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DEFINITIONS

Definition 1 — Part

A magnitude is a part of another magnitude, the lesser of the greater,
when it measures the greater. Thus, if A measures B, then for some
positive integer n,

B =nA.

1. PART

A magnitude is a part of another, the lesser of the greater, |
when it measures the greater. [
[
1
|

A B

1 ] | + 3 I 4 3
F 1 ; t Y T =+ ¥

.y 12 units = 4 x 3 units |
A is a part of B.

]

3 units 12 units

Definition 2 — Multiple

The greater magnitude is a multiple of the lesser when it is measured
by the lesser. Thus, if
B =nA,

then A is a part of B, while B is a multiple of A.
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2. MULTIPLE
A magnitude is a multiple of another when
it is measured by a part of it.
A . B=4xA |

I3 units 12 units B is a multiple of A.

Definition 3 — Ratio

A ratio is a certain relation with respect to size between two magni-
tudes of the same kind. The ratio A : B expresses their comparative
size without requiring the ratio itself to be treated as a rational num-
ber.

3. RATIO
A ratio is a certain type of condition with respect to size
of two magnitudes of the same kind.

For example, the ratio of A to B. A B

(A and B are both lengths.) : Y T oy R .t :

Definition 4 — Magnitudes Capable of Having a Ratio

Magnitudes have a ratio to one another when, being multiplied, each
is capable of exceeding the other. Thus there exist positive integers

m,n such that
mA > B, nB > A.
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4, WHEN TWO MAGNITUDES HAVE A RATIO
Two magnitudes have a ratio to one another when, if multiples
of the one be taken, some will exceed the other, and if multiples

of the other be taken, some will exceed the one.
IxA=6>5=B

A B (50 some multiple of A exceeds B)
| { I i IxB=15>2=A
2 units 5 units (50 some multiple of B exceeds A}

Therefore, A and B have a ratio.
|

Definition 5 — Equality of Ratios

Magnitudes are in the same ratio, the first to the second and the third
to the fourth, when arbitrary equal multiples of the first and third
and arbitrary equal multiples of the second and fourth preserve the
same comparison. Thus

A:B=C:D
means that for every positive m,n,
mA >nB < mC > nD,

mA=nB < mC =nD,

and
mA <nB < mC < nD.

This is the central Eudoxian definition and applies even when the
magnitudes are incommensurable.
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5. EQUALITY OF RATIOS
The ratios of A to B and of C to D are equal when, for every pair

of equal multiples, the multiples of the first are greater than,
equal to, or less than one another, according as the multiples
of the second are greater than, equal to, or less than one another.

Example: ,L B c D
3 units 5 units 6 units 10 units
Take any m, n (multiples) m=1,n=1 m=2,n=1 m=3,n=12
mA vs nB 3<5 b=5 9=10
mC vs nD 6 < 10 2B e =20

In every case the comparisons agree. Therfecéi@ A:B=C:D.

Definition 6 — Proportional Magnitudes

Magnitudes having the same ratio are called proportional. Thus if

A:B=C:D,

then A, B,C, D are proportional.

6. PROPORTIONAL MAGNITUDES
When four magnitudes are such that the ratio of the first to the
second is equal to the ratio of the third to the fourth, they are
called proportional.
A:B:C:D
A B C D
10 units

3 units 5 units

6 units

Since A : B = C: DD, the four magnitudes are proportional.

e
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Definition 7 — Greater Ratio

The first magnitude has a greater ratio to the second than the third
has to the fourth when suitable equal multiples can be found such
that

mA > nB, mC < nD.

Then
A:B>C:D.

7. GREATER RATIO

The ratio of A to B is greater than the ratio of C to D when

equal multiples can be found such that the multiples of A

exceed the multiples of B, while the multiples of C do not

exceed the multiples of D.

A . . B 4 2 C i 2 D :
" 3units " 2units " 4units " 3units
Take equal multiples s =2, n = 3.

mA=2x3=8 = nB =3 x
mC=2x4=8 = nD =3 x

Therefore, A : B> C: 1.

Definition 8 — Three-Term Proportion

A proportion in three terms is the smallest possible continued propor-
tion:

A:B=B:C.

8. THE SMALLEST PROPORTION ]

A proportion in three terms is the smallest possible. |

A:B::B:C 3 : '
Here A, B, C are proportional,
A B C and the three-term proportion !
4 units 6 units 9 units hi B ;- BRI C gt el |
possible. :
|
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Definition 9 — Squared Ratio

When
A:B=B:C,

the ratio A : C is called the squared ratio of A : B.

| 9. SQUARED RATIO
In a continued proportion (A : B :: B : C), the ratio
| of the first to the last is called the squared ratio.

A B C
— - { F —
2 units 3 units 4.5 units

A:B=B:C=2:3
Then A: C = 2: 4.5 = 4 : 9, which is the square of 2: 3.

Definition 10 — Cubed Ratio and Successive Powers

When
A:B=B:C=C:D,

the ratio A : D is called the cubed ratio of A : B. The same manner
of speech extends to longer continuous proportions.

10. CUBED RATIO AND HIGHER POWERS |
In a continued proportion (A : B :: B: C :: C: D), the ratio |
of the first to the last is called the cubed ratio. |

A B C D

] 2 units ; . 3 units ; : 4.5 units : 6.75 units
A:B=B:C=C:D=2:3
Then A : D = 2: 675 = 8: 27, which is the cube of 2: 3. |
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Definition 11 — Corresponding Magnitudes

In

A:B=C:D,

the leading magnitudes A, C' correspond, and the following magni-
tudes B, D correspond.

11. CORRESPONDING MAGNITUDES
In a proportion A : B :: C: D, the first and third are corresponding,
and the second and fourth are corresponding.

A B C D

3 units 5 units 6 units 10 units
'b.\_\_ﬂ_ d_.—’,L‘-.___ _-HA__.-_ '_.‘___.'r
A corres_ponds to C B corresponds to 1)

Definition 12 — Alternate Ratio

An alternate ratio takes leading to leading and following to following.
Thus from
A:B=C:D

the alternate arrangement is

A:C=B:D.

12. ALTERNATELY |
To take the first of the one pair and the first of the other,
and the second of the one pair and the second of the other. |

From A : B :: C: D we take alternately:

A:C:B:D |
A C B D |

" 4 b " ) 1
3 units 6 units 5 units 10 units |
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Definition 13 — Inverse Ratio

The inverse of A : B is

i

(13. INVERSELY

| To invert a ratio is to turn it around.
From A : B we take inversely B : A.

| A B B A

[ { I i — f { I {
3 units 5 units 3 units 3 units

| (IfA:B = C:D, then inversely B: A = D:C.)

Definition 14 — Composition of a Ratio

Composition takes the leading and following magnitudes together, as
one, to the following magnitude:

(A+ B): B.

14. COMPOSITION
To add the first and second msgnitudtﬁ, and take the sum
to the second.
From A : B we take (A + B) : B.

A B A+B B
- { t i - ; el - i =
3 units 5 units 8 units 5 units
Definition 15 — Separation of a Ratio

Separation takes the excess of the leading over the following to the
following:

(A-B):B.
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15. SEPARATION

To subtract the second magnitude from the first, and take
the remainder to the second.
From A : B (where A = B) we take (A — B) : B.

A B A-B B
Sunits 5 units Buaits . Sunits
Definition 16 — Conversion of a Ratio

exceeds the following:

A:(A-B).

16. CONVERSION

To take the first magnitude to the remainder when the second
is subtracted from the first.
From A : B (where A = B) we take A : (A — B).
A B A A-B

8 units 5 units B units 3 units

Definition 17 — Ratio via Equality — Ex Aequali

A:B=D:E, B:C=FE:F

leads via equality to

A:C=D:F.

Conversion takes the leading magnitude to the excess by which it

When several magnitudes and another equal number are in the same
ratio taken two by two, ratio via equality compares the first with the
last in each set. Thus
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17. RATIO VIA EQUALITY (EX AEQUALI)
FA:B=D:EandB:C=E:F,thenA:C=D:F.

AN B c 2 A:B=D:E(2:3=6:9)
2 units 3 units 4 units B:C=E:F(3:4=9:12)
ey . . E i 2 F . Therefore, A:C=D:F
1 6 units 9 units 12 units (2:4=06:12).
|

Definition 18 — Perturbed Proportion

A perturbed proportion occurs when the proportional links of two
triples are crossed:

A:B=FE:F, B:C=D:E.

