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DEFINITIONS

Definition 1 — Part

A magnitude is a part of another magnitude, the lesser of the greater,
when it measures the greater. Thus, if A measures B, then for some
positive integer n,

B = nA.

Definition 2 — Multiple

The greater magnitude is a multiple of the lesser when it is measured
by the lesser. Thus, if

B = nA,

then A is a part of B, while B is a multiple of A.
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Definition 3 — Ratio

A ratio is a certain relation with respect to size between two magni-
tudes of the same kind. The ratio A : B expresses their comparative
size without requiring the ratio itself to be treated as a rational num-
ber.

Definition 4 — Magnitudes Capable of Having a Ratio

Magnitudes have a ratio to one another when, being multiplied, each
is capable of exceeding the other. Thus there exist positive integers
m, n such that

mA > B, nB > A.
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Definition 5 — Equality of Ratios

Magnitudes are in the same ratio, the first to the second and the third
to the fourth, when arbitrary equal multiples of the first and third
and arbitrary equal multiples of the second and fourth preserve the
same comparison. Thus

A : B = C : D

means that for every positive m, n,

mA > nB ⇐⇒ mC > nD,

mA = nB ⇐⇒ mC = nD,

and
mA < nB ⇐⇒ mC < nD.

This is the central Eudoxian definition and applies even when the
magnitudes are incommensurable.
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Definition 6 — Proportional Magnitudes

Magnitudes having the same ratio are called proportional. Thus if

A : B = C : D,

then A, B, C, D are proportional.

4



Book V

Definition 7 — Greater Ratio

The first magnitude has a greater ratio to the second than the third
has to the fourth when suitable equal multiples can be found such
that

mA > nB, mC ≤ nD.

Then
A : B > C : D.

Definition 8 — Three-Term Proportion

A proportion in three terms is the smallest possible continued propor-
tion:

A : B = B : C.
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Definition 9 — Squared Ratio

When
A : B = B : C,

the ratio A : C is called the squared ratio of A : B.

Definition 10 — Cubed Ratio and Successive Powers

When
A : B = B : C = C : D,

the ratio A : D is called the cubed ratio of A : B. The same manner
of speech extends to longer continuous proportions.
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Definition 11 — Corresponding Magnitudes

In
A : B = C : D,

the leading magnitudes A, C correspond, and the following magni-
tudes B, D correspond.

Definition 12 — Alternate Ratio

An alternate ratio takes leading to leading and following to following.
Thus from

A : B = C : D

the alternate arrangement is

A : C = B : D.
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Definition 13 — Inverse Ratio

The inverse of A : B is
B : A.

Definition 14 — Composition of a Ratio

Composition takes the leading and following magnitudes together, as
one, to the following magnitude:

(A + B) : B.

Definition 15 — Separation of a Ratio

Separation takes the excess of the leading over the following to the
following:

(A − B) : B.
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Definition 16 — Conversion of a Ratio

Conversion takes the leading magnitude to the excess by which it
exceeds the following:

A : (A − B).

Definition 17 — Ratio via Equality — Ex Aequali

When several magnitudes and another equal number are in the same
ratio taken two by two, ratio via equality compares the first with the
last in each set. Thus

A : B = D : E, B : C = E : F

leads via equality to
A : C = D : F.
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Definition 18 — Perturbed Proportion

A perturbed proportion occurs when the proportional links of two
triples are crossed:

A : B = E : F, B : C = D : E.
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PROPOSITION 1

If any number of magnitudes are respectively equal multiples of an
equal number of other magnitudes, then as many times as one of the
former contains one of the latter, so many times will all the former

together contain all the latter together.

Proof.

1. Choose two smaller magnitudes E and F .

2. Construct larger magnitudes AB and CD so that

AB = mE, CD = mF.

3. Divide AB into m equal pieces, each equal to E. For example, if
m = 3,

AB = AG + GH + HB, AG = GH = HB = E.

4. Divide CD into the same number m of equal pieces, each equal
to F :

CD = CK + KL + LD, CK = KL = LD = F.

