required to show. n a2
is also prime to b2 ; as well as a3 to b3 , etc., where all
symbols denote

Modern reading.

ged(A,B) =1 = ged(A™, B") = 1.

Therefore, If two numbers are prime to one another and each makes
some (number by) multiplying itself then the numbers created from
them will be prime to one another, and if the original (numbers)
make some (more numbers by) multiplying the created (numbers)
then these will also be prime to one another [and this always happens
with the extremes.
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“If two numbers are prime to one another, and each multiplies it make a new number,
then those new numbers will also be prime to one another; and if the original numbers multiply those squares
to make further numbers, those too will be prime to one another — and so on.”
Lo

Start with a coprime pair.

Let A and B be
prime o one another.

[smn-1)

Sinceged(,B) =1, o T

Since ged(C, B) = 1,
and B squares o E = B,

by Proposiion 25 again,

and B squares o E,
by Proposition 25,

[ (sdA, ) =1

ged(A, B) =1
W ecaa, B) = 1 4
| ged(C,B) =1
| ed(C,E) =1y

And this continues for higher powers.
P .
The same patteen goes on e

Apply Proposicion 26.
Since A and C are cach prime 0
B and E, the products of the pairs
are prime to one another.

Therefore the products are coprime.

\RISTOTLE TO
“When numbers

of any commor
that harmony is preserved

through all their equal powers.”

THE PRINCIPLE IN ONE LINE
(1 ged(A, B) = 1, then forall n > 1, ged(A”, B) = 1.
This is the endless harmony of numbers.
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ged(A% B = 1
ged(A% B =1

DER’S REFLEC
in music, when the not
in harmor

the same concord




EucLiD — THE ELEMENTS

Proposition 28

Statement. If two numbers are prime to one another then their sum

will also be prime to each of them. And if the sum (of two numbers)
is prime to any one of them then the original numbers will also be
prime to one another.

Proof.

Action 1.

Action 2.

Action 3.

Action 4.
Action 5.

Action 6.

Action 7.

Action 8.
Action 9.

Action 10.
Action 11.
Action 12.
Action 13.

Action 14.
Action 15.

For let the two numbers, AB and BC, (which are) prime
to one another, be laid down together.

I say that their sum AC is also prime to each of AB and
BC.

For if CA and AB are not prime to one another then some
number will measure CA and AB.

Let it (so) measure (them), and let it be D.

Therefore, since D measures CA and AB, it will thus also
measure the remainder BC. And it also measures BA.

Thus, D measures AB and BC, which are prime to one
another. The very thing is impossible.

Thus, some number cannot measure (both) the numbers
CA and AB.

Thus, CA and AB are prime to one another.

So, for the same (reasons), AC and CB are also prime to
one another.

Thus, CA is prime to each of AB and BC.
So, again, let CA and AB be prime to one another.
I say that AB and BC are also prime to one another.

For if AB and BC are not prime to one another then some
number will measure AB and BC.

Let it (so) measure (them), and let it be D.

And since D measures each of AB and BC, it will thus
also measure the whole of CA. And it also measures AB.
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Action 16. Thus, D measures CA and AB, which are prime to one
another. The very thing is impossible.

Action 17. Thus, some number cannot measure (both) the numbers
AB and BC.

Action 18. Thus, AB and BC are prime to one another.
Action 19. (Which is) the very thing it was required to show.

Modern reading.
ged(A, B) = ged(A, A+ B) = ged(B, A+ B).
Therefore, If two numbers are prime to one another then their sum
will also be prime to each of them. And if the sum (of two numbers)

is prime to any one of them then the original numbers will also be
prime to one another.

123



EUCLID, BOOK VII — PROPOSITION 28

If two numbers are prime to one another, then their sum will also be prime ch of them.

the sum of two numbers is prime to either one of them, then the ori;

Let two numbers be

prime to one another.

Let them be AB and BC,
Let their sum be

We first prove that AC
i prime to cach of &
AB and BC.

But AB and BC were assumed
t0 be prime to one another.

No number greater than 1
can measure both.

Contradiction!

"~ Suppose, for contradiction,
that AB and BC are not

prime to on another.

Then some number D > 1
‘measures both AB and BC.

and D |BC

ARISTOTLE TO ALEXANDER
When you add or subtract one number
from another, you do not change the
common divisors. Only the harmony
remains. This is the secret of

Euclid’s reasoning.

Suppose, for contradiction,
that AC and AB are not prime
t0 one another.

Then some number D > 1
‘measures both AC and AB.

D|AC ad D|AB

By the same argument, if a number
measured both AC and BC,
it would also measure
AC - BC = AB.

Again a contradiction.

Since DD measures both AB and BC,
it also measures their sum.
AB + BC = AC,
s0D|AC.
But D already measures AB.
So D measures both AC and AB.

ontradicts oue sssumption:
that ged(AC, AB) = 1.

THE PRINCIPLE IN ONE LINE
For any numbers A and B,

| ged(A, B) = ged(A, A + B) = ged(B, A +B).