18. PERTURBED PROPORTION
FA:B=E:FandB:C=D:E then A: C=D:F

BEA St B SIC e A:B=E:F(2:3=6:9
2 units 3 units 4 units BE:C=D:E(3:4=12:6)
. L ; i F , 3 D : Therefore, A: C=D:F
" 6 units 9 units 12 units (2:4=12:9).

10
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PROPOSITION 1

If any number of magnitudes are respectively equal multiples of an
equal number of other magnitudes, then as many times as one of the
former contains one of the latter, so many times will all the former

together contain all the latter together.

Proof.

. Choose two smaller magnitudes E and F'.

. Construct larger magnitudes AB and C'D so that
AB =mF, CD =mkF.

. Divide AB into m equal pieces, each equal to E. For example, if
m =3,

AB=AG+GH+HB, AG=GH=HB=E.

. Divide CD into the same number m of equal pieces, each equal
to F"

CD=CK+ KL+ LD, CK=KL=LD=F.
. Pair corresponding pieces:
AG + CK, GH < KL, HB < LD.

Each pair contains one copy of E and one copy of F'.

. Each paired block equals E¥ + F'. Since there are m such blocks,
AB + CD contains m copies of £+ F.

. Hence
AB+CD=m(E+F).

Since AB =mF and CD = mF,
mE +mF =m(E+ F).

11
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Therefore. If several magnitudes are corresponding equal multiples
of several others, their totals are in that same multiple relation.

12



'CHOOSE TWO SMALLER CONSTRUCT LARGER MAGNITUDES DIVIDE AB INTO m. EQUAL PE)CES, 74 DIVIDE CD INTO m EQUAL PIECES,
AB AND CD AS THE SAME MULTIPLE. EACH EQUAL TO E. | EACH EQUAL TOF.
r r ;

MAGNITUDES E AND F.
Since AB = 3E,
let us cut it into
three equal parts,
each equal to E.

Let the blue segment be E
and the red segment be F.

E i
2 units 3 units

The whole AB + CD

Each pair contains 2 I
piece of CD directly 4 age £ aad oagly / contains three copies
beneath it. Eoein iy

Match each piece
of AB with the

AB +CD = 3(E+F)

But AB = 3E and CD = 3F.

| 3E+3F=3(E+F)|

- This is Book V, Proposition 1:
sevual magrutudes are respectively the same multiple of several m_her magrutudes
then their totals are also in that same multiple relation.

13
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PROPOSITION 2

If a first and third magnitude are equal multiples of a second and
fourth respectively, and a fifth and sixth are also equal multiples of
the second and fourth respectively, then the sums of the first and fifth
and of the third and sixth are equal multiples of the second and
fourth respectively.

Proof.
1. Choose the two basic magnitudes C' and F'. For illustration let
C =2, F=23.
2. Build the first pair with the same number of copies. Take m = 2:
AB = 2C, DE = 2F.

3. Build a second pair with another matching number of copies. Take
n=3:
BG = 3C, EH = 3F.

4. Join the first and second pieces:
AG = AB + BG, DH =DFE+ EH.
5. Count the copies in each whole:
AG = 5C, DH = 5F.

6. Thus
AG=C+C+C+C+C,

and
DH=F+F+F+F+F.

The number of copies is the same.

7. In general,
AB=mC, DE=mF, BG=nC, FEH=nF

14
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gives

AG = (m+n)C, DH = (m+n)F.

Therefore. The sums are equal multiples of the second and fourth
magnitudes:
ma + na = (m+ n)a.

15



BOOK V — PROPOSITION 2 EXPLAINED BY ARISTOTLE TO ALEXANDER (AGE 12)
lfa first and third magnitude are equal multiples of a second and fourth,
a fifth and sixth are also equal multiples of the second and fou
__then the sums of the first and fifth and of the third and sixth are equal multiples of the second and fourth.
BUILD THE FIRST PAIR WITH THE
)  SAME NUMBER OF COPIES.

Let these be our two ! e o Takem=2.
basic magnitudes: g Construct AB = 2C

BG =C + C + C = 3C = 6 units

1 iF: F B

—_—
C=2units  F=3units

EH =F + F + F = 3F = 9 units

Everything else we build by repeating them. DE = F + F = 2F = 6 units

COUNT HOW MANY COPIES
NOW IN EACH WHOLE.

 /
And how many
copies of F in DH?

AG = AB + BG = 2C + 3C = 5C

F F F F
Both wholes contain their respective.
E + EH = 2F + 3F = 5F - basic magnitudes the same number of times. _

Therefore, if L = 5 s 3
AB =mC and BG = nC, e e AT e “The sums of the firstand ffth

el A mcopiesofC B ncopiesofC G D mcopiesof F E ncopiesof F A
F and EH = nF, | are equal multiples of the

AG = AB + BG = (m +n)C | DH = DE + EH = (m + n)F

16
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PROPOSITION 3

If a first and third magnitude are equal multiples of a second and

fourth respectively, and equal multiples are taken of the first and

third, then the magnitudes taken are equal multiples of the second
and fourth respectively.

Proof.

—_

. Choose two basic magnitudes B and D.

2. Let
A=mB, C =mD.

For a visible example take m = 2.

3. Take equal multiples:
EF =nA, GH =nC.

For illustration take n = 3.

4. Open each large block into smaller pieces:
EF =(B+B)+ (B+ B)+ (B+ B),
GH=(D+ D)+ (D+ D)+ (D + D).
5. Count the original basic magnitudes:

EF =nmB, GH =nmD.

6. The number of copies is a product because each of the n groups
contains m basic magnitudes:

n(mB) = (nm)B.
7. Thus, in general,
A=mB, C=mD, EF=nA, GH=nC

17
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implies
EF =nmB, GH =nmD.

Therefore. Equal multiples of equal multiples are equal multiples of
the original magnitudes:

m(na) = (mn)a.

18



EF=3A
A
Let the basic magnitudes be B and D.
B D
e
2 units

3 units

H
GH =3C
G @

GH =3 x 6= 18 units

COUNT THE ORIGINAL SEE
~ BASIC MAGNITUDES. e

‘WHY THE NUMBER OF COPIES
IS A PRODUCT.

We took:

« m =2 copies inside
each block (A = 2B,
C=2D)

+ n =3 blocks

Total copies = n x m
=3x2=6

i PROPOSITION 3
C b If the first and third
are equal multiples of
the second and fourt]
e e P e m‘: = mﬁpksl:f
the first and third are
EF = nA =n(mB) = (nm)B | GH =nC =n(mD) = (nm)D e G e B
= G - second and fourth.

m copies of B

= 3 units Sonm =6 3(2B)=6B = 12 units 3(2D)=6D = 18 units

19
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PROPOSITION 4

If a first magnitude has the same ratio to a second that a third has
to a fourth, then equal multiples of the first and third have the same
ratio to equal multiples of the second and fourth, taken in
corresponding order.

Proof.

1. Begin with
A:B=C:D.

2. Take equal multiples of the leading magnitudes:
E=mA, F=mC.
3. Take equal multiples of the following magnitudes:
G =nhB, H=nD.
4. Compare the first new pair:
EZG.

5. Since A : B = C' : D, Definition V.5 requires the corresponding
comparison
>
FZH
to agree exactly.

6. This agreement holds for every positive m,n, so the new ratios
satisfy Definition V.5.

7. Therefore
EF:G=F:H,

that is,
mA :nB =mC :nD.

Therefore. Equal multiples of corresponding terms of equal ratios
remain in equal ratios.

20



) TAKE EQUAL MULTIPLES OF TAKE ANOTHER EQUAL NUMBER OF COPIES -
( THE LEADING MAGNITUDES. _ OF THE FOLLOWING MAGNITUDES.
‘Suppose the first # s — . o "
is to the second T il
as the third is to 2

So A:B=

13w C:D=4:
The two ratios are equal.

-

COMPARE THE FIRST NEW PAIR.

‘COMP/

5 ’ARE THE CORRESPONDING
3 SECOND PAIR. a
3 . £ & 5w

i B — e

; - Because the original ratios are equal,
4 EJ Compare F with H. v

for any positive numbers m and n:

if mA>nB then mC>nD
if mA=nB then mC=nD
32 mA<nB then mC<nD
G=2B g i = 6 units H=2D D L
|

F=H (3C=2D).

