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Book VI
Introduction

Book VI develops the geometry of similar rectilinear figures and propor-
tional sides. It establishes criteria for triangle similarity, proportional con-
structions, geometric means, reciprocal proportionality, areas of similar fig-
ures, applications of areas, the extreme and mean ratio, the generalized
Pythagorean theorem, and proportional relations between arcs and angles
in equal circles.
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Definition 1

Similar rectilinear figures are those which have their corre-
sponding angles equal and the sides about the equal angles pro-
portional.

2



3



EUCLID’S ELEMENTS — BOOK VI

Definition 2

A straight line is said to have been cut in extreme and mean
ratio when, as the whole line is to the greater segment, so the
greater segment is to the lesser.

AB : AE = AE : EB
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Definition 3

The height of any figure is the perpendicular drawn from its
vertex to its base.

h ⊥ b
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Proposition 1

Triangles and parallelograms of the same height are to one an-
other as their bases.

Proof / Construction Actions

1. Set up triangles ABC and ACD with the same height h.

2. Produce the baseline BD in both directions to pointsH and L.

3. On the produced line mark BG = GH = BC.

4. Mark DK = KL = CD.

5. Draw AG,AH,AK,AL.

6. Since CB = BG = GH , triangles ABC, ABG, and AHG are equal
(I.38).

7. However many times HC contains BC, triangle AHC contains trian-
gle ABC the same number of times.

8. However many timesLC containsCD, triangleALC contains triangle
ACD the same number of times.

9. If HC = CL, then△AHC = △ACL.

10. If HC > CL, then△AHC > △ACL.

11. If HC < CL, then△AHC < △ACL.

12. By Definition V.5, the corresponding equal multiples compare alike;
therefore BC : CD = △ABC : △ACD.

13. Introduce parallelograms EC and FC: EC is twice△ABC, and FC
is twice△ACD (I.34).

14. By V.15, doubling preserves the ratio, so △ABC : △ACD = EC :
FC.

15. Combine the ratios: BC : CD = EC : FC.
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Final Conclusion

Figure1 : Figure2 = base1 : base2
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Proposition 2

If a straight line is drawn parallel to one side of a triangle, it
cuts the other two sides proportionally; and conversely.

Proof / Construction Actions

1. Take triangle ABC, with D on AB and E on AC.

2. Draw DE ∥ BC.

3. Join BE.

4. Join CD.

5. Triangles BDE and CDE stand on the same base DE and between
the same parallels, so△BDE = △CDE (I.38).

6. By V.7, equals have the same ratio to the same magnitude: △BDE :
△ADE = △CDE : △ADE.

7. By VI.1 on the left pair,△BDE : △ADE = BD : DA.

8. By VI.1 on the right pair, △CDE : △ADE = CE : EA; hence
BD : DA = CE : EA.

9. For the converse, suppose BD : DA = CE : EA, and join DE.

10. By VI.1 on the left pair, BD : DA = △BDE : △ADE.

11. By VI.1 on the right pair, CE : EA = △CDE : △ADE.

12. Transfer the given proportion to obtain△BDE : △ADE = △CDE :
△ADE.

13. By V.9,△BDE = △CDE.

14. The equal triangles BDE and CDE stand on the same base DE.

15. By I.39 (converse), equal triangles on the same base lie between the
same parallels; therefore BC ∥ DE.

16. Hence the converse is proved: proportional cuts on the two sides are
joined by a line parallel to the remaining side.
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Final Conclusion

AD : DB = AE : EC

12



13



EUCLID’S ELEMENTS — BOOK VI

Proposition 3

An angle bisector of a triangle divides the opposite side in the
ratio of the sides containing the angle; and conversely.

Proof / Construction Actions

1. Draw triangle ABC.

2. Bisect ∠BAC with AD, so ∠BAD = ∠DAC.

3. Through C, draw CE ∥ AD.

4. Extend BA to meet CE at E.

5. Since CE ∥ AD and AC is a transversal, ∠ACE = ∠CAD (I.29).

6. Since AD bisects ∠BAC, ∠CAD = ∠BAD.

7. Since AE cuts the parallels AD and CE, ∠AEC = ∠BAD (I.29).

8. Therefore ∠ACE = ∠AEC.

9. Hence AE = AC (I.6).

10. In triangleBCE, sinceAD ∥ CE, VI.2 givesBD : DC = BA : AE.

11. Substituting AE = AC, obtain BD : DC = BA : AC.

12. Conversely, assume BD : DC = BA : AC, and join AD.

13. Through C, draw CE ∥ AD, extending BA to meet CE at E.

14. In triangle BCE, VI.2 gives BD : DC = BA : AE.

15. ButBD : DC = BA : AC is given; thereforeBA : AC = BA : AE.

16. By V.9, AC = AE.

17. In triangle ACE, equal sides give equal opposite angles: ∠AEC =
∠ACE (I.5).

18. Since AD ∥ CE, ∠AEC = ∠BAD and ∠ACE = ∠CAD (I.29).

19. Therefore ∠BAD = ∠CAD, so AD bisects ∠BAC.
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Final Conclusion

BD : DC = BA : AC
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Proposition 4

Equiangular triangles have their corresponding sides propor-
tional.