5. Pair corresponding pieces:

AG ↔ CK, GH ↔ KL, HB ↔ LD.

Each pair contains one copy of E and one copy of F .

6. Each paired block equals E + F . Since there are m such blocks,
AB + CD contains m copies of E + F .

7. Hence
AB + CD = m(E + F ).

Since AB = mE and CD = mF ,

mE + mF = m(E + F ).
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Therefore. If several magnitudes are corresponding equal multiples
of several others, their totals are in that same multiple relation.
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PROPOSITION 2

If a first and third magnitude are equal multiples of a second and
fourth respectively, and a fifth and sixth are also equal multiples of

the second and fourth respectively, then the sums of the first and fifth
and of the third and sixth are equal multiples of the second and

fourth respectively.

Proof.

1. Choose the two basic magnitudes C and F . For illustration let

C = 2, F = 3.

2. Build the first pair with the same number of copies. Take m = 2:

AB = 2C, DE = 2F.

3. Build a second pair with another matching number of copies. Take
n = 3:

BG = 3C, EH = 3F.

4. Join the first and second pieces:

AG = AB + BG, DH = DE + EH.

5. Count the copies in each whole:

AG = 5C, DH = 5F.

6. Thus
AG = C + C + C + C + C,

and
DH = F + F + F + F + F.

The number of copies is the same.

7. In general,

AB = mC, DE = mF, BG = nC, EH = nF
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gives
AG = (m + n)C, DH = (m + n)F.

Therefore. The sums are equal multiples of the second and fourth
magnitudes:

mα + nα = (m + n)α.
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PROPOSITION 3

If a first and third magnitude are equal multiples of a second and
fourth respectively, and equal multiples are taken of the first and

third, then the magnitudes taken are equal multiples of the second
and fourth respectively.

Proof.

1. Choose two basic magnitudes B and D.

2. Let
A = mB, C = mD.

For a visible example take m = 2.

3. Take equal multiples:

EF = nA, GH = nC.

For illustration take n = 3.

4. Open each large block into smaller pieces:

EF = (B + B) + (B + B) + (B + B),

GH = (D + D) + (D + D) + (D + D).

5. Count the original basic magnitudes:

EF = nmB, GH = nmD.

6. The number of copies is a product because each of the n groups
contains m basic magnitudes:

n(mB) = (nm)B.

7. Thus, in general,

A = mB, C = mD, EF = nA, GH = nC
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implies
EF = nmB, GH = nmD.

Therefore. Equal multiples of equal multiples are equal multiples of
the original magnitudes:

m(nα) = (mn)α.
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PROPOSITION 4

If a first magnitude has the same ratio to a second that a third has
to a fourth, then equal multiples of the first and third have the same

ratio to equal multiples of the second and fourth, taken in
corresponding order.

Proof.

1. Begin with
A : B = C : D.

2. Take equal multiples of the leading magnitudes:

E = mA, F = mC.

3. Take equal multiples of the following magnitudes:

G = nB, H = nD.

4. Compare the first new pair:

E ⋛ G.

5. Since A : B = C : D, Definition V.5 requires the corresponding
comparison

F ⋛ H

to agree exactly.

6. This agreement holds for every positive m, n, so the new ratios
satisfy Definition V.5.

7. Therefore
E : G = F : H,

that is,
mA : nB = mC : nD.

Therefore. Equal multiples of corresponding terms of equal ratios
remain in equal ratios.
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PROPOSITION 5

If a magnitude is the same multiple of another magnitude as a part
taken away is of a corresponding part taken away, then the

remainder is the same multiple of the remainder as the whole is of
the whole.

Proof.

1. Choose whole magnitudes with

AB = mCD.

For illustration take m = 3.

2. Mark parts to be removed so that

AE = mCF.

3. Remove the corresponding parts:

EB = AB − AE, FD = CD − CF.

4. Compare what remains. Since both the wholes and removed parts
use the same multiplier, the remainders must use that multiplier
too.

5. Structurally,

EB = AB − AE = mCD − mCF = m(CD − CF ) = mFD.