E=G and F=H.

STATE THE CONCLUSION.

PROPOSITION 4 (Book V)
Therefore, if A:B=C:D,

5 OUR EXAMPLE:
then for any positive m and n, FA:B S CRD) ]—) [mA:nB
we have mA : nB = mC: nD. \

m=3n=2

§ 3A:2B :: 3C:2D
[Equal ratios remain equal when the corresponding terms M
are taken in equal multiples. Equal ratios.

This is Book V, Proposition 4: | From equal ratios, equal multiples of corresponding term

21
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PROPOSITION 5

If a magnitude is the same multiple of another magnitude as a part
taken away is of a corresponding part taken away, then the
remainder is the same multiple of the remainder as the whole is of
the whole.

Proof.
1. Choose whole magnitudes with
AB =mCD.

For illustration take m = 3.

2. Mark parts to be removed so that
AFE = mCF.
3. Remove the corresponding parts:
EB=AB - AF, FD=CD - CF.

4. Compare what remains. Since both the wholes and removed parts
use the same multiplier, the remainders must use that multiplier
too.

5. Structurally,
EB=AB - AE =mCD —mCF =m(CD — CF) =mFD.
6. As repeated groups,

AB=CD+---+CD,

m copies

and
AE =CF +---+CF.
| S E————
m copies
Removing one CF-part from each C'D-copy leaves m copies of
FD.

22
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7. Hence
AB =mCD, AE =mCF
implies
EB =mFD.
Therefore.

ma —mf =m(a—[).

23



CHOOSE TWO WHOLE MAGNITUD] d MARK PARTS TO BE REMOVED
TIPLIER. THAT ALSO HAVE THE SAME MULTIP
3 | [ Subtract AE from AB
Let AB be three , : Mark part AE in AB | T e
times as great as CD. N [ ia? and corresponding part | Ty
We take m = 3. CFin CD so that a

and AE - 3CF, e
then. i
EB = AB - AE
=3CD - 3CF
=3(CD - CF)
=3FD.

~

E -
5 3 =
R - SEE IT AS GROUPS. -
How many times % 1 SURVIVES] % ¥ s ﬁ%s::m wp;:as:iglz_ g
does FD go into E] Since AB =3CD | | 3 | AEis three copies of CF. | s il
¥ I i t

Therefore, if
AB = mCD

and AE = mCF,

then EB = mFD. | In general:

ma — mP = m(a — B)

BOOK V — PROPOSITION 5: If one whole magnitude is the same multiple of another whole magnitude as a part tal

part taken away, then the remainders are also in that multiple relationship.

24
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PROPOSITION 6

If two magnitudes are equal multiples of two other magnitudes, and
parts taken away are equal multiples of those same magnitudes, then
the remainders are either equal to those magnitudes or equal
multiples of them.

Proof.

—_

. Choose the basic magnitudes E and F'.

[\)

. Build equal multiples:
AB =mkFE, CD =mF.

For illustration take m = 4.

3. Mark parts to remove:
AG =nkE, CH =nkF.

For illustration take n = 2.

4. Remove them:
GB = AB — AG, HD=CD —-CH.
5. Count the remaining copies:
GB =(m—n)E, HD = (m —n)F.
6. If m —n =1, then
GB=F, HD=F.

Thus Euclid’s special case, where the remainders are equal to the
basic magnitudes themselves, is included.

7. Therefore
AB=mE, CD=mF, AG=nE, CH=nF

25



EucLiD — THE ELEMENTS

gives

GB = (m—n)E, HD = (m —n)F.

Therefore. The remainders are either equal to the bases or equal
multiples of them:
ma —na = (m — n)a.

26



CHOOSE THE TWO F o BUILD TWO EQUAL MULTIPLES | 3 N MARK PARTS TO REMOVE THAT ARE
BASIC MAGNITUDES. \ OF THE BASES. . ALSO EQUAL MULTIPLES.

Take n=2.
Mark AG = 2E
and CH = 2F.

E = 2 units F =3 units

Everything will be counted in copies of E and F.

REMOVE THE MARKED PARTS. . THE SPECIAL CASE:
= MARKE
e | — REMAINDERS EQUAL THE BASES.
toget GB. ,; % | How many copies of F is HD? Letm=4, n=3.
Subtract CH from CD s . i AB=4E, AG=3E CD=4F, CH=3F
to get HD.

When m - n = 1, the remainders are
simply the base magnitudes themselves.

Remove equal-multiple parts:
A AG=nE @ gGB=(m-n)E
and AG = nE and CH = nF, =
then the remainders satisfy -t E E
GB=(m - n)E
and HD = (m — n)F.

multiples of them

27
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PROPOSITION 7

Equal magnitudes have the same ratio to the same magnitude, and
the same magnitude has the same ratio to equal magnitudes.

Proof.

1. Choose equal magnitudes

and another magnitude C'.

2. Take equal multiples
D =mA, E=mB.

Because A = B, we have D = F.

3. Take any multiple
F=nC.

4. Since D = FE, whatever comparison D has with F', E has the
same:
> >
DZF < EZF.

By Definition V.5,
A:C=B:C.

5. Reverse the viewpoint while retaining
D =mA, E=mB, F=nC.

6. Again D = E, so
> >
F=ZD <« FZE.

Hence
C:A=C:B.

7. Therefore

28
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and
C:A=C:B.

As a corollary, proportional magnitudes are also proportional in-

versely:
A:B=C:D=—B:A=D:C.

Therefore. Equal magnitudes are indistinguishable in ratio when
compared with the same magnitude, in either position.

29



Compare D with F, and E with F.

4units, C=Gunits. Lo i =B, =il Here D = F, and therefore E = F.

NOW REVERSE TH:B 'VIEWPOINT.

V'l Now compare a multiple
€C it e s

COROLLARY (Immediately from the above)
IfA: B = C: D, then the proportion may be inverted.

B C D

BOOK V — PROPOSITION 7: Equal magnitudes keep the same ratio when compared with the sa

and the same magnitude keeps the same rat en compared with equal magnitudes.

30
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PROPOSITION 8

For unequal magnitudes, the greater has a greater ratio than the
lesser to the same magnitude; and the same magnitude has a greater
ratio to the lesser than to the greater.

Proof.
1. Choose unequal magnitudes
A>B

and another magnitude C.

2. Separate the excess:
A=B+FE.

3. By Definition V.4, choose m so that
mE > C.
4. Take the same multiple of A and B:
mA =mB + mkE.
5. Choose a multiple nC' such that
mA > nC, mB < nC.

By Definition V.7,
A:C>B:C.

6. Reverse the comparison. The same separator gives
nC > mB, nC » mA.

Hence
C:B>C:A

7. Therefore
A>B=—A:C>B:C

31
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and
C:B>C:A.

Therefore. With the comparison magnitude fixed, the greater magni-
tude gives the greater ratio; with the first magnitude fixed, the lesser
following magnitude gives the greater ratio.

32



'TAKE THE SAME MULTIPLE OF A AND B.
=

s Ve T

3A=3x5

3B=3x3=9 units 3E=3x2 = 6units

3E = j——f———f——f = 6 units > 4 units = C

REVERSE THE COMPARISON.
o~ e

&

3 using the same multiples.
] - =

3A=15

Since A=B+E, 3A=3B+3E=9+6=15.

Whenever A > B,
then for any magnitade C,
A" CR=NBEIC
and

> C:A

15> 12 4
Thus 2C > mB while nC not > mA.

Therefore, by Definition 7, C:B > C

A larger magnitude gives a
larger ratio when the comparison

BOOK V - PROPOSITION 8: For unequal magnitudes, the greater magnitude has a greater ratio than the lesser to the same magnitude;

and the same magnitude has a greater ratio to the lesser than to the greater.

33




CHOOSE TWO UNEQUAL MAGNITUDES
AND A THIRD MAGNITUDE.

Let A be greater

than B. Take any
magnitude C.

Cisany

magnitude. |

Now take the same .2
multiple m = 3 of A and B.
Since A=B +E,

we have mA = mB + mE.

Therefore, if A > B, |,
then A:C>B:C
and C: B> C:A.