Proof / Construction Actions

1. Place BC and CE on one straight line.

2. In△ABC, ∠ABC + ∠ACB < 2 right angles (I.17).

3. Since ∠ACB = ∠DEC, we have ∠ABC+∠DEC < 2 right angles.

4. Produce BA and ED; they meet at F .

5. Since ∠DCE = ∠ABC, by I.28 we have BF ∥ CD.

6. Since ∠ACB = ∠DEC, by I.28 we have AC ∥ FE.

7. Thus FACD is a parallelogram.

8. In parallelogram FACD, by I.34, FA = DC and AC = FD.

9. Since AC ∥ FE, in triangle FBE, VI.2 gives BA : AF = BC : CE.

10. But AF = DC; therefore BA : DC = BC : CE.

11. By V.16 (alternation), AB : BC = DC : CE.

12. Since CD ∥ BF , in triangle FCE, VI.2 gives BC : CE = FD :
DE.

13. But FD = AC; therefore BC : CE = AC : DE, and by V.16,
BC : CA = CE : ED.

14. We now have AB : BC = DC : CE and BC : CA = CE : ED.

15. By V.22, BA : AC = CD : DE. Thus all corresponding sides are
proportional.

Final Conclusion

Corresponding sides are proportional
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Proposition 5

Triangles whose corresponding sides are proportional are
equiangular.

Proof / Construction Actions

1. Start with triangles ABC and DEF , with the three proportionalities
given.

2. On EF , construct ∠FEG = ∠ABC (I.23).

3. At F , construct ∠EFG = ∠ACB (I.23).

4. Then in triangle EGF , ∠EGF = ∠BAC (I.32).

5. Therefore triangles ABC and EGF are equiangular.

6. By VI.4, AB : BC = GE : EF .

7. But AB : BC = DE : EF is given; therefore DE : EF = GE :
EF .

8. By V.9, DE = GE.

9. Similarly, using the other proportionalities and VI.4, obtain DF =
GF .

10. Now DE = GE, EF is common, and DF = GF ; thus triangles
DEF and GEF have their three sides respectively equal.

11. By I.8 (SSS), the triangles are equal; therefore ∠DEF = ∠GEF .

12. Also ∠DFE = ∠GFE and ∠EDF = ∠EGF .

13. By construction, ∠GEF = ∠ABC.

14. By construction, ∠GFE = ∠ACB.

15. And ∠EGF = ∠BAC; therefore triangles ABC and DEF are
equiangular.

Final Conclusion

The triangles are equiangular
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Proposition 6

If two triangles have one angle equal and the sides about those
equal angles proportional, then the triangles are equiangular.

Proof / Construction Actions

1. Start with trianglesABC andDEF , with∠BAC = ∠EDF andBA :
AC = ED : DF .

2. On the straight line DF , construct ∠FDG = ∠BAC (which also
equals ∠EDF ) (I.23).

3. At F , construct ∠DFG = ∠ACB (I.23).

4. Then triangles ABC and DGF have two angles equal; by I.32 the
remaining angles are equal as well.

5. Thus triangles ABC and DGF are equiangular.

6. By VI.4, their corresponding sides are proportional; in particular BA :
AC = GD : DF .

7. But the hypothesis gives BA : AC = ED : DF ; hence ED : DF =
GD : DF .

8. By V.9, DE = DG.

9. In triangles DEF and DGF , DE = DG, DF is common, and
∠EDF = ∠GDF ; by I.4 (SAS), the triangles are equal.

10. Therefore EF = GF , and in particular ∠DFE = ∠DFG.

11. By construction ∠DFG = ∠ACB; hence ∠DFE = ∠ACB.

12. Also from the hypothesis, ∠BAC = ∠EDF .

13. Since triangles DEF and DGF are equal, their remaining angles are
equal; and from step 4, ∠DGF = ∠ABC. Hence ∠DEF = ∠ABC.

14. Thus ∠BAC = ∠EDF , ∠ACB = ∠DFE, and ∠ABC = ∠DEF .

15. Therefore triangles ABC and DEF are equiangular, and correspond-
ing angles are equal.
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Final Conclusion

The triangles are equiangular
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Proposition 7

If two triangles have one angle equal, the sides about two other
angles proportional, and the remaining angles both less than
or both not less than right angles, then the triangles are equian-
gular.

Proof / Construction Actions

1. Start with triangles ABC and DEF , where ∠BAC = ∠EDF and
AB : BC = DE : EF . First assume the remaining angles C and F
are less than a right angle.