, A and B are coprime <= A + B is coprime to cach of them. |
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to
al numbers will also be prime to one another.

But BC = AC - AB.

Since D measures both AC and AB,
it must also measure their remainder.

Therefore D | BC.

Suppose the sum AC is prime
t0 one of the numbers, say AB.

gcd(AC, AB) = 1.
We shall prove that
AB and BC are

prime to one another.

Therefore no number greater
ire both

AB and BC.

ALEXANDER’S REFLECTION:

the harmony of numbers

the note, the concord remain:
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Proposition 29

Statement. Every prime number is prime to every number which it

does not measure.

Proof.

Action 1.
Action 2.
Action 3.

Action 4.

Action 5.

Action 6.

Action 7.
Action 8.

Let A be a prime number, and let it not measure B.
I say that B and A are prime to one another.

For if B and A are not prime to one another then some
number will measure them. Let C measure (them).

Since C measures B, and A does not measure B, C is thus
not the same as A.

And since C measures B and A, it thus also measures A,
which is prime, (despite) not being the same as it. The
very thing is impossible.

Thus, some number cannot measure (both) B and A.
Thus, A and B are prime to one another.

(Which is) the very thing it was required to

Modern reading.

p prime, ptn = ged(p,n) = 1.

Therefore, Every prime number is prime to every number which it

does not measure.
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Let A be a prime number.
Let B be another number

which A does not measure.

A is prime
A}B
We must prove that

ged(A, B) = 1.

TP AP

Yet C measures A,
and C is not equal t0 A.
S0 we have found a number
G, different from A,
that measures the
prime number A.

Therefore our supposition
was false.

No number greater than 1

ISTOTLE TO ALEXANDER:
prime number is like a s
note in mu her it divides
another number, or it is in perfect
harmony with it.”

“Every prime number is prime to eve

Suppose the opposite:
and B are not
prime to one another.
Then some number C > 1
‘measures both of them.

But this is impossible.
Ais prime, o it is measured
only by the unit (1) and
by itself.

r Definiion o Prime: |
A prime number has no

measures other than
1 and itslf.

i 1 A@rimd) > A

Hence A and B have
greater than 1.
“Therefore.
ged(A, B) = 1

' If A is prime and A { B, then gcd(A, B) =

A prime cither divides a number, or it is coprime to it.
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y number which it does not measure.”

we would have A | B.
“This contradicts our
assumption that A does
not measure B.

Since C > 1and C # A,
C cannot measure A.
‘This contradicts our

assumption that

C|A.

Example
Let A = 7 (prime),
B =20.
Since 7 does not
‘measure 20,
by this proposition,
ged(7,20) = 1.
=
ALEXANDER'S REFLECTION
a prime number i like a
that either opens the numbe
or fits no lock within it-
and so it stands in harmon
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Proposition 30

Statement. If two numbers make some (number by) multiplying one

another, and some prime number measures the number (so) created

from them, then it will also measure one of the original (numbers).

Proof.

Action 1.

Action 2.

Action 3.

Action 4.

Action 5.

Action 6.

Action 7.

Action 8.
Action 9.

Action 10.

For let two numbers A and B make C (by) multiplying
one another, and let some prime number D measure C.

I say that D measures one of A and B. For let it not
measure A.

And since D is prime, A and D are thus prime to one
another (Prop. VIIL.29).

And as many times as D measures C, so many units let
there be in E.

Therefore, since D measures C according to the units E,
D has thus made C (by) multiplying E (Def. VIIL.15).

But, in fact, A has also made C (by) multiplying B.

Thus, the (number created) from (multiplying) D and E is
equal to the (number created) from (multiplying) A and
B.

Thus, as D is to A, so B (is) to E (Prop. VIIL.19).

And D and A (are) prime (to one another), and (numbers)
prime (to one another are) also the least (of those num-
bers having the same ratio) (Prop. VII.21), and the least
(numbers) measure those (numbers) having the same ratio
(as them) an equal number of times, the greater (measur-
ing) the greater, and the lesser the lesserthat is to say, the
leading (measuring) the leading, and the following the fol-
lowing (Prop. VII.20). Thus, D measures B.

So, similarly, we can also show that if (D) does not mea-
sure B then it will measure A. Thus, D measures one of

A and B.

127



EucLiD — THE ELEMENTS

Action 11. (Which is) the very thing it was required to show.

Modern reading.

p prime, p| AB=—=p| A orp|B.

Therefore, If two numbers make some (number by) multiplying one
another, and some prime number measures the number (so) created
from them, then it will also measure one of the original (numbers).
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EUCLID, BOOK VII — PROPOSITION 30
£ two numbers make some number by multiplying one another, and
some prime number measures the number so created, then it will also measure one of the original numbers.
Let A and B be two numbers Suppose, for the sake of argument,
that multiply to make C. h (i Dyl | Since D measures C,
C= /2y i | DiA let E be the number
¢ - of times D) measures C.

Let D be a prime number
that measures C.