BOOK
Inequality of n

ra
Since A > B,
write A= B+E,
where E is the excess.

Pick n so tha(
mA > nC but
mB < nC.
Take n=3

itu

IN GENERAL
If A> B, then
ARG >0BEEE

and

PROPOSITION 8

produce

34

nequality of ratios.

MULTIPLY THE EXCESS UNTIL
IT BEATS C.

By Definition 4,
there is a multiple
of E that exceeds C.

By ————— ~{67>74=7C]
o et .

REVERSE 'l'l'l'.E COMPARISON.

Using the same multiples, ‘I‘

we get nC > mB, but
nC is not greater than mA.

A larger magnitude gives a larger
ratio when the comparisson
magnitude is fixed.

* With the same first magnitude,
dividing by the smaller magnitude
gives the larger ratio.
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PROPOSITION 9

Magnitudes having the same ratio to the same magnitude are equal
to one another; and magnitudes to which the same magnitude has
the same ratio are equal.

Proof.

1. Assume
A:C=B:C.

2. Suppose, for contradiction, that
A # B.

If necessary interchange them, and suppose A > B.

3. By Prop. V.8,
A:C>B:C.

4. This contradicts
A:C=B:C.

Thus A > B is impossible; similarly B > A is impossible, so
A=B.

5. Now assume

C:A=C:B.
6. If A > B, then Prop. V.8 gives

C:B>C:A,

contradicting the assumed equality. Likewise B > A is impossible.

7. Hence
A=B.

Thus
A:C=B:C= A=8B,
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and
C:A=C:B= A=B.

Therefore. Equal ratios to or from the same magnitude force equality
of the compared magnitudes.
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ASSUME TWO MAGNITUDES HAVETHE -~ SUPPOSE, FOR CONTRADICTION, g S«  APPLY PROPOSITION 8.
SAME RATIO TO THE SAME MAGNITUDE. THAT A AND B ARE UNEQUAL. |

Suppose A and B - 7 Assume the opposite of
have the same ratio i ‘what we want to prove:
0 the same magnitude A and B are not equal.

C. Can they be Suppose A > B.
different? I~

‘We do not yet know whether A and B are cqual.

REACH THE CONTRADICTION.

But we assumed h Now suppose a 1 From Proposition 8,
A:C=B:C. ¢ C:4=Cp:B. i * P e 3
$ if A > B, then the same C
Now we have both ‘ Can A and B still e s
than to A. So we get

C:B>

Assumption:

: 8
A:C=B:C ASC 4B L IMPOSSIBLE!

[ Thus our assumption that A > B is false.

In the first case, assuming

A and B unequal led to a (1) ¥a:Cc=B:cC,
e et then A = B. the same magnitude are equal to one another;
and magnitudes to which the same magnitude

has the same ratio are equal.
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PROPOSITION 10

Of magnitudes having a ratio to the same magnitude, the one having
the greater ratio is greater; and the magnitude to which the same

magnitude has the greater ratio is the lesser.

Proof.
1. Assume

A:C>B:C.
2. If A were not greater than B, then either

A=B
or
A< B.
. Equality is impossible, because Prop. V.7 would give
A:C=B:C.
. Inferiority is impossible, because Prop. V.8 would give
A:C<B:C.
. Therefore
A> B.
. For the second half assume

C:B>C:A.

If B = A, Prop. V.7 gives equality of ratios. If B > A, Prop. V.8
gives

C:B<(C:A.
Both contradict the assumption. Hence
B < A.
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7. Thus
A:C>B:C= A> B,

and

C:B>C: A= B < A.

Therefore. A greater ratio to the same magnitude reveals the greater
leading magnitude; with the leading magnitude fixed, a greater ratio
reveals the smaller following magnitude.
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E OUT EQUALITY. RULE OUT A < B.

START WITH A GREATER RA!
T T— i '. -
S S| 1fA=B, thenby

Proposition 7, equal

‘magnitudes have the [l (i the lesser has the
same ratio to the lesser ratio to the
same magnitude. same magnitude.

Suppose A:C > B: C.
‘What does that tell us
about A and B?

FA<B = A:C'<B:=E
e

[ —

But weassumed A : C > B: C.

S e IfA=B = A:C=B:C ‘
‘The only possibilities:
= A i _ B ]

JA?,BJ ;A:EJ [A<BJ o ———
| Butweasumed 4:C> B C.

[ We il show dhe last two are impossible. |

AL RULE

- (PROPOSITION 10)

Ais neither equal to B
nor less than B. Therefore | 1 ST T g7 If two magnitudes have a ratio
it must be greater. . ICE BI=NCI: A Prop.  Gerenedfoan) to the same magnitude,

L o1 < Cesl the greater ratio belong
C to the greater magnitude.

First, if B= A, then by Prop. 7,

B ] < ]

| X Contadicis C:B>C

Therefore, - s .
ASSED] | | Therefore B is neither equal to nor greater than A.
Thus, B < A.

So,if A:C>B:C, then 4> B.
i

BOOK V — PROPOSITION 10: Of magni tio to the same mag le, the one having the greater ratio is greater
d the magnitude to which the same magnitude has the greater ratio is th
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PROPOSITION 11

Ratios which are the same as the same ratio are also the same as
one another.

Proof.
1. Assume
A:B=C:D
and
C:D=F:F.

2. Take equal multiples of the leading magnitudes:
G =mA, H =mC, K=mFE.
3. Take equal multiples of the following magnitudes:
L=nB, M =nD, N =nkF.

4. Since
A:B=C:D,

Definition V.5 gives
> >
G=ZL < H=zZM.

5. Since
C.:D=F:F,

Definition V.5 gives
> >
H=ZM < K=ZN.

6. Therefore
> >
G =L < K=z N.

7. Since m,n were arbitrary, Definition V.5 gives
A:B=FE:F.
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Therefore. Ratios equal to the same ratio are equal to one another.
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START WITH TWO EQUALITIES OF RATIO. TAKE EQUAL MULTIPLES  * ™

TAKE EQUAL MULTIPLES
OF THE LEADING MAGNITUDES. OF THE FOLLOWING MAGNITUDES.
Suppose these two A:B=C:D % "
& i - Take any whole number m. S “Take any whole number 7.
ratios are cqual. A B 4 :
- ‘ " Take equal multiples of Take equal multiples of
c D A, C,and E. B, D,and F.
) N
7 Letm=3. Letn=2.
- G=34 - L=28 |
iy E |
Do theyalsogiveus A : B = E : F? = H=3C = M=2D
—_——— - ————— —— -
s three ratios are 2.: o K =3E N=2F
A=2  B=3 C=4 D=6 E=6 F=91 G, H, K are equal multiples of A, C, E. We will compare: G2L - H?M K2 N
A USE THE FIRST EQUALITY OF RATIOS. USE THE SECOND EQUALITY OF RATIOS. PASS STRAIGHT FROM THE FIRST
- PAIR TO THE LAST.
Since A:B=C:D, ‘Whatever relation ‘Whatever relation 3 iy 3 -
by Definition 5: holds between G and L, holds becween H and M, Combine the two bridges. The sign suvives
1 the same holds becween the same holds between G>L = H>M = K>N il
G>L = H>M Hand M. | H>M = K>N T = =
G-L=> H=M (H=M > K=N Rl Lauall o MBS K o0
= =
G<L = H<M H<M = K<N Eielos t <M = Ko
Bridge 1: the sign passes from the first pair Bridge 2: the sign passes from the middle pair So the relation between G and L
(G, L) to the middle pair (H, M). (H, M) to the last pair (K, N). is the same as between K and N.
CONCLUDE BY DEFINITION 5. By Defnicon s, * g BB GEID! . g D g i
S . A:B =E:F. G
m and , the comparisons —
‘between mA and nB
always agree with those | =
between mE and nF ...
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PROPOSITION 12

If any number of magnitudes are proportional, then as one of the
leading magnitudes is to one of the following magnitudes, so all the
leading magnitudes together are to all the following magnitudes
together.

Proof.

1. Begin with
A:B=C:D=FE:F.

2. Form
G=A+C+FE, H=B+D+F.

3. Take an arbitrary positive integer m. By Prop. V.1,
mG = mA +mC +mkE.
4. Take another arbitrary positive integer n. Again by Prop. V.1,
nH =nB+nD +nkF.

