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EucLibD — THE ELEMENTS

PROPOSITION 1

If a straight-line is cut in extreme and mean ratio, then the square on the
greater piece, added to half of the whole, is five times the square on the half.

Proof.

1.

10.

11.

12.
13.
14.
15.

Let AB be cut at C in extreme and mean ratio, with AC the
greater piece.

Extend AD in a straight line with C'4, making AD equal to half
of AB.

Construct squares AE and DF on AB and DC respectively.
Draw the figure in DF and extend F'C' to G.

Since AB is cut in extreme and mean ratio at C, rectangle ABC
equals the square on AC.

CFE isrectangle ABC, and F'H is the square on AC; hence CE =
FH.

Since BA = 2AD,and BA = KA, AD = AH; therefore KA =
2AH.

As KA: AH = CK : CH, it follows that CK = 2CH.
Since LH + HC =2CH,wehave KC = LH + HC.

CFE was shown equal to HF, so square AE equals gnomon
MNO.

Since BA = 2 AD, the square on BA is four times the square on
AD,so AE =4DH.

Since AF equals gnomon M NO, gnomon MNO = 4 AP.
Therefore the whole DF = 5 AP.
DF is the square on DC, and AP is the square on DA.

Therefore the square on C'D is five times the square on D A.

Therefore, the square on CD is five times the square on DA.
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square BA = 4-square so gnomon MNO = whole DF = 5-AP. AP is square on DA. CD =5-square on DA. |
AD, so AE = 4-DH. 4.AP
F £ R ScH, s
DF M o Square on CD. |
AE=4.DH | = N (square onDC) 5.
5.AP ooy| | [ Swaroapa
\ > : ;
[Bos o0 s DA B D T D N | T

Proposition 1. If a straight-line is cut in extreme and mean ratio, then the square on the greater piece,
added to half of the whole, is five times the square on the half.




EucLibD — THE ELEMENTS

PROPOSITION 2

If the square on a straight-line is five times the square on a piece of it, and
double the aforementioned piece is cut in extreme and mean ratio, then the

greater piece is the remaining part of the original straight-line.

Proof.

AR B

)

10.
11.

12.
13.
14.

15.

Let the square on AB be five times the square on AC.
LetCD =2AC.

Construct squares AF' and CG on AB and CD respectively.
Draw the figure in AF' and extend BE.

Since the square on BA is five times the square on AC, AF =
5AH.

Therefore gnomon MNO =4 AH.

Since DC' = 2 C'A, the square on DC' is four times the square on
CA; therefore CG =4 AH.

Hence gnomon M NO = CG.

Since DC = 2CA, and DC = CK, while AC = CH, it follows
that KC =2CH.

KB=2BH,and LH+ HB=2HB,so KB=LH + HB.

Since gnomon M N O equals the whole C'G, the remainder H F' =
BG.

BG is rectangle C DB, while H F is the square on C'B.
Therefore rectangle C'D B equals the square on C'B.

Hence
DC:CB=CB:BD,

and since DC > CB, we have CB > BD.

Thus CD is cut in extreme and mean ratio at B, with CB as the
greater piece.
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Therefore, C'D is cut in extreme and mean ratio at B, and CB is the
greater piece.



T
@ L squiconaB '@ Lecp-24c. ‘ © Consiuctsquires AF | (@) Draw the figure in AF ‘ @ Since square BA =5-square AC,
(o5 e e A | on AB and CG on CD and extend BE. AF = 5-AH.
| respectively.
| F F 7 H
Square on AB i @
S % AC | ‘ AF =
e o SE
CD=2-AC ‘ ‘
A @ R © D[ BT D R VA BLATCEEDE, 7E (0 B ED
1 |
O meciore SinceDC=2-CA, (@) Gromon MNO @ sivceDC=2.CA, nd DC=CK, KB=2-BH, and
| gnomen MNO square DC = 4-square CA, =c6 AC = CH, then KC=2-CH. LH + HB = 2-HB,
| S ©0CG=4-AH. soKB=LH+HB.
| F M R M
L
N cG= N ‘ |
E i 4.AH |
o | B ‘
A B A BRI CRTD | AR D c e ‘
@ Gromon MNO=whole CG, | () BG s recangle CDB, | (B) Recuangle CDB - @ merorenc:cB=cB:BD, | (@) ThsCDanineweme |
s0 remainder HF = BG. HF s square CB. square CB. and DC > CB, s0 CB > BD. and mean ratio at B, with
F M F G F CB as greater piece.
| | ‘Q‘ CD cut in extreme
L N HF BG | e A B ¢ B and mean ratio at B
(square CB)| (sectangleCDB) | | DC_CB (greater piece CB)
0 | CB ~ BD
S S
i c R T | T D DC>CB = CB>BD S ) >

Proposition 2. If the square on a straight-line is five times the square on a piece of it,
and double the aforementioned piece is cut in extreme and mean ratio,
then the greater piece is the remaining part of the original straight-line.
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Lemma to Proposition 2
Double AC'is greater than BC.

Proof.

1. Assume the contrary: BC = 2CA.
2. Then the square on BC' is four times the square on C'A.

3. Therefore the squares on BC' and CA together equal five times
the square on C'A.

4. But by hypothesis the square on BA is five times the square on
CA.

5. Therefore the square on BA would equal the sum of the squares
on BC and CA, which is impossible by Prop. I1.4.

6. Similarly, no straight-line less than C'B can be double AC.

Therefore, double AC is greater than BC.



Assume contrary:
BC=2.CA

‘ 9 Then square BC = 4 - square CA.

Square
on BC

=4[]

Square

on CA

0 So squares on BC + CA

= 5. square CA.
Square
Square on BC i Za5h
e H--H
A € B

But square BA =5 - square CA
by hypothesis.

Square

on BA =5‘|:|

6 Therefore square BA = squares on

Similarly, no line less than CB

BC + CA, impossible (by Prop. 2.4). can be double AC.
CA CD DB < CB
i ] P R K {
Square % Square ; }' L ; j:-
on BA Squire || OB BC i ! !
onCA ! i I
o 5 b °
A © B A © A G D B
TImpossible (by Proposition 2.4): } 1
CD<CB=2-CA

the whole is equal to the sum of
the parts.

Lemma. Shows that double AC > BC.
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PROPOSITION 3

If a straight-line is cut in extreme and mean ratio, then the square on the
lesser piece added to half of the greater piece is five times the square on half

of the greater piece.
Proof.
1. Let AB be cut at C in extreme and mean ratio, with AC the
greater piece.
2. Cut AC in half at D.
3. Construct square AE on AB and draw the figure double.
4. Since AC' = 2 DC, the square on AC is four times the square on
DC,so RS =4 FG.
5. Rectangle ABC equals the square on AC, so CE = RS.
6. Since RS = 4 F'G, therefore CE = 4 FG.
7. Since AD = DC,HK = KF.
8. The square G'F' equals the square HL, so GK = KL, and hence
MN = NE.
9. Therefore MF = FFE,and M F = CG; hence CG = F'E.
10. Add CN to both: gnomon OPQ = CE.
11. Since CE = 4 FG, gnomon OPQ = 4 FG.
12. Gnomon OPQ) together with square F'G is therefore 5 F'G.
13. But gnomon O P() together with square F'G is square DN.
14. DN is the square on DB, while GF' is the square on DC.
15. Therefore the square on DB is five times the square on DC.

Therefore, the square on DB is five times the square on DC.



R — T—— —
@ s @ Cu]tJAC in half @ comstructsquare AR @ siac-20c, Rectangle ABC = square AC,
| at D.
|

in extreme and mean on AB and draw the square AC = 4-square DC, 0CE=RS.
ratio, with AC the figure double. s0RS = 4-FG.
greater picce. | A Fet G E E
| R s
2@
CE=RS
A c Bie | A BT RS=4-FG |
A D G Bl (A DIRRC B | A DY ACHEED
e RS = 4-FG, therefore o Since AD = DC, @ Square GF = square HL, 0 Therefore MF = FE, Add CN to both:
| ¥ CE=4.FG. HK = KF. 50 GK = KL, hence and MF = CG, gnomon OPQ = CE.
‘ MN = NE. 50CG = FE.
| E R H £ G E|R H F G E R H F G E R H F G E
e b X M |o
CE=4-FG S
i Q
A D Cc B A D C B A D iC B A D B A D B
@ cz-+16% @® Gromonorq+ @) Butguomon OPQ + @ DN is square on DB, @ mhercfore square on DB
gnomon OPQ = 4-FG, square FG = 5-FG, square FG = square DN, GF i square on DC. = 5-square on DC.
RE(H- F @ E RESUHE F. G E| R T N D N D
M Square on DB
0 FRNG, S
>
Q Square on DC
A D B ‘
Tl c B ST B

Proposition 3. If a straight-line is cut in extreme and mean ratio, then the square on the lesser piece
added to half of the greater piece is five times the square on half of the greater piece.
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PROPOSITION 4

If a straight-line is cut in extreme and mean ratio, then the sum of the

squares on the whole and the lesser piece is three times the square on the

greater piece.

Proof.

1.

o % N o U

10.

11.
12.

Let AB be cut at C in extreme and mean ratio, with AC the
greater piece.

Construct square ADEB on AB and draw the figure.

Rectangle ABC' equals the square on AC, since AB is cut in ex-
treme and mean ratio.

AK is rectangle ABC, and HG is the square on AC; therefore
AK = HG.

AF = FE by Prop. 1.43. Add CK to both; hence AK = CE.
Therefore AK + CE =2 AK.

But AK + C'E equals gnomon LM N together with square CK.
Therefore gnomon LM N together with square CK equals 2 AK.

Since AK = HG, gnomon LM N together with the squares CK
and HG equals 3 HG.

Gnomon LM N together with the squares CK and HG equals

square AE together with square C'K,, that is, the squares on AB
and BC.

GH is the square on AC.

Therefore the squares on AB and BC together equal three times
the square on AC.