D is prime, and D | C

By Proposition 19, Since ged(D, A) = 1,

Butalso C = A x B. ] k) B :
: from equalcy of products ] ad by Proposition 21,
e gt proportionality. ’ | Dand A are the least

. Soboth D xEand A x B
l are equal to C. D AL BIaE) Y ' numbers in the ratio D : A.

BuD:A=B:E. . Similasly,if D does not
= 3 measure B, then D must
xz P]mpqlmﬂl’lln 20, measure A.
e least numbers

ARISTOTLE TO ALEX R ALEX.
“So the prime i
If it opens the door of a product, If it is in the product,
it must open the door B o o oo o i Lol idden
. ’ ol onc of the parts

of at least one of the rooms inside.” fa

prime number is like a maste
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Proposition 31

Statement. Every composite number is measured by some prime

number.

Proof.

Action 1.
Action 2.
Action 3.
Action 4.
Action 5.

Action 6.

Action 7.
Action 8.

Action 9.

Action 10.

Action 11.

Action 12.

Action 13.
Action 14.

Let A be a composite number.

I say that A is measured by some prime number.

For since A is composite, some number will measure it.
Let it (so) measure (A), and let it be B.

And if B is prime then that which was prescribed has
happened.

And if (B is) composite then some number will measure
it.
Let it (so) measure (B), and let it be C.

And since C measures B, and B measures A, C thus also
measures A.

And if C is prime then that which was prescribed has
happened.

And if (C is) composite then some number will measure
it.
So, in this manner of continued investigation, some prime

number will be found which will measure (the number
preceding it, which will also measure A).

And if (such a number) cannot be found then an infinite
(series of) numbers, each of which is less than the preced-
ing, will measure the number A.

The very thing is impossible for numbers.

Thus, some prime number will (eventually) be found
which will measure the (number) preceding it, which will
also measure A.
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Action 15. Thus, every composite number is measured by some prime
number.

Action 16. (Which is) the very thing it was required to show.

Modern reading.

n composite = Ip prime with p | n.

Therefore, Every composite number is measured by some prime num-

ber.
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“Every composite number is measured by some prime number.”

If not, suppose B is composite.

Let A be a composite number. g’ Is B a prime number?

Since A is composite, it prime, Then some smaller number C > 1

some number B > 1 et et \ measures B.

Since B | A and C | B,
therefore C | A.

‘measures A.

We must show that
Ais measured by

Is C a prime number?
I it is prime,
then C | A

Could this descent go on forcver?
No,chisis imposible in numbers.
For we cannot have an
infinite descending chain
of positive numbers:

A>B>C>D>E>..

The numbers would become

ARISTOTLE TO ALE
“In the realm of numb
follow the path d

and truth will reve:
as something

‘measures A,
and we are done.

If C is not prime,

then some smaller number D > 1

Therefore the descent must stop
at some number P,
‘which is no longer measured
by any smaller number

132

Thus every composite
is measured by
some prime number.

Let A = 84 (composite).

28 | 84, but 28 is composite.

14 | 28, but 14 is composite.
7 | 14, and 7 is prime.

as a tree hides its root
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Proposition 32

Statement. Every number is either prime or is measured by some
prime number.

Proof.

Action 1. Let A be a number.

Action 2. I say that A is either prime or is measured by some prime
number.

Action 3. In fact, if A is prime then that which was prescribed has
happened.

Action 4. And if (it is) composite then some prime number will mea-
sure it (Prop. VIIL.31).

Action 5. Thus, every number is either prime or is measured by
some prime number.

Action 6. (Which is) the very thing it was required to show.

Modern reading.

n > 1= n is prime or has a prime divisor.

Therefore, Every number is either prime or is measured by some
prime number.
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“Every number is either prime or is measured by some prime number.”

Let A be any number.
1 shall show that
cither A is prime,

or some prime number

Proposition 31
Every composite number
is measured by
some prime number
\

Here A is composite
so 3 prime

uch that

ARISTOTLE TO ALEXANDER:
A
This s the great dividing of all numbers
Either they stand on their own
as prime,
or a prime number stands within them

as within a fortress.”

Y

Thus every number A
falls into one of these
two classes:

For any number A > 1,

EAisprime or 3primePsucht.hth|A]

Every number either is a prime itself, or

contains a prime factor.
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Since A is composite,
by Proposition 31,
A is measured by

every number is either
prime or is measured by

some prime numbe

Which is what we set out to prove.

ALEXANDER’S REFLECTION

the world of numbers

is either made of prime atoms
or built with them insid

like a city whose hidden stones

1 of the finest kind.”
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Proposition 33

Statement. To find the least of those (numbers) having the same
ratio as any given multitude of numbers.

Proof.

Action 1.
Action 2.

Action 3.

Action 4.

Action 5.

Action 6.

Action 7.

Action 8.

Action 9.

Action 10.

Action 11.

Action 12.

Let A, B, and C be any given multitude of numbers.

So it is required to find the least of those (numbers) having
the same ratio as A, B, and C.

For A, B, and C are either prime to one another, or not.

In fact, if A, B, and C are prime to one another then they
are the least of those (numbers) having the same ratio as
them (Prop. VIIL.22).

