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Book VI

Introduction

Book VI develops the geometry of similar rectilinear figures and propor-
tional sides. It establishes criteria for triangle similarity, proportional con-
structions, geometric means, reciprocal proportionality, areas of similar fig-
ures, applications of areas, the extreme and mean ratio, the generalized
Pythagorean theorem, and proportional relations between arcs and angles
in equal circles.
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Definition 1

Similar rectilinear figures are those which have their corre-
sponding angles equal and the sides about the equal angles pro-
portional.



DEFINITION 1 (Book VI). Similar rectilinear figures are those which
have their angles separately equal and the corresponding sides about

the equal angles proportional.

Figure 1: Triangle ABC A

Angles:
G b LA =LA
LB = /LB’
LC=4C"

B a c
. . IR/
Figure 2: Parallelogram A’B'C’'D Angles:
A a’ D’
T LA =LA
b o LB = /B
LCE=LE
B’ = c 2Pk=F

Corresponding sides are proportional:

AB BC CA

ANBl T BT T

Corresponding sides are proportional:

A'B’ B'€’ €D! D'A
AB BC CA

Thus, the triangle ABC and the parallelogram A’B’C’D’ are similar,
because their angles are separately equal and their corresponding sides are proportional.
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Definition 2

A straight line is said to have been cut in extreme and mean
ratio when, as the whole line is to the greater segment, so the
greater segment is to the lesser.

|AB: AE = AE : EB|




DEFINITION 2 (Book VI). A straight-line is said to have been cut
in extreme and mean ratio when

whole : greater segment = greater segment : lesser segment.

e N SRR R s S
Figure: Division in extreme and mean ratio
By definition,
whole (AB) Y B
- AB _ AC
. AC. - CBi
A C X .
That is, the whole is to the greater segment
greater segment (AC) lesser segment (CB) as the greater segment is to the lesser segment.

~~> UNDERSTANDING THE DEFINITION <=+
This division is also called
the GOLDEN SECTION.

Let AC be the greater segment and CB the lesser.

. AB _ AC 20 5
Since AC - CB » we have AC® = AB - CB. AC? AB - CB AC

Numerically,
| AB AC

The square on the greater segment

= —— = ¢ ~ 1.618033989...

== \
equals the rectangle contained by the AC CB |
—Ac—+—cp—
whole and the lesser segment. AC CB | _1+45 |
where ¢ = =5 ‘
AB
< " This ratio appears in many beautiful figures in geometry and in nature. k} Vs
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Definition 3

The height of any figure is the perpendicular drawn from its
vertex to its base.



DEFINITION 3 (Book VI). The height of any figure is

the perpendicular drawn from the vertex to the base.

¢

WHAT IT MEANS FIGURE: TRIANGLE ABC

Choose a vertex (the top A

point) of the figure.

From that vertex, draw a
straight line perpendicular
to the base (the supporting

side or line).

height (AD)

KEY FACTS
AD 1 BC

AD is the height of
the triangle on base BC
from vertex A.

This perpendicular
segment is called ai -
i B
the height. base (BC)
MORE EXAMPLES
PARALLELOGRAM ABCD TRAPEZOID ABCD CIRCLE (with a chosen base)
A D A D
| B By
i |
1 height (AE) 5. In every case,
} ! height (PM) the height is
; perpendicular
A B to the base.

base (BC)

I

base (BC) base (AB)

The height depends on the chosen base and vertex. A figure can have different heights
with respect to different bases and vertices.
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Proposition 1

Triangles and parallelograms of the same height are to one an-
other as their bases.

Proof / Construction Actions

1. Set up triangles ABC' and AC'D with the same height h.

2. Produce the baseline BD in both directions to points H and L.
3. On the produced line mark BG = GH = BC.

4. Mark DK = KL = CD.

5. Draw AG,AH,AK, AL.

6. Since CB = BG = GH, triangles ABC, ABG, and AHG are equal
(1.38).

7. However many times HC' contains BC, triangle AH C' contains trian-
gle ABC' the same number of times.

8. However many times LC contains C' D, triangle ALC' contains triangle
ACD the same number of times.

9. f HC = CL, then AAHC = ANACL.
10. If HC > CL,then AAHC > AACL.

11. f HC < CL,then AAHC < AACL.

12. By Definition V.5, the corresponding equal multiples compare alike;
therefore BC' : CD = ANABC : NACD.

13. Introduce parallelograms EC and F'C: EC' is twice AABC, and FC
is twice AACD (1.34).

14. By V.15, doubling preserves the ratio, so AABC : AACD = EC :
FC.

15. Combine the ratios: BC : CD = EC : FC.

8
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Final Conclusion

Figure, : Figure, = base; : basey




Triangles ABC and ACD

iy [ Parallelograms EC and FC
, ‘m BOOK VI - PROPOSITION 1 same height h same height To prove:
il o o o e i " :
ox N8 Triangles and parallelograms which are » o TR BC: CD = AABC : AACD
o} of the same height are to one another i i fand|
as their bases. | y | BC: CD = EC : FC
B c D E B o
Repeat the first base. Repeat the second base. Join to A.
A A A

T ae — c T DASKINL

Mark DK = KL = CD.

B G

Since CB =
AABC, AAGB, AAHG
(By 1.38)

are equal.

BG = GH,

number of times.

i BC,
AAHC contains AABC the same

Compare equal multiples.
IFHC = CL,
A

then AAHC = AACL.

Compare greater multiples.
IFHC > CL,
A

then AAHC > AACL.

Compare lesser multiples.

If HC < CL,
A

77 then AAHC < AACL.

Apply definition of proportion.
‘The corresponding equal multples of
HC and CL (and of the triangles) are
greater than, equal to, o less than

together. Therefore, by Def. V.5,

BC: CD = AABC : AACD.

L
Parallelogram EC s twice AABC,
parallelogram FC is twice AACD.

Doubling preserves ratio.

By V.15,
AABC : AACD = EC: FC.

Combine the ratios.
Since.

BC:CD = AABC: AACD
and

AABC: AACD = EC: FC,

therefore
BC:CD = EC: FC.

==
Thus, triangles and parallelograms
‘which are of the same height are

i‘ pS 0 to one another as their bases.
‘SAME HEIGHT: A - e
ool toa Ao base] [k e f PARALLELOGRAMS: Remember: When figures stand on the same height,
i m ,
1BD (o it xension). f Ratio of areas = ratio of bases. | Ratio of areas = ratio of bases. the area is determined only by the base.
g —a . b E RN CRE]

10
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Proposition 2

If a straight line is drawn parallel to one side of a triangle, it
cuts the other two sides proportionally, and conversely.

Proof / Construction Actions

10.
I1.
12.

13.
14.

15.

16.

. Take triangle ABC, with D on AB and F on AC.
. Draw DE || BC.

. Join BE.

. Join C'D.

. Triangles BDE and CDE stand on the same base DFE and between

the same parallels, so ABDE = ACDE (1.38).

. By V.7, equals have the same ratio to the same magnitude: ABDFE :

ANADE = ACDE : AADE.

. By VL1 on the left pair, ABDE : AADE = BD : DA.

. By VL1 on the right pair, ACDE : AADE = CFE : EA; hence

BD: DA =CE: FA.

For the converse, suppose BD : DA =CFE : FA, and join DE.
By V1.1 on the left pair, BD : DA = ABDE : AADE.

By VI.1 on the right pair, CE : EA = ACDFE : AADE.

Transfer the given proportion to obtain ABDE : NANADE = ACDE :
NADE.

By V9, ABDE = ACDE.
The equal triangles BDE and C DFE stand on the same base DE.

By 1.39 (converse), equal triangles on the same base lie between the
same parallels; therefore BC' || DE.

Hence the converse is proved: proportional cuts on the two sides are
joined by a line parallel to the remaining side.

11
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Final Conclusion

|AD: DB = AE : EC|

12



' BOOK VI - PROPOSITION 2 inge A1 e

If a straight-line is drawn parallel to one side of a triangle, ) If DE |l BC,
it cuts the other two sides proportionally. And conversely, D, E then BD:DA = CE:EA.
if two sides are cut proportionally, the straight-line joining

(i) If BD:DA = CE:EA,
the cutting points is parallel to the remaining side.

then DE || BC.

Use VL1 on the right pair.
Combine.
A

Triangles BDE and CDE || By V7 (equals have the || ABDE and AADE have the | CPE and AADE have the
stand on the same base DE | same rato to the same), || same height from £ to AB, || *2me height rom D to AC.
ABDE : AADE = By VL1,

ACDE : AADE.  ||ABDE : AADE = BD: DA.

Take triangle ABC.
Let D be on AB and
E be on AC.

(DE || BC). By 138,
ABDE = ACDE.

B8] Use VL1 on the right pair. |J¥] Transfer the given
prvwr:on»

ABDE and AADE have the

ACDE and AADE have the

Since BD : DA = CE:EA,|| By V9, if two magnitudes Equal triangles standing on

Triangles BDE and CDE i .
same height from E to AB. || same height from D to AC. erefore have the same ratio 0. third, | the same base lie between
on the same base = o % 11 e
By VL1, By VL1, e A they are equal. - s.m,“dp.n : 3 .
ACDE : AADE. Thus, ABDE = ACDE. By 139, Band C lieona

line parallel to DE.

— Thus, a line drawn parallel to one side of a triangle cuts the other two sides proportionally,
| and conversely, proportional cuts on two sides are joined by a line parallel to the remaining side.

13
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Proposition 3

An angle bisector of a triangle divides the opposite side in the
ratio of the sides containing the angle; and conversely.

Proof / Construction Actions

10.
11.
12.
13.
14.
15.
16.

17.

18.
19.

. Draw triangle ABC.
. Bisect ZBAC with AD,so ZBAD = ZDAC.
. Through C, draw CE || AD.

Extend BA to meet CE at E.

. Since CE || AD and AC is a transversal, ZACE = ZCAD (1.29).

Since AD bisects /BAC, /CAD = /BAD.

. Since AF cuts the parallels AD and CFE, /AEC = /BAD (1.29).

Therefore ZACE = ZAEC.

Hence AE = AC (1.6).

In triangle BC'E, since AD || CE, V1.2 gives BD : DC = BA : AE.
Substituting AE = AC, obtain BD : DC' = BA : AC.

Conversely, assume BD : DC = BA : AC, and join AD.

Through C, draw CE || AD, extending BA to meet C'E at E.

In triangle BCE, V1.2 gives BD : DC' = BA : AE.

But BD : DC' = BA : AC'is given; therefore BA : AC = BA: AE.
By V.9, AC = AFE.

In triangle AC'E, equal sides give equal opposite angles: ZAEC =
LACE (L.5).

Since AD | CE, ZAEC = /BAD and ZACE = ZCAD (1.29).
Therefore /BAD = /CAD, so AD bisects Z/BAC.

14
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Final Conclusion

|BD:DC = BA: AC|

15



BOOK VI - PROPOSITION 3 [ THE TRIANGLE ‘ TO PROVE

If an angle of a triangle is cut in half, and the straight-line A (@) If AD bisects ZBAC,
cutting the angle also cuts the base, then the segments of the base i gl
will have the same ratio as the remaining sides of the triangle. ‘ (e RPE = e
And conversely, if the segments of the base have the same ratio ‘
as the remaining sides, then the straight-line joining the vertex
to the cutting point will bisect the angle. B

(i) If BD:DC = BA:AC,
then AD bisects ZBAC.
D C

SEGMENTS (ZBAD = ZDAC = BD:DC = BA:AC)

- — S = - -
mm, triangle ABC., Bisect angle BAC ince [ 5o 4D bisecs 284C. ||l Since AE cuts the Thus ZACE = ZAEC. Therefore
with AD. : || AD. 3 parallels AD and CE, ‘ AE = AC.
(By16)

A

ZBAD = ZDAC.

LA

BD:DC = BAAE BD:DC = BA:AC.

ZCAD = ZBAD.
Therefore.

ZACE = £CAD
(By 1.29)

LAEC = LBAD
(By1.29)

To prove.

Through C, draw.
CE | AD, and extend
BA to meet CE at E.

A A
VoS
A D d
D ZAEC = ZBAD AD bisects ZBAC.
BD:DC = BA:AE
LAEC = LACE. and
Al LACE = £CAD. |
(By 1.29) I
- PR N < i
2|

ws, if an angle is bisected and the bisector meets the base, And conversely, if the base is cut so that BD:DC = BA:AC,

BD:DC = BA:AC. then the line from the vertex to the cutting point bisects the angle.

16
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Proposition 4

Equiangular triangles have their corresponding sides propor-
tional.

Proof / Construction Actions

1.
2.
3.

10.
I1.
12.

13.

14.
15.

Place BC and C'E on one straight line.

In AABC, ZABC + ZACB < 2 right angles (1.17).

Since ZACB = Z/DEC,wehave ZABC + /ZDEC < 2right angles.
Produce BA and E D; they meet at F'.

Since /ZDCE = ZABC, by 1.28 we have BF' || C'D.

Since ZACB = ZDEC, by 1.28 we have AC || FE.

Thus FACD is a parallelogram.

In parallelogram FACD, by 1.34, FA = DC and AC = FD.

Since AC' || FE, in triangle FBE, V1.2 gives BA : AF = BC : CE.
But AF = DC therefore BA: DC = BC : CE.

By V.16 (alternation), AB : BC' = DC : CE.

Since CD || BF, in triangle FCE, V1.2 gives BC : CE = FD :
DE.

But FD = AC,; therefore BC : CE = AC : DE, and by V.16,
BC:CA=CFE:ED.

We now have AB: BC =DC :CE and BC : CA=CFE : ED.