Therefore, the squares on AB and BC together equal three times the
square on AC'.
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0 Let AB be cut at C

in extreme and mean

Rectangle ABC =
ADEB on AB and

‘ 9 Construct square ‘ o
|

o AK is rectangle ABC,
HG is square AC,
s0 AK = HG.
D

A (g}

© hercfore gnomon LMN
+ square CK = 2 AK.

square AC (since AB
ratio, with AC draw the figure. cut in extreme ratio).
greater. D E [E5D E
|
A c B
A C B A c B
@ 2r - e Prop 143, @ sx-ce-2ax @ K- CE=gnomon
add CK to both, so e o LMN + square CK.
| AK = CE. ——
D F E D F E D, I3 E
B
HA G G M
| 1 v
A c B A AK + CE = E AK B A c B
© 2K =HG, 0 gnomon Gnomon LMN + squares CK + HG @ i errroen AC,
LMN + squares CK + HG = square A + CK = squares on
=3.HG. AB + BC.
e i3 D DatLF 3
L
5 - Feiic
- u
A (¢ B A c C
LMN+DCK+DHG:3-DHG LMN + [Ock + @HG = [DAE + Ock

— squares on AB +/BC [IHG s square on AC

D F
L
.
o
A IMN+ECK =2-4k B
@ Therefore squares on

AB + BC = 3 square
on AC.

‘-

squares on AB + BC = 3- [[JAC

Proposition 4. If a straight-line is cut in extreme and mean ratio,
then the sum of the squares on the whole and the lesser piece
is three times the square on the greater piece.
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PROPOSITION 5

If a straight-line is cut in extreme and mean ratio, and a straight-line equal
to the greater piece is added to it, then the whole straight-line has been cut
in extreme and mean ratio, and the original straight-line is the greater piece.

Proof.
1. Let AB be cut at C in extreme and mean ratio, with AC the
greater piece.
2. Make AD = AC.
3. Construct square AE on AB and draw the figure.
4. Rectangle ABC' equals the square on AC'.
5. C'E is rectangle ABC, while CH is the square on AC; therefore
CE=CH.
6. HE = CE by Prop. 1.43,and DH = HC; hence DH = HE.
7. Add H B to both: the whole DK equals the whole AE.
8. DK isrectangle BD-DA,since AD = DL, while AE is the square
on AB.
9. Therefore rectangle BD A equals the square on AB.
10. Hence
DB: BA=BA: AD.
Since DB > BA, it follows that BA > AD.
11. Thus DB is cut in extreme and mean ratio at A, with AB as the

greater piece.

Therefore, the whole DB is cut in extreme and mean ratio at A4, and
the original line AB is the greater piece.

13



@ LeaBbecutac @ Make AD - AC. @ Construct square AE ‘ @ Rectangle ABC - CE is rectangle ABC, |
in extreme ratio, on AB and draw square AC. CH is square AC, |
with AC greater. the figure. 50 CE = CH.

A 7 A A
| a
| |
A € BEL DRI e B | ‘
SogBE e [
AD = AC B R R L R e D BEEE T DAl
[

o HE = CE (Prop. 143), Add HB to both: DK is rectangle BD- DA Therefore |
DH = HC, so whole DK = (since AD = DL), rectangle BDA = ‘
DH = HE. whole AE. AE is square AB. square AB.

whole AE |
| E H E i K E H K E A |
| |
|

| =
| [

ERECI D VAR K| SR s ST K B A DA B
|

| holADRE i e e |
| @ soDB:BA=BA:AD, Thus DB cut in extreme ratio at A, |
| and DB > BA, with AB as greater piece. |
‘ therefore BA > AD. . |

D A B D A B
DB :BA = BA: AD DB cut in extreme ratio at A |
DB>BA = BA>AD (greate piece AT) [

Proposntlon 5. If astraight- lme is cut in extreme and mean ratio, and a :mzngt lzne
equal to the greater piece is added to it, then the whole straight-line has been cut
in extreme and mean ratio, and the original straight-line is the greater piece.

14
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PROPOSITION 6

If a rational straight-line is cut in extreme and mean ratio then each of the

pieces is the irrational straight-line called an apotome.

Proof.

1.

10.
11.

12.
13.

Let AB be rational, cut at C in extreme and mean ratio, with AC
the greater piece.

Extend BA and make AD equal to half of BA.

Since AB is cut in extreme and mean ratio and AD, equal to half
of AB, is added to AC, the square on CD is five times the square
on DA by Prop. XIIIL.1.

Thus the square on C'D is to the square on DA in a ratio of num-
ber to number.

Therefore the square on C'D is commensurable with the square
on DA.

The square on DA is rational, because DA is half of rational AB.
Therefore the square on C'D is rational, and so C'D is rational.

Since the ratio of the square on C'D to the square on DA is not
a square-number ratio, C'D is incommensurable in length with
DA.

Thus CD and DA are rational straight-lines commensurable in
square only.

Therefore AC is an apotome by Prop. X.73.

Since rectangle ABC' equals the square on the apotome AC, the
square on apotome AC, applied to rational AB, makes BC as
width.

Therefore C'B is a first apotome by Prop. X.97.

Hence C'A and C'B are both apotomes.

Therefore, each piece C'A and CB is an irrational straight-line called
an apotome.

15



v — -e T = oo :
@ LetABberational, cut | @) Extend BAand make | (@) Since AB cutin extreme ratio | (@) Square CD : square DA | Thece it VesclT 2
at C in extreme ratio, AD = half of BA. and AD = half of AB added is a ratio of number commensurable with
with AC greater. to AC, square CD = 5 square to number. square DA.
DA (Prop. 13.1).
E F
GEWE Sque | | Square Square Square
CD b DA CD DA
A © B D A © B
e T el IRDS A © B Ratio of number to number. ‘ Commensurable.
AD|= 7 AB|
Square CD = 5 - square DA |
|

@ Squere DA is rational
(DA is half of
rational AB).

Square
DA

@ Therefore AC is an apotome

(Prop. 10.73).

AC
e |
D A C B

AC is an apotome.

Therefore square CD is rational,
50 CD s rational.
E F

D €

@ Since rectangle ABC = square AC,
the square on apotome AC applied
to rational AB makes BC as width.

E F G

A @ B
Rectangle ABC = square AC.

@ Since square CD : square DA is
not a square number ratio, CD is
incommensurable in length with DA.

Square
DA

Square
CD

(not square ratio)

[ CD is incommensurable in length with DA |

@ Therefore CB is a first apotome
(Prop. 10.97).

Thus CD and DA are rational and
commensurable in square only.

CD, DA rational in length

Square CD ~ Square DA
(commensurable in square only)

@ A and CB are both apotomes.

CA CB

A © B

CB is a first apotome J

[ Both CA and CB are apotomes.

Proposition 6. If a rational straight-line is cut in extreme and mean ratio
then each of the pieces is the irrational straight-line called an apotome. J
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PROPOSITION 7

If three angles, either consecutive or not consecutive, of an equilateral
pentagon are equal, then the pentagon will be equiangular.

Proof.

Consecutive case: the angles at A, B, C' are equal.

1.

w

N o g B

®

10.

11.
12.

Let pentagon ABC'DE be equilateral with the angles at A, B, C
equal.

Join AC, BE, and F'D.

Since CB = BA = AE, and ZCBA = /BAFE, triangles ABC
and ABE are congruent by side-angle-side.

Therefore AC = BE, /BCA = /BFA,and ZABE = Z/CAB.
Thus AF = BF by Prop. L6.
Since AC = BE, it follows that F'C = F'E.

Since CD = DE, triangles FFCD and F' D are congruent by side-
side-side.

Therefore /FCD = /FED.

Since /BCA = ZAEB, the whole ZBCD equals the whole
LZAED.

But ZBCD was assumed equal to the angles at A and B; there-
fore ZAED equals them.

Similarly, ZCDE equals them.

Therefore the pentagon is equiangular.

17



ro Let pentagon ABCDE
\ be equilateral with angles
at A, B, C cqual.
A

D C

Thus AF = BF
K ey

A

@ <+BCA-2AEB,
so whole ZBCD =
whole ZAED.

A

E B

9 Join AC, BE, FD.

Z£BCD was assumed equal to
angles at A and B, so ZAED
equals them.

A

D C

@ Since CB - BA = AE, and

ZCBA = £BAE, triangles
ABC and ABE are congruent
(SAS).

and FED are congruent (SSS).

A A
AB ﬁa
@ E

a CD = DE, so triangles FCD

@ Thercfore AC- BE,
ZBCA = ZBEA,
ZABE = ZCAB.

A

D @

e Therefore

ZFCD = ZFED.

F F
C DT D

@ Ssimilady, ZCDE equals them.

A

D @

F F
€ D E D

Therefore pentagon
is equiangular.
A

Proposition 7. If three angles, either

or not

are equal then the pentagon will be equiangular.

of an equil

18
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Non-consecutive case: the angles at A, C, D are equal.

—_

. Let the angles at A, C, D be equal.
Join BD.

BA = BC, AE = CD, and the contained angles are equal.

Ll

Therefore triangles ABE and BCD are congruent by side-angle-
side.

Hence BE = BD and ZAEB = ZCDB.
Since BE = BD, Z/BED = ZBDE by Prop. L5.
Therefore the whole ZAE D equals the whole ZCDE.

S

Since ZC DE was assumed equal to the anglesat Aand C, ZAED
equals them.

9. Similarly, ZABC equals them.

10. Therefore the pentagon is equiangular.

Therefore, in either case, an equilateral pentagon with three equal
angles is equiangular.

19



;
@ Letangiesaa, C,D
be equal.

A

D c

Since BE = BD,
ZBED = ZBDE
(Prop. 1.5).