5. Since all original ratios are equal, Definition V.5 gives the same
comparison in every pair:

> > >
mA = nB, mC = nD, mE Z nF.
6. Adding the corresponding comparisons yields
mG ; nH.

Thus the comparison of mG,nH agrees with that of mA,nB.
7. By Definition V.5,

A:B=G:H=(A+C+E):(B+D+F).

Therefore. The sum of all leading magnitudes has to the sum of all
following magnitudes the same ratio as each corresponding pair.
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BEGIN WITH SEVERAL EQUAL RATIOS. FORM THE TWO GREAT TAKE AN ARBITRARY MULTIPLE m
— CCOMBINED MAGNITUDES. OF EVERY LEADING MAGNITUDE.
\ | Suppose these three A B X
|| pairs of magnicudes || ekt y S Let m be any whole number. || By Proposition 1,
are proportional. 2 3 ’ Take the same multiple m | | their sum is m times
@& D of A, C,and E. their sum.
P+ ] — L
4 6
£ H T
e+ Pt J { < 22
6 9 G=A+C+E | H=B+D+F -y NG oE
Thus A:B = =2:3 e — ] —  — —— = mG
= PR 4 6 =12L.3 +.6 £ oi=gg
‘What happens if we join all the first magnitudes
5 We want to A G:H,
all the second g BT g .| mA +mC +mE =m(A + C+E) = mG.
a thatis, 2:3=12:18. e 20 R
TAKE AN ARBITRARY MULTIFLE 1 (COMPARE EVERY CORRESPONDING PAIR. ADD THE CORRESPONDING COMPARISONS.
‘OF EVERY FOLLOWING MAGNITUDE. = O -
= | Since A:B=C:D=E:F, Add the three comparisons.
r. | | By Proposition 1, Definit y 3 |
I?L::Z:::::;ﬁ their sum is 7 times Z i St N [mA > nB, mC > nD, mE > nF }s mG > nH
their sum.
Nk L "B"k’"ng"'”')"’ LmA:nB,mC:nD,mE:nF}s mG = nH
G 5D g S e = uf ».A<,.n,-'0<nb,mx<a}= mG < nH
3 2 4 "A<"BQ|"E<"DQ'E<"H B G = mA +mC+mE and nH = nB +nD +nF,
ccause mG = mA + mC+ = +nF,
e — = nH b i el e
So, 7B +nD +nF = n(B + D +F) = nH. All th P ways point in the same di beoween mA and nB.
—
CONCLUDE BY DEFINITION 5. ‘THE GENERAL RULE (Proposition 12)
- 3 A (& E =A+C+E If any number of magnitudes are proportional, |-
For arbitrary m and n, — - —— - f— then as one of the leading magnitudes is to one
mA > nB always gives the 2 A 6 " % of the following magnitudes, so all the leading
same comparison as mG > nH. Tl el Ty
T H=B+D+F magnitudes together.
e el T e+ b ——
3 20
A:B=G:H 3| ool Gade vl 9 = 18 18

3 B
<4+ A): (B, +By+--- + By)

(A +A;+-
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PROPOSITION 13

If a first magnitude has the same ratio to a second that a third has
to a fourth, and the third has a greater ratio to the fourth than a
fifth has to a sizth, then the first has a greater ratio to the second
than the fifth has to the sixth.

Proof.
1. Assume
A:B=C:D
and
C:D>FE:F

2. By Definition V.7 choose positive integers m,n such that
mC > nD, mE < nF.
3. Take the corresponding multiples
mA, nB.

4. Since
A:B=C:D,

Definition V.5 transfers the strict comparison:
mC >nD — mA > nB.

5. We now have

mA > nB
while
mE <nF
6. By Definition V.7,
A:B>FE:F

7. Hence
A:B=C:D, C:D>FE:F=— A:B>F:F
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Therefore. Equality of ratio transfers a strict ratio inequality.
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START WITH AN EQUALITY USE DEFINITION 7 ON THE
AND AN INEQUALITY. TER RATIO. J] OF / B. JOMPARISON.

Since C: D > E : F, by Definition 7 Because A: B = C:D, We have mC > nD.
there exist equal multiples , 7 such that Definition 5 says coresponding P S ——

. B8 multiples compare the same way.
mC>nD  +| mE<nF K

§ " Therefore, since 4: B = C: D,
mA > nB.
A ———

B ey | 7D p——
Also from step 2, mE < nF.

V —
Whatever holds between mC and 7D %
holds between A and 7B. nE e——

OMPARE THE FIRST ( APPLY DEFINITION 7. [ ATE THE GENERAL RULE.
AND LAST RATIOS.
Dcﬁ Here, mA > nB
i) but mE < nF.
multiples 7, 7, | L 2
wehave mX > nY SV
bumUsnaV, (RN
thenX:Y>U: V.

So the multiples of the first ratio exceed,
while the multiples of the last ratio do not.

nitude has the same ratio to the second that the third has to the fourth,
PROPOSITION 13 and the third has a greater ratio to the fourth than a fifth has to a si

th t has a g to the second than the fifth has to the si

Equality of ratio can carry
inequality through to another ratio.
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PROPOSITION 14

If a first magnitude has the same ratio to a second that a third has
to a fourth, then the first and third have the same ordering as the
second and fourth.

Proof.
1. Assume
A:B=C:D
2. Take the first case:
A>C.
3. By Prop. V.§,
A:B>C:B.
4. Since
A:B=C:D,
replace A: B by C': D:
C:D>C:B.
5. By Prop. V.10,
D < B,
SO
B> D.

6. Similarly,
A=C= B=D,

and
A<(C = B<D.

7. Therefore
> >

Therefore. Equal ratios preserve the ordering of corresponding mag-
nitudes.
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SUPPOSE THE FIRST MAGNITUDE COMPARE A AND C TO THE
SAME MAGNITUDE B

START WITH EQUAL RATIOS. 2
IS GREATER
Since 4 > C, -
by Proposition 8, ] ButA:B = C:D.
We vill prove B > D. the greater magnitude Sofrom A:B> C:B | M4
has the greater ratio [l weget C:D>C:B I
0 the same magnitude.

Suppose 4 > C.

‘These two pairs of magnitudes
have the same ratio.

By Proposition 10, (From step 5)
if the same magnitude | IfA>C,
Mrree | GG | RO RO
magnitude than to another, | , S P pa
then the magnitude in the i @ Ls =N o8] J
greater ratio’s second 3
Eeios From A:B = C:D,
weget B = D.
5 » s » "
| — s Rt Pt < Bt et >
= D<B - > |
2 . = 2 4 2 what s greater, cqual, or less among the |
- e x 3 first magnitudes is the same among the
The three possibilities correspond in the same way. i

From A:B = C:D,
weget B < D.

— - -
Equal ratios preserve order:

C i

If the first magnitude has the same ratio to the second that the third has to the fourth,

and the first is greater (or equal to, or less than) the third,

ION 14
than) the fourth.

then the second
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PROPOSITION 15

Parts have the same ratio as similar multiples, taken in
corresponding order.

Proof.

1. Choose two basic magnitudes C' and F'.

\V)

. Build equal multiples:
AB = mC, DE =mF.

3. Divide the first into m equal parts each equal to C', and the second
into m equal parts each equal to F. For example,

AG=GH=HB=C,

DK =KL=LFE=F.
4. By Prop. V.7,

AG:DK =GH: KL=HB: LE.
5. By Prop. V.12,
AG: DK =(AG+GH+ HB) : (DK + KL+ LE).
6. Since
AG=C, DK =F, AG+GH+HB=AB, DK+KL+LE = DE,

we obtain

C:F=AB:DEFE.

7. Hence
C:F=mC:mkF.

Therefore. Similar multiples preserve ratio:
a:f=ma:mp.

o1



| Let the magnitudes
be Cand F.
part equals C.

Each lower
part equals F.

‘We will sec that their ratio is unchanged
i we take equal multiples of both.

REPLACE THE SMALL PARTS

- BY THE ORIGINAL MAGNITUDES.

* Al the upper parts are equal o one another. . ¢ k -
All the lower parts are equal to one another.

By Proposition 12,

LAG :DK = (AG + GH + HB) : (DK + KL+ LE) | | Tripling both

e ¥ magnitudes

M A - changes heir

size, not their
ratio.