By V.22, BA : AC = CD : DE. Thus all corresponding sides are
proportional.

Final Conclusion

Corresponding sides are proportional

17



BOOK VI-PROPOSITION 4 | Given:

A D
w0 e P e T | AABC and ADCE TO PROVE:
n equiangular ;nanjle;,:; si tsha :_u equ]a a;ges Bt : ra
are proportional, and the sides subtending equal angles g £
e e LABC = LDCE
correspond.
ZBAC = LCDE
ZACB = LCED g e £

PANEL 1 ~ CONSTRUCTION AND PARALLEL LINES
© Ssince 2ACB = £DEC, ‘o Produce BA and ED. | @) Since 2DCE = 24BC, | ) Since 2ACB = 2DEC, | @) BF || CD and

@ PaceBCandCE @ 1 aasc

in one straight lin. ZABC + ZACB ZABC + £DEC They meet at F. by 128, BF || CD. byL28, AC Il FE. AC || FE.
< 2 right anges. < 2 right angles. |
(By 117)

® Burp-ac
Therefore,
BC: CE = AC : DE.

@ 10 paraliclogram FACD,

@ since CD 1| BF, in AFCE,
by 134, by

vi2,
BC: CE

Therefore,

| @ Buear = nc. ‘0 By V.16 (alternation),
|

FA = DC
AC = FD

BA:DC = BC:CE | [AB:BC e
= (

FD : DE.

From panel 2 we have: Hence, in equiangular triangles AABC and ADCE,

—
AB:BC=DC: CE, [BC:Ca = cE: ED| [BA:AC= D DE
Thus the sides about equal angles are proportional,

and the sides subtending equal angles correspond. B % &

By V.22 (equality),

BA : AC = CD : DE.

BC = DC : CE

18
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Proposition 5

Triangles whose corresponding sides are proportional are
equiangular.

Proof / Construction Actions

NS kWD

o

10.

I1.
12.
13.
14.
15.

Start with triangles ABC' and DEF, with the three proportionalities
given.

On EF, construct ZFEG = ZABC (1.23).

At F, construct /EFG = ZACB (1.23).

Then in triangle EGF, /EGF = /BAC (1.32).
Therefore triangles ABC and FGF are equiangular.
By V1.4, AB: BC = GE : EF.

But AB : BC = DFE : EF is given; therefore DE : FF = GE :
EF.

By V.9, DE = GE.

Similarly, using the other proportionalities and V1.4, obtain DF =
GF.

Now DE = GE, EF is common, and DF = GF; thus triangles
DEF and GEF have their three sides respectively equal.

By 1.8 (SSS), the triangles are equal; therefore /DEF = /GEF'.
Also /DFE = /GFFE and ZEDF = ZEGF.

By construction, ZGEF = ZABC.

By construction, ZGFE = LACB.

And ZEGF = /BAC, therefore triangles ABC and DEF are
equiangular.

Final Conclusion

The triangles are equiangular

19



GIVEN
Triangles ABC and DEF

I BOOK VI - PROPOSITION 5

If two triangles have proportional sides, then the triangles
will be equiangular, and the angles which corresponding
sides subtend will be equal.

Triangle ABC B Triangle DEF
A D

il
|

PANEL 3 - CONCLUDE EQUAL ANGLES

B 5y 18559, the trangles D G

DEF and GEF are equal.
‘Therefore,
ZDEF = LGEF. =

ince ABC and EGF are

A G
a T e, N A
AB : BC = GE : EF. / N\

roportionalites given.

=
aQ
L
L

E F
On EF, construct ¢ D But given G Also, D G

LFEG = LABC. i AB : BC = DE : EF. ZDFE = LGFE

(By 1.23) Iy Therefore, i3 // and =

! DE : EF = GE : EF. A/ \A A k LEDF = LEGF.
E| F E T bte? el F & 5 o

B DE : EF = GE:EF

LEFG = LACB. B Hence, by Det. v, 4 s But by construction,

(By 1.23) E = GE.

ZGEF = LABC.

=

Then in triangle EGF,
ZEGF = ZBAC.
(By 132)

=
o

Therefore, triangles
ABC and EGF
are equiangular.

E, And
(common), and DF = GF. ZEGF = ZBAC.
S0 triangles DEF and

ZABC = /DEF ] [ ZBCA = LEFD_] [ ZBAC = LEDF

Kag
B e )
And R
LGFE = LACB. i 0
T Sl Al e i
G
EL

‘Therefore,

‘Triangles ABC and DEF are equiangular.

20
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Proposition 6

If two triangles have one angle equal and the sides about those
equal angles proportional, then the triangles are equiangular.

Proof / Construction Actions

10.
I1.
12.

13.

14.
15.

Start with triangles ABC' and DEF, with /BAC = ZEDF and BA :
AC =ED : DF.

On the straight line DF', construct ZF'DG = ZBAC (which also
equals ZEDF) (1.23).

. At F, construct /ZDFG = ZACB (1.23).

. Then triangles ABC and DGF have two angles equal; by 1.32 the

remaining angles are equal as well.
Thus triangles ABC and DGF’ are equiangular.

By V1.4, their corresponding sides are proportional; in particular BA :
AC =GD : DF.

But the hypothesis gives BA : AC = ED : DF;hence ED : DF =
GD : DF.

By V.9, DE = DG.

. In triangles DEF and DGF, DE = DG, DF is common, and

/EDF = /GDF; by 1.4 (SAS), the triangles are equal.
Therefore EF = GF, and in particular /DFE = ZDFG.
By construction /DFG = ZACB; hence /DFE = ZACB.
Also from the hypothesis, ZBAC = ZEDF.

Since triangles DEF and DGF’ are equal, their remaining angles are
equal; and from step 4, /DGF = ZABC. Hence /DEF = ZABC.

Thus /BAC = ZEDF, Z/ACB = Z/DFFE, and ZABC = ZDEF.

Therefore triangles ABC and D EF' are equiangular, and correspond-
ing angles are equal.

21
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Final Conclusion

The triangles are equiangular

22



TO PROVE

GIVEN
In triangles ABC and DEF,

“BOOK VI - PROPOSITION 6

If two triangles have one angle equal to one angle,
and the sides about the equal angles proportional,

then the triangles will be equiangular, and will have
the angles which corresponding sides subtend equal.

ZABC = £DEF
ZACB = LDFE
‘Therefore,
AABC ~ ADEF

ZBAC = ZEDF

and
BA : AC = ED : DF

T AUXILIARY TRIANGLE DGF

° ‘Thus, triangles ABC
and DGF are
equiangular.

e On the straight line DF,
construct ZFDG = ZBAC
(which also equals ZEDF).
(By 123)

@ A5 construct 2DFG = 24C,
®y123)

@ " s ADCand DG4

two angles are equal:

ZBAC = LFDG

and ZACB = ZDFG.
Therefore, by 132, ¥ (Al three
ZABC = ZDGF. corresponding
angles are

equal)

Start with triangles ABC
and DEF, with
ZBAC = ZEDF
and

BA: AC = ED : DF.

PANEL 2 — SHOW DE
@ Since ED and GD have
the same ratio to DF,

by V9,

[ @ ercior, coresponding |
s and angles are equal.

Since the triangles are:
equiangular, by Prop. VL4,
their corresponding

sides are proportional.

a But the hypothesis gives
BA:AC = ED: DF.

Hence, Hence,

ED:DF = GD : DF.

| DF = DF (common),
GDF.

In particular, and ZED] o G b (4 |
BA:AC (By construction) St
By 14 (549), DFI

ADEF = ADGF. \ 5 .

@ el DEF and DGF
ko from the hypothess e
remaining angles are equal: D

@ Thercfore, wiangles

| ABCand DEF are

ZDFG = ZACB.

ZBAC = ZEDF

From step 10, N equiangular.
DEF = ZDGF.
ZDFE = ZDFG. pecss And the angles which
ZABC = ZDEF corresponding sides

subtend are equal.

(By 132)

Hence, if two triangles have one angle equal to one angl
the sides about the equal angles proportional,
then the triangles are equiangular,
and corresponding angles are equal.

23
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Proposition 7

If two triangles have one angle equal, the sides about two other
angles proportional, and the remaining angles both less than
or both not less than right angles, then the triangles are equian-
gular.

Proof / Construction Actions

10.
I1.
12.

13.

14.
15.

. Start with triangles ABC and DEF, where /BAC = /ZEDF and

AB : BC = DFE : EF. First assume the remaining angles C' and F’
are less than a right angle.

. Suppose LABC # LDEF;let LZABC > Z/DEF.

At B, construct ZABG = ZDEF (1.23).

Since /BAG = ZEDF and ZABG = ZDEF, by 132 ZAGB =
ZDFE.

. Thus triangles ABG and DEF' are equiangular.

By V1.4, AB: BG = DE : EF.
But AB: BC'= DE : EF is given; hence AB : BG = AB : BC.
By V.9, BG = BC.

. Therefore triangle BGC is isosceles, so /ZBGC = ZBCG (L.5).

Since ZC is less than a right angle, ZBCG < 90°.
Hence Z/BGC < 90°.

Angles BGC and AGB are adjacent on a straight line; therefore by
L.13, ZAGB > 90°.

But ZAGB = ZDFF; hence /ZDFE > 90°, contradicting the as-
sumption that F' is less than a right angle.

Therefore the supposition was wrong, and ZABC = Z/DEF.

Since /BAC = ZEDF, the remaining angles are equal: ZACB =
/DFE.

24
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16.

17.
18.

19.

20.
21.

22.

Now assume instead that both remaining angles are not less than a right
angle; repeat the same construction.

As before, proportionality again gives BG = BC.

Therefore /BGC = ZBCG; butnow ZC > 90°, so ZBCG > 90°
and also ZBGC > 90°.

Then in triangle BGC, ZBGC + £ZBCG > 180°, impossible by 1.17.
Contradiction.

Therefore ZABC = /DFEF.

Since ZBAC = ZEDF, the remaining angles are equal: LZAC'B =
/DFE.

In either case all three corresponding angles are equal; therefore trian-
gles ABC and DEF' are equiangular.

Final Conclusion

The triangles are equiangular

25



less than a right angle.
© Suppose ZABC # DEF.

Then one is greater.

Let ZABC > ZDEF.
© A B, construce

ZABG = ZDEF.

(By 1.23)

AtB, we have. uu.r ZEDF,
and ZABG = £DI

Therefor
ZAGB = ZDFE. By 132)

@ Ths triangles ABG and DEF

are equiangular.

By Prop. VL4,
for equiangular triangles,
AB : BG = DE : EF.

) But given AB : BC = DE
Hence AB : BG = AB : BC.

BOOK VI - PROPOSITION 7

If two triangles have one angle equal to one angle,

and the sides about other angles proportional, and

the remaining angles either both less than, or both

not less than, right angles, then the triangles will be

equiangular, and will have the angles about which
s are proportional equal

ZBGC = ZBCG.

Therefore ZBCG < 90°.

ING A CONTRADICTION
TONS 9-15)

B since BG = BC, wiangle BGC
is isosceles. Thercfore, by L5,

GIVEN
In triangles ABC and DEF,
£BAC = LEDF

Triangle ABC
A

AB : BC = DE : EF

B

rﬂD But £C is less than a right angle.

Thus ZBGC < 90°.

on a straight line
Therefore, by L13,
ZAGB > 90

s s amimpion e

are equiangular

[ Since BG = BC, 2BGC = £BCG.

m “Angles BGC and AGB are djacent.

But LAGB = ZDFE.

Hence ZDFE > 90°.

“This contradicts the assumption
that £F is less than a right angle.

oo 2ABC = 2DEF

F

AA

Since ZBAC = ZEDF,
the remaining angls are equal
Therefore ZACB = ZDFE.
Thus triangles ABC and DEF
5 3 3

‘The remaining angles at C and F
are both acute, or both not acute.

>90°1
7

angles are not less than a

Therefore, ZBGC = ZBCG.
But £C is not less than
a right angle.
Hence ZBCG > 90°,
and so ZBGC = 90°

remaining
right angle.

| Repeat the same construction
wbelore.

Triangle DEF
D

B @
G
290°
B @

Then in triangle BGC,

ZBGC + ZBCG = 180°,
which is impossible

‘ (by 117). Contradiction.

the remaining angles are equal,
Thus ZACB = ZDFE.

I cither case, we have
ZEDF,

Thereor, wrangles ABC
EF are equiangular.

then the triangles are cquiangular, and

“Therefore, if two triangles have one angle equal to one angle,
and the sides about other a
and the remaining angles either both less than,

or both not less than, right angles,
corresy nd.mg angles are equal.

ingles proportional,
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Proposition 8

In a right triangle, the perpendicular drawn from the right an-
gle to the hypotenuse creates two triangles similar to the whole
and to one another.

Corollary. The perpendicular from the right angle to the hypotenuse is a
mean proportional between the two segments of the hypotenuse.

Proof / Construction Actions

10.
I1.
12.

13.
14.

. Draw right triangle ABC with ZBAC = 90°.

From A, draw AD 1 BC.

. In ANABC, Z/BAC = 90°;, in ANABD, ZADB = 90°. Therefore

ZBAC = ZADB.

Triangles ABC and ABD have angle B in common: ZABC =
ZABD.

By132, ZACB = ZBAD.

. Thus AABC and AABD are equiangular.

By V1.4, corresponding sides are proportional: BC : BA = AB :
BD = AC : AD.

. By Definition VI.1, since the triangles are equiangular and correspond-

ing sides proportional, AABC ~ NABD.

By the same reasoning for triangles ABC and ADC, /BAC =
ZCDA = 90°, and they have angle C' in common.