2. Suppose ∠ABC ̸= ∠DEF ; let ∠ABC > ∠DEF .

3. At B, construct ∠ABG = ∠DEF (I.23).

4. Since ∠BAG = ∠EDF and ∠ABG = ∠DEF , by I.32 ∠AGB =
∠DFE.

5. Thus triangles ABG and DEF are equiangular.

6. By VI.4, AB : BG = DE : EF .

7. But AB : BC = DE : EF is given; hence AB : BG = AB : BC.

8. By V.9, BG = BC.

9. Therefore triangle BGC is isosceles, so ∠BGC = ∠BCG (I.5).

10. Since ∠C is less than a right angle, ∠BCG < 90◦.

11. Hence ∠BGC < 90◦.

12. Angles BGC and AGB are adjacent on a straight line; therefore by
I.13, ∠AGB > 90◦.

13. But ∠AGB = ∠DFE; hence ∠DFE > 90◦, contradicting the as-
sumption that F is less than a right angle.

14. Therefore the supposition was wrong, and ∠ABC = ∠DEF .

15. Since ∠BAC = ∠EDF , the remaining angles are equal: ∠ACB =
∠DFE.

24



EUCLID’S ELEMENTS — BOOK VI

16. Now assume instead that both remaining angles are not less than a right
angle; repeat the same construction.

17. As before, proportionality again gives BG = BC.

18. Therefore ∠BGC = ∠BCG; but now ∠C ≥ 90◦, so ∠BCG ≥ 90◦

and also ∠BGC ≥ 90◦.

19. Then in triangle BGC, ∠BGC +∠BCG ≥ 180◦, impossible by I.17.
Contradiction.

20. Therefore ∠ABC = ∠DEF .

21. Since ∠BAC = ∠EDF , the remaining angles are equal: ∠ACB =
∠DFE.

22. In either case all three corresponding angles are equal; therefore trian-
gles ABC and DEF are equiangular.

Final Conclusion

The triangles are equiangular
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Proposition 8

In a right triangle, the perpendicular drawn from the right an-
gle to the hypotenuse creates two triangles similar to the whole
and to one another.

Corollary. The perpendicular from the right angle to the hypotenuse is a
mean proportional between the two segments of the hypotenuse.

Proof / Construction Actions

1. Draw right triangle ABC with ∠BAC = 90◦.

2. From A, draw AD ⊥ BC.

3. In △ABC, ∠BAC = 90◦; in △ABD, ∠ADB = 90◦. Therefore
∠BAC = ∠ADB.

4. Triangles ABC and ABD have angle B in common: ∠ABC =
∠ABD.

5. By I.32, ∠ACB = ∠BAD.

6. Thus△ABC and△ABD are equiangular.

7. By VI.4, corresponding sides are proportional: BC : BA = AB :
BD = AC : AD.

8. By Definition VI.1, since the triangles are equiangular and correspond-
ing sides proportional,△ABC ∼ △ABD.

9. By the same reasoning for triangles ABC and ADC, ∠BAC =
∠CDA = 90◦, and they have angle C in common.

10. By I.32, ∠ABC = ∠CAD.

11. Thus△ABC and△ADC are equiangular.

12. By VI.4, BC : AC = AC : DC = BA : AD; hence △ABC ∼
△ADC.

13. In triangles ABD and ADC, ∠BDA = ∠ADC = 90◦.

14. From panel 1, ∠BAD = ∠ACB.
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15. By I.32, ∠ABD = ∠DAC.

16. Thus △ABD and △ADC are equiangular; by VI.4, BD : AD =
AD : DC = BA : AC.

17. From the preceding steps, all three triangles ABC, ABD, and ADC
are similar to one another.

18. Since△ABD ∼ △ADC, BD : AD = AD : DC; therefore AD2 =
BD ·DC, so AD is the mean proportional between the two segments
of the hypotenuse.

Final Conclusion

△ABD ∼ △ADC ∼ △ABC
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Proposition 9

To cut off a prescribed part from a given straight line.

Proof / Construction Actions

1. Let AB be the given straight line.

2. We want to cut off one third of AB; equivalently, construct F on AB
such that AF = 1

3AB.

3. From A, draw any straight line AC making an angle with AB.

4. Take any point D on AC.

5. On AC, construct DE = AD.

6. Construct EC = AD; hence AD = DE = EC.

7. Thus AC is divided into three equal parts, so CD = DE + EC =
2AD.

8. Join B to C.

9. Through D, draw DF ∥ BC, meeting AB at F (I.31).

10. In triangle ABC, sinceDF ∥ BC, VI.2 gives CD : DA = BF : FA.

11. But CD = 2DA; hence CD : DA = 2 : 1, and thereforeBF : FA =
2 : 1.

12. Since BF = 2FA, AB = AF + FB = AF + 2AF = 3AF .

13. Hence AF = 1
3AB; thus F cuts off one third of the given straight line.

Final Conclusion

The prescribed part has been cut off
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Proposition 10

To divide an uncut straight line similarly to a given divided
straight line.