And if not, let the greatest common measure, D, of A, B,
and C have be taken (Prop. VIL3).

And as many times as D measures A, B, C, so many units
let there be in E, F | G, respectively.

And thus E, F | G measure A, B, C, respectively, according
to the units in D (Prop. VII.15).

Thus, E, F |, G measure A, B, C (respectively) an equal
number of times.

Thus, E, F , G are in the same ratio as A, B, C (respec-
tively) (Def. VII.20).

So I say that (they are) also the least (of those numbers
having the same ratio as A, B, C).

Forif E, F , G are not the least of those (numbers) having
the same ratio as A, B, C (respectively), then there will
be (some) numbers less than E, F | G which are in the
same ratio as A, B, C (respectively). Let them be H, K,
L.

Thus, H measures A the same number of times that K, L
also measure B, C, respectively.
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Action 13.

Action 14.

Action 15.

Action 16.

Action 17.

Action 18.

Action 19.

Action 20.

Action 21.

Action 22.

Action 23.

Action 24.

Action 25.

And as many times as H measures A, so many units let
there be in M .

Thus, K, L measure B, C, respectively, according to the
units in M .
And since H measures A according to the units in M , M

thus also measures A according to the units in H (Prop.
VIIL.15).

So, for the same (reasons), M also measures B, C accord-
ing to the units in K, L, respectively. Thus, M measures
A, B, and C.

And since H measures A according to the units in M , H
has thus made A (by) multiplying M .

So, for the same (reasons), E has also made A (by) multi-
plying D.

Thus, the (number created) from (multiplying) E and D is
equal to the (number created) from (multiplying) H and
M.

Thus, as E (is) to H, so M (is) to D (Prop. VII.19). And
E (is) greater than H.

Thus, M (is) also greater than D (Prop. 5.13). And (M)
measures A, B, and C. The very thing is impossible.

For D was assumed (to be) the greatest common measure
of A, B, and C.

Thus, there cannot be any numbers less than E, F , G
which are in the same ratio as A, B, C (respectively).

Thus, E, F |, G are the least of (those numbers) having
the same ratio as A, B, C (respectively).

(Which is) the very thing it was required to show.

Modern reading.

d = ged(4, B, C),

(A/d): (B/d): (C/d)y=A:B:C.
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Therefore, To find the least of those (numbers) having the same
ratio as any given multitude of numbers.
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“To find the least of those numbers having the same ratio as any given multitude of numbers.”

COMMON MEASURE

‘Suppose they are not prime
 one another.

THE TASK 3 FIRST QUESTION { " FIND THE GREATEST
Lt the given numbezs e 1 AreA,B,C I
AB.C. prime to one another?
We seck the last mumbers
‘having the same ratio as . & 4 4 /" Let D be their greatest
them. d F common measur.
Exampl
, B-18,
BN e e SIS ey =&
- SAME RATIO ; | ssfine  SUPPOSE EVEN SMALLER EXISTS,
Since cach original umbe i obesined
by maldphing by the sme nmber D,
E.F, G hvethe same o s A, B, C.

DIVIDE BY D
Let
E=A/D, F=B/D, G=C/D.
Then

A=DxE, B=DxF, C=DxG.

Since H, K, L have the sume atio as A, B, C, % From A =D x Eand A = H x M, we gec

there s some number M such that . DxE=HxM. “This contradicts that )i their

A=HxM, B=KxM, C=LxM. By Poposiion1s, A e

Therefore, M messures A, B, and C.

M|B, M]C

ARISTOTLE TO ALEXA ALEXANDER'S REFLECTION:

Ir'““;‘“{ ‘ i Let D = ged(A, B, C). Then (A/D) : (B/D) : (C/D) = A : B: ’Hvrmnw'y‘bl"'plw»h?x‘n o wall,
irst find the 3 N (A/D, B/D, C/D) are the leas possible. we reveal the simplest numbers

that keep the same harmony.”
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Proposition 34

Statement. To find the least number which two given numbers

(both) measure.

Proof.

Action 1.
Action 2.

Action 3.
Action 4.
Action 5.
Action 6.

Action 7.

Action 8.

Action 9.
Action 10.

Action 11.

Action 12.

Action 13.

Action 14.
Action 15.

Let A and B be the two given numbers.

So it is re- quired to find the least number which they
(both) measure.

For A and B are either prime to one another, or not.
Let them, first of all, be prime to one another.
And let A make C (by) multiplying B.

Thus, B has also made C (by) multiplying A (Prop.
VII.16). Thus, A and B (both) measure C.

So I say that (C) is also the least (number which they
both measure).

For if not, A and B will (both) measure some (other) num-
ber which is less than C.

Let them (both) measure D (which is less than C).

And as many times as A measures D, so many units let
there be in E.

And as many times as B measures D, so many units let
there be in F .

Thus, A has made D (by) multiplying E, and B has made
D (by) multiplying F .

Thus, the (number created) from (multiplying) A and E is
equal to the (number created) from (multiplying) B and
F.