By 132, ZABC = ZCAD.
Thus AABC and AADC are equiangular.

By V14, BC : AC = AC : DC = BA : AD; hence AABC ~
ANADC.

In triangles ABD and ADC, /BDA = ZADC = 90°.
From panel 1, /BAD = ZACB.
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15. By 1.32, ZABD = /DAC.

16. Thus AABD and AADC are equiangular; by V1.4, BD : AD =
AD: DC = BA: AC.

17. From the preceding steps, all three triangles ABC, ABD, and ADC
are similar to one another.

18. Since AABD ~ AADC, BD : AD = AD : DC; therefore AD? =
BD - DC,so AD is the mean proportional between the two segments
of the hypotenuse.

Final Conclusion

AABD ~ ANADC ~ AABC
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is drawn from the right angle

I, in a right-angled triangle, a straight-line

PANEL 1 — CONSTRUCT THE TRIANGLES AND SHOW AABC ~ A

In AABC, ZBAC = 90°. | @) Triangles ABC and ABD @) Therefore, by m,

‘o @ Thus AABC and AABD
In AABD, ZADB = 90°. have the angle at B ‘ ZLACB = LB,

are equiangular.

| Therefore, in common.

ZBAC = ZADB. ZABC = LADD.
A

t0 the base, then the triangles around the
perpendicular are similar to the whole triany
and to one another.

for riangles ABC ZABC = £
and ADC,

ZBAC = £CDA = 90°. A
They have abo the |
angle at C in common. |

| T

@ From pancls 1 and 2

are simil
another.

= |
AABC ~ AABD |
AABC ~ AADC ‘
AABD ~ AADC

(© By the same rasoing. () Theretore by 132,

e

By Prop. VL4, corresponding sides
are proportional:

BC: BA = AB : BD = AC : AD.

2 @ By Def. VL1, since the triangles are equiaangular
and corresponding sides are proportional,

A AABC ~ AABD.
D

Correspondence of angles
ZBAC « 2ADB
ZABC « 2ABD
ZACB «» ZBAD

PANEL 2

CAD. are equiangular.

we have: | Soall three triangles.

Since ~ ; i i '
ilar to one
BD : = B 4 i
c
| AD* = BD - DC. | [BD:AD = aD :DC
i

@ Thus 245Cand 24DC | @) By Prop VL4 @ inwinges ABD | (@ Frompanel1, | () Threiore, by 132, | () Thus AABD and AADC

A == AAAAAA@

SH

BC:AC=AC:DC= and ADC, ZBAD = ZACB. ZABD = £DAC. are equiangul
BA : AD. ZBDA = ZADC = 90 By Prop. VL4,
BD:AD = AD : DC= (S8

| Geometric Mean
AABD ~ AADC, AD is the mean proportional
AD = AD : DC. (geometric mean) between
the two segments BD and D
of the hypotenuse.
Therefore,
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Proposition 9

To cut off a prescribed part from a given straight line.

Proof / Construction Actions

10.
I1.

12.
13.

. Let AB be the given straight line.

. We want to cut off one third of AB; equivalently, construct F' on AB

such that AF = ; AB.

. From A, draw any straight line AC' making an angle with AB.

Take any point D on AC.

. On AC, construct DE = AD.

Construct EC' = AD; hence AD = DE = EC.

Thus AC' is divided into three equal parts, so CD = DFE + EC =
2AD.

. Join Bto C.

Through D, draw DF || BC, meeting AB at F' (1.31).
In triangle ABC, since DF' || BC, V1.2 givesCD : DA = BF : FA.

ButCD = 2DA;hence CD : DA = 2 : 1, and therefore BF : FA =
2:1.

Since BF = 2FA, AB = AF + FB = AF + 2AF = 3AF.

Hence AF = %AB ; thus F’ cuts off one third of the given straight line.

Final Conclusion

The prescribed part has been cut off
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F T ‘H,W"N |

EXAMPLE
Cut off one third of the given straight line AB.
That s, construct F on AB such that AF = + AB. J

To cut off a prescribed part from a given straight-line.

@ We want to cut off © From A, draw any straight line AC @ Tike any point D on AC. @ On AC, construct DE equal
one third of AB. making an angle with AB c to AD.
© E
D *
A B 2
1
Goal: AF = 3 AB
] A B A B A B
@ Construct EC equal to AD. @ Since AD = DE = EC, the whole © JinBroC. @ ‘owD,dnwDFplnﬂdeC. =
Then AD = DE = EC. @ ACis divided into three equal parts. meeting AB at F. (By 131)
Therefore CD = DE + EC = 24D. & \
D
E D
D / A
[ ’ N
| A
A B
@ 1n wiangle ABC, since DF || BC, @ Bucp =204 [@ since b7 = 264,
by Prop. V12, Therefore, | T AB=AF+FB-AF+24F=3AF.
. = . CD:DA=2:1.
CD: DA = BF : FA AB = 3AF
Hence, |
= Thus F is the point on AB

i) which cuts off one third
of the given straight line.

BF: FA =

A F

tpat F 2pas B | A ppa

General Method {
S Reh| o e .«M
o cut off a fraction —+ of a line AB: [ g il
1. On a ray from A, mark n equal segments. LIEELE S Siorsdibed W"
2. Join the last point to B. BD: AD = AD : DC.
3. Through the (n-1)-th point, draw a paralll to meet AB. b et
‘The intersection divides AB in the ratio 1 : (n~1). Toators, AD' = BD DG,
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Proposition 10

To divide an uncut straight line similarly to a given divided
straight line.

Proof / Construction Actions

10.
I1.

12.

13.

. Let AB be the given uncut straight line.
. Let AC be another straight line cut at D and E.

. Place the two lines so that they make any convenient angle at A.

Join C' to B.

Through D, draw DF' || C'B, meeting AB at F.

Through E, draw EG || CB, meeting AB at G.

Through D, draw DHK || AB; it meets EG at H and CB at K.

Quadrilaterals DFGH and HGBK are parallelograms; therefore by
.34, DH = FG and HK = GB.

In triangle DK C, since EH || KC, V1.2 gives CE : ED = KH :
HD. Using HK = GBand HD = GF, obtain CE : ED = BG :
GF.

In triangle AGE, since DF || GE, V1.2 gives ED : DA = GF : FA.

Thus both ratios from AC have been transferred to AB: CE : ED =
BG :GFand ED : DA =GF : FA.

Hence the successive parts of AB are in the same ratios as the succes-
sive parts of AC.

Therefore the uncut straight line AB has been cut similarly to the given
cut straight line AC.

Final Conclusion

The target line is divided similarly
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To cut a given uncut straight-line similarly to a given cut straight-line. Given uncut line Given cut line
Let AB be the uncut straight-line.
Let AC be another straight-line cut at D, E. B i D z @
o 057, m
@ et 4B be the @ Let AC be another © Place the two lines @ JinCroB. @ Through D, draw DF @ Through E, draw EG
rE— strsight-line cut 5o that they make | parallel to CB, meeting parallel to CB, meeting
straight-line. at D and E. any convenient c c ABatF. c ABat G. @
e angle at A. E E E
E
D D D (Ds e
A B
A B A B| 4 F B A E NG B
|
@ Through D, draw DHK © Quadsilaterals DFGH and © In triangle DKC, @ 1o wiangle AGE,
parallel to AB. HGBK are parallelograms. EH is paralel to KC. DF is paralle to GE.
It meets EG at H c ‘Therefore, by 1.34, c Therefore, by Prop. V1.2, C ‘Therefore, by Prop. V1.2, C
and CB at K. E CE: ED = KH : HD. E E
ED : D GF: FA
D D = But HK = GB and
HD = GF.
£ Hence,
A F G B ACEE, G B @
@ Thos we have transferred @ Hence the successive parts @® Therefore the uncut
both ratios from AC of AB are in the same ratios straight-line AB has been
to AB: as the successive parts cut similarly to the given

of AC. cut straight-line AC.
DA =GF: AC: oy
ED:DA = GF: FA i = - =

B
A

" General ldea Join last point Draw parllels A4 5 ‘The same ratios are Thus AB is cut
— - ivi =

Divide an auxiliary line (AC) A i) T ¢ 1o the end of AB through the division % transferred to AB. T AGH

in the required pattern. EoE v 4
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Proposition 11

To find a third proportional to two given straight lines.

Proof / Construction Actions

10.

. Place the two given straight lines BA and AC so that they form any

convenient angle at A.

. Produce BA beyond B to a point D.

Produce AC beyond C' to a point E.
On the extension of B A, construct BD = AC (1.3).

. Join B to C.

Through D, draw DE' | BC, meeting the produced line AC at E
(L31).

In triangle ADE, since BC' || DE, V1.2 gives AB : BD = AC : CE.

. Thus AB: BD = AC : CE.

But BD = AC; substituting gives AB : AC = AC : CE.

Hence C'E is the third proportional to the two given straight lines AB
and AC.

Final Conclusion

‘A:B:B:C‘
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To find a third straight-line proportional to two given straight-lines. construct CE such that

Produce BA beyond B Produce AC beyond C On the extension of BA,
straight-lines BA and AC to a point D. 5 to a point E. 5 construct BD equal to AC.
s0 that they form any o (By13)
convenient angle at A. - c G~

B A B A B
Through D, draw DE parallel to BC, B 15 triangle ADE, since
meeting the produced line AC
C at E. (By 131)
B D J A
But BD = AC (from step 4).
Therefore, substituting in the proportion,

AB: AC = AC:: CE. E

THIRD PROPORTIONAL
CE is the thind proportional
to AB and AC.

4

AB:AC=AC:CE | 4 B

WHAT WE DID ( GENERAL IDEA

I
‘We copied AC onto BA to get BD = AC, C ® ;C Cf’l’? AB: AC = AC : CE
e T T e il / = / = i = /‘ | CE is the third
o the other line. : . : R

- 1. Given AB and AC. 2. Copy AC on BA. 3. Draw parallel. 4. Obtain AB : AC = AC: CE.
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Proposition 12

To find a fourth proportional to three given straight lines.

Proof / Construction Actions

1. Take the three given straight lines A, B, C'; we must construct a fourth
proportional.

2. Draw two straight lines DE and DF' from D, making any convenient
angle EDF.

3. On DE, mark G so that DG = A.

4. On DE, mark F so that GE = B.

5. On DF, mark H sothat DH = C.

6. JoinGto H.

7. Through E, draw EF' || GH, meeting DF at F' (1.31).

8. In triangle DEF, since GH || EF, V1.2 gives DG : GE = DH
HF.

9. Bt DG = A, GE = B,and DH = (C; therefore A: B=C : HF.
10. Hence H F' is the fourth proportional to the three given straight lines
A, B,C.

Final Conclusion

A:B:C:D‘
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To find a fourth straight-line proportional

| BOOK VI - PROPOSITION 12 ‘
to three given straight-lines. i
\

GIVEN THREE STRAIGHT-LINES

-—

CONSTRUCT A FOURTH
STRAIGHT-LINE HF
SUCH THAT

C o— AVSBISNC SHE
BB Take the three given Draw two straight-lines | B} On DE, mark G so that On DE, mark E so that On DF, mark H so that
straight-lines A, B, C. DE and DF from D, | IDGI=YAY GE = B. DH=C.
We must construct a making any convenient ‘ Thus GE = B.
fourth proportional. angle EDF. |
E
A \H
E D G E
i M i » D G c
e | F
Ll
B jinGoH. B Through E, draw EF parallel B in triangle DEF, since B But DG = A, GE=B,

Draw the straight line GH. to GH, meeting DF at F.

(By 131) E
G

GH || EF,
by Prop. VI2,
DG : GE = DH : HF.

and DH = C.
‘Therefore,

G

H

@ Hence HF is the fourth
straight-line proportional
to the three given
straight-lines 4, B, C.

A:B=C:HF

'CONCLUSION
The straight-line HF satisfies

THE GENERAL METHOD (IDEA)

1. Copy the first 2. Copy the second 3. Copy the third 4. Join G to H. 5. Draw thousf. 5. Draw through E a 6. By V12, the ratio
given line A. given line B. given line C. parl.ll.el © GH. is transferred. |
= > = 4 B
i PN 4 < TEE
b G b CRRE, 2 T L
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Proposition 13

To find a mean proportional between two given straight lines.

Proof / Construction Actions

10.

. Take the two given straight lines AB and BC'’; we must find the mean

proportional between them.

. Lay AB and BC' straight-on with respect to one another, so that

A, B, C are collinear.

. With AC as diameter, draw semicircle ADC.

From B, draw BD 1 AC, meeting the semicircle at D.

. Join A to D.
. Join D to C.

Angle ADC stands in a semicircle; therefore ZADC = 90° (111.31).

. Triangle ADC is therefore right-angled at D, and BD is drawn from

the right angle perpendicular to the hypotenuse AC'

. By the corollary to V1.8, the perpendicular is in mean proportion to the

two segments of the hypotenuse: AB : BD = BD : BC.

Therefore BD is the required mean proportional between AB and BC.

Final Conclusion

AB: BD = BD: BC|
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To find the straight-line in mean proportion
to two given straight-lines.

GOAL D
Given straight-lines AB and BC,
construct BD such that

AB : BD = BD : B

‘GEOMETRIC MEAN
From AB : BD = BD : BC |
we get BD? = AB - BC.

Hence BD = /AB - BC.

WHAT WE HAVE DONE
We placed AB and BC on one stright line.
With AC as diameter, we drew a semicircle.
From B we erected a perpendicular to AC
to meet the semicircle at D.
‘This perpendicular BD i the mean proportional.