AG + GH + HB = AB DK + KL + LE = DE

| Therefore, AG:DK = AB:DE. |

Coumemacoums s Jeg
g If AB = mC and DE = mF. ’

13 ‘ a Parts have the same ratio
d:a:lis,‘ilfAf}m}iDE:m : I i as similar multiples,
equal multiples of C and F,

then g

taken in corresponding order

C:F = AB:DE. |

BOOK V - PROPOSITION 15: arts have

the same ratio as similar multiples, taken in corresponding order.

52



Book V

PROPOSITION 16

If four magnitudes are proportional, then they will also be
proportional alternately.

Proof.
1. Assume
A:B=C:D.
We seek to prove
A:C=B:D.

2. Take equal multiples of A and B:

E =mA, F=mB.

By Prop. V.15,
A:B=FE:F.
3. Since
A:B=C:D,
Prop. V.11 gives
C:D=FE:F

4. Take equal multiples of C' and D:
G =nC, H=nD.

By Prop. V.15,
C:D=G:H.

Hence, by Prop. V.11,
EFE.:F=G:H.

5. By Prop. V.14,
EZG < FZH.

6. Since
E=mA, G=nC, F=mB, H=nD,
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for arbitrary m,n,
> >
mA Z nC <= mB Z nD.

7. By Definition V.5,
A:C=B:D.

Therefore. If four magnitudes are proportional, they are propor-
tional alternately:

A:B=C:D=A:C=B:D.
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BEGIN WITH FOUR
PROPORTIONAL MAGNITUDES.

By Proposition 15, C : D = G : H.
But C: D = E : F, so by Proposition 11,

o n—— ———
Can we cross them and say [ o e e e e 155 e ratio OE.C to.D)is a0 T E:F=G:H.
Aisto Cas Bisto D? multiples o A and B, we have A : B = E: F. the ratio of E to F.

M

> >y
| COMPARE THE NEW LEADING MULTIPLES.

s

) - 5 < By Definition 5,
From Proposition 14, [ - E & if for arbitrary m, n,
corresponding terms ——
of equal ratios have mA > nC & mB > nD
the same order. - = -

mA = nC & mB = nD
mA < nC & mB < nD
Hence fom A: B = C: D

we may pass alternately to

A:C=B:D.

GENERAL RULE (Proposition 16) R —
If four magnitudes are proportional, then they will also be proportional alternately. THE COMPARISON

IN CORRESPONDING ORDER
AL Bs =2 Co D=l ARG =B ) W p

BOOK V — PROPOSITION 16:

If four magnitudes are proportional, then they will also be proportional alternately.
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PROPOSITION 17

If composed magnitudes are proportional, then they will also be
proportional when separated.

Proof.

1. Assume
AB: BE =CD: DF,

where

AB =AF+ EB, CD=CF+FD.

We seek to prove
AE : EB=CF : FD.
2. Take equal multiples
GH =mAE, HK =mEB, LM =mCF, MN =mFD,
and other arbitrary equal multiples
KO =nEB, NP =nFD.
3. Rebuild equal multiples of the wholes:
GK =GH+ HK =mAB,
LN =LM+ MN =mCD.
4. Build corresponding equal multiples of the following parts:

HO=HK + KO, MP=MN + NP.

5. Since
AB: BE=CD : DF,

Definition V.5 gives
> >
GK Z HO < LNz MP.
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6. Subtract the common parts HK and M N:
GH Z KO < LM Z NP.
7. Since
GH =mAE, KO =nEB, LM =mCF, NP=nFD,
Definition V.5 yields

AE :EB=CF : FD.

Therefore. If composed magnitudes are proportional, the separated
magnitudes are proportional:

(a+pB):=(+0): 0= a:B=7:0.
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START WITH TWO

AKE EQUAL MULTIPLES
COMPOSED RATIOS.
.

E SEPARATED PARTS.
Suppose the whole to the

part stands the same way
in both pairs.

Also take other equal multiples
of EB and FD.
K 0 (=1 EB)

N ooty P

(=n-FD)

(G,H from AE)
(L,M from CF)

(H.K from EB)
(M,N from FD)

BUILD EQUAL MULTIPLES

REBUILD EQUAL MULTIPLES
ES. OF THE FOLLOWING PARTS.

OF THE WHOLE!
Since AB = AE + EB, by Prop. 1,
GK =GH + HK = m - AB

H K K

Combine the multiples of the parts.

(= m-EB+n-EB)

GK

Since CD = CF + FD, by Prop, 1,
LN =LM+MN =m-CD
L M N N
— e
T N

LN

Thus GK and LN are equal multiples

S0 HO and MP are equal mulriples
of the whole magnitudes AB and CD.

of the parts EB and FD.

SUBTRACT THE COMMON PARTS.

Since AB : BE = CD: DF, IfGK > HO From GK = GH + HK

the same comparison holds for

From LN = LM + MN

CONCLUDE BY DEFINITION 5.

Remember:

their equal multiples. 3
b i 1£GK = HO
N then LN = MP
1FGK < HO
then LN < MP

BOOK V - PROPOSITION 17

(Separation or Dividendo)

then LN > MP [

and MP = MN + NP
=,

|
NN} P

Subtract the common HK. Subtract the common MN.

SoGK z HO = GH 5 KO §} SoLN z MP = LM s NP

For arbitrary m, n,
GH = m-AE

LM =m.CF
NP = n-FD

By Definition 5,
AE : EB = CF : FD

Therefore, GH % KO exactly when LM % NP.

If are

then they will also be proportional when separated.

58
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PROPOSITION 18

If separated magnitudes are proportional, then they will also be
proportional when composed.

Proof.

1. Assume

AE:EB=CF:FD,

where

AB = AFE + EB, CD=CF+FD.

We seek to prove
AB:BE=CD : DF.
2. Suppose, for contradiction, that
AB:BE #CD : DF.

Then C'D would have to stand to some magnitude DG, smaller
or greater than DF, in the same ratio as AB stands to BE. Take
first

DG < DF

and suppose
AB: BE=CD: DG.

3. By Prop. V.17, separating this hypothetical proportion gives
AE : EB=CG:GD.
4. But the original assumption gives
AE:EB=CF :FD.
Therefore, by Prop. V.11,

CG:GD=CF:FD.
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5. Since
DG < DF,

the complementary magnitude satisfies
CG > CF.
By Prop. V.14, the equality
CG:GD=CF:FD

would force
GD > FD,

contradicting GD < F'D.

6. The same reasoning rules out the alternative in which the hypo-
thetical fourth magnitude is greater than DF.

7. Therefore the only possible fourth magnitude is DF’, and

AB:BE=CD : DF.

Therefore. If separated magnitudes are proportional, they remain
proportional when composed:

a:f=v: 0= (a+8):=(y+9): 4.
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Suppose the scparated
parts are proportional.

Since CG : GD = CF : FD
and CG > CF
(because DG < DF),
by Proposition 14,
we must have GD > FD .

SUPPOSE THE COMPOSED RATIOS
EQUAL

B W Asume, o the contrary,
that AB : BE # CD : DF

Then CD has the same ratio to BE
as AB has to some magnitude
less than DF.

Let that magnitude be DG,
where DG < DF, and suppose
AB: BE = CD: DG

APPLY PROPOSITION 17 4 COMPARE WITH THE GIVEN
(SEPARATION) SEPARATED RATIO.

From AB : BE = CD : DG, etk fire
by Proposition 17, e G .
AE :EB = CG:GD.
Therefore, by Proposition 11,
CG:GD = CF:FD.

E

G GG G
et e

So

If we had supposed CD to have the same ratio
t0 BE as AB has to some magnitude greater
than DF, the same reasoning leads to a

Therefore CDD cannot be proportional to AB : BE
with a denominator less than DF or greater than DF

GENERAL RULE (Proposition 18)
If scparated magnitudes are proportional,

he new separated ratio is
CG: GD.

‘The only magnitude
that works is DF itself.
Thercfore,

AB : BE =CD: DF.

Joining each part to its companion preserves
the proportion.

AE : EB = CF : FD
4

then th ding composed are

61
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PROPOSITION 19

If as the whole is to the whole, so the part taken away is to the part
taken away, then the remainder is to the remainder as the whole is
to the whole.

Proof.

1. Assume
AB:CD = AE : CF,

with
AB =AFE + EB, CD =CF + FD.