E B

@ Join BD. @ BA-BC,AE=CD, 9 Triangles ABE and BCD e Therefore BE = BD,
and contained angles equal. are congruent (SAS). ZAEB = ZCDB.
A
> A B A B
W a E BEC D E B C D

D G

Therefore whole ZAED = @ scoBwsuncdcquio | Q Similarly, ZABC Therefore pentagon

whole ZCDE. angles at A and C, so equals them. is equiangular.

ZAED equals them.

D
5 whole angles
[ ZAEB = £CDB [ Whole angle |
(from step 5) equal

[ £BED = £BDE } g

=

Proposition 7 (Non- ive case). If three angles, either consecutive or not consecutive,

of an equilateral pentagon are equal then the pentagon will be equiangular.

20
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PROPOSITION 8

If straight-lines subtend two consecutive angles of an equilateral and

equiangular pentagon then they cut one another in extreme and mean ratio,

and their greater pieces are equal to the sides of the pentagon.

Proof.

1.

_ R
N = O

13.

14.
15.

16.

v © N o D

Let AC' and BE cutat H, subtending consecutive angles at A and
B of pentagon ABCDE.

Circumscribe circle ABCDE about the pentagon.
Triangles ABE and ABC are congruent by side-angle-side.
Therefore /BAC = ZABE.

ZAHFE =2 /BAH by Prop. 1.32.

LEAC =2 /BAC, since arc EDC is twice arc CB.
Therefore /HAFE = /AHE,so HE = FA = AB.

Since BA = AF, /ABE = /AEB.

Since Z/ABFE = /BAH, it follows that /BEA = /BAH.
ZABE is common to triangles ABE and ABH.

. Therefore triangle ABFE is equiangular to triangle ABH.
. Thus

EB:BA=AB: BH.
Since BA = FH,

BE : EFH = FH : HB.

Since BE > FH, it follows that FH > HB.

Therefore BE is cut in extreme and mean ratio at H, with HE
the greater piece equal to a side of the pentagon.

Similarly AC is cut in extreme and mean ratio at H, with CH
equal to a side of the pentagon.

21
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Therefore, the two subtending straight-lines cut one another in ex-
treme and mean ratio, and their greater pieces equal the sides of the
pentagon.

22



Let AC and BE cut

at H, subtending

consecutive angles

at A and B of

pentagon ABCDE.
A

EQI?‘\
D il

ZAHE =2 ZBAH
(Prop. 1.32).
A

E@
D ©

© <ABE - £BAH,
50 ABEA ZBAH.

/
\v,
@ BA - EH, 50

BE : EH = EH : HB.

E

Circumscribe circle
ABCDE about
pentagon.

A

ZEAC =2 LBAC

(since arc EDC = 2 - arc CB).
A

E

£ ABE is common to

triangles ABE and ABH.
A

o
\

&

@ BE > EH, 0 EH > HB.

9 Triangles ABE and ABC

are congru:m (SAS).

b

Therefore ZHAE = ZAHE,
so HE = EA = AB.
A

D (o

Therefore triangle ABE.
is cqulanguhr to triangle ABH

@y, ey

@@ Therefore BE cut in extreme ratio ac H,
with HE greater piece equal to

Therefore
£BAC = ZABE.

@ SinceBA-AE,
ZABE = ZAEB.
A

D @

@ iy, Ao G et
at H, with CH equal to side.

\\

CH = CD = DE = EA = AB

. 7 I n side of pentagon. A
B E H A
- e —
BE > EH > HB HE = EA = AB (side of pentagon)
p 8. Ifstraight-lines subtend two angles of an equilateral and eq

pentagon then they cut one another in extreme and mean ratio, and their g'reat!r pieces

are equal to the sides of the pentagon.

23
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PROPOSITION 9

If the side of a hexagon and of a decagon inscribed in the same circle are
added together, the whole straight-line has been cut in extreme and mean

ratio, and the greater piece is the side of the hexagon.

Proof.

1.

S
W N = O

14.

15.
16.

© *® N O ok LN

Let BC be the side of a decagon and C'D the side of a hexagon in
circle ABC, placed on one straight line.

Find the center E; join EB, EC, ED, and extend BE to A.

Since BC is the side of a decagon, arc AC'B is five times arc BC.
Therefore arc AC is four times arc C'B.

Thus ZAEC =4 ZCEB.

Since EB = EC, /EBC = /ECB; therefore ZAEC =2 /ECB.
Since EC' = CD, both being hexagon sides, ZCED = ZCDE.
Therefore /ZECB =2 /EDC.

Hence ZAEC =2/ECB =4/FEDC.

But ZAEC = 4 /BEC; therefore /EDC = /BEC.

. ZEBD is common to triangles BEC and BED.
. Therefore triangle EBD is equiangular to triangle EBC.
. Thus

DB:BE=FEB: BC.
Since EB = CD,

BD :DC =DC :CB.
Since BD > DC, it follows that DC > CB.

Therefore BD is cut in extreme and mean ratio at C, with DC the
greater piece.

Therefore, the sum of the hexagon and decagon sides is cut in ex-
treme and mean ratio, and the greater piece is the hexagon side.
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@ Lt BC be side of decagon,
CD side of hexagon in
circle ABC, on a
straight line.

e GRND)
‘ @ 1 zaEC=4. 2CEB.
» -

| e ZAEC was shown = 2 - ZECB

| = 4. ZEDC.
(from steps 6 and 8)

|

@ Find conter E, join EB, EC, ED,

Since EB = EC, ZEBC = ZECB,

@ Since BC s side of decagon,
arc ACB = 5 - arc BC.

5 e

0 EC = CD (both hexagon sides),
so ZCED = ZCDE.

E

B !
ZEBD is common to

triangles BEC and BED.
E

~ B C <D
@® 50> DC,50DC > CB.

A B G D
]

BD > DC > CB

@ Therciore arc AC - 4 axc CB.

4x

@ Thercfore £ECB =2 ZEDC.
(since ZCED = ZCDE = y)

D

@ Thercfore wiangle EBD
is equiangular to triangle EBC.

A A
A B ICRD)! D
@ Thercfore BD cut in extreme ratio

at C, with DC as greater piece.

i S VAL,
A & D
DC is greater piece

Proposition 9. If the side of a hexagon and of a decagon inscribed in the same circle are added
together, the whole straight-line has been cut in extreme and mean ratio,
and the greater piece is the side of the hexagon.
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PROPOSITION 10

If an equilateral pentagon is inscribed in a circle then the square on the side

of the pentagon is equal to the sum of the squares on the sides of the
hexagon and of the decagon inscribed in the same circle.

Proof.

1.

H

o »®» N o @

10.
11.
12.
13.
14.

15.
16.

Inscribe equilateral pentagon ABCDE in circle ABCDE with
center F'.

. Join AF, extend it to G; join F'B; draw F'H | AB, and extend to

K.
Join AK, KB; draw FL 1 AK, extend to M;join KN.

Since arc ABCG equals arc AEDG, and arc ABC' equals arc
AED, arc CG equals arc GD.

CD is a side of the pentagon, so CG is a side of the decagon.
Since FA=FBand FH | AB, /AFK = /KFB.

Therefore arc AK equals arc KB, so AK is a side of the decagon.
Similarly arc AK is twice arc K M.

Since arc AB is twice arc BK, and arc CD = AB, arc CD is twice
arc BK.

Arc CD is twice arc CG; therefore arc CG = BK.
BK =2KM,soCG=2KM.

Arc CB is twice arc BK, so arc GB is twice arc BM.
ZGFB =2/BFM,and ZGFB =2/FAB.

Therefore /BFN = /FAB; also ZABF is common to triangles
ABF and BFN.

Hence triangles ABF and BF' N are equiangular.

Thus
AB:BF =FB: BN,

so rectangle ABN equals the square on BF.
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17.

18.
19.
20.
21.

22.

23.

24.

Since AL = LK and LN is common and perpendicular, KN =
AN.

/LKN =/LAN = /KBN.
The angle at A is common to triangles AKB and AKN.
Therefore triangles K BA and KN A are equiangular.

Thus
BA: AK = KA : AN,

so rectangle BAN equals the square on AK.

Rectangle ABN together with rectangle BAN equals the square
on BA by Prop. 11.2.

Therefore
BA? = BF? + AK?.

BA is the pentagon side, BF' the hexagon side, and AK the
decagon side.

Therefore, the square on the pentagon side equals the sum of the
squares on the hexagon and decagon sides in the same circle.
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@ oscribe cquilateral pentagon Join AF, extend to G; @ Join AK. KB; draw FL L AK, (@) Since arc ABCG = arc AEDG,

ABCDE in circle ABCDE join FB; draw FH 1 AB, extend to M; join KN. and arc ABC = arc AED,
with center F. extend to K. ¢ are CG = are GD.
1 K
A K| 4
E B
& N
|
H
f
D c D G
M
CD is side of pentagon, @ SinccFA=FBand FH L AB, (@) Therefore arc AK = ac KB, (@) Similarly,
s0 CG is side of decagon. ZAFK = £KFB. 50 AK s side of decagon. arc AK = 2+ arc KM.
K K

A

A
:: aH
A F B

© sinccarcAB=2-accBK, | @) ArcCD=2-arc CG,

D [

@ AwcCB=2 arc BK,

and arc CD = arc AB, so are CG = arc BK. so arc GB = 2 - arc BM.
arc CD = 2 - arc BK.
K
4 4__—7
|
B . B
F
D c D C
ZGFB =2 ZBFM, @ Therefore 2BFN = 2FAB; (B Triangles ABF and BEN @ Thus AB - BF = FB: BN,
and ZGFB = 2 - ZFAB. ZABF common to triangles are equiangular. s0 rectangle ABN = square BF.
ABF and BEN. A .
A Ad B
Fﬂ B F Kl N .
5 N
@ Since AL = LK and LN common | (f) ZLKN = ZLAN = ZKBN. LA common to triangles @) Triangles KBA and KNA
and perpendicular, KN = AN. K AKB and AKN. are equiangular.
Hes X A A K X
5
= =
4 B =
K B A N |B A A N
5
@) Thus BA:AK=KA:AN, @) Rectangle ABN + rectangle BAN @) Therefore square BA = @ B4 is pentagon side,
so rectangle BAN = square AK. = square BA (Prop. 2.2). square BF + square AK.
K B BF is hexagon side,
: BA + @ AK is decagon side.
,,
=
N Z

Proposition 10.  If an equilateral pentagon is inscribed in a circle then the square on the side of the pentagon

ic equal o the sum of the squares on the sides of the hexagon and of the decagon inscribed in the same circle.
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PROPOSITION 11

If an equilateral pentagon is inscribed in a circle which has a rational

diameter, then the side of the pentagon is the irrational straight-line called

minor.