6. As repeated groups,

AB = CD + · · · + CD︸ ︷︷ ︸
m copies

,

and
AE = CF + · · · + CF︸ ︷︷ ︸

m copies

.

Removing one CF -part from each CD-copy leaves m copies of
FD.
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7. Hence
AB = mCD, AE = mCF

implies
EB = mFD.

Therefore.
mα − mβ = m(α − β).

23



24



Book V

PROPOSITION 6

If two magnitudes are equal multiples of two other magnitudes, and
parts taken away are equal multiples of those same magnitudes, then

the remainders are either equal to those magnitudes or equal
multiples of them.

Proof.

1. Choose the basic magnitudes E and F .

2. Build equal multiples:

AB = mE, CD = mF.

For illustration take m = 4.

3. Mark parts to remove:

AG = nE, CH = nF.

For illustration take n = 2.

4. Remove them:

GB = AB − AG, HD = CD − CH.

5. Count the remaining copies:

GB = (m − n)E, HD = (m − n)F.

6. If m − n = 1, then

GB = E, HD = F.

Thus Euclid’s special case, where the remainders are equal to the
basic magnitudes themselves, is included.

7. Therefore

AB = mE, CD = mF, AG = nE, CH = nF
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gives
GB = (m − n)E, HD = (m − n)F.

Therefore. The remainders are either equal to the bases or equal
multiples of them:

mα − nα = (m − n)α.
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PROPOSITION 7

Equal magnitudes have the same ratio to the same magnitude, and
the same magnitude has the same ratio to equal magnitudes.

Proof.

1. Choose equal magnitudes

A = B

and another magnitude C.

2. Take equal multiples

D = mA, E = mB.

Because A = B, we have D = E.

3. Take any multiple
F = nC.

4. Since D = E, whatever comparison D has with F , E has the
same:

D ⋛ F ⇐⇒ E ⋛ F.

By Definition V.5,
A : C = B : C.

5. Reverse the viewpoint while retaining

D = mA, E = mB, F = nC.

6. Again D = E, so
F ⋛ D ⇐⇒ F ⋛ E.

Hence
C : A = C : B.

7. Therefore
A = B =⇒ A : C = B : C
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and
C : A = C : B.

As a corollary, proportional magnitudes are also proportional in-
versely:

A : B = C : D =⇒ B : A = D : C.

Therefore. Equal magnitudes are indistinguishable in ratio when
compared with the same magnitude, in either position.
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PROPOSITION 8

For unequal magnitudes, the greater has a greater ratio than the
lesser to the same magnitude; and the same magnitude has a greater

ratio to the lesser than to the greater.

Proof.

1. Choose unequal magnitudes

A > B

and another magnitude C.

2. Separate the excess:
A = B + E.

3. By Definition V.4, choose m so that

mE > C.

4. Take the same multiple of A and B:

mA = mB + mE.

5. Choose a multiple nC such that

mA > nC, mB ≤ nC.

By Definition V.7,
A : C > B : C.

6. Reverse the comparison. The same separator gives

nC > mB, nC ̸> mA.

Hence
C : B > C : A.

7. Therefore
A > B =⇒ A : C > B : C
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and
C : B > C : A.

Therefore. With the comparison magnitude fixed, the greater magni-
tude gives the greater ratio; with the first magnitude fixed, the lesser
following magnitude gives the greater ratio.
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PROPOSITION 9

Magnitudes having the same ratio to the same magnitude are equal
to one another; and magnitudes to which the same magnitude has

the same ratio are equal.

Proof.

1. Assume
A : C = B : C.

2. Suppose, for contradiction, that

A ̸= B.

If necessary interchange them, and suppose A > B.

3. By Prop. V.8,
A : C > B : C.

4. This contradicts
A : C = B : C.

Thus A > B is impossible; similarly B > A is impossible, so

A = B.

5. Now assume
C : A = C : B.

6. If A > B, then Prop. V.8 gives

C : B > C : A,

contradicting the assumed equality. Likewise B > A is impossible.

7. Hence
A = B.

Thus
A : C = B : C =⇒ A = B,
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and
C : A = C : B =⇒ A = B.