2. By Prop. V.16, alternando,
AB: AE =CD : CF.
3. Since these are composed magnitudes, Prop. V.17 gives
EB:AE=FD:CF.
4. Alternating again,
EB:FD=AFE:CF.
5. Recall the original proportion:
AE:CF =AB:CD.

6. By Prop. V.11,
EB:FD=AB:CD.

Thus
AB:CD =AF :CF=EB: FD.

7. Hence the remainder to the remainder is as the whole to the whole.

Therefore.

AB:CD =AF :CF = EB:FD = AB :CD.
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START WITH TWO WHOLES
AND PROPORTIONAL REMOVED PARTS. (Proposition 17).
A o y i o - i
g The wh:la have !:: s i From AB: CD = AE: CF, L Since AB = AE + EB and CD = CF + FD,
asthe pares aken away. | ; " o V7 ;
e R cont L e L e
AB:AE = CD: CF. s
EB: AE = FD:CF.

Assume AB: CD = A

AE (caken away) EB (remains)
D

CF (taken away) FD (remains)
ALTERNATE AGAIN (Proposi SEE RUCTURE.

From EB: AE = FD: CF, | We assumed AE: CF = AB: CD. Whole to whole
by alternation: Therefore, by Proposition 11, AB:CD
EB:FD = AE:CF. : +
Removed to removed

AE: CF

Remainder to remainder
EB:FD

‘The ratios of the remainders are equal ‘The remainders have the same ratio The same ratio is preserved ]
o the ratios of the removed parts. as the wholes.

THE GENERAL RULE.

is to the par ) Modern notation:
then the remainder is o the remainder as the whole s to the whole.

AB:CD = AE:CF

4
EB:FD = AB:CD 8¢I8 E FD
| ke ) 2 = —= Equal proportions remain after equal
BOOK V — PROPOSITION 19: s corresponding parts are removed.
If as the whole is to the whole, so the part taken away is to the part taken a —— T Ty pr—

then the remainder is to the remainder as the whole is to the whole.
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PROPOSITION 20

If there are three magnitudes and another equal number, taken two

by two in the same ratio, then the comparison between the first and

third of one set is the same as the comparison between the first and
third of the other.

Proof.
1. Take the parallel chains
A:B=D:FE, B:C=F:F

2. Suppose first that

A>C.
By Prop. V.8,
A:B>C:B
3. Since
A:B=D:FE,
replace A: B by D : E:
D:E>C:B
4. From
B:C=FE:F,

invert by the corollary to Prop. V.7:

C:B=F:E.
Thus
D:E>F:FE.
5. By Prop. V.10,
D > F.

6. The same reasoning gives
A=C= D=F,
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Book V

and
A<C= D<F.

7. Therefore
> >
AzC < D=z F.

Therefore. Parallel proportional chains preserve the comparison of
their extremes.
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BUILD TWO PARALLEL CHAINS.

‘Take three magnitudes 4, B, C

SUPPOSE THE FIRST EXCEEDS TRANSFER A : B INTO
F THE THIRD. ‘THE SECOND CHAIN.
and another three D, E, F. o— -
Suppose A > C. |
Take B as the common

REVERSE THE SECOND
‘GIVEN PROPORTION.

Weknow A: B = D : E. BW‘I““’_“""B"C:PE";'
Replace A: B by D : E. e e
IC™ B =FF NES |
Replace C : Bby F: E.
WS D~k
i bt s et

the same proportional way.

Both ratios now have the same
llowing magnicade E.
PROPOSITION 10. ’
FomD:E > F: E, y 1
when two magnitudes have ratios
o the same magnitade E,
the one having the reaer atio

isitself greater

BOOK V
PROPOSITION 2

I there are three magnitudes and another equal number of magnitudes,

taken two by two in the same ratio,

then whatever relation holds between the first and third

of the one chain holds between the first and third of the other.
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PROPOSITION 21

If there are three magnitudes and another equal number, taken two
by two in the same ratio, but the proportion is perturbed, then the
comparison between the first and third of one set is the same as the
comparison between the first and third of the other.

Proof.
1. Take the perturbed arrangement
A:B=FE:F, B:C=D:FE.

2. Suppose first that

A>C.
By Prop. V.8,
A:B>C:B
3. Since
A:B=FE:F,
replace A: Bby E : F:
E:F>C:B
4. From
B:C=D:E,
invert:
C:B=F:D
Thus
E:F>FE:D
5. By Prop. V.10,
F < D,
SO
D> F.
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6. Similarly,
A=C= D=F,

and
A<C=— D<F.

7. Therefore
> >
A = C < D Z k.

Therefore. Even in a perturbed proportion, the comparison of the
extremes is preserved.
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BUILD THE PERTURBED CHAINS.

“Take three magnitudes A, B, C
and another three D, E, F,
with the ratios crossed:

B =E:F

SUPPOSE THE FIRST EXCEEDS
THE THIRD.
Suppose 4 > C.

“Take B as the common comparion.
By Proposition 8,

B

TRANSFER USING THE FIRST
GIVEN RATIO.

BN Weknow B:C = D:E
ﬁ By the inverse ratio (Prop. 7),
C:B=E:D.

f lace C: B by E: D,
B:C = D:E A:B > C:B | Replace 7 B:D

’E:F>E:DJ

From E:F > E:D,
when two ratios have the same
first magnitude, the greater ratio
is the one with the smaller
second magnitude (Prop. 10).

Summary:
A>C=D>F
A=C=D=F

A<C=D<F

Thus A > C = D > F.

Modern notation:

u:p::s;;} s

- il If there are three magnitudes and another equal number of magnitudes, p———
; BOOK V - PROPOSITION taken two by two in the same ratio, but their proportion is perturbed, may be crossed,

“Perturbed Proportions." but truth keeps the order.”

— Aristole

then whatever relation holds between the first and third of the first set
also holds between the first and third of the second set.

[Be7 % Wi
a?y 5?8
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PROPOSITION 22

If any number of magnitudes and another equal number of
magnitudes are in the same ratio taken two by two, then they are
also in the same ratio via equality.

Proof.
1. Begin with
A:B=D:FE, B:C=F:F

We seek to prove
A:C=D:F.

2. Take arbitrary equal multiples of the first terms:
G =mA, H=mD.

3. Take arbitrary equal multiples of the middle terms:
K =nB, L=nkE.

By Prop. V.4,
G:K=H:L.

4. Take arbitrary equal multiples of the last terms:
M = pC, N = pF.
Again by Prop. V.4,
K:M=L:N.
5. Apply Prop. V.20 to the triples G, K, M and H,L, N:
GZM < HZN.

6. Since
G=mA, M=pC, H=mD, N =pF,
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for arbitrary m, p,
mAzpC’ = szpF.
7. By Definition V.5,
A:C=D:F

Therefore. The middle terms may be removed via equality:

A:B=D:FE, B:C=F:F=A:C=D:F
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BUILD TWO PARALLEL EQUAL MULTIPLES
PROPORTIONAL CHAINS.

TAKE EQUAL MULTIPLE!
OF THE FIRST TERMS,

TAKE EQUAL MULTIP]
OF THE MIDDLE TERMS. OF THE LAST TERMS.
‘Take three magnicudes 4, B, C % Take any positive integer 7. " Takeany positive integer 1.
_— " A

) and anoduerchee D, £, Fsuch e G- Jih= i)
A:B=D:E s

B:C=E:E

Take any posicive ineger p.
M = pC

Each step in the first chain has
the same ratio as the matiching
step in the second chain.

G and H are equal multiples of

‘The first comparison is transferred
the first terms.

Now we have two proportional
t0 the second chain.

chains of muliples.
APPLY PROPOSITION 20

ATE BACK RIG MAGN! S CONCLUDE THE PROPORTIONAL CHAIN RULE,
'O THE MULTIPLES. 4

From G:K=H:LandK:M=L:N, G=mA, H=mD for arbitrary m, p:
by Proposition 20: M=pC, N=pF

Thus, whenever
:E and B:
7 ———————
FG>M then H>N

|¥G=M ten H=N
fG<M then H<N
s

[ m4 2 pC  exclywhen mD Z pF

By Definition 5 (equality of ratios):
AKEI=)5)7 |

e cpeisom o che hcanIzec el
in che firt chain matches the comparison
in the second chain.