Proof.

1.

10.
11.

12.

13.

Inscribe equilateral pentagon ABCDE in a circle with rational
diameter and center F.

Join AF, F'B; extend to G, H; join AC.

Let FK = %AF . Since AF is rational, 'K is rational; BF is ratio-
nal, so BK is rational.

Arc ACG = ADG, and arc ABC = AED,; therefore arc CG =
GD.

Join AD. The angles at L are right angles, and CD = 2CL.
Similarly the angles at M are right angles, and AC' =2 CM.

LALC = LAMF, while ZLAC' is common; therefore triangles
ACL and AMF are equiangular.

Thus LC : CA = MF : FA; hence double LC' : C'A equals
double M F : FA.

Double MF : FA = MF : %FA; therefore double LC : %CA =
MF : ;FA.

Since DC =2LC,CM = 3CA,and FK = 1FA,

it follows that
DC:CM=MF: FK.

By composition,

(DC+CM):CM =MK : KF.

Hence
(DC +CM)?:CM? = MK?: KF?.
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14.

15.

16.

17.

18.
19.

20.

21.
22.

23.

24.

25.

26.

27.

28.

Since AC is cut in extreme and mean ratio with greater piece DC,
the square on DC + CM is five times the square on CM.

Therefore
MK?*=5KF?
K F is rational, because the diameter is rational; therefore M K is

rational in square only.

Since BF = 4FK, we have BK = 5KF, and hence BK? =
25 KF2,

Since M K? = 5 KF?, it follows that BK? = 5 K M?2.

The ratio BK? : KM? is not a square-number ratio, so BK is
incommensurable in length with K M.

Thus BK and KM are rational straight-lines commensurable in
square only.

Therefore M B is an apotome, and M K is its attachment.

To show it is a fourth apotome, let the square on N equal the
excess of the square on BK over the square on K M.

Since K'F is commensurable with F'B, KB is commensurable
with F'B; and BF is commensurable with BH, so BK is com-
mensurable with BH.

Since BK? : KM? =5 : 1, by conversion BK? : N? =5 : 4,
which is not a square-number ratio.

Therefore BK is incommensurable with N; BK exceeds KM by
the square of an incommensurable straight-line.

Thus M B is a fourth apotome; a rectangle contained by a rational
straight-line and a fourth apotome produces a minor.

The square on AB equals rectangle H BM, from the similar trian-
gles ABH and ABM.

Therefore AB is the irrational straight-line called minor.

Therefore, the side AB of the equilateral pentagon is the irrational
straight-line called minor.
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o Inscribe equilateral pentagon
ABCDE in a circle with
rational diameter, center F.

A

Join AF, FB; extend to G, H;
Soin AC.
G

@ Lerx- AR

Join AD: £ at L are
right angles, CD = 2 - CL.

A
E B
PR—=—=C
L
CD=2-CL

@ Double MF: A= MF: L4y

5o double LC : 3 CA =
MF : {FA.

2MF : FA = MF:

2LC: CA = MF

Similarly 2 at M are right,

AC =2 -CM.
A
E B
D M
AC=2-CM

@ DC - 2-LC, CM - $CA,
FK = $FA

@ Thus square on (DC + CM) :
square on CM = square MK :
square KF.

(DC + CM)? : CM? =

MK? : KF?

BF = 4.FK, so BK = 5-KF;
square BK = 25- square KF.

F K BK B
A S e,
BF = 4FK  BK = 5KF

BK? = 25 KF?

MB is an apotome,
MK its attachment.

M B
- e - e

apotome

artachment

@ BK incommensurable with N;
BK greater than KM by square
of incommensurable.

M & B N
BK > KM and BK® - KM? = N?

(N not a square multiple of KM?)

Proposition 11.  Ifan eguilateral pentagon is inscribed in a circle which bas a rational diameter, ‘

@ Since AC cut in extreme ratio,
greater picce DC,
square on (DC + CM) =
5 - square CM.

(DC + CM)? = 5 CM?

@ Square MK = 5 - square KF,

so square BK = 5~ square KM.

0 ZALC = ZAMF, ZLAC

@ Therefore DC : CM -

@ Thercfore square MK =
5- square KF.

@ Square BK : square KM not

Arc ACG = arc ADG, and
arc ABC = arc AED,
s0 arc CG = arc GD.

G

AF rational, so FK rational;
BF rational, so BK rational
G

FK = } AF, BK = BF - FK

Thus LC : CA = MF : FA;
double LC ; CA =
double MF : FA.

«common, so triangles ACL.
and AMF cquiangular.

A A
L ® Y 5

@ By composition,

MF : FK. (DC + CM) : CM =

MK : KF.
DC : CM = MF: FK

DC+CM : CM =

MK : KF

@ KF rational (dianeter sational),
50 MK rational [in square only).

KF rational
= MK rational

[in square only]

@) BK and KM racional,
a square number ratio, so commensurable in square only.

BK incommensurable with KM.

@ Show it’s a fourth apotome:
Let squarc N cqual excess of
square BK over squarc KM.

M TR
N? = BK* - KM?
MB is fourth apotome;

rectangle from rational and
fourth apotome gives minor.

MB = fourth apotome

Rectangle with rational

and 4th apotome = minor

then the side of the pentagon is the irrational straight-line called minor.

@® Since KF commensurable with FB,

BK commensurable with BH

BK, KM rational
and commensurable
in square only

BK? :KM? = 5:1
(not square number ratio)
= BK, KM incommensurable

@ Square BK : square KM = 5 : 1;
by conversion, square BK :
square N = 5 : 4 (not square
number ratic).

KB commensurable with FB;
BF commensurable with BF;
so BK commensurable with BH.

i K B H

(not square number ratio)

@ Square AB = rectangle HBM

@) Thercfore AB is minor
(from similar triangles
ABH and ABM),

AB is minor

(irrational straight-line

called minor)
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PROPOSITION 12

If an equilateral triangle is inscribed in a circle then the square on the side

of the triangle is three times the square on the radius of the circle.

Proof.

1.

10.

Let ABC be an equilateral triangle inscribed in a circle with cen-
ter D.

Join AD, extend it to E/, and join BE.

Since triangle ABC is equilateral, arc BEC' is one third of the
circumference.

Therefore arc BE is one sixth of the circumference, so BE is the
side of the hexagon.

Thus BE = DFE, both being radii of the circle.
Since AE =2 DF,

AE? =4 DE* = 4 BE®.
The angle ABFE is right because it stands in a semicircle; hence
AE? = AB® + BE”.

Therefore
AB? + BE? = 4 BE®.

Hence
AB? = 3BE? = 3 DE?.

Thus the square on the side of the equilateral triangle is three
times the square on the radius.

Therefore, AB> = 3 DE?.
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@ Let ABC be equilateral

@ Join 4D, extend 1o E; @ since triangle ABC

@ Thercfore arc BE - §

triangle inscribed in circle join BE. equilateral, arc BEC = % circumference, so BE is
with center D. E circumference. side of hexagon.
A A A A
E E
60°
. . .
D D D D
60° 60°
B B |3 @ B @ B \/ C
@ 4E-2-DE s @ squace AE - @ Therefore square 4B © Sosquare 4B =
square AE = 4 - square DE square AB + + square BE = 3 - square BE
= 4 - square BE. square BE 4 - square BE. = 3 - square DE.
(angle ABE right,
E from semicircle).
A
2
/ 4BE A | - | 3BE2
AB® | \
D
B N C =] %
B AB? + BE® = 4BE? [ AB® = 3BE® = 3DE* ]
BE?

@ s BE-DE
(radius).

@ Thus side of triangle
squared = 3 -

radius squared.

B C

Proposition 12.  If an equilateral triangle is inscribed in a circle

then the square on the side of the triangle is three times the square on the radius of the circle.
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PROPOSITION 13

To construct a regular tetrahedron, enclose it in a given sphere, and show
that the square on the diameter of the sphere is one and a half times the

square on the side of the tetrahedron.

Proof.

w

N g e

®

10.
11.

12.

13.
14.

. Let AB be the diameter of the given sphere, cut at C' so that AC' =

2CB.
Draw semicircle ADB on AB; draw CD | AB at C, and join DA.

Set circle FFG with radius DC; inscribe equilateral triangle
EFG, and let H be its center.

Join EH, FH,GH;set HK 1 plane EFG, with HK = AC.
Join KE,KF, KG.
Since KH 1 plane EFG, KH 1 HE,HF,HG.

Since AC = KH, CD = HF, and the included angles are right,
DA=KEFE.

Similarly KF' = KG = DA.

Since AC = 2CB, AB = 3 BC; by the lemma below, AD? =
3DC2.

Since FE? =3 FEH?, and DC = EH, it follows that DA = EF.

Since DA = KF = KIF = KG, we have

EF =FG=GE=KFE=KF =KG.
Thus four equilateral triangles form a pyramid with base EFG
and apex K.
Extend KH to L with HL = CB.

Since AC : CD =CD : CB,and AC = KH,CD = HE,CB =
HL,
KH:HE=FH :HL.
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15.
16.
17.

18.
19.

20.

21.
22.

Hence rectangle K H - HL equals the square on F'H.
The semicircle on K L passes through F, because ZLEK is right.

Rotating the semicircle passes through F, G; hence the pyramid
is enclosed in a sphere.