Therefore. Equal ratios to or from the same magnitude force equality
of the compared magnitudes.
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PROPOSITION 10

Of magnitudes having a ratio to the same magnitude, the one having
the greater ratio is greater; and the magnitude to which the same

magnitude has the greater ratio is the lesser.

Proof.

1. Assume
A : C > B : C.

2. If A were not greater than B, then either

A = B

or
A < B.

3. Equality is impossible, because Prop. V.7 would give

A : C = B : C.

4. Inferiority is impossible, because Prop. V.8 would give

A : C < B : C.

5. Therefore
A > B.

6. For the second half assume

C : B > C : A.

If B = A, Prop. V.7 gives equality of ratios. If B > A, Prop. V.8
gives

C : B < C : A.

Both contradict the assumption. Hence

B < A.
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7. Thus
A : C > B : C =⇒ A > B,

and
C : B > C : A =⇒ B < A.

Therefore. A greater ratio to the same magnitude reveals the greater
leading magnitude; with the leading magnitude fixed, a greater ratio
reveals the smaller following magnitude.
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PROPOSITION 11

Ratios which are the same as the same ratio are also the same as
one another.

Proof.

1. Assume
A : B = C : D

and
C : D = E : F.

2. Take equal multiples of the leading magnitudes:

G = mA, H = mC, K = mE.

3. Take equal multiples of the following magnitudes:

L = nB, M = nD, N = nF.

4. Since
A : B = C : D,

Definition V.5 gives

G ⋛ L ⇐⇒ H ⋛ M.

5. Since
C : D = E : F,

Definition V.5 gives

H ⋛ M ⇐⇒ K ⋛ N.

6. Therefore
G ⋛ L ⇐⇒ K ⋛ N.

7. Since m, n were arbitrary, Definition V.5 gives

A : B = E : F.
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Therefore. Ratios equal to the same ratio are equal to one another.
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PROPOSITION 12

If any number of magnitudes are proportional, then as one of the
leading magnitudes is to one of the following magnitudes, so all the

leading magnitudes together are to all the following magnitudes
together.

Proof.

1. Begin with
A : B = C : D = E : F.

2. Form
G = A + C + E, H = B + D + F.

3. Take an arbitrary positive integer m. By Prop. V.1,

mG = mA + mC + mE.

4. Take another arbitrary positive integer n. Again by Prop. V.1,

nH = nB + nD + nF.

5. Since all original ratios are equal, Definition V.5 gives the same
comparison in every pair:

mA ⋛ nB, mC ⋛ nD, mE ⋛ nF.

6. Adding the corresponding comparisons yields

mG ⋛ nH.

Thus the comparison of mG, nH agrees with that of mA, nB.

7. By Definition V.5,

A : B = G : H = (A + C + E) : (B + D + F ).

Therefore. The sum of all leading magnitudes has to the sum of all
following magnitudes the same ratio as each corresponding pair.
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PROPOSITION 13

If a first magnitude has the same ratio to a second that a third has
to a fourth, and the third has a greater ratio to the fourth than a
fifth has to a sixth, then the first has a greater ratio to the second

than the fifth has to the sixth.

Proof.

1. Assume
A : B = C : D

and
C : D > E : F.

2. By Definition V.7 choose positive integers m, n such that

mC > nD, mE ≤ nF.

3. Take the corresponding multiples

mA, nB.

4. Since
A : B = C : D,

Definition V.5 transfers the strict comparison:

mC > nD =⇒ mA > nB.

5. We now have
mA > nB

while
mE ≤ nF.

6. By Definition V.7,
A : B > E : F.

7. Hence

A : B = C : D, C : D > E : F =⇒ A : B > E : F.
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Therefore. Equality of ratio transfers a strict ratio inequality.
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PROPOSITION 14

If a first magnitude has the same ratio to a second that a third has
to a fourth, then the first and third have the same ordering as the

second and fourth.

Proof.

1. Assume
A : B = C : D.

2. Take the first case:
A > C.

3. By Prop. V.8,
A : B > C : B.

4. Since
A : B = C : D,

replace A : B by C : D:

C : D > C : B.