IN WORDS
BD is that straight-line which,

being placed between AB and BC
makes the ratio of the first to it
equal to the ratio of it to the last.

39

A B
@ Tike the two given @ Lay AB and BC stmighton | @) With AC as diameter, @ From B, draw BD perpendicular | @) Join 4 to D.
straight-lines AB and BC. with respect to one another, draw the semicircle ADC. to AC, meeting the semicircle
We must find the mean so that A, B, C are - atD.
el e, itz D
i |
s e o i :
A AB B : | i
1 1
S sl ]
B BC G 4 B CH o B @ B @ B @
I
@ oinDwcC @ Angle ADC stands © Triangle ADC s therefore a © By the corollary to Proposition VL8, Therefore BD is the required
in a semicircle right-angled triangle, right-angled the perpendicular from the right straight-ine in mean proportion
D Therefore, at D. And BD is drawn from the angle to the hypotenuse is in mean to AB and BC.
C = 90°. D right angle perpendicular to the proportion to the segments of the That is,
(By 11L31) hypotenuse AC. hypotenuse.
! D

| ! AB : BD = BD : BC.

| d Hypotenuse P

| i AC -

| Thus BD is the mean

A B c | Wl 3 Pa proportionl between




EucLiD’s ELEMENTS — Book VI

Proposition 14

In equal and equiangular parallelograms, the sides about equal
angles are reciprocally proportional; and conversely.

Proof / Construction Actions

10.
11.
12.
13.

Take equal and equiangular parallelograms AB and BC, with their
equal angles at B.

Lay DB and BE in one straight line.

. Since the angles at B are equal, F'B and BG are also straight-on (I.14).

Complete the surrounding parallelogram F'E.

. Since AB = BC,by V.7, AB: FE = BC : FE.
.ByVLIl,AB: FE = DB : BE.

By VI.l, BC : FE = GB : BF.

. Therefore DB : BE = (GB : BF": the sides about the equal angles

are reciprocally proportional.

. Conversely, suppose DB : BE =GB : BF.

By VL1, DB : BE = AB: FE.
By VILl,GB: BF = BC : FE.
Therefore, by V.11, AB : FE = BC : FE.

By V.9, AB = BC'; hence the equiangular parallelograms are equal.

Final Conclusion

Equality <= reciprocal side proportionality
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DIAGRAM OF THE FIGURES

BOOK VI - PROPOSITION 14

D E G F Parallelogram AB =
In equal and equiangular parallelograms, the sides about the parallelogram BC.
equal angles are reciprocally proportional. Equal angles at B.

And conversely, equiangular parallelograms whose sides
about the equal angles are reciprocally proportional are equal.

B B

PART I — FROM EQUAL PARALLELOGRAMS TO RECIPROCAL PROPORTIONALITY

B LT
AB: FE = BC: FE

LR
AB: FE = DB : BE

R 7
BC: FE = GB : BF |

a Take equal and equiangular o Since the angles at B are cqual,
parallelograms AB and BC, FB and BG are also
with their equal angles at B. straight-on. (By 1.14)
D EEG D E G F
B D B E D B E F
e Since AB and BC are equal, o By Prop. VL1, a By Prop. VL1, 0 “Therefore,
by Prop. V.7, AB : FE = DB : BE. BC : FE = GB : BF. DB : BE = GB : BF.
AB : FE = BC : FE.
D E_ G L | D E G E D E G
D

[ERCE,
DB : BE = GB : BF

PART II — FROM RECIPROCAL PROPORTIONALITY TO EQUALITY

° Conversely, suppose that
DB : BE = GB : BF.

(1]

D,

By Prop. VLI,
DB : BE = AB : FE.

E F D,

m By Prop. VLI,
GB: BF = BC : FE.

@ Therclore, by Prop. Vi1,
AB: FE = BC: FE.

@ ‘Therefore, by Prop. V.9,
AB = BC.

5t
(4B FE=BC: FE

B_E F 5, P ! F
(DB :BE =GB BF | (DB:BE = 4B FE] (GB:BF=BC:FE]

FINAL CONCLUSION

el and cqiangilr | IF equiangular paralllograms GEOMETRIC MEANING
Pl e e cqal | qop | huve DB BE = GB: B, || [JESEe== D8

angles at B, then A R e e R ey
DB : BE = GB : BF. thea AB = BC. This s the principl of recpeoca proportonality.
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Proposition 15

In equal triangles having one angle equal, the sides about the
equal angles are reciprocally proportional; and conversely.

Proof / Construction Actions

—

10.

11.

12.

13.

14.

15.

Take equal triangles ABC and ADFE, with /BAC = ZDAF.

. Place C' A and AD in one straight line.

. Since ZBAC = ZDAF and C'A is straight-on with AD, by .14 EA

and AB are also straight-on.

. Join B to D.

Since AABC = AADE, by V.7, ACAB : ABAD = AFEAD :
ABAD.

By VI.1,CA: AD = AABC : ABAD.

. By VL1, EA: AB=AFAD : ABAD.

Therefore CA : AD = EA : AB; the sides about the equal angles are
reciprocally proportional.

Conversely, suppose CA: AD = FA: AB.

Again place C'A and AD in one straight line, and £ A and AB in one
straight line; join B to D.

By VL.I,CA: AD = AABC : ABAD.
By VI.1, FA: AB=AFEAD : ABAD.

Since CA: AD = FEA: AB,wehave AABC : ABAD = AEAD :
ABAD.

The two triangles have the same ratio to triangle BAD); therefore by
V.9, AABC = AEAD.

Hence the converse is proved: triangles having one equal angle whose
sides about that angle are reciprocally proportional are equal.
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Final Conclusion

Equality <= reciprocal side proportionality
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A A
In equal triangles having one angle equal to one angle, Equal triangles ABC and ADE
the sides about the equal angles are reciprocally proportional. ‘with equal angle at A.
And conversely, triangles having one angle equal whose

PART I — FROM EQUAL TRIANGLES TO RECIPROCAL PROPORTIONALITY
T

@ Tike cqual triangles ABC and ADE | @) Phace CA and AD © Since £ BAC = £ DAE, @ JoinBwD. @ Since AABC = AADE, | @) Triangles CAB and BAD stand
with angle BAC equal to in one straight line. and CA is straighton with AD, by Prop. V7, on the same alttude from B
by L14, EB and AB are A D | ACAB:ABAD to the straight line CAD.
also straight-on. | By Prop. VL1,
ACAB : ABAD = CA : AD.
‘ A D
E ! @ A D | E A B
‘ @ A SlE
| [acap:apap-apan: amv]|  [acAD: 5BAD - E4: 4B |

RESULT OF PART I
In equal triangles having one
angle equal to one angle,
the sides about the equal
angles are reciprocally
proportional

CA : AD = AABC : ABAD. |

‘The sides about the equal
angles are reciprocally
proportional.

EEE N N R
© Conversly, suppose that | @) Again place CA and AD.
CA: AD = EA : AB. in one straight line,

@ Hence the converse is proved:
Triangles having one angle squal

@ Triangles ABC and EAD
have the same ratio
o the same tiangle BAD.
| Therefore, by Prop. V.9,
= AEAD: ABAD, |  AABC = AEAD.

Dl 4 b 4 ABC = & EAD

aBaD) | (A + 4B - AEAD - ABAD |

&
(ca: D = assc

FINAL CONCLUSION GEOMETRIC MEANING

et Iesome el I trangles have one angle equal whose
ihenth sids sbout thos el anges (e ides shout hose cqual angles sre TR e
. ] i e increning one side sbut that agle
e e el e e
[AAK=2ADE = CA1AD=EA:AB] | [CA:AD = EA1AB = AABC = AADE] | | e g o cpud
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Proposition 16

If four straight lines are proportional, the rectangle contained
by the outer terms equals the rectangle contained by the middle
terms, and conversely.

Proof / Construction Actions

10.
I1.
12.
13.
14.
15.
16.

. Assume AB:CD=F:F.

Erect AG 1. ABand CH 1 CD.

. Take AG =Fand CH = E.

Complete rectangles BG and DH.

. Rewrite the proportionas AB : CD = CH : AG.

. Recognize reciprocal proportionality about equal right angles.

By VL.14, BG = DH.

. Interpret BG = AB-Fand DH =CD - E.

Hence AB-F=CD - E.

For the converse, assume AB - F'=CD - E.
Repeat the construction.

Then BG = DH.

The equal rectangles are equiangular.

By the converse of VI.14, AB : CD = CH : AG.
Substitute CH = F and AG = F'.

Therefore AB:CD =F : F.

Final Conclusion

|AB:CD=E:F < AB-F=CD-E|

45



BOOK VI - PROPOSITION 16 GIVEN FOUR.‘TRAIGHT-LINES
If four straight-lines are proportional, then the rectangle 4B o—————— 1O PROVE
contained by the two outermost is equal to the rectangle B ] AB:CD=E:F
contained by the middle two. And conversely, if those E —— b
rectangles by, equal, then the four straight-lines are F ADL ReelCDIE
PART I - FROM PROPORTION TO EQUALITY OF RECTANGLES PART I (continued) PART Il - FROM EQUALITY OF RECTANGLES TO PROPORTION
Assume AB:CD =E:F o s Assume AB - F = CD - E
— Since AG = F and CH = E,
@ Begin with @ From A, erect AG A2 G = G H D @ Assume AB-F=CD-E.
AB:CD =E:F perpendicular to AB. b o We must prove AB :CD = E: F.
i | . S Sk
A B © Therefore the sides about i i @® As before, construct AG=F G B D
e: 2. ‘ the equal right angles are ! i perpendicular to AB and T 5
Co———neD reciprocally proportional: | | CH = E perpendicular to CD, i i | i
AB: CD = CH : AG. al oy and complete rectangles BG | a i
E 7 1 B C » and DH. a . i
———— = | © By Proposition VL14, @ 5 “ . *GT"]G' T A B C D —
© From C, erect CH | @ On AG, construct equal and equiangular — & y A G B H D
perpendicular to CD. | AG = F. | e | i i i ;"“ ’;;’ 'FCDC' DE . ] r 3 1
i | | reciprcaly poporional | b = | : B S - .
! sides are equal a 1 § | e | 1
| | F Hence BG = DH. A B & D Haomi h—*ﬁ b—#
i | — @ Rectangles BG and DH are G ] D
é:l—. D § 57 @ But BG is the rectangle contained by | Similarly DH is the rectangle et T 1 s
AB and AG, and AG = F. contained by CD and CH, a i a2
So BG = AB - F. @l r A T en an
(6] Cump!etc rectangle BG on AB, AG G G @ By the other P & 5 H >
and rectangle DH on CD, CH. '_' G Proposition VL14, equal foe —
) D) 1 F E and equiangular parallelograms H
i have reciprocally proportional 1
| sides. H

Since BG = DH,
|| wehave AB-F=cD-E " ’ @ Since CH = E and 4G = F,
1 therefore  AB : CD = E : F.

| Thus if AB:CD =E:F,

By 13 we copied F and E on AG and CH. a8 F = CDLE

FINAL .CONCLUSION ALGEBRAIC FORM

GEOMETRIC MEANING Aee=D || .
For four magnitudes in proportion, c D) If a:b=c:d thn ad=be
, = AB:CD=E:F 4 AB.-F=CD-E
muliplying the outer ones cquals Conversly ifad = be ...a all are
multiplyin the inner ones. Ee——eF | mens (The product of the extremes equals the product of the means.) TR
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Proposition 17

If three straight lines are proportional, the rectangle contained
by the outer terms equals the square on the middle term; and
conversely.

Proof / Construction Actions

1. Assume A: B=B:C.
2. Construct D = B.
3. Rewrite the proportionas A: B=D : C.
4. By VIL1I6,A-C=B:-D.
5. Since D = B, B- D = B2
6. Thus A - C = B2.
7. For the converse, assume A - C' = B2,
8. Again construct D = B.
9. Then B> = B - D.
10. SoA-C=B-D.
11. By the converse of VI.16, A: B=D : C.
12. Substitute D = B.
13. Therefore A: B= B : C.

Final Conclusion

A:B=B:C < A-C=B
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BOOK VI - PROPOSITION 17

If three straight-lines are proportional,
then the rectangle contained by the two outermost
is equal to the square on the middle one.
And conversely, if the rectangle contained
the two outermost is equal to the square on
|the mndd]e one, then the three straight-lines are proportional.

THE GIVEN THREE STRAIGHT-LINES |
A —_—

B e—

C —0

PART II - FROM EQUALITY OF FIGURES TO PROPORTION

PART 1 - FROM PROPORTION TO EQUALITY OF FIGURES } ( PART 1 (continued) 1
© egin with three proporions || @ By Proposition VL16, the rectangle on the two
i als the

rectangle on the two

=

Construct a fourth straight-line D
equal to B. (By 13)
l D

R(plm( eleeona) s e peopertion

-

Ae—— B——8 D——D +——C

GEOMETRIC MEAN FINAL CONCLUSION

If B is in mean proportion between A and C,
then B is caled the geometric mean of A and C.
Then B% = A - C.

A aiaC <o AoCe by
(The product of the extremes equals the square on the mean proportion.)

48

Conversely, suppose that
Iy, suppos

A=l

We must prove

17-=-1
A B

\

Since the square on B is the recangle
contsined by B and D.

(5] Construct D «,ual to B.

(5-3)

— D

@ Therefore A-C = B-D.

[
D
@ By the converse of Proposition VL16,

the four siaightlns ae proporional. &4 o0 o0 s

A B D c]

@® But D = B. Therefore,

Thus, if the rctangle on A and C is equal
o the square on B, then A+ B = B: C.