KL = AB, the diameter of the given sphere.
Since AC' = 2CB, AB = 3 BC; by conversion,
BA = 3 AC.

2

Also
BA : AC = BA%: AD?,
SO 5
BA* = - AD*.

2

BA is the sphere diameter, and AD is the side of the pyramid.

Therefore 3
diameter? = 3 side’.

Therefore, a regular tetrahedron has been constructed in the given
sphere, and the square on the sphere’s diameter is one and a half
times the square on the tetrahedron’s side.
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@ Lot AB be diumeter of | @) Draw scmicircle ADB on AB, | @) Set circle EFG with () Join EH, FH, GH st | (@) Join KE, KF, KG.

given sphere, cut at C draw CD L AB at C, radius DC, inscribe HK L plane EFG with
such that AC = 2 - CB. join DA. equilateral triangle EFG, HK = AC.
center H. K K
t
D E i
E,
A B
E G
A 3 B F G RS o F
@ Since KH 1L plane EFG, | @) AC - KH, CD - HE, © simikry © since aC=2-CB, @ Souare FE=3 - squan EH,
KH 1 HE, HF, HG. right angles, so KF = KG = DA. AB - 3- BC; s0 and DC = EH,
DA = KE. squate AD = 3 - square DC 0 DA = EF
K 2 (by lemma).
D @ @
8
b A i B
E RG FE? = 3 EH?
F AD? 3 D(.’ = FE=V3-EH=+3-DC
and DA = EF
@ DA-KE-KF=KG, B Four equilateral wiangles @ Extend KH to L @ Since AC:CD = CD:CB, () KH:HE = EH: HL,
0 EF = FG = GE = form pyramid with base with HL = CB. and AC = KH, CD = HE, so rectangle KH - HL =
KE = KF = KG. EFG and apex K. L CB - HL. square EH.
K i !
K
KH.HE:EH:HL‘ ‘KH-HL:EH‘
A
E G E G A
E G
F F ¥
@ semicircle on KL @ Routing semicircle @ KL - 4B - diameter
passes through E passes through F, G; of given sphere.

(angle LEK right).

pyramid enclosed in sphere.

@ Since aC-2- CB, @ BA : AC = squarc BA : @ BA s sphere diameter, @ Therefore
AB = 3 - BC; by conversion, square AD, so AD = side of pyramid. diameter® = 15 - side”.
BA =11 ac square BA = 1} - square AD. P
. 2 . 1 . b 203,
i AB® = 5 AD
(i.e. square on diameter
1 = one and a half times
L S B A A square on side)

Pmposition 13. 7o construct a regular tetrahedron, em’/au it in a given sphere,
and show that the square on the diameter of the sphere is one and a half times
the square on the side of the tetrabedron.
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TETRAHEDRON — 4 equilateral triangles

Cut solid lines ¢ Fold dashed lines ¢ Glue tabs
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Lemma to Proposition 13

In the semicircle figure, AB : BC' equals the square on AD to the square

on DC.

Proof.

1.

S

In the semicircle figure, join DB; construct square EC' on AC;
complete parallelogram F'B.

Triangles DAB and DAC are equiangular, so

BA: AD = DA : AC.

Therefore rectangle BA - AC' equals the square on AD.
Since AB : BC = EB : BF by Prop. VL1,
and EB = BA - AC,while BF = AC - CB,
we have
AB: BC =BA-AC : AC-CB.
But BA- AC = AD?, and AC-CB = DC?,because DC is a mean
proportional.
Therefore

AB : BC = AD? : DC?.

Therefore, AB : BC = AD?: DC?.
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@ v semiciccle figure, join DB; | @) Triangles DAB and DAC @O Therefore O since
|
‘

construct square EC on AC; equiangular, so
complete parallelogram FB. rectangle BA - AC = square AD | |
D BA: AD = DA : AC D
D

D
4D?
A B A l B 4 B
© e c A G
BA . AC A
5% 4 B 7
‘ o & P 4
[ = F E F
’ @ 3-34-ACGince EA=40), @) Thercfore @ But BA- AC = square AD O Thecchore
e (from step 3), and
Rt AB: BC = BA-AC: AC- CB AC - CB = square DC
D (since DC is mean proportional).
D D D
A B
@ 4 & 5> 4 B 4 Y
B BF 5 P 7
=BA-AC| = AC- CB BA-AC | AC-CB AD? DC? 4ap* | DC?
-~ & e
5 !

LEMMA. In the semicircle figure described, AB : BC = square on AD : square on DC.
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PROPOSITION 14

To construct an octahedron, enclose it in a given sphere, and show that the
square on the diameter of the sphere is double the square on the side of the

octahedron.

Proof.

10.

11.

12.

13.

. Let AB be the diameter, cut in half at C.

Draw semicircle ADB; draw CD L AB at C, and join DB.

Construct square EFGH with side equal to DB, and let K be its
center.

Join HF and EG; set KL | plane EFGH, and extend to K M on
the other side.

Let
KL=KM=FK=FK=GK =HK.

Join LE, LF,LG,LH ME, MF, MG, MH.
Since KE = KH and ZEK H is right,

HE? =2EK?>.

Since LK = KF and /LK F is right,

EL? =2FEK?

Hence HE? = EL?,so LE = FH; similarly LH = HE.

Triangle LEH is equilateral; similarly all eight triangles are equi-
lateral.

Therefore the octahedron is formed from eight equilateral trian-
gles.

Since LK = KM = KUF, the semicircle on LM passes through
FE.

Rotating it passes through F, G, H; therefore the octahedron is
enclosed by a sphere.
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14. Since LK = KM = KFE, and KF is common with right angles,
LE =FEM.

15. ZLEM is right, since it stands in a semicircle; hence
LM? =2LE>.
16. Since AC' = CB, AB = 2 BC; and by the lemma,
AB : BC = AB? : BD?.

17. Therefore
AB? = 2 BD?.

18. Since BD? = LE?, because EH = DB,
AB? = LM”.
19. Therefore AB = LM, the diameter of the given sphere.

20. Thus
diameter® = 2side?.

Therefore, the octahedron is enclosed in the given sphere, and the
square on the diameter is double the square on its side.
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@ Lot AB be diameter,
cut in half at C.

@ Lo KL= KM= EK=FK=
GK = HK.

© square HE = square EL,
so LE = EH; similarly
LH - HE.

® Rotating semicircle passes
through F, G, H;

octahedron encloscd by sphere.

@ Therefore

square AB = 2 - square BD.

@ Draw semicircle ADB,
CD 1L ABat C,
join DB.

D

0@ Join LE LF 16, LH,
ME, MF, MG, MH.

@ Triangle LEH equilateral;
similarly all eight triangles
equilateral.

I\
N4

and KE common,
right angles, so LE = EM.

G

/

M

@ Square BD = square LE
(since EH = DB,
both sides of square EFGH).

@ Construct square EFGH

with side = DB,
center K.
H G
. ,
7
hY
) K
K
N\
E F

@ Since KE = KH and

@ Join HF, EG; set KL L
plane EFGH, extend to KM
on other side.

i

© LK-KEand ZLKE right,

ZEKH right, squaze |EL = 2 square EX.

square HE = 2 - square EK. L
H G

7 H
O
S
e 4

E F E ~F

[ HE*=2 - EK? [(Bi-2

@ Therefore octahedron
formed from eight
equilateral triangles.

il
<

(in semicircle),
s0 squarc LM = 2 - squarc LE.

v
LM? =2 - LE®

@ Therefore square AB =
2 square LE = square LM
(from step 15).

@® Since LK = KM = KE,
semicircle on LM
passes through E.

{ “‘.
E G

@ 4c-CB w0 4B=2-BC;

AB : BC = square AB :
square BD (lemma).

D

A B
C

AER =121 ED?

@ Thus diameter? =
2 - side’.

= P
AB? = 2. BD? N AB? =2 . LE?
& (diameter’= 2 - side?)
A By
BD? = LE?
’V Proposition 14. To construct an octabedron, enclose it in a given sphere,

|‘ and showw that the square on the diameter of the sphere is double the square on the side of the octahedron.
1
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OCTAHEDRON — 8 equilateral triangles

{ Cut solid lines ¢ Fold dashed lines ¢ Glue tabs }
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To

PROPOSITION 15

construct a cube, enclose it in a sphere, and show that the square on the
diameter of the sphere is three times the square on the side of the cube.

Proof.

1.

10.

11.
12.

13.

14.

Let AB be the diameter of the given sphere, cut at C' so that AC' =
2CB.

Draw semicircle ADB, draw CD L AB at C, and join DB.
Construct square FF'G H with side equal to DB.

From E, F,G, H draw EK, FL,GM, HN perpendicular to plane
EFGH.

Make

EK=FL=GM=HN=FEF=FG=GH=HE.

Join KL,LM,MN,NK.
A cube is thereby formed from six equal squares.

Join KG, EG. Since ZKEG isright, KE 1 EG, and the semicir-
cle on KG passes through E.

Since GF 1 FL and GF 1 FE, GF is perpendicular to plane
FK;hence GF | FK.

The semicircle on GK therefore passes through F’, and similarly
through all vertices.

Rotating the semicircle encloses the cube in a sphere.
Since GF = FE and ZF is right,
EG* =2EF”.
Since FF = FK,
EG* =2EK”.
Therefore

GK? = GE? + EK? = 3 EK?2.
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15. Since AB = 3 BC, by the lemma

AB? = 3 BD?.

16. Since GK? = 3 KE?, and KE = DB, it follows that GK = AB.
17. Thus KG equals the diameter of the given sphere.
18. Therefore

diameter? = 3 side’.