5. By Prop. V.10,
D < B,

so
B > D.

6. Similarly,
A = C =⇒ B = D,

and
A < C =⇒ B < D.

7. Therefore
A ⋛ C ⇐⇒ B ⋛ D.

Therefore. Equal ratios preserve the ordering of corresponding mag-
nitudes.
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PROPOSITION 15

Parts have the same ratio as similar multiples, taken in
corresponding order.

Proof.

1. Choose two basic magnitudes C and F .

2. Build equal multiples:

AB = mC, DE = mF.

3. Divide the first into m equal parts each equal to C, and the second
into m equal parts each equal to F . For example,

AG = GH = HB = C,

DK = KL = LE = F.

4. By Prop. V.7,

AG : DK = GH : KL = HB : LE.

5. By Prop. V.12,

AG : DK = (AG + GH + HB) : (DK + KL + LE).

6. Since

AG = C, DK = F, AG+GH+HB = AB, DK+KL+LE = DE,

we obtain
C : F = AB : DE.

7. Hence
C : F = mC : mF.

Therefore. Similar multiples preserve ratio:

α : β = mα : mβ.
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PROPOSITION 16

If four magnitudes are proportional, then they will also be
proportional alternately.

Proof.

1. Assume
A : B = C : D.

We seek to prove
A : C = B : D.

2. Take equal multiples of A and B:

E = mA, F = mB.

By Prop. V.15,
A : B = E : F.

3. Since
A : B = C : D,

Prop. V.11 gives
C : D = E : F.

4. Take equal multiples of C and D:

G = nC, H = nD.

By Prop. V.15,
C : D = G : H.

Hence, by Prop. V.11,

E : F = G : H.

5. By Prop. V.14,
E ⋛ G ⇐⇒ F ⋛ H.

6. Since
E = mA, G = nC, F = mB, H = nD,
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for arbitrary m, n,

mA ⋛ nC ⇐⇒ mB ⋛ nD.

7. By Definition V.5,
A : C = B : D.

Therefore. If four magnitudes are proportional, they are propor-
tional alternately:

A : B = C : D =⇒ A : C = B : D.
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PROPOSITION 17

If composed magnitudes are proportional, then they will also be
proportional when separated.

Proof.

1. Assume
AB : BE = CD : DF,

where
AB = AE + EB, CD = CF + FD.

We seek to prove

AE : EB = CF : FD.

2. Take equal multiples

GH = mAE, HK = mEB, LM = mCF, MN = mFD,

and other arbitrary equal multiples

KO = nEB, NP = nFD.

3. Rebuild equal multiples of the wholes:

GK = GH + HK = mAB,

LN = LM + MN = mCD.

4. Build corresponding equal multiples of the following parts:

HO = HK + KO, MP = MN + NP.

5. Since
AB : BE = CD : DF,

Definition V.5 gives

GK ⋛ HO ⇐⇒ LN ⋛ MP.
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6. Subtract the common parts HK and MN :

GH ⋛ KO ⇐⇒ LM ⋛ NP.

7. Since

GH = mAE, KO = nEB, LM = mCF, NP = nFD,

Definition V.5 yields

AE : EB = CF : FD.

Therefore. If composed magnitudes are proportional, the separated
magnitudes are proportional:

(α + β) : β = (γ + δ) : δ =⇒ α : β = γ : δ.
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PROPOSITION 18

If separated magnitudes are proportional, then they will also be
proportional when composed.

Proof.

1. Assume
AE : EB = CF : FD,

where
AB = AE + EB, CD = CF + FD.

We seek to prove

AB : BE = CD : DF.

2. Suppose, for contradiction, that

AB : BE ̸= CD : DF.

Then CD would have to stand to some magnitude DG, smaller
or greater than DF , in the same ratio as AB stands to BE. Take
first

DG < DF

and suppose
AB : BE = CD : DG.

3. By Prop. V.17, separating this hypothetical proportion gives

AE : EB = CG : GD.

4. But the original assumption gives

AE : EB = CF : FD.