Thus, as A (is) to B, so F (is) to E (Prop. VII.19).

And A and B are prime (to one another), and prime (num-
bers) are the least (of those numbers having the same
ratio) (Prop. VIIL.21), and the least (numbers) measure
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Action 16.

Action 17.

Action 18.

Action 19.

Action 20.

Action 21.

Action 22.

Action 23.

Action 24.

Action 25.

Action 26.

Action 27.

Action 28.
Action 29.

those (numbers) having the same ratio (as them) an equal
number of times, the greater (measuring) the greater, and
the lesser the lesser (Prop. VII.20).

Thus, B measures E, as the following (number measuring)
the following.

And since A has made C and D (by) multiplying B and
E (respectively), thus as B is to E, so C (is) to D (Prop.
VIL.17). And B measures E.

Thus, C also measures D, the greater (measuring) the
lesser. The very thing is impossible.

Thus, A and B do not (both) measure some number which
is less than C.

Thus, C is the least (number) which is measured by (both)
A and B.

So let A and B be not prime to one another.

And let the least numbers, F and E, have been taken
having the same ratio as A and B (respectively) (Prop.
VII.33).

Thus, the (number created) from (multiplying) A and E is
equal to the (number created) from (multiplying) B and
F (Prop. VIIL.19).

And let A make C (by) multiplying E.

Thus, B has also made C (by) multiplying F . Thus, A
and B (both) measure C.

So I say that (C) is also the least (number which they
both measure).

For if not, A and B will (both) measure some number
which is less than C.

Let them (both) measure D (which is less than C).

And as many times as A measures D, so many units let
there be in G.
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Action 30.

Action 31.

Action 32.

Action 33.

Action 34.

Action 35.
Action 36.

Action 37.

Action 38.

Action 39.

Action 40.

Action 41.

And as many times as B measures D, so many units let
there be in H.

Thus, A has made D (by) multiplying G, and B has made
D (by) multiplying H.

Thus, the (number created) from (multiplying) A and G
is equal to the (number created) from (multiplying) B and
H.

Thus, as A is to B, so H (is) to G (Prop. VII.19).
And as A (is) to B, so F (is) to E.
Thus, also, as F (is) to E, so H (is) to G.

And F and E are the least (numbers having the same
ratio as A and B), and the least (numbers) measure those
(numbers) having the same ratio an equal number of times,
the greater (measuring) the greater, and the lesser the
lesser (Prop. VIL.20). Thus, E measures G.

And since A has made C and D (by) multiplying E and
G (respectively), thus as E is to G, so C (is) to D (Prop.
VIIL.17). And E measures G.

Thus, C also measures D, the greater (measuring) the
lesser. The very thing is impossible.

Thus, A and B do not (both) measure some (number)
which is less than C.

Thus, C (is) the least (number) which is measured by
(both) A and B.

(Which is) the very thing it was required to show.

Modern reading.

AB

ICm(A, B) = m

Therefore, To find the least number which two given numbers (both)

measure.
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o find the least number which two given numbers both measure.”

EQUAL PRODUCTS

So Cisa common muliple of A and .

_—
CASE II: A AND B NOT COPRIME
.19, from A : B = F : E, Suppose some smaller number D
not prime to one another. R = is measured by both.
By Prop. 33, I Fand Ebe
e st s i 8

KrE=xroc)
SoA|Cand B|C.
fee o

e

We have C = AxE In every case we have found
andD = AxG. , L the least number measured.
3 by both A and B,

S REFLECTION
together | T “Thus the many paths of numbers
< hyeh ez

that both can keep If A and B are coprime (d
and none smaller can keep as well” | lem(A, B) = A x B.
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Proposition 35

Statement. If two numbers (both) measure some number then the
least (number) measured by them will also measure the same (num-
ber).

Proof.

Action 1. For let two numbers, A and B, (both) measure some num-
ber CD, and (let) E (be the) least (number measured by
both A and B). I say that E also measures CD.

Action 2. For if E does not measure CD then let E leave CF less
than itself (in) measuring DF .

Action 3. And since A and B (both) measure E, and E measures DF
, A and B will thus also measure DF .

Action 4. And (A and B) also measure the whole of CD.

Action 5. Thus, they will also measure the remainder CF , which is
less than E. The very thing is impossible. Thus, E cannot
not measure CD. Thus, (E) measures (CD).

Action 6. (Which is) the very thing it was required to show.

Modern reading.

A|N, B| N =>1lem(4,B) | N.

Therefore, If two numbers (both) measure some number then the
least (number) measured by them will also measure the same (num-
ber).
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e o or Since DF is a multiple of
messure some number > o . - A s
= ; ‘ 2 . E | DF

Let E b the leasc
number measured.
by both A and B. _ :
CD = DF + CF

& AE B|E

B s A
‘Therefore A and B must also g
‘measure the remainder.

A|CF, B|CF

because CF = CD - DF.

2 This contradicts that E i the least number By
measured by both A and B.

‘Our assumption was false.
So E must measure CD.