Therefore, the cube is enclosed in the given sphere, and the square
on the diameter is three times the square on the cube’s side.
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@ Draw semicircle ADB, @ Construct square EFGH @) From E, F, G, H draw

a Let AB be diameter of
given sphere, cut at C CD 1L AB at C, with side = DB. EK, FL, GM, HN L
such that AC = 2 - CB. join DB. plane EFGH.
D W ¥
1
: I
|
i I
|
A B ! G
1
A C B

@ Cube formed from @ Join KG, EG; 2KEG right

@ Make Ek=FL=GM =HN @ Join KL, LM, MN, NK.
- EF = FG = GH = HE. six equal squarcs. (KE 1 EG), so semicircle

on KG passes through E.

M N M
/’
8 , £ AL
j v
r/ //
/ P
G G | [ G
E F ERan F

@ Semicircle on GK passes  €]) Rotating semicircle @® GF - FE, £F righ,
encloses cube in sphere. so square EG = 2 -

© GF L FL and FE,

so GF L plane FK; through F; similarly
thus GF L FK. through all vertices. O square EF,
i ' 7
K /
e -
. /
- i 7
L e "
v ! i
. E F
E = I
@® EF - EK, s @ square GK - square GE €D 4B - 3 - BC, 50 @ square GK = 3 - square KE,
square EG = 2 - + square EK = AB : BC = square AB : and KE = DB,
square EK. 3 - square EK. square BD (lemma). o0 GK = AB.
7 /
& q ] Y ,’/
S % 7
p
, @ »
7 e
i
4 F £ GK®=3-KE'=3. DB’
AB® = 3 - BD? - AB® = GK = AB

EG*=2 - EK? GK?=3 - EK?

m KG equals diameter

of given sphere.

@ Thercfore diameter®=
3 - side’.

! AB? = 3 - KE?

(diameter® = 3 - side?)

Proposition 15.  7b construct a cube, enclose it in a given sphere,
and show that the square on the diameter of the sphere is thiee times the square on the side of the cube.
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CUBE — 6 squares

@

Ne

Cut solid lines » Fold dashed lines » Glue tabs
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PROPOSITION 16

To construct an icosahedron, enclose it in a sphere, and show that the side
of the icosahedron is the irrational straight-line called minor.

Proof.
Panel 1 — Actions 1-11.
1. Let AB be the diameter, cut at C so that AC = 4CB.
2. Draw semicircle ADB, draw CD L AB at C, and join DB.

3. Construct circle EFGH K with radius DB; inscribe an equilat-
eral and equiangular pentagon FFGHK.

4. Bisect the arcs at L, M, N, O, P;join LM, MN,NO,OP, PL,EP.
5. Pentagon LM NOP is equilateral; E'P is a side of the decagon.

6. Draw EQ, FR,GS, HT, KU perpendicular to the plane of the cir-
cle, each equal to the radius.

7. Join
QR,RS,ST, TU,UQ,QL,LR,RM,MS,SN,NT,TO,OU,UP, PQ.
8. Since EQ and KU are perpendicular to the same plane, they are
parallel and equal; therefore QU || EK and QU = EK.

9. EK is a pentagon side, so QU is a pentagon side; similarly
QR, RS, ST, TU are pentagon sides.

10. Therefore pentagon QRSTU is equilateral.

11. QF is a hexagon side, EP a decagon side, and ZQEP is right;
hence QP is a pentagon side by Prop. XIII.10.
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I PROPOSITION 16 — Construct an icosahedron, enclose it in a sphere, and show that the side of the icosahed

is the irrational straight-line called minor.
@ Let AB be diameter, cut at C @ Draw semicircle ADB, @ Construct circle EFGHK with | @) Bisect arcs at L, M, N, O, P; | @) Pentagon LMNOP equilateral;
such that AC = 4 - CB. CD 1 ABat C, radius DB; inscribe equilateral/ join LM, MN, NO, OP, PL, EP. EP is side of decagon.
join DB. equiangular pentagon EFGHK. n R .
D E M

S
1~
-9
(9]
=1
y
£
L anny 1
o
Z-H
oL
/g
25’1

Hes =S aG
H G 0 4]
@ Dww EQ, FR, GS, HT, KU @ Join OR, RS, ST, TU, UQ, QL, LR, @ EQ and KU 1 same plane, so EQ || KU © EK s side of pentagon, so QU
1 plane circle, each equal RM, MS, SN, NT, TO, OU, UP, PQ. and equal; thus QU || EK and equal. is pentagon side; similarly
to radius. QR, RS, ST, TU are pentagon
sides.
y R 3 R
i ! B Q
i ! N
U ! i f
T e v
! \ i 1
| ‘ -
E N / F T

E
H @ 5
@ Pentagon QRSTU cquilateral. @ QE is hexagon side, EP decagon side, ZQEP right, so QP is
R pentagon side (Prop. 13.10).
(Prop. 13.10) E
Q P
Hexagon side Decagon side

Right angle at P = QP pentagon side

52



Booxk XIII

Panel 2 — Actions 12-22.

12.

13.
14.

15.
16.

17.

18.
19.

20.
21.

22.

Similarly PU is a pentagon side; QU is a pentagon side, so trian-
gle QPU is equilateral.

Similarly triangles QLR, RM S, SNT,TOU are equilateral.

Since QL and QP are pentagon sides and LP is a pentagon side,
triangle QL P is equilateral.

Similarly triangles LRM, M SN, NTO, OU P are equilateral.

Find the center V' of the circle; set VZ L the plane and produce
it to X.

Cut VIV equal to a hexagon side, and VX = WZ equal to a
decagon side.

Join QZ,QW,UZ,EV,LV,LX, X M.

Since VIV and QF are perpendicular to the same plane, VIV ||
QFE and they are equal; likewise EV || QW and EV = QW.

EV is a hexagon side, so QW is a hexagon side.

QW is a hexagon side, WZ a decagon side, and ZQW Z is right;
hence Q7 is a pentagon side by Prop. XIII.10.

Similarly UZ is a pentagon side; since QU is a pentagon side,
triangle QU Z is equilateral.
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I PROPOSITION 16 — Construct an icosahedron, enclose it in a sphere, and show that the side of the icosahed

is the irrational straight-line called minor.
@ Let AB be diameter, cut at C @ Draw semicircle ADB, @ Construct circle EFGHK with | @) Bisect arcs at L, M, N, O, P; | @) Pentagon LMNOP equilateral;
such that AC = 4 - CB. CD 1 ABat C, radius DB; inscribe equilateral/ join LM, MN, NO, OP, PL, EP. EP is side of decagon.
join DB. equiangular pentagon EFGHK. n R .
D E M

S
1~
-9
(9]
=1
y
£
L anny 1
o
Z-H
oL
/g
25’1

Hes =S aG
H G 0 4]
@ Dww EQ, FR, GS, HT, KU @ Join OR, RS, ST, TU, UQ, QL, LR, @ EQ and KU 1 same plane, so EQ || KU © EK s side of pentagon, so QU
1 plane circle, each equal RM, MS, SN, NT, TO, OU, UP, PQ. and equal; thus QU || EK and equal. is pentagon side; similarly
to radius. QR, RS, ST, TU are pentagon
sides.
y R 3 R
i ! B Q
i ! N
U ! i f
T e v
! \ i 1
| ‘ -
E N / F T

E
H @ 5
@ Pentagon QRSTU cquilateral. @ QE is hexagon side, EP decagon side, ZQEP right, so QP is
R pentagon side (Prop. 13.10).
(Prop. 13.10) E
Q P
Hexagon side Decagon side

Right angle at P = QP pentagon side
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Panel 3 — Actions 23-33.

23.
24,

25.

26.
27.
28.

29.

30.

31.

32.
33.

Similarly the remaining triangles with apex Z are equilateral.

VL is a hexagon side, VX a decagon side, and ZLV X is right;
hence LX is a pentagon side.

Similarly M X is a pentagon side; since LM is a pentagon side,
triangle LM X is equilateral.

Similarly the remaining triangles with apex X are equilateral.
Thus twenty equilateral triangles form the icosahedron.

Since VW is a hexagon side and W Z a decagon side, V' 7 is cut
in extreme and mean ratio at W by Prop. XIIL9.

Therefore
VZ . VW=VW: :WZ,

while VW =VEand WZ =V X.

Hence
2V . VE=FEV :VX,

and ZZVE,/EV X are right.

Join EZ; then /X EZ is right, from the similar triangles X EZ
and VEZ.

Similarly, join QX; the angle at () is right.

Therefore the semicircle on X Z passes through @ and all the ver-
tices of the icosahedron; the sphere encloses it.
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@ Similarly PU is
pentagon side; QU
pentagon side,
so triangle QPU

equilateral.

@ Similarly triangles
OLR, RMS, SNT,
TOU equilateral.

@ OL and QP pentagon | €B) Similarly triangles

sides, LP pentagon
side, so triangle QLP
cquilateral.

T

@ Find center V of circle; | €)) Cut VIV = hexagon

LRM, MSN, NTO, set VZ 1 plane, and side, VX = WZ =
OUP equilateral. produce © X. decagon side.
i .
i 1
! !
! !
z b
e I
! W
T /QQ}S
i i
5/ [ Al =
' i AN

@® Join 07, QW, UZ,
EV, LV, LX, XM.

@ VW and QE 1 plane, so
VW || QF and equal;
thus EV || QW and equal.

@ EV is hexagon side,

so QW is hexagon side.

56

@ QW hexagon, WZ decagon,
ZQWZ right, so QZ pentagon
side (Prop. 13.10).

(Prop. 13.10) z
Q,A w

Hexagon side Decagon side

Right angle at W = QZ pentagon side

@ Similarly UZ pentagon

side; QU pentagon side,
so triangle QUZ equilateral.
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Panel 4 — Actions 34-44.

34.

35.

36.

37.

38.

39.

40.
41.

42.

43.
44.

Cut VW in half at a. Since V Z is cut in extreme and mean ratio
at W, ZW is the lesser piece.

By Prop. XIIL3, the square on ZW together with the square on
half the greater piece is five times the square on half the greater
piece.

Therefore
Za® =5aW?,

while XZ =2Zaand VW = 2aW.

Hence
XZ? =5WV?2.