Proof / Construction Actions

1. Let AB be the given uncut straight line.

2. Let AC be another straight line cut atD and E.

3. Place the two lines so that they make any convenient angle at A.

4. Join C to B.

5. Through D, draw DF ∥ CB, meeting AB at F .

6. Through E, draw EG ∥ CB, meeting AB at G.

7. Through D, draw DHK ∥ AB; it meets EG at H and CB atK.

8. Quadrilaterals DFGH and HGBK are parallelograms; therefore by
I.34, DH = FG and HK = GB.

9. In triangle DKC, since EH ∥ KC, VI.2 gives CE : ED = KH :
HD. Using HK = GB and HD = GF , obtain CE : ED = BG :
GF .

10. In triangle AGE, sinceDF ∥ GE, VI.2 gives ED : DA = GF : FA.

11. Thus both ratios from AC have been transferred to AB: CE : ED =
BG : GF and ED : DA = GF : FA.

12. Hence the successive parts of AB are in the same ratios as the succes-
sive parts of AC.

13. Therefore the uncut straight lineAB has been cut similarly to the given
cut straight line AC.

Final Conclusion

The target line is divided similarly
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Proposition 11

To find a third proportional to two given straight lines.

Proof / Construction Actions

1. Place the two given straight lines BA and AC so that they form any
convenient angle at A.

2. Produce BA beyond B to a point D.

3. Produce AC beyond C to a point E.

4. On the extension of BA, construct BD = AC (I.3).

5. Join B to C.

6. Through D, draw DE ∥ BC, meeting the produced line AC at E
(I.31).

7. In triangleADE, sinceBC ∥ DE, VI.2 givesAB : BD = AC : CE.

8. Thus AB : BD = AC : CE.

9. But BD = AC; substituting gives AB : AC = AC : CE.

10. Hence CE is the third proportional to the two given straight lines AB
and AC.

Final Conclusion

A : B = B : C
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Proposition 12

To find a fourth proportional to three given straight lines.

Proof / Construction Actions

1. Take the three given straight lines A,B,C; we must construct a fourth
proportional.

2. Draw two straight lines DE and DF from D, making any convenient
angle EDF .

3. On DE, mark G so that DG = A.

4. On DE, mark E so that GE = B.

5. On DF , mark H so that DH = C.

6. Join G to H .

7. Through E, draw EF ∥ GH , meeting DF at F (I.31).

8. In triangle DEF , since GH ∥ EF , VI.2 gives DG : GE = DH :
HF .

9. But DG = A, GE = B, and DH = C; therefore A : B = C : HF .

10. Hence HF is the fourth proportional to the three given straight lines
A,B,C.

Final Conclusion

A : B = C : D
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Proposition 13

To find a mean proportional between two given straight lines.

Proof / Construction Actions

1. Take the two given straight lines AB and BC; we must find the mean
proportional between them.

2. Lay AB and BC straight-on with respect to one another, so that
A,B,C are collinear.

3. With AC as diameter, draw semicircle ADC.

4. From B, draw BD ⊥ AC, meeting the semicircle at D.

5. Join A to D.

6. Join D to C.

7. Angle ADC stands in a semicircle; therefore ∠ADC = 90◦ (III.31).

8. Triangle ADC is therefore right-angled at D, and BD is drawn from
the right angle perpendicular to the hypotenuse AC.

9. By the corollary to VI.8, the perpendicular is in mean proportion to the
two segments of the hypotenuse: AB : BD = BD : BC.

10. ThereforeBD is the required mean proportional betweenAB andBC.

Final Conclusion

AB : BD = BD : BC

38



39



EUCLID’S ELEMENTS — BOOK VI

Proposition 14

In equal and equiangular parallelograms, the sides about equal
angles are reciprocally proportional; and conversely.

Proof / Construction Actions

1. Take equal and equiangular parallelograms AB and BC, with their
equal angles at B.

2. Lay DB and BE in one straight line.

3. Since the angles atB are equal, FB andBG are also straight-on (I.14).

4. Complete the surrounding parallelogram FE.

5. Since AB = BC, by V.7, AB : FE = BC : FE.

6. By VI.1, AB : FE = DB : BE.

7. By VI.1, BC : FE = GB : BF .

8. Therefore DB : BE = GB : BF : the sides about the equal angles
are reciprocally proportional.

9. Conversely, suppose DB : BE = GB : BF .

10. By VI.1, DB : BE = AB : FE.

11. By VI.1, GB : BF = BC : FE.

12. Therefore, by V.11, AB : FE = BC : FE.

13. By V.9, AB = BC; hence the equiangular parallelograms are equal.

Final Conclusion

Equality ⇐⇒ reciprocal side proportionality
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Proposition 15

In equal triangles having one angle equal, the sides about the
equal angles are reciprocally proportional; and conversely.