“Asin a well-ord
contains both poy

IfA | Nand B | N, and E = lem(A, B), then E | N.
—
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Proposition 36

Statement. To find the least number which three given numbers

(all) measure.

Proof.

Action 1.
Action 2.

Action 3.

Action 4.

Action 5.

Action 6.

Action 7.
Action 8.

Action 9.

Action 10.
Action 11.

Action 12.

Action 13.

Action 14.

Let A, B, and C be the three given numbers.

So it is required to find the least number which they (all)
measure.

For let the least (number), D, measured by the two (num-
bers) A and B have been taken (Prop. VII.34).

So C either measures, or does not measure, D. Let it, first
of all, measure (D). And A and B also measure D. Thus,
A, B, and C (all) measure D.

So I say that (D is) also the least (number measured by
A, B, and C).

For if not, A, B, and C will (all) measure (some) number
which is less than D.

Let them measure E (which is less than D).

Since A, B, and C (all) measure E then A and B thus also
measure E.

Thus, the least (number) measured by A and B will also
measure (E) (Prop. VIIL.35).

And D is the least (number) measured by A and B.

Thus, D will measure E, the greater (measuring) the lesser.
The very thing is impossible.

Thus, A, B, and C cannot (all) measure some number
which is less than D.

Thus, A, B, and C (all) measure the least (number) D. So,
again, let C not measure D.

And let the least number, E, measured by C and D have
been taken (Prop. VII.34).
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Action 15.

Action 16.
Action 17.

Action 18.

Action 19.
Action 20.

Action 21.

Action 22.

Action 23.

Action 24.
Action 25.

Action 26.

Action 27.

Action 28.

Since A and B measure D, and D measures E, A and B
thus also measure E. And C also measures (E).

Thus, A, B, and C (also) measure E.

So I say that (E is) also the least (number measured by
A, B, and C).

For if not, A, B, and C will (all) measure some (number)
which is less than E.

Let them measure F (which is less than E).

Since A, B, and C (all) measure F , A and B thus also
measure F .

Thus, the least (number) measured by A and B will also
measure F (Prop. VIIL.35).

And D is the least (number) measured by A and B. Thus,
D measures F . And C also measures F . Thus, D and C
(both) measure F .

Hence, the least (number) measured by D and C will also
measure F (Prop. VIIL.35).

And E is the least (number) measured by C and D.

Thus, E measures F | the greater (measuring) the lesser.
The very thing is impossible.

Thus, A, B, and C cannot measure some number which is
less than E.

Thus, E (is) the least (number) which is measured by A,
B, and C.

(Which is) the very thing it was required to show.

Modern reading.

lem(A4, B, C) = lem(lem(A, B), C).

Therefore, To find the least number which three given numbers (all)

measure.
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“To find the least number which three given numbers all measure.”

k(CH)) (€{D)

THE TASK
Let the three given
numbers be
AB,C.

We seck the least
number which all

Suppose asmallr number E exists
with E <D and
A|E B|E C|E
Since A | Eand B | E,
by Proposition 35,
D|E
i E < D. Impossblel

FORCE E TO DIVIDE F
We already have C | F
andD | E
Since E s he least number
measured by C and D,

RISTOTLE TO ALEX
First bring two travelers to the same
that is lem(A, B). Then bring the

If he arrives at that station a:
one; if not, find the next

he and the firs

EF

third,

vell,

FIRST STEP
First, find the least number
measured by A and B.

Suppose C { D.
Let E be the least number
measured by C and D.
SoC|EandD |E.

ButF <E.
S0 the larger number E

Since A | Dand B | D,
andD | E,

[A]E wd B|E]
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CASE: C MEASURES D
Suppose C | D.
ThenA | D, B|D, C|D.
So D is 2 common multple

with F < E and
A|E B|E C|E
From A | Fand B | E,

LetD = kem(A, B).
IEC | D, the answeris D-
IC { D, the answer s

NDER'S REFLECTIO

path to the meeting of three

s built by first uniti

then joining the third

until all three tra ther.




Suppose C docs not measure D.
Let E b the leas number
measured by both C and D.

Since A | D and B | D,
DIE

(a1

BucF <E.

Alarger number, B,

NDEF
builder sets the first
ell, and then adds the next
So in numbers: build the le

common multiple

Thercfore no such F cxists.

So E s the least number
‘measured by A, B, and C.

Let D = lem(A, B).
I£C | D, then lem(A, B, C) = D.

I£C f D, then lem(A, B, C)

Suppose E <D and
Suppose C | D. AIE B|EandC|E.
ThenA | D, B| D, and C D)
S0 is a common multy

ofal dhree.

BucE < D, Impossblel
Therefore D is the least.
Since A | Fand B | E,
by Proposiion 35,
DIE

Suppose some number F exits
such tha F < E and

[AIE BIE C|E

E|F

“THE PRINCIPLE
Example2 (Cae I Find lem of the frs two.
A=4, B=6, C=9 Then akelom of that resule
Y | viedi
Since9 1 12,
E = ln(12,9) = 36
Answer: 36

i together,
then the third joins the path
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Proposition 37

Statement. If a number is measured by some number then the
(number) measured will have a part called the same as the measuring
(number).