ALGEBRAIC FORM
Ha:b=bic thn b'=a-c
Gonverscly, i B = a - ¢ (al posiin), then a: b= b : .
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Proposition 18

To construct on a given straight line a rectilinear figure similar
and similarly laid out to a given rectilinear figure.

Proof / Construction Actions

10.

11.

12.

13.

14.

15.

16.

17.

18.

. Take the given line AB and the given rectilinear figure.

Divide the given figure into triangles by a diagonal.

. Copy the first corresponding angle at A.

. Copy the second corresponding angle at B.

By 1.32, obtain equality of the third angles.

The first pair of triangles is therefore equiangular.

. By V1.4, their corresponding sides are proportional.

. Copy the next angle of the original figure.

Copy the adjacent angle.

By 1.32, infer the remaining angle.

By V1.4, obtain the second proportional side system.
Unite the two proportional systems.

Combine adjacent equal angles to obtain equality of whole polygonal
angles.

Repeat at the remaining composite vertices.

Recall the copied endpoint angles.

Conclude the complete figures are equiangular.

Together with proportional corresponding sides, apply Definition VI.1.

The constructed figure is similar and similarly laid out to the given
figure.
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Final Conclusion
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BOOK VI - PROPOSITION 18 KEY EQUAL ANGLES COPIED

To describe on a given straight-line a rectilinear figure zc-za Zam < zac

s o o 3 T DF = ZFED = £ GHB | Therefore
similar, and similarly laid down, to a given rectilinear figure. | CPF=A%G g | T 17 TO0 | Mherk
Giy e i vz ~oz an || AH - CE
iven: fven reclinear figure ZCDE= 2
G g To construct on AB AT AT
Straight-line AB sear figure AH . e
nm-]x to CE.
A B (AH ~ CE)
PANEL 2 - CDFY!NG THE SECOND TRIANGLE | | PANEL 3 — REASSEMBLING THE WHOLE FIGURES
" .
B Vi i T At G, construc an sngle @ Since < CFD - £ AGB i .
straight-line AB and BGH equal to angle DFE. G and £ DFE = £ BGH,
the given rectilinear (By 123) therefore = |
| e CE s g G s £ CFE = £ AGH.
| @ o DF 0 T A=
S i At B, construct an. -n!‘e v oW
G
i i 5 s : @ £ e e s, a3l
oy I s |~ cop-camn. ‘
AFCD and AFDE.
Bt 0L e B i B K
| @ x4, consruct an aage G @ Thertos, by 122, —
| GAB equal to angle C. { £ FED = £ GHB. @® By construction, A H ‘
I (By 123) ZC=zA and
‘ i z = L8 | |  zE=zH
b - o
equal to ang) , -
® 123 @ s !mn:Je!_FDE oo T R L S S GRER N @ Thus cvery comesponding € D A @
i B GHB are equiangular. e D (e i, O e
@ Therctore, by 132, c D By Proposition VL4, AH is equal =
£ CFD = 2 AGB. = B Therefore the two figures =
& e D : GB = FE: GH = ED : HB are equiangular A h
@ Thus triangles FCD and €. @ From (7) and (11), ‘ @ Their corresponding angles are il
GAB are equiangular. FD: GB = FC : GA = CD : AB and their corresponding sides are proportional. AH ~ CE.
= FE: GH = ED : HB. || Therefore, by Definition VL1, 3
L S » R | 1|
- ———— Y Hence the rectlinear figure AH, constructed
o [ aus connssronoiva sioes ane rrorormionat f| || ©® o @ u

FD : GB = FC : GA = CD : AB.

[ IMPORTANT: The wingls re consruced
0t thee orvesponding kdew are proportionsl
1 theie correponding anghes rs g

* FIRST RESULT
FD: GB = FC: GA = CD : AB

on the given straight-line AB, is similar and
similarly laid down to the given rectilinear
‘B

f GEOMETRIC MEANING FINAL CONCLUSION
This proposition shows how any rectlincar CE AH
s car DS ermeitad Ve cafasiios oy > A AH ~ CE
50 that the new figure has the same shipe | e e e

(up to size) and the same orientation.
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Proposition 19

Similar triangles are to one another in the squared ratio of their
corresponding sides.

Proof / Construction Actions

10.
I1.
12.

13

. Take similar triangles ABC' and DEF'.

. Write a corresponding side proportion.

Construct a third proportional BG with BC' : EF = EF : BG.
Join AG.

Alternate the original proportion.

Insert the third proportional to obtain AB : DE = EF : BG.
Recognize reciprocal proportionality about equal angles.

By VI.15, AABG = ADEF.

Returnto BC': EF = EF : BG.

By Definition V.9, BC' : BG is the squared ratio of BC' : E'F.
By VI.1, AABC : AABG = BC': BG.

Substitute the squared ratio.

. Replace AABG by the equal triangle DEF'.

Final Conclusion

AABC : ADEF = (BC : EF)?
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[ PANEL 1 - SETTING UP THE CONSTRUCTION

BOOK VI — PROPOSITION 19

Similar triangles are to one another
in the squared ratio of their corresponding sides.

PANEL 2 — USING RECIPROCAL PROPORTIONALITY

Given: Similar triangles 4 D
| AABC ~ ADEF
with 2B = ZE,
BC corresponds to EF.
B i

PANEL 3 — FINISHING THE PROOF

@ Take similar triangles A D
AABC ~ ADEF,
with 2B = ZE.
BC corresponds.
EF.
& B G 93 F

@ Since the triangles are similar,

© By Prop. V.16, alternate the
proportion in (2):

AB: DE = BC : EF

| AB : BC = DE : EF

AB : BC = DE : EF.
© By Prop. VL1, construct BG
so that BC : EF = EF : BG.

-———
B @ G

BC : EF = EF : BG

@ JinAwG. A

Goal: Show that
AABC ~ ADEF
= (BC: EF)?

AA
.

GEOMETRIC MEANING
If corresponding sides of similar tiangles
are in the rato k, then their areas are
in the ratio k.

equal angles at B and E, and
their sides about these equal

@ But from (3), BC : EF = EF : BG.
angles are reciprocally
‘proportional:

“Therefore,
A D

AB: DE = EF : BG
(@ By Prop. VL15, triangles with one equal angle

@ Triangles ABG and DEF have
and reciprocally proportional surrounding sides are equal.

AABG = ADEF
Therefore, 4 D

We have shown
that AABG
is equal to

FINAL RESULT

Sides scale by k AABC ~ ADEF
=

&
(Arwsaleby ¥ | | AABC : ADEF = (BC : EF)?
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© From (3), BC: EF = EF:
Thus BC, EF, BG are
three proportional. B @

@ By Def. V9, BC : BG is the

BG = (BC: EF)?
squared ratio of BC : EF. (¢ 56 = e : 27

@ Triangles ABC and ABG have A
the same altitude from A
to line BCG.
By Prop. VLI,

— €
AABC : AABG = BC: BG
@ From (10) and (1), o
AABC : AABG = (BC : EF)?
@® But from (8), AABG = ADEF.
Thesstine, AABC : ADEF = (BC : EF)*
e

CONCLUSION

Similar triangles
are to one another

in the squared ratio
of their corresponding
sides.

ALGEBRAIC VIEW
If corresponding sides are
in the ratio k = BC : EF,

then
Area(ABO) _
‘Arca(DEF)
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Proposition 20

Similar polygons can be divided into equal numbers of similar
triangles corresponding proportionally to the wholes, and the
polygons are in the squared ratio of corresponding sides.

Corollary. Similar rectilinear figures are to one another in the squared ratio
of corresponding sides.

Proof / Construction Actions

10.
11.
12.
13.
14.
15.
16.
17.

. Take similar polygons ABCDFE and FGHK L.
. Triangulate the first polygon.
. Triangulate the second polygon correspondingly.

. Use polygon similarity to obtain equal corner angles and proportional

adjacent sides.
By VL6, prove the first triangle pair similar.

Record the corresponding angle equality.

. Subtract equal angle parts from equal whole polygonal angles.

Obtain the next equal included angle.

Use the first triangle similarity for a side proportion.
Use polygon similarity for the adjacent side proportion.
Combine the proportions by V.22.

By VI.6, prove the second triangle pair similar.

Repeat for the third pair.

Draw additional diagonals for proportional comparison.
Prove the resulting larger triangle pair similar.
Introduce intersections of the diagonals.

Establish smaller auxiliary triangles as similar.
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18.
19.
20.

21.
22.
23.
24.

Convert similarity into segment proportions.
Use VI.1 to convert segment ratios into area ratios.

By V.12 and alternation, obtain equal ratios of corresponding compo-
nent triangles.

Include the third pair.
Sum corresponding triangles to pass to the whole polygons.
Use VI.19 for the squared ratio of one corresponding triangle pair.

Transfer that squared ratio to the whole polygons.

Final Conclusion

ABCDE : FGHKL = (AB : FG)?
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B et
to FG.

© Join BE and EC.

© Join GL and LH.

© Sine plypons ae s,
ZBAE - ZGFL
and AB: AE = FG : FL

© B Prop. VI6,
AABE ~ AFGL

@ Therefore ZABE = ZFGL.

@ Since ZABC = ZFGH,
therefore ZEBC = ZLGH. Q

© Ten £ m.m ar.

WHAT THIS PROPOSITION GIVES

« Any similar polygons
same number of similar triangles.

« Corresponding triangles have the same ratio.

« The whole polygons have that same ratio.

an be cut into the

PANEL 1 - DIVIDING INTO CORRESPONDING SIMILAR TRIANGLES (1)

o
C1

BOOK VI - PROPOSITION 20

corresponding proportionally to the wholes; and the polygons are
to one another in the squared ratio of their corresponding sides.

PANEL 2 - DIVIDING INTO CORRESPONDING SIMILAR TRIANGLES (11)
© Alo AB: BC - FG : GH.

(4580 - rorcn)
@ Hence, by Prop. V.22,

EB:BC - 1G:GH.

[(EB:BC=16:0H
@ Since ZEBC = ZLGH
and EB : BC = LG : GH,
by Prop. VL6,
L AEBC ~ ALGH. g

@ Asain, ZECD = LLHK,
Cl

J3
Therefore, by Prop. VL6,
% | ko ~ auk. =
|
- O i
|
K

into three pairs of similar
i triangles:

@ Join AC in the first polygon
and FH in the second. B

|| @ et et e O, J
||~ macrman

o

@ ©y similar reasoning. 7 A |
AABM ~ AFGN and
ABMC ~ AGNH.

The three pairs of trangles
are similar.

FINAL RESULT
I polygons are similar and AB &= FG,
| ABCDE : FGHKL = (4B : FG)}
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Similar polygons can be divided into equal numbers of similar triangles

To Prove:
ABCDE : FGHKL
= (AB: FG)?

@ D H K

C G H
@ Hence by Prop. V.22, i il S
(AM MG = P i)

@ B Prop. VL, n P

@ Thercfore, by Prop. V.12,
OABE : AEBC = (FGL : 5LGH.
D Ao b il e
ECD = ALGH : ALHK.
Hume .n th ratios are eqt
(AABE - ABBC  AKCD = AFGL

i ALK
R

O %
[(aasE : AL = (a8 : Fo)!
7]

@ Therefore, by Prop. V.12,
AABE : AFGL = ABCDE : FGHKL.

@ Bu AABE ~ AFGL,
50 by Prop. 6.14 (VL19),
AABE : AFGL = (AB : FG)’.

@ Theseore,

e YSmilar plyors 8
10 one another in the squared
atio of their corresponding sides

GENERAL COROLLARY (by Euclid)
The same holds for similar quadrilaterals,
and therefore for all similar

recilinear figures.




EucLiD’s ELEMENTS — Book VI

Proposition 21

Rectilinear figures similar to the same rectilinear figure are sim-
ilar to one another.

Proof / Construction Actions

1.
2.
3.

Take figures A, B,C with A ~ C and B ~ C.

Unpack A ~ C' equal corresponding angles and proportional sides.
Record the corresponding angle equalities.

Record the corresponding side proportions.

Unpack B ~ C'in the same way.

Compare corresponding angles of A and B through C.

Compare corresponding side ratios of A and B through C.

Thus A and B satisfy both conditions of similarity.

Apply Definition VI.1.

Final Conclusion

A~C,B~C = A~B
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BOOK VI — PROPOSITION 21

Rectilinear figures similar to the same rectilinear

figure are also similar to one another.

e i
A ...ag...; @ A4S
B~C

R | Q e
A~B

Let rectilinear figures A, B, C

(@ BEGIN WITH THREE FIGURES.
|

@ UNPACK THE SIMILARITY A ~ C.

By Definition VL1,

« Figures A and C are equiangular.

« Their corresponding sides are
proportional.

Each angle of A cquals

the corresponding angle —_—
of C. -

4,4, = 2C,

@ VISUALIZE THE PROPORTIONAL CORRESPONDING SIDES.

The corresponding sides of A and C

are proportional.

(@ COMPARE THE SIDE RATIOS THROUGH C.

The sides of A are proportional to

and the sides of B are also
proportional to those same
sides of C.

(a4 : ¢, = 4, i ci, s @ ||
© UNPACK THE SIMILARITY B ~
By Definition VL1, B %
« Figures B and C are equiangular.
+ Their corresponding sides
are proportional.
(BB.:CC, = BB, i GG, = BiBNICCH

@ COMPARE THE ANGLES OF A AND B THROUGH C.
An angle of A equals the A

of B also equals that angle
in C.

Therefore corresponding
angles of A and B are equal.

“Therefore the corresponding.
sides of A and B are
proportional to one another.