Proof / Construction Actions

1. Take equal triangles ABC and ADE, with ∠BAC = ∠DAE.

2. Place CA and AD in one straight line.

3. Since ∠BAC = ∠DAE and CA is straight-on with AD, by I.14 EA
and AB are also straight-on.

4. Join B to D.

5. Since △ABC = △ADE, by V.7, △CAB : △BAD = △EAD :
△BAD.

6. By VI.1, CA : AD = △ABC : △BAD.

7. By VI.1, EA : AB = △EAD : △BAD.

8. Therefore CA : AD = EA : AB; the sides about the equal angles are
reciprocally proportional.

9. Conversely, suppose CA : AD = EA : AB.

10. Again place CA and AD in one straight line, and EA and AB in one
straight line; join B to D.

11. By VI.1, CA : AD = △ABC : △BAD.

12. By VI.1, EA : AB = △EAD : △BAD.

13. SinceCA : AD = EA : AB, we have△ABC : △BAD = △EAD :
△BAD.

14. The two triangles have the same ratio to triangle BAD; therefore by
V.9,△ABC = △EAD.

15. Hence the converse is proved: triangles having one equal angle whose
sides about that angle are reciprocally proportional are equal.
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Final Conclusion

Equality ⇐⇒ reciprocal side proportionality
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Proposition 16

If four straight lines are proportional, the rectangle contained
by the outer terms equals the rectangle contained by the middle
terms; and conversely.

Proof / Construction Actions

1. Assume AB : CD = E : F .

2. Erect AG ⊥ AB and CH ⊥ CD.

3. Take AG = F and CH = E.

4. Complete rectangles BG and DH .

5. Rewrite the proportion as AB : CD = CH : AG.

6. Recognize reciprocal proportionality about equal right angles.

7. By VI.14, BG = DH .

8. Interpret BG = AB · F and DH = CD · E.

9. Hence AB · F = CD · E.

10. For the converse, assume AB · F = CD · E.

11. Repeat the construction.

12. Then BG = DH .

13. The equal rectangles are equiangular.

14. By the converse of VI.14, AB : CD = CH : AG.

15. Substitute CH = E and AG = F .

16. Therefore AB : CD = E : F .

Final Conclusion

AB : CD = E : F ⇐⇒ AB · F = CD · E
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Proposition 17

If three straight lines are proportional, the rectangle contained
by the outer terms equals the square on the middle term; and
conversely.

Proof / Construction Actions

1. Assume A : B = B : C.

2. Construct D = B.

3. Rewrite the proportion as A : B = D : C.

4. By VI.16, A · C = B ·D.

5. Since D = B, B ·D = B2.

6. Thus A · C = B2.

7. For the converse, assume A · C = B2.

8. Again construct D = B.

9. Then B2 = B ·D.

10. So A · C = B ·D.

11. By the converse of VI.16, A : B = D : C.

12. Substitute D = B.

13. Therefore A : B = B : C.

Final Conclusion

A : B = B : C ⇐⇒ A · C = B2
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Proposition 18

To construct on a given straight line a rectilinear figure similar
and similarly laid out to a given rectilinear figure.

Proof / Construction Actions

1. Take the given line AB and the given rectilinear figure.

2. Divide the given figure into triangles by a diagonal.

3. Copy the first corresponding angle at A.

4. Copy the second corresponding angle at B.

5. By I.32, obtain equality of the third angles.

6. The first pair of triangles is therefore equiangular.

7. By VI.4, their corresponding sides are proportional.

8. Copy the next angle of the original figure.

9. Copy the adjacent angle.

10. By I.32, infer the remaining angle.

11. By VI.4, obtain the second proportional side system.

12. Unite the two proportional systems.

13. Combine adjacent equal angles to obtain equality of whole polygonal
angles.

14. Repeat at the remaining composite vertices.

15. Recall the copied endpoint angles.

16. Conclude the complete figures are equiangular.

17. Together with proportional corresponding sides, apply Definition VI.1.

18. The constructed figure is similar and similarly laid out to the given
figure.
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Final Conclusion

AH ∼ CE
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Proposition 19

Similar triangles are to one another in the squared ratio of their
corresponding sides.

Proof / Construction Actions

1. Take similar triangles ABC and DEF .

2. Write a corresponding side proportion.

3. Construct a third proportional BG with BC : EF = EF : BG.

4. Join AG.

5. Alternate the original proportion.

6. Insert the third proportional to obtain AB : DE = EF : BG.

7. Recognize reciprocal proportionality about equal angles.

8. By VI.15,△ABG = △DEF .

9. Return to BC : EF = EF : BG.

10. By Definition V.9, BC : BG is the squared ratio of BC : EF .

11. By VI.1,△ABC : △ABG = BC : BG.

12. Substitute the squared ratio.

13. Replace△ABG by the equal triangle DEF .

Final Conclusion

△ABC : △DEF = (BC : EF )2
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Proposition 20

Similar polygons can be divided into equal numbers of similar
triangles corresponding proportionally to the wholes, and the
polygons are in the squared ratio of corresponding sides.

Corollary. Similar rectilinear figures are to one another in the squared ratio
of corresponding sides.

Proof / Construction Actions

1. Take similar polygons ABCDE and FGHKL.

2. Triangulate the first polygon.

3. Triangulate the second polygon correspondingly.

4. Use polygon similarity to obtain equal corner angles and proportional
adjacent sides.

5. By VI.6, prove the first triangle pair similar.

6. Record the corresponding angle equality.

7. Subtract equal angle parts from equal whole polygonal angles.

8. Obtain the next equal included angle.

9. Use the first triangle similarity for a side proportion.

10. Use polygon similarity for the adjacent side proportion.

11. Combine the proportions by V.22.

12. By VI.6, prove the second triangle pair similar.

13. Repeat for the third pair.

14. Draw additional diagonals for proportional comparison.

15. Prove the resulting larger triangle pair similar.

16. Introduce intersections of the diagonals.

17. Establish smaller auxiliary triangles as similar.
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18. Convert similarity into segment proportions.