Proof.

Action 1. For let the number A be measured by some number B.
Action 2. I say that A has a part called the same as B.

Action 3. For as many times as B measures A, so many units let
there be in C.

Action 4. Since B measures A according to the units in C, and the
unit D also measures C according to the units in it, the
unit D thus measures the number C as many times as B
(measures) A.

Action 5. Thus, alternately, the unit D measures the number B as
many times as C (measures) A (Prop. VIIL.15).

Action 6. Thus, which(ever) part the unit D is of the number B, C
is also the same part of A.

Action 7. And the unit D is a part of the number B called the same
as it (i.e., a Bth part).

Action 8. Thus, C is also a part of A called the same as B (i.e., C
is the Bth part of A).

Action 9. Hence, A has a part C which is called the same as B (i.e.,
A has a Bth part).

Action 10. (Which is) the very thing it was required to show.

Modern reading.
B| A= A has a B-th part.
Therefore, If a number is measured by some number then the (num-

ber) measured will have a part called the same as the measuring
(number).
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If a number is measured by some number, then the measured number will have a part called the same as the measuring numbe

THE GIVEN COUNT THE MEASURES
Let B measure A. Suppose B measures A Let D be one unit.
C times. ‘Then D measures C

e

A
e
B/B B -|B

i “Today we learn a.
‘beautiful truth from Euclid.
If a number measures another, -

then the measured number has 2 i B Aristotle: “The unit D is such that
partcalled the same as the. e Hete Bdivldes dog Bl it fics into C exactly as many times
ot B measures A. as B fits into A"
SWITCH THE VIEW IDENTIFY THE PART CONCLUDE
By the alternation f __ Since D is one unit,
of Proposition 15, 2 it is the B-th part of B, 3 FromA=BxC,
Thus C is also the

we have C = %,
B-th part of A.

Aristotle: “So the same unit D,
which is a part of B, measures C
in the same way that it measures A.”

Aristotle: “Therefore the number C, “Alexander:
which measures A so many times as B, number is divisible by another,
we can ﬁnd its named part.
me:

IN MODERN TERMS:
visibility tells us | IfB | A, then 2 is the B-th part of A.
how a number is built — B E
B L o i e e Example: 20 is five times 4, s0 4 is the fifth part of 20. |
% e nidb
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THE TASK
Let A be a number
measured by B.

(B1a]
We must prove that
A has a parc
called the same as B.

APPLY PROP. 15 ALTERNATELY
Since D messures C as many times
25 B messures A,
by Propasiion 15 (dkeracly)

ARISTOTLE TO ALEXANDER:
“When one number contains another a certain
number of times, that count itself b

the named part of the greater number.”

COUNT HOW MANY TIMES
Suppose B measures A

exactly C times.
[A-BxC | 4

s THE UNIT IS THE B-TH PART OF B
D is one unic.
Therefore D is the part of B
called the same a5 B —
the B-ch part of B..

CONCLUSION
IFB measures A,
then A has a parc

called the same as B..
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part cal

.
|

INTRODUCE THE UNIT
Let D be one unit.

D measures C
exactly C times.

D= 1 (ui)]

‘TRANSFER THE SAME PART TO A
Since Dis to Bas Cis 0 A,
Cis the same part of A
thac D is of B.
Thecefore C i the.
Bhparcof A

s measured many
that count is the

d by that number’s name!
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Proposition 38
Statement. If a number has any part whatever then it will be mea-

sured by a number called the same as the part.

Proof.

Action 1. For let the number A have any part whatever, B.

Action 2. And let the (number) C be called the same as the part B
(i.e., B is the Cth part of A). I say that C measures A.

Action 3. For since B is a part of A called the same as C, and the
unit D is also a part of C called the same as it (i.e., D is
the Cth part of C), thus which(ever) part the unit D is of
the number C, B is also the same part of A.

Action 4. Thus, the unit D measures the number C as many times
as B (measures) A.

Action 5. Thus, alternately, the unit D measures the number B as
many times as C (measures) A (Prop. VII.15). Thus, C
measures A.

Action 6. (Which is) the very thing it was required to show.

Modern reading.

A has a B-th part = B | A.

Therefore, If a number has any part whatever then it will be mea-
sured by a number called the same as the part.
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Let A be a number which has some part. % == 5o A hasa C-th part equal to B.

EUCLID, BOOK VII — PROPOSITION 38

“If a number has any part whatever, then it will be measured by a number called the same as the [

We now prove the converse ] & Lec Bbe that parcof A. | 1 3
of the previous proposition. 1 O ol f

If 2 number has any part, ke ? called the same as

by a number called
the same as the part.

I
J

v
|
N =l ‘ - = ,
USE PROP. 15 (ALTERNATELY)
Since D measures C exactly C times
(D being one unit),
# B will measure A 25 many times
25 D measures C.