Therefore, by Prop. V.11,

CG : GD = CF : FD.
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5. Since
DG < DF,

the complementary magnitude satisfies

CG > CF.

By Prop. V.14, the equality

CG : GD = CF : FD

would force
GD > FD,

contradicting GD < FD.

6. The same reasoning rules out the alternative in which the hypo-
thetical fourth magnitude is greater than DF .

7. Therefore the only possible fourth magnitude is DF , and

AB : BE = CD : DF.

Therefore. If separated magnitudes are proportional, they remain
proportional when composed:

α : β = γ : δ =⇒ (α + β) : β = (γ + δ) : δ.
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PROPOSITION 19

If as the whole is to the whole, so the part taken away is to the part
taken away, then the remainder is to the remainder as the whole is

to the whole.

Proof.

1. Assume
AB : CD = AE : CF,

with
AB = AE + EB, CD = CF + FD.

2. By Prop. V.16, alternando,

AB : AE = CD : CF.

3. Since these are composed magnitudes, Prop. V.17 gives

EB : AE = FD : CF.

4. Alternating again,

EB : FD = AE : CF.

5. Recall the original proportion:

AE : CF = AB : CD.

6. By Prop. V.11,
EB : FD = AB : CD.

Thus
AB : CD = AE : CF = EB : FD.

7. Hence the remainder to the remainder is as the whole to the whole.

Therefore.

AB : CD = AE : CF =⇒ EB : FD = AB : CD.
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PROPOSITION 20

If there are three magnitudes and another equal number, taken two
by two in the same ratio, then the comparison between the first and
third of one set is the same as the comparison between the first and

third of the other.

Proof.

1. Take the parallel chains

A : B = D : E, B : C = E : F.

2. Suppose first that
A > C.

By Prop. V.8,
A : B > C : B.

3. Since
A : B = D : E,

replace A : B by D : E:

D : E > C : B.

4. From
B : C = E : F,

invert by the corollary to Prop. V.7:

C : B = F : E.

Thus
D : E > F : E.

5. By Prop. V.10,
D > F.

6. The same reasoning gives

A = C =⇒ D = F,
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and
A < C =⇒ D < F.

7. Therefore
A ⋛ C ⇐⇒ D ⋛ F.

Therefore. Parallel proportional chains preserve the comparison of
their extremes.
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PROPOSITION 21

If there are three magnitudes and another equal number, taken two
by two in the same ratio, but the proportion is perturbed, then the

comparison between the first and third of one set is the same as the
comparison between the first and third of the other.

Proof.

1. Take the perturbed arrangement

A : B = E : F, B : C = D : E.

2. Suppose first that
A > C.

By Prop. V.8,
A : B > C : B.

3. Since
A : B = E : F,

replace A : B by E : F :

E : F > C : B.

4. From
B : C = D : E,

invert:
C : B = E : D.

Thus
E : F > E : D.

5. By Prop. V.10,
F < D,

so
D > F.
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6. Similarly,
A = C =⇒ D = F,

and
A < C =⇒ D < F.

7. Therefore
A ⋛ C ⇐⇒ D ⋛ F.

Therefore. Even in a perturbed proportion, the comparison of the
extremes is preserved.
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PROPOSITION 22

If any number of magnitudes and another equal number of
magnitudes are in the same ratio taken two by two, then they are

also in the same ratio via equality.

Proof.

1. Begin with

A : B = D : E, B : C = E : F.

We seek to prove
A : C = D : F.

2. Take arbitrary equal multiples of the first terms:

G = mA, H = mD.

3. Take arbitrary equal multiples of the middle terms:

K = nB, L = nE.

By Prop. V.4,
G : K = H : L.

4. Take arbitrary equal multiples of the last terms:

M = pC, N = pF.

Again by Prop. V.4,

K : M = L : N.

5. Apply Prop. V.20 to the triples G, K, M and H, L, N :

G ⋛ M ⇐⇒ H ⋛ N.

6. Since
G = mA, M = pC, H = mD, N = pF,
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for arbitrary m, p,

mA ⋛ pC ⇐⇒ mD ⋛ pF.