19. Use VI.1 to convert segment ratios into area ratios.

20. By V.12 and alternation, obtain equal ratios of corresponding compo-
nent triangles.

21. Include the third pair.

22. Sum corresponding triangles to pass to the whole polygons.

23. Use VI.19 for the squared ratio of one corresponding triangle pair.

24. Transfer that squared ratio to the whole polygons.

Final Conclusion

ABCDE : FGHKL = (AB : FG)2
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Proposition 21

Rectilinear figures similar to the same rectilinear figure are sim-
ilar to one another.

Proof / Construction Actions

1. Take figures A,B,C with A ∼ C and B ∼ C.

2. Unpack A ∼ C: equal corresponding angles and proportional sides.

3. Record the corresponding angle equalities.

4. Record the corresponding side proportions.

5. Unpack B ∼ C in the same way.

6. Compare corresponding angles of A and B through C.

7. Compare corresponding side ratios of A and B through C.

8. Thus A and B satisfy both conditions of similarity.

9. Apply Definition VI.1.

Final Conclusion

A ∼ C, B ∼ C =⇒ A ∼ B
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Proposition 22

If four straight lines are proportional, similar and similarly
described rectilinear figures constructed on them are propor-
tional; and conversely.

Proof / Construction Actions

1. Assume AB : CD = EF : GH .

2. Construct similar figures on AB and CD.

3. Construct corresponding similar figures on EF and GH .

4. Construct a third proportional to AB,CD.

5. Construct a third proportional to EF,GH .

6. Combine the two chains of proportions.

7. Convert the first line ratio into a figure ratio.

8. Convert the second line ratio into a figure ratio.

9. Conclude the forward proportionality of the figures.

10. For the converse, assume the figures proportional.

11. Assume the desired line proportion does not hold and construct a fourth
proportional.

12. Construct on it a similar figure.

13. Apply the forward direction.

14. Compare with the original hypothesis.

15. Use V.9 to infer equality of the auxiliary and original figures.

16. Use their similarity to infer equality of corresponding bases.

17. Substitute that equality.

18. Conclude the desired proportion of the four straight lines.
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Final Conclusion

AB : CD = EF : GH ⇐⇒ KAB : LCD = MF : NH
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Proposition 23

Equiangular parallelograms have to one another the ratio com-
pounded from the ratios of their sides.

Proof / Construction Actions

1. Take equiangular parallelograms AC and CF .

2. Place BC and CG on one straight line.

3. Deduce that DC and CE are straight-on.

4. Complete the intermediate parallelogram.

5. Introduce a magnitudeK.

6. Construct L so that BC : CG = K : L.

7. ConstructM so that DC : CE = L : M .

8. RecognizeK : M as the compounded ratio.

9. By VI.1, compare AC with the intermediate parallelogram.

10. Replace the first side ratio byK : L.

11. By VI.1, compare the intermediate parallelogram with CF .

12. Replace the second side ratio by L : M .

13. Form the linked chains.

14. By V.22, obtainK : M = AC : CF .

15. Recall whatK : M represents.

16. Transfer the compounded ratio to the two parallelograms.

Final Conclusion

AC : CF = (BC : CG)(DC : CE)

62



63



EUCLID’S ELEMENTS — BOOK VI

Proposition 24

In any parallelogram, the parallelograms about the diagonal
are similar to the whole parallelogram and to one another.

Proof / Construction Actions

1. Take parallelogram ABCD with diagonal AC.

2. Use a parallel in triangle ABC and VI.2 for the first segment propor-
tion.

3. Use a parallel in triangle ACD and VI.2 for the second segment pro-
portion.

4. Link the two proportions.

5. Compound the parts.

6. Alternate the resulting proportion.

7. Use the first pair of parallels for an angle equality.

8. With the common angle, show the first triangle pair equiangular.

9. Repeat on the other side.

10. Conclude the whole and first smaller parallelogram are equiangular.

11. Use VI.4 on the first similar triangle pair.

12. Continue the side-ratio chain.

13. Use the second similar triangle pair.

14. Continue once more.

15. Combine the middle ratios.

16. Recognize full side proportionality.

17. Apply Definition VI.1 to prove the first similarity.

18. Repeat for the second smaller parallelogram.

19. Use VI.21.
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20. Conclude both smaller parallelograms are similar to the whole and to
one another.

Final Conclusion

EG ∼ ABCD, HK ∼ ABCD, EG ∼ HK
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Proposition 25

To construct a single rectilinear figure similar to one given rec-
tilinear figure and equal to another given rectilinear figure.