[A,A,

the corresponding sides of C,
A, : BB, = .. =

BB, =

(@ ASSEMBLE THE TWO REQUIREMENTS.

A B
We have:
« Corresponding angles of A and B are equal.
« Corresponding sides of A and B are proportional.

(© APPLY DEFINITION VL1

Since corresponding angles are equal
and corresponding sides are proportional,
by Defintion VL1,

FINAL RESULT
[A~camd B~C = 4~B

J

|| If two figures each have the same shape
| a5 a third figure, then they have the
same shape as each other.
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Proposition 22

If four straight lines are proportional, similar and similarly
described rectilinear figures constructed on them are propor-
tional; and conversely.

Proof / Construction Actions

1. Assume AB:CD = FEF : GH.
2. Construct similar figures on AB and C'D.
3. Construct corresponding similar figures on £ F and GH.
4. Construct a third proportional to AB, C'D.
5. Construct a third proportional to EF, GH.
6. Combine the two chains of proportions.
7. Convert the first line ratio into a figure ratio.
8. Convert the second line ratio into a figure ratio.
9. Conclude the forward proportionality of the figures.
10. For the converse, assume the figures proportional.

11. Assume the desired line proportion does not hold and construct a fourth
proportional.

12. Construct on it a similar figure.

13. Apply the forward direction.

14. Compare with the original hypothesis.

15. Use V.9 to infer equality of the auxiliary and original figures.
16. Use their similarity to infer equality of corresponding bases.
17. Substitute that equality.

18. Conclude the desired proportion of the four straight lines.
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Final Conclusion

’AB:C’D:EF:GH <= KAB:LCD=MF:NH
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— _——
‘THE GIVEN FOUR FIGURES DRAWN ON THEM
NI

BOOK VI - PROPOSITION 22

[
If four straight-lines are proportional, then similar and similarly described |
rectilinear figures drawn on them will also be proportional. B D EFGH Q Q Q Q
And conversely, if the similar and similarly described figures are proportional,
[4B:cp=EF:6H |

then the straight-lines themselves will also be proportional.
Similar and si |\ady laid out on each pair.

PANEL 1- PROPORTIONAL LINES =:~ PROPORTIONAL SIMILAR FIGURES

© Given four pmpum'nml o On AB and CD, construct © On EF and GH, construct © By Prop. VLIL o0 | @ By Prop. V111, on @ Since AB : CD = EF: GH.
ight e | similar and similarly laid similar and similarly laid CD take O so that GH take P so that and CD: 0= GH : P,
e G e o out figures KAB and LCD. out figures MF mdMNH. (a:c-cp:0] (e -c=cnir) by Prop. V22,
[ K
A B |
@ e Z1 s B E F |
i B E B
Ee—.F I A | @ D
G cD GH e
@ b G i
PANEL 2 — PROPORTIONAL LINES =3 PROPORTIONAL FIGURES (CONTINUED)  AND THE CONVERSE ~ SETUP
@ By the corollary of © Ssimilary, © Therefore, @ Conversely, assume @ Ssuppose not. Then construct | ) On QR, describe SR similar
VL19 (the square AR T (asE o T i R so that by Prop. VLI2, and similarly lid out to
:‘ZZ“{’ I:lﬁ:mnn (£F:P = MF:NH] XKAB : LCD = MF | NH | [kaniiop MF : NH| < udg s
g e prm AB: CD = EF: QR g
B0 = KAB: LCD (4B cp = 5F - 6| A B
R
A A v Q Q Q Q £ i £
LD MF -~ R By Prop. VLI8 and Vi21) |

e * PANEL 3 — THE CONVERSE. (com-muw) AND CONCLUSION B e S
@ Since SR and NH are similar | @) From AB: CD = EF: QR | Q) Thus we have proved

ince AB : CD = EF : QR, 0 But KAB : LCD = MF: NH | ®) By Prop. V.9 (equal ratios),

by the first part proved, (assumption). Therefore, BT and similarly laid out, equal and QR = GH, both ways:

[ s = Nt | figures have equal bases. by substitution, @ s

KAB : LCD = MF : SR] [MF SR = MF : NH] 3 AB:CD - BFiGH |
ﬁ i :LCD = MF:NH |

{LCD = MF : NH
-
KaB MF - EF:GH

FI.NAL RESULT
« Proportional lengths produce proportional similar figures. For four straight lines AB, CD, EF, GH and similar, similarly laid out figures
« Proportional similar figures imply proportional lengths. on them (KAB, LCD, MF, NH), the following are equivalent:
« The square of the scale factor governs the area ratio. 4B : CD = EF GH] &> [KaB: LoD - M NH

WHAT THIS PROPOSITION GIVES
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Proposition 23

Equiangular parallelograms have to one another the ratio com-
pounded from the ratios of their sides.

Proof / Construction Actions

10.
I1.
12.
13.
14.
15.
16.

. Take equiangular parallelograms AC' and C'F'.

. Place BC' and C'G on one straight line.

Deduce that DC' and C'E are straight-on.

Complete the intermediate parallelogram.

Introduce a magnitude K.

Construct L so that BC : CG = K : L.

Construct M sothat DC': CE =L : M.

Recognize K : M as the compounded ratio.

By VI.1, compare AC' with the intermediate parallelogram.
Replace the first side ratio by K : L.

By VI.1, compare the intermediate parallelogram with C'F'.
Replace the second side ratio by L : M.

Form the linked chains.

By V.22, obtain K : M = AC : CF.

Recall what K : M represents.

Transfer the compounded ratio to the two parallelograms.

Final Conclusion

AC': CF = (BC : CG)(DC : CE) |
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BOOK VI — PROPOSITION 23 =S e
Equiangular parallelograms have to one another | & {i g 1 B
the ratio compounded out of the m o » ,: Ac
ratios of their sides. h | P;nlklnzm cF
Given: Parallelograms AC and CF are equiangular, Ehlimp i | [ intermediate parallelogram CH

is the ratio compounded
with ZBCD = £ECG. | o BC £ CG and DC 1 CE.

f PANEL 2 — REPRESENTING THE SIDE RATIOS M PANEL 3 — FINISHING THE PROOF

PANEL 1 — SETTING UP THE FIGURE )
= = = = — |
@ Tike equiangular B C G @ By Prop. VL12, construct L B c el @ By Prop. VL1, CH and CF B c G

parallelograms AC / X 1 50 that —_—— have the same altitude.
and CF such that
BC:CG=K: Kot =y CH : CF = DC : CE
BeD = cECG. L 5 > ( J AT ECREENT.
| @ Place BC and CG. B c G @ By Prop. VL12, construct M D c E @BuDC:CE=L:M Ae ‘
o | w0 that — Therefore,
on one straight line.
e w || [Green) ot
A D E F ‘ @ Thus we have
5 L Ko——— .1
© Since the angles st C B G| G | |@ThendoK:Mis 2 C G [ac:cn=-k:1]

e
are equal, by L14, compounded from | — £ ¥, |
D, C E are K:Land L : M. E c F ‘ : 5 @ .O
on one stralght line. iL=BC: CH:CF=L:M ‘
4 ‘ B Ke— L ———eM |
i DR F

| DT G F
B @ G 3
© Complete the ; - ratio compounded from [ K : M = (BC : CG) compounded | | | @) By Prop. V.22 (through equality), ko ;_ ,ar
parallelogram DG. i | BC : CG and DC : CE. with (DC : CE). (K:M = AC: CF
/ / L : [k:M=ac:cF

A D E I © By Prop. VL1, AC and CH B C G
Take an arbir have the same alitude. @ But K : M is the raio compounded [k A~ (BC  CG) compannded
© i from BC : CG and DC : CE. with (DC : CE)
straight-line K. XS | [ﬁ: Gr T Ge L i ‘ CE).
A DEE F

= (BC : CG) x (DC : CE)
(compounding two ratios

We have related AC to CH.
using the first pair of sides.

FINAL RESULT

For cquiangular parallelograms AC and CF, [ AC : CF = (BC : CG) compounded with (DC : CE)| &= [ AC : CF = (BC : CG) x (DC : CE)
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Proposition 24

In any parallelogram, the parallelograms about the diagonal
are similar to the whole parallelogram and to one another.

Proof / Construction Actions

10.
11.
12.
13.
14.
15.
16.
17.
18.
19.

. Take parallelogram ABC'D with diagonal AC.

Use a parallel in triangle ABC' and V1.2 for the first segment propor-
tion.

. Use a parallel in triangle AC'D and VI.2 for the second segment pro-

portion.
Link the two proportions.

Compound the parts.

. Alternate the resulting proportion.

Use the first pair of parallels for an angle equality.

With the common angle, show the first triangle pair equiangular.
Repeat on the other side.

Conclude the whole and first smaller parallelogram are equiangular.
Use VI.4 on the first similar triangle pair.

Continue the side-ratio chain.

Use the second similar triangle pair.

Continue once more.

Combine the middle ratios.

Recognize full side proportionality.

Apply Definition VI.1 to prove the first similarity.

Repeat for the second smaller parallelogram.

Use VI.21.
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20. Conclude both smaller parallelograms are similar to the whole and to
one another.

Final Conclusion

EG ~ ABCD, HK ~ ABCD, EG ~ HK
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@ Tike parallclogram
ABCD with diagonal AC.

© 10 £ ABC, since EF || BC,

BOOK VI — PROPOSITION 24 |

In any parallelogram, the parallelograms about the diagonal
are similar to the whole parallelogram and to one another.

Given: B E c |
Parallelogram ABCD with To Prove:
diagonal AC. I @ « EG ~ ABCD ‘
EG and HK are the two + HK ~ ABCD
parallelograms about . EG ~ HK
the diagonal. A H D -

PANEL 1 — PREPARATION AND KEY PROPORTIONS

© 10 £ACD, since FG | cD, @) From (2) and (3),

@ st out an sebtrary line K.

We vill use K, L, M to

represent the compounded

© By Prop. Vs, @ By Prop. V.16 (alternendo),
by Prop. V12, by Prop. V12, -
e bty & (BE: Ea = DG : Ga (BA:AE = DA:4G) | [BA:AD = Ea: 4]
G EA = CF: FA| CF : FA = DG : GA
the diagonal: B ‘
EG and HK. E B A B & A f I g
B E c B
E | E: S ¢ @ /
F G 7 B L D 4| D A
A c A D A H
A G D
3 PANEL 2 - EQUAL ANGLES B 5
© since GF || DC, © Also 2GAF = 2DAC @ Likewise, @ Thus the whole parallelogram
by Prop. 129, (common angle st A). e ABCD snd paralclogesm EG
e ercors, x AACB ~ & AFE.
[zarG = zpca D byBrop 132, (a2eh e

| @ From 44DC ~ 2AGF | @) From AACB ~ AAFE:

AADC ~ AAGF.

P, VL2 and 16 it i,
i = S

[ap:oc-acicr) | [ac co-ar:re)

(bc:ca=crora| | [ca:sa-re:a] [p0:co-GrimE

@ From (15) second ratio | ) Thus corresponding.

are equiangular.

By LB VG c F c E B4 BN G,
ATss iRl e i, i) G | 4 B B | A D

© Sine £G and ABCD
are cquiangalar and their
cormsponding sides are
proportional, by Def. VL1,

EG ~ ABCD.

sides are proportional:
«BA: AD = EA : AG
«DC: CB = GF : FE

(and hence the whole

WHAT THIS PROPOSITION GIVES
A powerful relation between areas:

the parts about the diagonal are
similar to the whole and to each other.

oky” &Y |

sets of adjacent sides
are proportional)
In modern terms:
The area of each small parallelogram
is a fxed fraction of the whole.
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-

=|

angle of ABCD.

Therefore EG is equiangular

@ Similary, HK is cquisngular

to the whole parallelogram. to the whole parallelogram.

D By the same ressonig,
[HK ~ aBcp.
And by Prop. V121,
figures similar to the same

figure are similar to one
another.

(k6 = 1|

[ 50 the w0 sl purltograms
et e
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Proposition 25

To construct a single rectilinear figure similar to one given rec-
tilinear figure and equal to another given rectilinear figure.

Proof / Construction Actions

10.
I1.
12.
13.
14.
15.

. Take ABC for the required shape and D for the required area.
. Construct a parallelogram equal to ABC.

. Construct a second parallelogram equal to D.

Place their bases on one straight line.

Find the mean proportional between the relevant bases.
On it construct KGH ~ ABC.

Use the mean-proportional relation.

Convert the line proportion into a figure proportion.
Compare the two parallelograms by their bases using VI.1.
Equate the two ratios.

Alternate the proportion.

Use the first area equality to obtain KGH = EF.

Use the second area equality to obtain KGH = D.
Recall KGH ~ ABC.

Conclude the new figure has the shape of ABC and area of D.

Final Conclusion

KGH ~ ABC, KGH=D
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[ BOOK VI - PROPOSITION 25 |

To construct a single rectilinear figure similar to a given
rectilinear figure, and equal to another given rectilinear figure.

P T

ABC : the figure whose D the figure whose.

area we must copy.

shape we must copy.

| @ On BC, construct parallelogram BE equal to triangle ABC (Prop. 144)

B
A @ [ BE = ac]
& @ J
() e e P T IO E D
(Prop. 1.45).
B c @ M
& & Fcu=-p

@ From the cquality of the constructed angles, by Prop. 114,
BC is straight-on with CF (and likewise the opposite sides)

B E c] M

4

B C F

@ Construct the mean proportional GH between BC and CF (Prop. VL13).

B F

So far we have two parallelograms on one straight line:
BE = ABC and CM = D.