Since AC' = 4CB, AB = 5 BC; by the lemma,
AB? = 5BD*.
Since X Z% = 5WV?2, and DB = WV, both being radii, it follows
that AB = X Z.
Thus X Z equals the diameter of the given sphere.

The diameter is rational, and its square is five times the square
on the radius of the circle; therefore that radius is rational.

An equilateral pentagon inscribed in a circle with rational diam-
eter has its side equal to the irrational straight-line called minor,
by Prop. XIIL.11.

The side of pentagon EFGH K is a side of the icosahedron.

Therefore the side of the icosahedron is the irrational straight-line
called minor.
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@ Similarly, the remaining @ VL is hesagon side, VX is @ Similarly MX is pentagon | @) Similarly, the remaining @) Twenty cquilateral triangles

triangles with apex Z decagon side, ZLVX right, side; LM is pentagon side, triangles with apex X form the icosahedron.
are equilateral. so LX is pentagon side. so triangle LMX cquilateral. are equilateral.
P 5% X

@ VW is hexagon side, WZ is Dvz.ovw-vw.wz, €@ zv:vE-Ev:vX; @) Join EZ: ZXEZisright €D Similaciy join QX: €B) Semicircle on XZ passes
decagon side, so VZ is cut in but VW = VE, and ZZVE and LEVX (similar triangles XEZ £XQZ is right. through Q and all vertices
extreme ratio at W (Prop. 13.9). WZ = VX. are right angles. and VEZ). of icosahedron; thus the

sphere encloses it.

% 5%
X
w w

14 E \4
7

z z
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Additional Illustration.
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[

(@ cuvWinhalfaa | @) Square on ZWplus half of | € Therefore square Za=  €J) Sosque xz-  €Q) 4c-4-cB, @) Squire X2 -5 square WY,
VZ is cut in extreme greater piece = 5 times 5 - square al¥; 5 - square WV. w0 AB =5 - BC; and DB = WV (both radii;
fatio at W with ZW square on half greater dso XZ = 2 - Za, square AB = thercfore AB = XZ
lesser. (Prop. 13.3). VW =2 aW. X 5 - square BD.

X X X
14
14 4 i
A B
(e w w A B
B e w v
W B 5
17 A 2 Z
W ZW? + L (greater) b
1
P = 5 (greater)’ XZe2.Za , VWez-aW | | X22=5-WV? l AB*=5 - BD? ] l AB = XZ
(Prop. 13.3)
@ s XZ cquals the @ Dianeter is rational; @ An cquilaceral pentagon inseribed @B Each side of the pentagon @ Thercfore the side of the icosahedron
in a cirle with rational diameter EFGHK is a side of the is the irrational staight-line

square diameter =
5 - radius” of circle called minor.

Hence radius is rational. E

constructed icosahedron.

diameter of the given
has side minor (Prop. 13.11).

sphere.
X

Side EK = KF= FG = GH = HE
2 = 5 - (radius)? 5 po s 5
is the irrational straight-line

= radius is rational called minor.

(Prop. 13.11)
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ICOSAHEDRON — 20 equilateral triangles

<

@

Fold cap
down

«@

Fold cap

®

Roll belt ¢—
into tube
(zigzag
closes)

® 1

Fold bottom Fold top cap
cap up and down and
glue tabs glue tahs
to close

@

—p Glue side
tabs to
inside

¢
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Therefore, the icosahedron is enclosed in the given sphere, and its
side is the irrational straight-line called minor.
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EucLibD — THE ELEMENTS

Corollary to Proposition 16

Relations for the sphere and the auxiliary circle used in the construction of
the icosahedron.

1. The square on the diameter of the sphere is five times the square
on the radius of the circle from which the icosahedron is de-
scribed:

diameter? = 5radius?.

2. The diameter equals the side of the hexagon together with twice
the side of the decagon inscribed in the same circle:

diameter = hexagon side + 2 (decagon side).
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‘ COROLLARY. From the circle from which the icosabedron is described.

@ Diameter? = 5 - radius® of circle @ Diameter = hexagon side + 2 - decagon sides
from which icosahedron described. inscribed in same circle.
X

2 2 e~ EK =KL =LM = MF = FN = NG = GO = OK = hexagon side
XZ° =5-OE

e a=b=c=d=e=f=g= decagon side
(diameter? = 5 - radius?)

Diameter OM = EK + 2 - a

(diameter = hexagon side + 2 - decagon sides)
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EucLibD — THE ELEMENTS

PROPOSITION 17

To construct a dodecahedron, enclose it in a sphere, and show that the side

of the dodecahedron is the irrational straight-line called an apotome.

Proof.
Panel 1 — Actions 1-8: the framework and the equilateral pentagon
UBWCV.
1. Take two perpendicular planes of the cube of Prop. XIII.15:
ABCD and CBEF.
2. Bisect sides AB,BC,CD,DA,EF,EB,FC at

G,H,K,L,M,N,O.
Join GK, HL, MH, NO.

Cut NP, PO, HQ in extreme and mean ratio at R, S,T, with
greater pieces RP, PS,TQ.

Draw RU, SV, TW on the exterior sides at right angles to the cube
planes.

Make
RU = RP, SV = P§S, W =TQ.

JoinUB, BW,WC,CV,VU.
To show pentagon UBW CV is equilateral:
a. Join RB,SB,V B.

b. Since NP is cut in extreme and mean ratio at R, with RP
greater,
PN? + NR? = 3 RP?

by Prop. XIIL4.
c. Since PN = NB and PR = RU,

BN? + NR? = 3RU?.
d. Since BR? = BN? + NR?,
BR? = 3RU*.
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e. Therefore
BU? = BR? + RU? = 4 RU?,

so BU =2 RU.

f. Also VU = 2UR, because SR = 2 PR = 2 RU; hence BU =
VU.

g. Similarly,
BW =WC =CV =BU =VU.

Thus pentagon UBW C'V is equilateral.
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PROPOSITION 17 — To construct a dodecahedron, enclose it in a sphere, and show that the side of the dodecabedron is the irrational straight-line called an apotome.

PANEL 1: Actions 1-8 — The framework and the equilateral pentagon UBWCY

@ Take two perpendicular planes @ Biscct the sides AB, BC, CD, DA, © Join GK, HL, MH, NO.
of the cube (Prop. 13.1 EF, EB, FCat G, H, K, L, M, N, O.
ABCD and CBEF. |
D
F | A
A 0
E
B
o) |« idpoint of AB
~ ~ | ‘midpoint of BC
Planes ABCD f‘“’ (CEER |+ K = midpoint of CD O = midpoint of FC
are perpendicular « L = midpoint of DA

@ Cut NP, PO, HQ in extreme ratio
at R, S, T; greater pieces RP, PS, TQ.

DR K

+ i *

RP>RN, PS>PO, TQ> TH.

@ Draw RU, SV, TW on exterior sides

at right-angles to the cube plancs. D

@ Join UB, BW, WC, CV, VU.

%

L

@ Show that pentagon UBWCV is
equilateral (all five sides equal).

L K

(@) Join RB, SB, VB. (b) NP cut in extreme ratio at R with | (c) PN = NB, PR=RU,

(d) Square BR = squares BN + NR, ' (e) Square BU = square BR + square RU | (f) VU =2 - UR

(@) Similarly BW = WC =

B RP greater: squares on PN + NR | so squares on BN + NR  so square BR = 3 - square RU. = 4 square RU; (because SR=2-PR|  CV = BU = VU.
(Q,/ = 3 square RP (Prop. 13.4) =3 square RU. 50 BU =2+ RU. =2-RU). Hence pentagon UBWCV is
So BU = VU. | equilateral.
P L PN* + NR* = 3 - RP* ] LBN’ +NR*=3 RU’] LBR‘ =3-RU? ] BU*=4-RU* = BU=2-RU
Ly N JB = BW = WC = CV = V1
P e ez
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Panel 2 — Actions 9a-9d: planarity of pentagon UBWCYV.
9. To show the pentagon is planar:

a. Draw PX || RU and SV;join XH, HW.

b. Since H() is cut in extreme and mean ratio at T,
HQ:QT' =QT : TH.

Also HQ=HP,and QT =TW = PX.
c. Hence
HP:PX=WT:TH,
while HP | TW and TH || PX.
d. Therefore triangles X PH and HT'W have proportional sides
with corresponding sides parallel; by Prop. VI1.32, X H and

HW are on the same straight line. Hence the five points
U,B,W,C,V lie in one plane.

69



PROPOSITION 17 — Panel 2: Actions 9a—9d — Planarity of the pentagon UBWCV

I
@ Draw PX || RU and SV;
| join XH, HW.

@ HQ cut in extreme ratio at T : © Hence HP : PX = WT : TH.
Moreover HP || TW and

TH || PX.

@ Thus triangles XPH and HTW
have proportional sides with
corresponding sides parallel;
therefore XH and HW are
on the same straight line
(Prop. 6.32).

HQ: QT = QT : TH.
Also HQ = HP, QT = TW = PX.

HP:PX = WT: TH
HP || TW
TH || PX

QT = TW = PX X, H, W are collinear.
Hence pentagon UBWCV is

planar.

HQ: QT =QT:TH

PX || RU || SV
XH, HW joined

(a) HQ cut in extreme ratio at T :
| HQ:Qr-or:TH

() From HQ: QT = QT : TH, (©) Triangles XPH and HTW | @ Hence Xt snd HW tic on
|

e substiute HP for HQ P HP comesponds o WT, % the same straight line. V =
M and PX for QT, we get PX corresponds o TH, | S
But HQ = HP (opposite sides a3 e A e ol T | unwer
of square CBEF), But in extreme ratio, | We have are in one planc,
el OTRS T (prven) ) ifa:b=b:cthena:b=b:c, 5 so the pentagon
and TW = PX (by Step 1). (2 hence HP : PX = WT : TH. W | uswcy =
Also HP || TW (both horizontal ‘ is planar. U 2
edges), and TH || PX (drawn so). o
HQ: QT = QT: TH (sides proportional and c Y
HP - 1O Q paralll), the third sides {
are in the same stright line. T [4
QT = TW = PX v
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Panel 3 — Actions 10a-10h: equiangularity of pentagon UBW CV'.