Proof / Construction Actions

1. Take ABC for the required shape and D for the required area.

2. Construct a parallelogram equal to ABC.

3. Construct a second parallelogram equal toD.

4. Place their bases on one straight line.

5. Find the mean proportional between the relevant bases.

6. On it constructKGH ∼ ABC.

7. Use the mean-proportional relation.

8. Convert the line proportion into a figure proportion.

9. Compare the two parallelograms by their bases using VI.1.

10. Equate the two ratios.

11. Alternate the proportion.

12. Use the first area equality to obtainKGH = EF .

13. Use the second area equality to obtainKGH = D.

14. RecallKGH ∼ ABC.

15. Conclude the new figure has the shape of ABC and area of D.

Final Conclusion

KGH ∼ ABC, KGH = D

67



68



EUCLID’S ELEMENTS — BOOK VI

Proposition 26

If from a parallelogram another parallelogram is subtracted
which is similar and similarly laid out to the whole and has
a common angle with it, then the smaller parallelogram lies
about the same diagonal as the whole.

Proof / Construction Actions

1. Take whole parallelogram ABCD.

2. Take smaller parallelogram AF similar and similarly laid out to it.

3. Identify their common angle.

4. State that AF must lie about the same diagonal.

5. Assume the contrary.

6. Produce a side of the smaller parallelogram to meet the diagonal.

7. Through the meeting point, draw a parallel to a side of the whole par-
allelogram.

8. Form an auxiliary parallelogram about the true diagonal.

9. By VI.24, obtain the first side proportion.

10. By the assumed similarity, obtain the second side proportion.

11. Compare the proportions.

12. By V.9, infer equality of the two compared segments.

13. This makes the lesser equal to the greater, impossible.

14. Reject the contrary assumption.

15. Conclude the smaller parallelogram lies about the same diagonal as the
whole.

Final Conclusion

AF is about the same diagonal as ABCD
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Proposition 27

Of all parallelograms applied to the same straight line and
falling short by similar and similarly situated parallelogram-
mic figures, the greatest is the parallelogram applied to half
the straight line.

Proof / Construction Actions

1. Take the straight line AB.

2. Bisect it at C.

3. Construct the special applied parallelogram AD, falling short by the
parallelogram on half CB.

4. State the maximum claim.

5. Construct an arbitrary competing parallelogram AF .

6. Assume its deficit is similar and similarly laid out to the midpoint
deficit.

7. By VI.26, the deficits lie about the same diagonal.

8. Draw the common diagonal and complete the figure.

9. By I.43, the complements are equal.

10. Add the common parallelogram to obtain equality of larger regions.

11. Use AC = CB and VI.1 for the next equality.

12. Transfer the equality.

13. Add the common part and identify AF with the gnomon.

14. Compare the gnomon with the larger midpoint parallelogram.

15. Since AF was arbitrary, every competitor is smaller.

16. Conclude the maximum occurs at the midpoint.
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Final Conclusion

AD > AF
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Proposition 28

To apply to a given straight line a parallelogram equal to a
given rectilinear figure, falling short by a parallelogrammic fig-
ure similar to a given parallelogram.

Condition. The given rectilinear figure must not be greater than the paral-
lelogram described on half the given straight line and similar to the required
deficit.

Proof / Construction Actions

1. Take the given line AB, area C, and parallelogram D defining the
deficit shape.

2. Bisect AB at E.

3. On EB, construct a parallelogram similar and similarly laid out toD.

4. Complete the surrounding parallelogram.

5. If it already equals C, the construction is complete.

6. Otherwise use the stipulated size condition so that the midpoint config-
uration exceeds C.

7. Isolate the excess.

8. By VI.25, construct a parallelogram similar to D and equal to that ex-
cess.

9. By VI.21, relate it by similarity to the midpoint deficit.

10. Match corresponding sides.

11. Copy the smaller corresponding sides inside the midpoint deficit.

12. Complete the corresponding inner parallelogram.

13. By VI.26, place the similar parallelograms about one diagonal.

14. Subtract the constructed excess to obtain a gnomon equal to C.

15. Use equality of complements.
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16. Add the common parallelogram.

17. Use AE = EB.

18. Add the remaining common region.

19. Substitute the area of the gnomon.

20. Identify the remaining deficit.

21. Conclude the applied parallelogram equals C and falls short by a par-
allelogram similar toD.

Final Conclusion

ST = C, QB ∼ D
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Proposition 29

To apply to a given straight line a parallelogram equal to a
given rectilinear figure, overshooting by a parallelogrammic
figure similar to a given parallelogram.

Proof / Construction Actions

1. Take the given line AB, area C, and parallelogram D.

2. Bisect AB at E.

3. On EB, construct BF ∼ D.

4. Form the combined magnitude BF + C.

5. By VI.25, construct GH ∼ D and equal to BF + C.

6. Match corresponding sides and note that those of GH are greater.

7. Produce the smaller sides until equal to the corresponding sides ofGH .

8. Complete the enlarged parallelogramMN .

9. EstablishMN ∼ BF .

10. By VI.26, place the similar parallelograms about the same diagonal.

11. RecallMN = BF + C.

12. Subtract BF to obtain a gnomon equal to C.

13. Use AE = EB for the equal-area relation.

14. Identify the corresponding complement.

15. Add the common parallelogram.

16. Substitute the gnomon’s area to obtain AO = C.

17. Identify the overshoot QP .

18. By VI.24, prove QP ∼ D.

19. Conclude the required construction.
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Final Conclusion

AO = C, QP ∼ D
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Proposition 30

To cut a given finite straight line in extreme and mean ratio.