@ But BE = ABC (from Action 2). Therefore
ABC : BE = 1: 1. Hence KGH : EF
‘Therefore, KGH = EF. ‘

(@ 0n GH, construct » rectliness figure KGH smila and similacly
laid out to ABC (Prop. VL18).

(ko = e8] "

@® But EF = CM, and CM = D (from Action 3).
“Therefore, KGH = D.

5 ® M
é NG ¥ S
KGH = D

The new figure KGH has the same shape as ABC.
‘We must prove it has the same area as D.

@ Sivce BC  GH = GH : CP,th e lins BC, GH, CF aepropoion

B F | @ Ao, from Action 6, KGH ~ ABC.
G H
X B
© Thercfore, by the corollary of Prop. V119 (squared ratios), ~
| BC : CF = ABC : KGH. id a o
G T
| @ Parallclograms BE and EF have the same altitude. KGH ~ ABC

11 Toetiee, B piep. it

ECHACT DR EF. @ Thus we have constructed one rectilinear figure KGH
S which is similar to the given figure ABC and equal to

@ Hence, [4BC : K = BE : EF. oAt

FINAL RESULT

KGH ~ ABC and KGH = D.
DI L&kke

@ By Prop. V.16 (aliemendo), | ABC : BE = KGH : EF.|
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Proposition 26

If from a parallelogram another parallelogram is subtracted
which is similar and similarly laid out to the whole and has
a common angle with it, then the smaller parallelogram lies
about the same diagonal as the whole.

Proof / Construction Actions

10.
I1.
12.
13.
14.
15.

Take whole parallelogram ABCD.
Take smaller parallelogram AF' similar and similarly laid out to it.
Identify their common angle.

State that AF' must lie about the same diagonal.

. Assume the contrary.

Produce a side of the smaller parallelogram to meet the diagonal.

Through the meeting point, draw a parallel to a side of the whole par-
allelogram.

Form an auxiliary parallelogram about the true diagonal.

By VI1.24, obtain the first side proportion.

By the assumed similarity, obtain the second side proportion.
Compare the proportions.

By V.9, infer equality of the two compared segments.

This makes the lesser equal to the greater, impossible.

Reject the contrary assumption.

Conclude the smaller parallelogram lies about the same diagonal as the
whole.

Final Conclusion

AF is about the same diagonal as ABC'D
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BOOK VI - PROPOSITION 26 <= 5 ¢

\' TO PROVE

If from a parallelogram another parallelogram is subtracted | 47 i 5 puall
which is similar and similarly laid out to the whole, similar and similarly laid ‘ AF is about the
ond has a common angle with it, then the subtracted out to ABCD, and has the | WA‘*;-CS;"A
as ABCD.
parallelogram is about the same diagonal as the whole. o g D D
PANEL 1 - SETTING UP THE PROBLEM W PANEL 2 - CONS;RUCHNG AND COMPARING o5 PANEL 3 — DERIVING THE CONTRADICTION

e lelog ABCD.
0 e @ Produce GF to meet S g @ Foom ©) and (10),

| the disgonal AHC GA:AK = GA:
2 [ DA:4B = Ga:
n 0

[ pa:aB =-ca:

@ Inside it is parallelogram AF. A 0 D
B (Ga:4aK = GA : 4E |
AF ~ ABCD @ Theough H daw B G C :
i B
(G HK parallel to AD @ By Prop. V9, since GA
c I (Prop. 131). is the same magnitude,

A D

© They have the common angle ZDAB.

AK = AE.
By
)
A H

2DAB is @ But AE is the lesser
| common to © Then KG forms 2 segment and AK is the
both. parallelogram about greater segment.
A b the same diagonal @ IR J "
@ We must prove that AF is about the s ABCD. L s A D)

same diagonal as ABCD.

” o 5 @ This contradicts AE = AK. @
@ Suppose the contrary: AF is NOT about | Therefore our supposition is false. ontrs

the same diagonal. Take AHC as the | © By Pop. V124 Garllel

iagonal of B cf
diagonal of ABCD. p i e gt s : @ Hence AF is about [ Proved:
DA : AB = GA: AK. DA : AB = GA : AK 'h;:z; diagonal | AS. is about |
L J as 1 e same
, 7 i
But AF ~ ABCD (given similarity). 7 'ABCD.
Therefore corresponding sides are | J

Propcttional DA : AB = GA : AE

We have two proportions with the
same first ratio DA : AB.
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Proposition 27

Of all parallelograms applied to the same straight line and
falling short by similar and similarly situated parallelogram-
mic figures, the greatest is the parallelogram applied to half
the straight line.

Proof / Construction Actions

10.

11.

12.

13.

14.

15.

16.

. Take the straight line AB.
. Bisectitat C.

. Construct the special applied parallelogram AD, falling short by the

parallelogram on half C'B.
State the maximum claim.

Construct an arbitrary competing parallelogram AF'.

. Assume its deficit is similar and similarly laid out to the midpoint

deficit.
By VI1.26, the deficits lie about the same diagonal.

Draw the common diagonal and complete the figure.

. By 1.43, the complements are equal.

Add the common parallelogram to obtain equality of larger regions.
Use AC = C'B and VI.1 for the next equality.

Transfer the equality.

Add the common part and identify AF' with the gnomon.

Compare the gnomon with the larger midpoint parallelogram.
Since AF was arbitrary, every competitor is smaller.

Conclude the maximum occurs at the midpoint.
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Final Conclusion
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BOOK VI - PROPOSITION 27

pocllelograms applid to the same straight ine,
and falig short by paralldogrammic fgures similar and

@ Tike the straight line AB. A

@ Cutitin half at C
(Prop. 1.10).

© Apply parallelogram AD
along AB.

It falls short by parallclogram
DB on the half CB.

@ Chaim: Among all such
paralllograms, AD
s the greatest.

- AD is applied to AB
and fall short by DB,

GIVEN: |

« Straight line AB.

« DB is the parallelogram

described on the half CB.

+ We compare all parallclograms
applied to AB that fall short by
2 parallclogram similar and
similarly lid out to DB.

$ E From (10) and (1), we have:

(¢
/ and complete the figure.

PANEL 2 - COMPARING WITH AN ARBITRARY PARALLELLOGRAM

© Let another parallelogram AF F
be applied to AB, falling
short by paralllogram FB.

PANEL

@® Add parallclogram CF D G

(@ Assume FB ~ DB and
similarly laid out.
We must prove AD > AF.

FB ~ DB |
@ By Prop. V126,
since FB ~ DB
and similarly laid out,
they are about the
same diagonal.

A

Draw their common diagonal

© By Prop. 143,
the complements about ? @ o
the diagonal are equal.

cr=FE]

Parall FB is common.
Therefore, adding it to
the equals gives:

(ai-xz)

@ Since AC = CB,
by Prop. VLI

CH = CG

[cH=kE) wd [cH=cG] = [cG=ke]
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parallelogram DB.
Therefore,

DB > LMN

| @ b ar - iy
(from 12).

Hence,

(oo ar

to the conditions),
every such
parallelogeam is
less than AD.

Al are less than AD.

@ Therefore the greatest is precisely AD, 2
the paralelogram applicd to AB
that fll short by DB on the half CB.




EucLiD’s ELEMENTS — Book VI

Proposition 28

To apply to a given straight line a parallelogram equal to a
given rectilinear figure, falling short by a parallelogrammic fig-
ure similar to a given parallelogram.

Condition. The given rectilinear figure must not be greater than the paral-
lelogram described on half the given straight line and similar to the required
deficit.

Proof / Construction Actions

10.
I1.
12.
13.
14.

15.

. Take the given line AB, area C, and parallelogram D defining the

deficit shape.

Bisect AB at E.

. On EB, construct a parallelogram similar and similarly laid out to D.
. Complete the surrounding parallelogram.

. If it already equals C, the construction is complete.

Otherwise use the stipulated size condition so that the midpoint config-
uration exceeds C.

Isolate the excess.

By VI.25, construct a parallelogram similar to D and equal to that ex-
cess.

By VI.21, relate it by similarity to the midpoint deficit.

Match corresponding sides.

Copy the smaller corresponding sides inside the midpoint deficit.
Complete the corresponding inner parallelogram.

By VI1.26, place the similar parallelograms about one diagonal.
Subtract the constructed excess to obtain a gnomon equal to C.
Use equality of complements.
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16. Add the common parallelogram.
17. Use AE = EB.

18. Add the remaining common region.
19. Substitute the area of the gnomon.
20. Identify the remaining deficit.

21. Conclude the applied parallelogram equals C' and falls short by a par-
allelogram similar to D.

Final Conclusion

ST=C, QB~D|
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BOOK VI - PROPOSITION 28

“To apply to 4 given scaght-line  paralleogram equal o a given
rectlinar figur, alling short by & paralllogrammic figure similr
to 2 given paralllogeam.

dogran
| Clupeofthe deic) c D

Coniton: C mast ot e greser tan the puraleogam
I consucted on hlfof AB an sl 0 D.

PANEL 1 - SETTING UP THE

T .-

(@ Cassmbatur y I3 "

@ Tike the given siraight line AB,
the rectilincar figure C, and the
paralldlogeam D.

| (erop. L10). (-2
© On the half £5, consirut [4 7
EBFG similar
and sty laid ot t0 D
(Prop. VL1). A - £
g ¥
| @ Complte the surouning
| parallelogram AG.
| A ' B
(@14 -c, G F
i .
4 7
| @ Otherwie, take HE > C. G 4 i
| S 5 = B (g VL), [@sc
| wehmeassc
4 # 4
| G "3

@ Let (GB - C) be the excess.

PANEL 2 ~ BUILDING THE EXCESS AND EQUALITIES

© By Prop. V125, construct K L

(]

parallclogram KLMN cqual
to (GB - C) and similar

toD. & e

G F
,
A E B 8
& B [ P
Now =Rl
A E
F s

and GP = LM,
Complete parallclogram
PQ.

Since GB ~ D and
KLMN ~ D, by Prop. V121,
KLMN ~ GB.

Let KL comespond to GE
and LM to GF.
Since GB > KLMN,

we have GE > KL and
GF > LM,

Then GQ = KIMNand G Q F
G~ GB.

By Prop. V126, sice
GQ~ GBaudimisty G, Q
oo

GQB and complete
the figure

Since GB = C + KLMN and G Q
GQ = KLMN, the remainder
(gromon UWV) cquals C.
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PANEL 3 - FINISHING THE ARGUMENT

© By Prop. 143, the complements
about the disgonal are equal:
PR = 05,

@ Add paralielogram QB to both
equal fgures PR and OS.
Therefore, PB = OB,

@ Since AE = EB, by Prop. V11, G Q F_R T
0B = TE.
Hence, PB = TE.

@ Add pasallclogram OS to both G Q F R =
equal figures PB and TE.
Therefore, TS = VWU.

© Bt goomon VWU = C
(fom Action 14).
“Therefore, TS = C.

@ Thus pastogeam 5T
(& spplid 10 AB)
and flls shor by QB

@ And QB is similar to D. s v D
Construction is complee.
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Proposition 29

To apply to a given straight line a parallelogram equal to a
given rectilinear figure, overshooting by a parallelogrammic
figure similar to a given parallelogram.

Proof / Construction Actions

1. Take the given line AB, area C, and parallelogram D.
2. Bisect AB at E.
3. On EB, construct BF' ~ D.
4. Form the combined magnitude BF + C.
5. By VI.25, construct GH ~ D and equal to BF + C.
6. Match corresponding sides and note that those of G H are greater.
7. Produce the smaller sides until equal to the corresponding sides of GH.
8. Complete the enlarged parallelogram M N.
9. Establish MN ~ BF.
10. By VI1.26, place the similar parallelograms about the same diagonal.
11. Recall MN = BF + C.
12. Subtract BF to obtain a gnomon equal to C'.
13. Use AE = EB for the equal-area relation.
14. Identify the corresponding complement.
15. Add the common parallelogram.
16. Substitute the gnomon’s area to obtain AO = C.
17. Identify the overshoot Q) P.
18. By V1.24, prove QP ~ D.
19. Conclude the required construction.

77



EucLiD’s ELEMENTS — Book VI

Final Conclusion

A0 =C, QPND\
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© Tike the given staight line AB,
the rectilinear figure C,
and the parallelogram D.

© Cut AB in half at E (Prop. 1.10).

© 0n 15, consrut g B

simia and simlcly lid out to D
(Prop. VL18).

Consider the sum of the magnitudes
agn

BF + C.

© 5y Pop. V125, constracs paralllogam Gt

equal t0 (BF + €) and similar to D.

@ Let KH comespond to FL
and KG correspond to FE.
Since GH > BF,

KH > FL snd KG > FE.

AB = given

anight line

GIVEN.

C=gven
ecles fgre

Required: A paralldlogram 4O equal to C,
overshooting AB by a paralelogram QP similar to D.

BOOK VI - PROPOSITION 29
To spply a paralcogram, equal to 3 given rectlinese gure,
1o 2 given sright-line, the sppled parallelogram ovrshooting
by a paralllogramnic figure simiae to a given parallelogram.

D= given

Y 4

PANEL 2 ~ BUILDING THE EXCESS AND USING EQUALITIES

@ Produce FL and FE.
On them, mack points M and N
<o that FM = KH and BN = KG
(Prop. 13),

AREE i) & =
[ J O —
about the diagonal,
© Conpi prtign v, p g ||
“Then MN = GH N

e - St

A E

© since GH ~ D and BF ~ D,
by Prop. V121, GH ~ BF.
Hence MN ~ BF.