BOOK V - PROPOSITION I there are any number of magnitudes and another

= ‘When proportional
e Y equal number of magnitudes, and they are in the same. g hains advance by ch
i ratio taken two by two, then they will also be in the il s > k- :"y“""""“ o
E B T same ratio via equality. middle steps and
THE CHAIN RULF e ‘
directly.
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PROPOSITION 23

If there are three magnitudes and another equal number, taken two
by two in the same ratio, but their proportion is perturbed, then they
are also in the same ratio via equality.

Proof.
1. Begin with
A:B=FE:F, B:C=D:FE.

We seek to prove
A:C=D:F.

2. Take equal multiples of A, B, D:

G =mA, H =mB, K =mD.
3. Take equal multiples of C, E, F':

L =nC, M =nkFE, N =nkF.

4. From

and Prop. V.15,

A:B=G:H, E:F=M:N.

By Prop. V.11,
G:H=M:N.
5. From
B:C=D:E,
Prop. V.16 gives
B:D=C:E.

Using Prop. V.15,
B:D=H:K, C:E=L:M.
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Hence
H:K=L:M,

and alternando,
H:L=K:M.

6. The triples G, H, L and K, M, N now form the perturbed arrange-
ment of Prop. V.21. Therefore

> >
G2L<:>KZN.

7. Since
G=mA, L=nC, K=mD, N=nF,

Definition V.5 gives
A:C=D:F.

Therefore. Ex aequali remains valid in perturbed proportion:

A:B=FE:F, B:C=D:E=A:C=D:F
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TAKE EQUAL MULTIPLES OF 4, B, D.

“Take any positve integer m.

“The chains are crossed (perturbed).
yA
5
B:C=D:F, by Prop. 16,
D=C:E
By Prop. 15:
B:D=H:K
and

C:E=L:M

BOOK V — PROP(

If there are three magnitu

o for any posicive integers m, n: of magnitud
mA Z nC & mD Z nF.

By Definiion 5 (equality of atos):

then th re also in the

Thus the extremes are i the same ratio
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3| TAKE EQUAL MULTIPLES OF C, E, F.

ke any positive integer n.
Form equal muldples:

e have two triples

and K, M, N

SITION

equali for Perturbed Proportion”

taken two by two in the
but with the proportion perturbed,

me ratio via
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PROPOSITION 24

If a first magnitude has to a second the same ratio that a third has to
a fourth, and a fifth also has to the second the same ratio that a sizth
has to the fourth, then the sum of the first and fifth has to the second
the same ratio that the sum of the third and sixth has to the fourth.

Proof.
1. Assume
A:B=C:D
and
EF:B=F:D.

We seek to prove
(A+E):B=(C+F):D.

2. Invert the second proportion:

B:E=D:F.
3. Combine
A:B=C:D
with
B:E=D:F.
By Prop. V.22,
A:E=C:F

4. Apply Prop. V.18, composition:
(A+E):E=(C+F):F

5. Recall
EF:B=F:D.

6. Apply Prop. V.22 again:
(A+E):B=(C+F):D.
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7. Thus
A:B=C:D, E:B=F:D

implies
(A+E):B=(C+F):D.

Therefore. Corresponding proportional magnitudes may be added
while preserving the common ratio.
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START WITH TWO PROPORTIONS. ( INVERT THE SECOND PROPORTION. [ CHAIN THE RATIOS ¢ COMPOSE THOSE RATIOS.
P VIA EQUALITY.
Let six magnitudes be given: From E:B = F: D, From A:E=C:F,
A:B D i by the inverse ratio (Prop. 7): " Wehave A: B = C:D by Composition (Prop. 18):
E:B=F:D 1 ¥ B:E=D:F
Aand E are both compared.
with B; C and F with D.

(A+E):E=(C+F):F|

We aim to prove: (4 + E) : : Wenowhave: B:E = D:F

REINTRODUCE THE ORIGINAL APPLY EX AEQUALI AG.
COMPARISON - —
From (A +E):E =(C+F): F
ad E:B =F:D, | fA:B=C:DandE:B=F:D,
by Proposition 22 (ex aequali): then

[(A+E):B=(C+F):D [CA TE): B = (C+F):D]

BOOK V If a first magnitude has to a second .
PROPOSITIO the same ratio that a third has to a fourth, ﬁ 3 “When we add
and a fifth also has to the second corresponding parts
the same ratio that a sixth has to the fourth, o of proportional
then the sum of the firstand fifth hasto | F magnitudes, the
the second the same ratio that the sum of the -8 ratio s preserved.”
thid and sixth has to the fourch. — Aris

tion of Propc
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PROPOSITION 25

If four magnitudes are proportional, then the sum of the greatest and
the least is greater than the sum of the remaining two magnitudes.

Proof.

1. Let
AB:CD=F:F,

with AB the greatest and F' the least. We seek to prove
AB+F >CD+ L.
2. On AB, mark AG equal to E:
AG=F.
On CD, mark CH equal to F:
CH=F.

Hence
AB:CD = AG : CH.

3. Remove the proportional parts. The remainders are GB and HD.
By Prop. V.19,
GB:HD = AB:CD.

4. Since
AB > CD,
Prop. V.14 gives
GB > HD.
5. Because
AG =F, CH = F,
we have

AG+F=CH+E.
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6. Add these equal quantities to the unequal remainders:
GB+ (AG+F)>HD+ (CH + E).

Since
GB + AG = AB, HD+ CH =0CD,

we obtain
AB+F >CD+ E.

7. Therefore, for proportional magnitudes
A:B=C:D
with A greatest and D least,

A+D>B+C.

Therefore. Among four proportional magnitudes, the greatest plus
the least exceeds the sum of the remaining two.
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START WITH FOUR COPY THE THIRD AND FOURTH REMOVE THOSE PROPORTIONAL PARTS USE THAT AB IS THE GREATEST.
MAGNITUDES INSIDE THE FIRST TWO. (PROPOSITION 19).

- On AB mark AG equal to E.
AB:CD =E:F. On CD mark CH cqual to F. Remove CFH from CD leaving HD.

S 2 But GB: HD = AB : CD.

Let AB be the greatest - . S By Proposition 14 (same order):

and F the least
I

i ——

v GB > HD.
D

L

Since AB is the greatest,
Remove AG from AB leaving GB.

AB > CD.

| ——

- F

CH=F

W wan to prove:

Since E = AG and F = CH,
[AB+ F > CD +E.

we have AB : CD = AG : CH.

By Proposition 19: -
k. georaton So the remainder GB is greater
| GB:HD = AB : CD | than the remainder HD.

5 BUILDTWO EQUALPACK ADD EQUALS TO THE UNEQUAL REMAINDERS, 77 STATE THE GENERAL RULE
J—— 1 - “Therefore, if four magnitudes are proportional
Since AG = E and CH = I, felaow GB > HD. i and A i the greatest and D the least, in

Add the cqual smount A:B=C:D,then

(AG + F) to GB. = -

AG

F
—_— =

[A+D>B+C.]

Adding equal
Add the equal amount i

[GB+(AG+F) > HD +(CH + F)
desto -
(CH + E) to HD.

A (greses)
)
des| But GB + AG = AB and HD + CH = CD, 9 TR
jcudes| But GB + AG = AB an -co. i
5, D (leas)
preserves the ey
incqualiy:

f | T
. |AB+F>CD+E. | e A
| remaining ovo magnitudes.
e . - i : -5
BOOK'V If four magnitudes are proportional, . .
7 PROPOSITION 25 \ E

= C: D and A is greatest, D is least,

“The extremes prevail
then the sum of the greatest and the least

-
“Inequality in Four B i e s ot erasiaie A7) > B C they outweigh the middle pair”
ortional Mag ) S - — Atistotle

. eSO

add the greatest to the least,
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CONCLUSION

Book V establishes a general theory of ratio and proportion applica-
ble to magnitudes whether commensurable or incommensurable. Its
central principle is Definition V.5: equality of ratios is tested by the
behavior of arbitrary equal multiples. From this foundation Euclid
develops the arithmetic of multiples, equality and inequality of ratios,
alternation, separation, composition, proportional remainders, ordi-
nary and perturbed chains, and finally the rules of ex aequali and

proportional addition.

Part and multiple — ratio — proportion — ex aequali
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