Proof / Construction Actions

1. Take the given line AB.

2. Construct a square on AB.

3. By VI.29, apply along the adjacent side a parallelogram equal to the
square and overshooting by a similar figure.

4. The overshooting similar figure is also a square.

5. Subtract the common rectangle from the equal figures.

6. The remaining rectangle and square are equal and equiangular.

7. By VI.14, their sides about equal angles are reciprocally proportional.

8. Identify one side of the rectangle with the whole AB.

9. Identify the corresponding side of the square with AE.

10. Substitute these equalities into the proportion.

11. By V.14, determine AE > EB.

12. Conclude AB : AE = AE : EB.

Final Conclusion

AB : AE = AE : EB, AE > EB

Modern note. This construction is commonly called the Golden Section.
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Proposition 31

In a right-angled triangle, the figure described on the hy-
potenuse equals the sum of the similar and similarly described
figures on the two sides containing the right angle.

Interpretive note. This is Euclid’s generalized form of the Pythagorean
theorem.

Proof / Construction Actions

1. Take right triangle ABC with ∠BAC = 90◦.

2. Describe similar and similarly situated figures on BC,BA,AC .

3. Draw AD ⊥ BC.

4. By VI.8, the two smaller triangles are similar to the whole and to one
another.

5. From△ABC ∼ △ABD, obtain CB : BA = AB : BD.

6. Thus CB,BA,BD are three proportional lines.

7. By the corollary to VI.19, relate CB : BD to the figures on CB and
BA.

8. Similarly relate BC : CD to the figures on BC and CA.

9. Combine the ratios by V.24.

10. Since BD +DC = BC, the line ratio is 1 : 1.

11. By V.9, the corresponding figure ratio is equality.

12. Conclude the figure on the hypotenuse equals the sum of the two similar
figures on the legs.

Final Conclusion

Fig(BC) = Fig(BA) + Fig(AC)
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Proposition 32

If two triangles having two sides proportional are placed to-
gether at one angle so that corresponding sides are parallel,
then their remaining sides are straight-on with respect to one
another.

Proof / Construction Actions

1. Take triangles ABC and DCE.

2. Assume AB : AC = DC : DE.

3. Assume AB ∥ DC.

4. Assume AC ∥ DE.

5. From the first parallelism, obtain ∠BAC = ∠ACD.

6. From the second, obtain ∠ACD = ∠CDE.

7. Therefore ∠BAC = ∠CDE.

8. Combine that equal angle with the given proportional sides.

9. By VI.6, the triangles are equiangular.

10. Thus ∠ABC = ∠DCE.

11. Recall ∠ACD = ∠BAC.

12. Form the whole angle ∠ACE.

13. Add ∠ACB to both sides.

14. By I.32, the three angles of triangle ABC equal two right angles.

15. Hence ∠ACE + ∠ACB = 2 right angles.

16. By I.14, BC and CE lie on one straight line.

Final Conclusion

B − C − E
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Proposition 33

In equal circles, angles have the same ratio as the arcs or cir-
cumferences on which they stand, whether the angles are at the
centers or at the circumferences.

Proof / Construction Actions

1. Take equal circles ABC and DEF , with centers G,H , central angles
∠BGC,∠EHF , and circumference angles ∠BAC,∠EDF .

2. On the first circle, lay off any number of consecutive arcs equal toBC.

3. On the second circle, lay off any number of consecutive arcs equal to
EF .

4. Join the new division points to the centers.

5. By III.27, equal arcs subtend equal central angles.

6. Therefore a multiple arc BL is accompanied by the same multiple of
∠BGC.

7. Likewise, a multiple arc EN is accompanied by the same multiple of
∠EHF .

8. If BL = EN , the corresponding multiple central angles are equal.

9. If BL > EN , the first multiple central angle is greater.

10. If BL < EN , the first multiple central angle is less.

11. Thus equal multiples of the arcs compare exactly as equal multiples of
the central angles.

12. By Definition V.5, BC : EF = ∠BGC : ∠EHF .

13. By III.20, each central angle is double the corresponding circumference
angle.

14. By V.15, doubling preserves the ratio.

15. Combine the two established proportions.

16. Hence BC : EF = ∠BGC : ∠EHF = ∠BAC : ∠EDF .
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17. Therefore central angles have the same ratio as the arcs on which they
stand.

18. And circumference angles have that same ratio; Q.E.D.

Final Conclusion

arc BC : arc EF = ∠BGC : ∠EHF = ∠BAC : ∠EDF
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Conclusion
Book VI concludes with Proposition 33:

arc BC : arc EF = ∠BGC : ∠EHF = ∠BAC : ∠EDF .
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