7. By Definition V.5,
A : C = D : F.

Therefore. The middle terms may be removed via equality:

A : B = D : E, B : C = E : F =⇒ A : C = D : F.
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PROPOSITION 23

If there are three magnitudes and another equal number, taken two
by two in the same ratio, but their proportion is perturbed, then they

are also in the same ratio via equality.

Proof.

1. Begin with

A : B = E : F, B : C = D : E.

We seek to prove
A : C = D : F.

2. Take equal multiples of A, B, D:

G = mA, H = mB, K = mD.

3. Take equal multiples of C, E, F :

L = nC, M = nE, N = nF.

4. From
A : B = E : F,

and Prop. V.15,

A : B = G : H, E : F = M : N.

By Prop. V.11,
G : H = M : N.

5. From
B : C = D : E,

Prop. V.16 gives
B : D = C : E.

Using Prop. V.15,

B : D = H : K, C : E = L : M.
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Hence
H : K = L : M,

and alternando,
H : L = K : M.

6. The triples G, H, L and K, M, N now form the perturbed arrange-
ment of Prop. V.21. Therefore

G ⋛ L ⇐⇒ K ⋛ N.

7. Since
G = mA, L = nC, K = mD, N = nF,

Definition V.5 gives
A : C = D : F.

Therefore. Ex aequali remains valid in perturbed proportion:

A : B = E : F, B : C = D : E =⇒ A : C = D : F.
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PROPOSITION 24

If a first magnitude has to a second the same ratio that a third has to
a fourth, and a fifth also has to the second the same ratio that a sixth
has to the fourth, then the sum of the first and fifth has to the second
the same ratio that the sum of the third and sixth has to the fourth.

Proof.

1. Assume
A : B = C : D

and
E : B = F : D.

We seek to prove

(A + E) : B = (C + F ) : D.

2. Invert the second proportion:

B : E = D : F.

3. Combine
A : B = C : D

with
B : E = D : F.

By Prop. V.22,
A : E = C : F.

4. Apply Prop. V.18, composition:

(A + E) : E = (C + F ) : F.

5. Recall
E : B = F : D.

6. Apply Prop. V.22 again:

(A + E) : B = (C + F ) : D.
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7. Thus
A : B = C : D, E : B = F : D

implies
(A + E) : B = (C + F ) : D.

Therefore. Corresponding proportional magnitudes may be added
while preserving the common ratio.
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PROPOSITION 25

If four magnitudes are proportional, then the sum of the greatest and
the least is greater than the sum of the remaining two magnitudes.

Proof.

1. Let
AB : CD = E : F,

with AB the greatest and F the least. We seek to prove

AB + F > CD + E.

2. On AB, mark AG equal to E:

AG = E.

On CD, mark CH equal to F :

CH = F.

Hence
AB : CD = AG : CH.

3. Remove the proportional parts. The remainders are GB and HD.
By Prop. V.19,

GB : HD = AB : CD.

4. Since
AB > CD,

Prop. V.14 gives
GB > HD.

5. Because
AG = E, CH = F,

we have
AG + F = CH + E.
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6. Add these equal quantities to the unequal remainders:

GB + (AG + F ) > HD + (CH + E).

Since
GB + AG = AB, HD + CH = CD,

we obtain
AB + F > CD + E.

7. Therefore, for proportional magnitudes

A : B = C : D

with A greatest and D least,

A + D > B + C.

Therefore. Among four proportional magnitudes, the greatest plus
the least exceeds the sum of the remaining two.
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Conclusion

Book V establishes a general theory of ratio and proportion applica-
ble to magnitudes whether commensurable or incommensurable. Its
central principle is Definition V.5: equality of ratios is tested by the
behavior of arbitrary equal multiples. From this foundation Euclid
develops the arithmetic of multiples, equality and inequality of ratios,
alternation, separation, composition, proportional remainders, ordi-
nary and perturbed chains, and finally the rules of ex aequali and
proportional addition.

Part and multiple −→ ratio −→ proportion −→ ex aequali
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