@ By Prop. V126, since MN ~ BF.
and similaly laid out,
they are sbout the same disgonsl.
Draw the common diagonal
MB and complte th figure.
i E

© by consrvcion, GH = B+ G,

and GH = MN.
Sublract BF from both.
N

equals C.
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B N ® dd e common prlliogam B0 N

et
gt ”

a

@ But goomon VWX = C
(from Action 12).

Therefore, | 40 = C

@ Pasiliogam 40 s sppled
1 AB and overshoots it
] o by pasllogram

© vy peop. Vi,
P i i o the g
/ e

/ © Therers we b construted
] o pealdogean 4D oqul 0 €,

e
QP simit t D.

F L M P

B
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Proposition 30

To cut a given finite straight line in extreme and mean ratio.

Proof / Construction Actions

10.
I1.
12.

. Take the given line AB.
. Construct a square on AB.

. By VI.29, apply along the adjacent side a parallelogram equal to the

square and overshooting by a similar figure.

The overshooting similar figure is also a square.

Subtract the common rectangle from the equal figures.

The remaining rectangle and square are equal and equiangular.

By VI.14, their sides about equal angles are reciprocally proportional.
Identify one side of the rectangle with the whole AB.

Identify the corresponding side of the square with AF.

Substitute these equalities into the proportion.

By V.14, determine AE > EB.

Conclude AB : AE = AF : EB.

Final Conclusion

AB: AE = AF : EB, AE > EB

Modern note. This construction is commonly called the Golden Section.
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BOOK VI - PROPOSITION 30
To cut a given finite straight-line
in extreme and mean ratio.

Given AB, to find point E on AB
such that AB:AE = AE: EB,

with AE the greater.
-

N (ACTIONS 1

© Tike the given
finite straight line AB.

© Describe square BC
on AB (Prop. 1.46).

A B
|
© 0n AC, apply paralllogram ¢ C
equal to square BC,
overshooting AC by a figure
AD similar to BC

(Prop. V129).
A E
| @ since BC is a square and c
AD ~ BC, the figure AD
| s alo a square
|
A B F

We will prove that E divides AB
in extreme and mean ratio.

PANEL 2 - THE PROPORTION (ACTIONS 5-8)

@ since BC = D, subtact. € B
the common rectangle CE [
from both.
The remainders are equal = BF
BE = AD.
/ 5|
A E B
@ Recungles BF and square 4D 7w
are equal and equiangular:
By Prop. VL4, the sides
about their equal angles are =
reciprocally proportional
E B A
B
A
E
Ea o el
AE EB

© But from the construction

FE = AB
(whole line)

we have:

(since AD is
o squar)
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PANEL 3 - CONCLUSION (ACTIONS 9-12)

| @ substituting (8) into (7):
|
AB : AE
B D
At — L
AE EB
(SR L e
AB
@ since 4B > 4E,
from the proporticn C. B D
AB:AE = AE:EB,
by Prop. V.14,
| 4E>EB
O |

F
AE (greater)  EB (lesser)

|| @ Thus E divides AB
in extreme and

Proved:
AB : AE = AE : EB
with AE the greater.

mean ratio.

“This construction is called
the Golden Section.
(See also Prop. IL1L)

[ Golden Ratio: |
AB:AE = AE:EB = ¢ ‘
| (9 =(+v3/2)




EucLiD’s ELEMENTS — Book VI

Proposition 31

In a right-angled triangle, the figure described on the hy-
potenuse equals the sum of the similar and similarly described
figures on the two sides containing the right angle.

Interpretive note. This is Euclid’s generalized form of the Pythagorean
theorem.

Proof / Construction Actions

1. Take right triangle ABC with ZBAC' = 90°.
2. Describe similar and similarly situated figures on BC, BA, AC.
3. Draw AD 1 BC.

4. By VL8, the two smaller triangles are similar to the whole and to one
another.

5. From AABC ~ AABD, obtain CB : BA= AB : BD.
6. Thus CB, BA, BD are three proportional lines.

7. By the corollary to VI.19, relate C'B : BD to the figures on C'B and
BA.

8. Similarly relate BC' : C'D to the figures on BC' and C'A.
9. Combine the ratios by V.24.

10. Since BD + DC = BC(, the line ratiois 1 : 1.

11. By V.9, the corresponding figure ratio is equality.

12. Conclude the figure on the hypotenuse equals the sum of the two similar
figures on the legs.

Final Conclusion

| Fig(BC) = Fig(BA) + Fig(AC) |
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PANEL 2 - USING SIMILARITY AND PROPORTIONS (ACTIONS 5-8)

BOOK VI - PROPOSITION 31
T right-angled triangles, the figure drawn | @ Since 24BC ~ AABD, A

on the side subtending the right angle is the corresponding sides are

equal to the sum of the similar and proportional:
similarly described figures drawn on the CB _ AB
sides surrounding the right angle. B4 -
B c
BD DC
N A o
RE (ACTIONS 1-4) BC
@ Tike rightangled 4 @ Thus CB, BA, BD are
triangle ABC with three proportional CB:BA - BA:BD
ZBAC = 90° .
CB:BA = BA : BD.
B c
A

@ On side BC take any rectiinear @ By the corolary to Prop. VLIS,

figure (yellow). On BA take a for three proportional lines, ¢

similar and similary described \ S

figure (purple). On AC take CB _ Figure on BC 4

BD  FigueonBA B 5 @
Figure on BA + Figure on AC. e CB _ Figure on BC
A BD ~ Figure on BA

© From the right angle vertex 4,

draw AD t0 BC

(Prop. 1.12). (@ similarly, using AABC ~ AADC,

B Do o we obtain

o BC _ Figure on BC

By Prop. VL8, D P Sa AT

AABD ~ AABC, &

AADC ~ DABC,

o AABD ~ AADC.

A A
A A )
B D @
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PANEL 3 - FINISHING THE ARGUMENT (ACTIONS 9-12)

© By Prop. V24 (composition

of ratios),

i Figure on BC
BD+DC | BDyDC " Figure on BA + Figure on AC'

| @ But 5D + DC = BC.

| Hence
BC BC
el
BD+DC _ BC

Therefore the ratio on the right
‘ is also equality (Prop. V.9):
Figure on BC
Figure on BA + Figure on AC

Ths,

Figure on BC = Figure on BA + Figure on AC.

lFigununBC=F|gun on BA + Figure on AC

@ Hence, in right-angled triangle ABC,
for any similar and similary described
figures on the three sides,

Figure on BC = Figure on BA + Figure on AC. i G

(For squares this gives BC* = BA® + AC%)
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Proposition 32

If two triangles having two sides proportional are placed to-
gether at one angle so that corresponding sides are parallel,
then their remaining sides are straight-on with respect to one
another.

Proof / Construction Actions

10.
I1.
12.
13.
14.
15.
16.

. Take triangles ABC and DCE.
. Assume AB: AC = DC : DE.
. Assume AB || DC.

Assume AC' || DE.

From the first parallelism, obtain /BAC = ZACD.
From the second, obtain ZACD = ZCDE.
Therefore /BAC = ZCDE.

Combine that equal angle with the given proportional sides.

. By VL6, the triangles are equiangular.

Thus ZABC = /DCE.

Recall /ACD = /BAC.

Form the whole angle ZACE.

Add ZAC B to both sides.

By 1.32, the three angles of triangle ABC' equal two right angles.
Hence ZACE + ZACB = 2 right angles.

By 1.14, BC and CFE lie on one straight line.

Final Conclusion



BOOK VI - PROPOSITION 32
riangls, having two sides proportional to two sides,
are placed togeher at a single angle such that the
cormesponding sides are also paral, then the remaining
s of e wanges il be gt cn withrspt b e e

GIVEN

If two

(]

 Trangles ABC and DCE 4. D

@ Take the two trangles ABC A D
nd DCE with comman point C. i : A
¥ c 3

PANEL 3 - FINISHING THE ARGUMENT (ACTIONS 12-16)

2 - PROPORTIONS AND SIMILARITY (ACTIONS 6-11)

Since AC || DE, with CD as transversal, ~ A~———>>——D @ The whole angle ZACE is made of A D
alternate angles are equal: the adjacent angles ZACD and £DCE:
| £ACD = £CDE. B ZACE = LACD + £DCE. -
e @ E E
B i E |
A D

Therefore, from (5) and (6): A i D

e Using (10), (11) in (12) |
“aac - ok, O ¢
B [ LACE = LBAC + LABC. o
We have AB : AC = DC': DE,
and the included angles 2
D
ZBAC = ZCDE are equal @ Add LACB to both sides:
Prop. VL6 (SAS similrity), t
el g b ZACE + LACB

AABC ~ ADCE. B c E
B 4 E

= LBAC + LABC + LACB.

@ Thercfore corresponding angles are equal. A D
@ Assume the proportional sides: In particular, @ But in AABC, by Prop. 132, A D
4B : AC = DC : DI J ZABC = DCE. LBAC + 2ABC + LACB
A b e c E = 2 right angles.
Assume AB || DC.
o U 4 D Therefore, B 4 E
@ From (5) we already have .
& ¥ S 5T ZACE + £ACB = 2 right angles.
@ Assume AC || DE. J ¥
€ E
A D @ By Prop. L14, if two adjacent angles A D

Since AB | DC, with AC as transversal,
alternate angles are equal (Prop. 1.29):

@ 5o we have two cqual angles:

are equal to two right angles,

[(2anc = zock | ana | [ zacD - zbac.
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Proposition 33

In equal circles, angles have the same ratio as the arcs or cir-
cumferences on which they stand, whether the angles are at the
centers or at the circumferences.

Proof / Construction Actions

10.
I1.

12.
13.

14.
15.
16.

. Take equal circles ABC and DEF, with centers GG, H, central angles

/BGC, Z/FEHF, and circumference angles /BAC, ZEDF.

On the first circle, lay off any number of consecutive arcs equal to BC.

. On the second circle, lay off any number of consecutive arcs equal to

EF.

Join the new division points to the centers.

. By II1.27, equal arcs subtend equal central angles.

. Therefore a multiple arc BL is accompanied by the same multiple of

ZBGC.

Likewise, a multiple arc EN is accompanied by the same multiple of
/ZEHF.

. If BL = EN, the corresponding multiple central angles are equal.

If BL > EN, the first multiple central angle is greater.
If BL < EN, the first multiple central angle is less.

Thus equal multiples of the arcs compare exactly as equal multiples of
the central angles.

By Definition V.5, BC' : EF = /BGC : ZEHF.

By I11.20, each central angle is double the corresponding circumference
angle.

By V.15, doubling preserves the ratio.
Combine the two established proportions.
Hence BC : EF = /BGC : ZFHF = /BAC : ZEDF.
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17. Therefore central angles have the same ratio as the arcs on which they
stand.

18. And circumference angles have that same ratio; Q.E.D.

Final Conclusion

’arc BC :arc EF = /BGC : /ZFHF = /BAC : ZEDF
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PANEL 3 ~ FROM CENTRAL TO CIRCUMFERENCE ANGLES (ACTIONS 13-18)

BOOK VI - PROPOSITION 33 | :

In equal circles, angles have the same ratio | @ By the same reasoning in the @® By Prop. 1120, the central angle

A D
as the circumferences on which they stand, second circle, whatever multple is double the angle at the circum- 4 L
whether they are standing at the centers [ acEN LB gt ference standing on the same arc o
or at the circumferences. J | ;EZ’H: oo aton £ Je ‘ £BGC = 24BAC,
= _— 2 r M ZEHF = 2 EDF. B % B r
L]

© 1 the multple arc BL cquals

4
the multile axc EN, then (] “;E,:.; e e e 2
@ ke two cqul cires ABC and DEF < BCli LEHN, g
o equal cirles ABC a ) -
with centers G and H. (Prop. 11127). a £BGC : LEHF
At the centers take angles £BGC B = LBAC : LEDF. A 4
and LEHF.

| :&uu:»f:;u take angles © 1 BL > EN, then

@ b e
23GL > LEHN.

|
@ On the first circle, lay off any BC : EF = LBGC : LEHF J
number of arcs CK, KL,

each equal to arc BC.

BC: EF = BGC : LEHF.

B\_ N

@ Vbl ']

@ I BL < EN, then @ i v e P

»
@ On the second circle, ay off ZBGL < ZEHN. / = LBGC: LEHF = LBAC : LEDF. | ZBGC : LEHF = LBAC : LEDF
any number of arcs FM, MN, ... 19 < |
ench el o . \
E N o ‘ N E N || @ Therlor, by wansitiiy of equalty |
Come Fi M

of ratos,
@ Thus equal multiples of ares S BC : EF = 4BGC : LEHF

@ Jon the new division points f , BC:EF = LBGC : LEHF
BC and EF compare exactly B 7jor Coumpetiioat = ZBAC : LEDF.

to the centers: deaw GK, GL,

¥ = LBAC : LEDF.
14 1) as the corresponding equal | BL = EN = /BGL = 2EHN | |
muliples of angles 2BGC | p oo e
LEHF, grester with
greser, cqual with cqual, | BL<EN = ZBGL< ZEHN | || D) Ths,in eqal cices, -
@ Sinee ares BC, CK, KL are cqual, | L J CEe T PROVED
the corresponding central angles A D as the circumferences on
BC : EF
are equal (Prop. I1127): @® Therefore, by Definiton V.5, which they stand, e
£BGC = £CGK = LKGL. 7
u whether at the centers BGC : LEHF

| @ Therefore, whatever multple arc BL or at the circumferences.
s of arc BC, angle ZBGL is the

same multi BGC.
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Conclusion

Book VI concludes with Proposition 33:

larc BC : arc EF = /BGC : /EHF = /BAC : /EDF |,
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