CONCLUDE DIVISIBILITY. i i 8
Thus C measures A.
A
ClA
L
Therefore the number caled the same
a5 the part, measures the number.
rSTST 3 TOGETHER WITH PROPOSITION 37
Propositions 37 and 3 C| A < AhasaC-th part.

o aithmec: one Divisibilicy and named parts are the same truth
the other walks b: seen from two sides.
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Let D be one unit.
D is the C-th parc of C,

because C contains

Thus D is to C as B is to A — both are C-th parts.

IFB measures A exactly C times,
then A consists of C copies of B.

A
[e———
T N |

"THE PRINCIPLE IN ONE
lEAtmaCpe
then C measures A.

In mndgri wrﬁ::

I A has an exact n-th part,
then n divides A.

R'S REFLECTION:
a number has a certain part
1 know another number that will

meastre it exactly,
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Proposition 39

Statement. To find the least number that will have given parts.

Proof.

Action 1.

Action 2.

Action 3.

Action 4.

Action 5.

Action 6.

Action 7.

Action 8.

Action 9.

Action 10.

Action 11.

Action 12.

Action 13.

Let A, B, and C be the given parts.

So it is required to find the least number which will have
the parts A, B, and C (i.e., an Ath part, a Bth part, and
a Cth part).

For let D, E, and F be numbers having the same names
as the parts A, B, and C (respectively).

And let the least number, G, measured by D, E, and F ,
have been taken (Prop. VII.36).

Thus, G has parts called the same as D, E, and F (Prop.
VIL.37).

And A, B, and C are parts called the same as D, E, and
F (respectively). Thus, G has the parts A, B, and C.

So I say that (G) is also the least (number having the
parts A, B, and C).

For if not, there will be some number less than G which
will have the parts A, B, and C. Let it be H.

Since H has the parts A, B, and C, H will thus be mea-
sured by numbers called the same as the parts A, B, and
C (Prop. VIL.38).

And D, E, and F are numbers called the same as the parts
A, B, and C (respectively).

Thus, H is measured by D, E, and F . And (H) is less than
G. The very thing is impossible.

Thus, there cannot be some number less than G which
will have the parts A, B, and C.

(Which is) the very thing it was required to show.
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Modern reading.

Nmin = lcm(dl, d27 N 7dn)

Therefore, To find the least number that will have given parts.
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‘THE PROBLEM

a third and a fourth.
What is the

smallest number
that has all these
parts exactly?

SHOW IT IS THE LEAST
Suppose there is a smaller number H
& that also has the parts

NUMERICAL EXAMPLE.
Find the least number
with pars - Land 1.

Take the LCM of 2,3 and 4:

Proposition 39 sho
can live together in the one
that contains all their parts,

of their measures.

EUCLID BOOK VII — PROPOSITION 39

ind the least number that will have given parts

Let the numbers named
after these parts be

IS EE

APPLY PROPOSITION 38
Since H has these parts,
by Proposition 38

the numbers named after the parts
H:

=6 (ha)
(a third)
=3 (afourth)

50 12 has all the required parts,
and no smaller mumber does.

THE ESSENCE
To find the least number that will have given parts,

3 TAKE THE LEAST COMMON MULTIPLE

By Proposition 36,
find the least number measured

REACH A CONTRADICTION

But G =lem(D, E, F)

is the least number measured
byD,Eand F.

So no smaller number than G

can be measured by all three.

take the least common multiple of the numbers

named after those parts.
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So the half,

OBTAIN THE PARTS'

Since D, E and F measure G,
by Proposition 37

G has a D-th part, an E-th part
and an F-th part.

Therefore G has the given parts
1 1

e
CONCLUDE
Therefore G is the least number
that has the given parts.

THE WISDOM
obey harmony,
said Aristotle.
“The smallest number that
contains may is
from the unity of their measures
their least common muliple.”

FLECTION

he third and the fourth

r — the smalles
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“To find the least number that will have given

:fmn;.:x dlﬁ:d :he)l::: N § Let D, E, F be the numbers |
e called the same as those
parts.

sition 36,
numb
measured by D, E,

lem(D, E, F)
B is the E-th part { !
& Dic ElG

the number D measures H.
Since H has the B-th part,

that also has the parts A, B, and C. |

Ce |

and H has the parts

G = lem(D, E, F)

s the least number

that D, E, and F
all measur

Yet H is also measured by D, E, and F,
L and H < G. d
-

When we seck the lea . E Least number with given parts | “So the harmony of numbers
ith certain parts, - = lem of the numbers named after those parts. shows itself a

ain—
take the least number me

ey ey [ Noin=ILm(D.E, F) 4 S

JER'S REFLECTT
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Conclusion

Book VII develops a coherent arithmetic from the notions of unit and
number through common measures, prime and composite numbers,
numerical ratios, coprimality, prime divisors, least representatives of
ratios, least common multiples, and named numerical parts. Its later
propositions bind these themes together: Euclid’s Lemma controls
prime divisors of products, the descent argument ensures prime di-
visors of composite numbers, and the final constructions identify the
least numbers satisfying simultaneous divisibility and part conditions.
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