10. To show the pentagon is equiangular:

a. Since NP is cut in extreme and mean ratio at R,
SN :NP=NP:PS

by Prop. XIIL5.

b. Therefore
NS? + SpP2=3NP?

by Prop. XIIL4.
c. Since NP = NBand PS = SV,

NS*+SV?=3NB>.
d. Since VB? = VS% + SB?, it follows that
VB? =4NB?,
soVB=2NB.

e. But BC =2 NB;hence VB = BC.

f. From BU = UV = BW = WC and BV = BC, triangles
BUV and BW C are congruent by side-side-side; therefore

ZBUV = /ZBWC.
g. Similarly,
ZUVC = /ZBWC.
Thus three angles are equal.

h. An equilateral pentagon with three equal angles is equiangu-
lar by Prop. XIIL.7.
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PROPOSITION 17 — Panel 3: Actions 10a-10h — Equiangularity of the pentagon UBWCV

@ vriatinomm | @ squsonnsese @ np-np ps-svi @ squeveesquevs @ sc-2.on5 @ su-vveswewe @ swisty avce w6 | @) An cquiser penagon

ratio at R: = 3 - square NP therefore squares + square SB therefore VB = BC. (see Panel 1, Step 8), | dhus ZBUV = ZUVC = ZBWC. in which three angles
SN:NP=NP:PS (Prop. 13.4). NS + SV = 3 - square NB. = 4 - square NB. ‘ .‘:“ i‘;uv g | e cqual i cquiangular
(by Prop. 13.5). 15; = (Prop. 13.7).

Therefore pentagon
UBWCV s equiangular.

DN
+ LTy s
' M
/ T
i
» g6

Pentagon UBWCV

SN:NP=NP:PS l l NS$? + SP? =3 . NP? l [ NS* 4+ SV =3 . NB? ‘ l VB® - 4 - NB? l I VB = BC l l ZBUV = ZBWC l ‘ ZBUV = ZUVC = ZBWC is equiangular.
(@) NP cut in cxtreme ratio at R (b) From Prop. 13.4, (€) But NP = NB (edges of cube), (d) In right wiangle VSB (€) In the cube, G is midpoint  (f) From Pancl 1 (Stcp 8-g) (g) Similacly, comparing wiangles  (h) By Prop. 13.7:
with greste picce RF. Wathebic(omme o, and PS = SV (Stp 6) (CVSB = LVSK = 90 of AB, 50 AG = GB = L 4B have and CWE:
By Prop. 13.5: b greseer), then Substitute 1o get VB - VS® 4 B, Ao NB - 3 4. BU- UV« BW-WC  CV-WC,VU-WB vCacp o0 cmilenl
polygon, i three

SN NP - NP S, square on a + squae on ¢ 5 oA e
S N7 ST =3 NES o @, VS? e SBY < 3.NB,| Bt BC = AB, henee Ao BY = BC (Sup 100, (- BV b iy
2 and SB = NB. BC -2 NB. Thus in wisngles BUV and  Henee ZUVC = ZBWC. ol 4 el
¥ ¥ Henee VB? = 4 - NB® From (@), VB =2 NB, | BWCthe throesiosare | Thusthe thee snghes ¢ L
- i AT cspectively cqual (SS9). U, V. W are cqual, e WO
v Therefore uBWCY is
Al = - 5 e v i
| v
i Vi
b ¢ Lk vs z
H ¥
............ 4
P s P 5] B G 3
B - NB W » N
SN NP 24 SP? = 3. NP?
She ML i g [~s‘~s'/‘-3 NE’J l vzz*.4.N31J l VB - BC I
S e ) l ZBUV = 2BWC ‘ I ZBUV = 2UVC « 2BWC ] Pentagon UBWCY.
is equiangular.
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Panel 4 — Actions 11-12h: completion of the dodecahedron, enclo-
sure in the sphere, and the apotome.

11. Construct the same figure on all twelve sides of the cube; the do-
decahedron is thereby formed by twelve equilateral and equian-
gular pentagons.

12. Enclose it in the given sphere:

a.

g

h.

Extend PX to meet the cube diameter at 2; Q2 is the center of
the enclosing sphere.

. QP is half of the cube’s side.
. Join US).

. Since N P is cut in extreme and mean ratio at P with greater

piece NP, N Sis also cut in extreme and mean ratio at P, with
greater piece N P, by Prop. XIIL5.

. Hence UV is the greater piece of N S cut in extreme and mean

ratio at P.

. The diameter of the sphere is rational, and its square is three

times the square on the cube side; hence NO is rational.

If a rational straight-line is cut in extreme and mean ratio,
each piece is an apotome by Prop. XIIL6.

Therefore UV, the side of the dodecahedron, is an apotome.

Therefore, the dodecahedron is enclosed in the given sphere, and its
side UV is an apotome.
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PROPOSITION 17 — Panel 4: Actions 11-12h — Construction of the dodecahedron and enclosure in a sphere; the side is an apotome.

@ Construct the same figure @ Endosc it in the given sphere and show that the side is an apotome.
on all 12 sides of the cube.

Extend PX to Since € is the center Join USQ. NP cut in extreme ratio ‘Thus is the Diameter of the: Diameter of the :
The dodecahedron is formed Lz O etz (O O | Ol o (I S
e the cube diameter of the sphere, at P with greater picce greater piece of NS | (rational inc). (racionallnc).
by 12 NI“' asers BD produced at Q. P e | NP. Therefore NS is cutin cxtreme ratio  Square on diameter = | Square on diameter =
equiangular pentagons. Qisthecamerofthe | "2 0 ako cutin extreme ratioat P. 3 squarc o sideof | 3 - square on sdeof
enclosing sphere. at P with greater NP aabe (Prop. 13.15), cube (Prop. 13.15).
P 2 (Prop. 13.5). Hene NO (e o
! Q Q cube) i rtional.
] i
/ /1
D/iL k
NE
M
7
s
O sl
/
() Brend PX o mece | (B) €2 s the cemer of shephere. | (©) Join U (€) NP o in cxome o st P | (€) Theror UV i the g | () Dismter o sphre rtionsl. | (@) 1 i s s | (h) St NS i)
BD produced a1 2 Thetore 0P = 1 48, | with e pies P e oF NS e e A o i S | i e s P
By Prop. 135, NS isabocw | o P o o by | o ch e NP
et TPt ey S alCa (Prop. 136) S i 0 spoome
e Hence cube side NO i romL. R e
a A o) e
DR
¢ 1=
U y
D

&

B

P = AC and CB are
UV = greater picce of NS iameter’ = 3 - (cube side)”
in cxzeme rato at P. = NO is rational.

’
L | Side UV of the

an apotome.
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DODECAHEDRON — 12 regular pentagons

1. Fold into a bowl 2. Fold into a bowl

Cut solid lines * Fold dashed lines * Glue tabs
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Booxk XIII

Corollary to Proposition 17

The side of the dodecahedron is the greater piece of the cube’s side when that
side is cut in extreme and mean ratio.

Since NS is cut in extreme and mean ratio at P, with NP the
greater piece, and the constructed side of the dodecahedron satisfies

UV = NP, the side UV is exactly the greater piece of the cube’s side
under the corresponding extreme-and-mean-ratio division.

NS:UV =UV : PS.

Therefore, the side of the dodecahedron is the greater piece of the
cube’s side when the latter is cut in extreme and mean ratio.
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COROLLARY. Side of the dodecabedron is the greater piece of the cube’s side when cut in extreme and mean ratio.

@ From Prop. 17 (Panel 4, Step 12¢): @ Thus NS is cut in extreme and mean | @) By Prop. 13.5: If a straight line @ Hence NP s cut in extreme and
side UV of the dodecahedron is the ratio at P with greater piece NP. is cut in extreme and mean ratio mean ratio at P, with PN the
greater piece of NS cut in extreme at a point, cach of the pieces is greater picce.
and mean ratio at P. N also cut in extreme and mean

ratio at that point. N
NP
greater picee) Therefore NS cut in extreme and
: o | PN
mean ratio at P implies NP cut 4
; . (greater piece)
P in extreme and mean ratio at P.
Extreme
and mean P
N &
Ps " s ! Extreme and
(lesser ! }
piece) NEAES) 4 | Ps
= NPiSN P U [ eser
s i l piece)
.
S N
@ But UV = PN (Step 6 of Panel 4): the constructed perpendicular on the exterior @ Therefore the side UV of the dodecahedron
side equals the greater piece. is the greater piece of the cube’s side NS
::h;n NS is cut in extreme and mean ratio COROLLARY.
N The side of the dodecahedron
is the greater piece of the cube’s side
Uv = PN -
il E— when that side is cut
(greater piece (greater piece)
mean ratio q 3
of NP) in extreme and mean ratio.
P a P
= NP
Ps
) (Where “extreme and mean ratio” means: a straight line /
is cut at P so that the whole is to the greater piece as the
5 greater piece is to the lesser piece: [ : PN = PN : PS.)

78



Booxk XIII

PROPOSITION 18

To set out the sides of the five figures, and to compare them with one another.

Proof.
Panel 1 — Actions 1-7: tetrahedron, cube, and octahedron.

1. Let AB be the diameter of the given sphere.
2. Cut at C' so that AC = CB, and at D so that AD = 2 DB.
3. Draw semicircle AEB; draw C'E and DF perpendicular to AB.
4. Join AF,FB,EB.
5. Tetrahedron side AF:

a. Since AD =2 DB, AB = 3 BD; by conversion, BA = %AD.

b. From the similar triangles AF'B and AF' D,

BA: AD = BA®: AF”.
c. Therefore
BA® = %AFQ.

d. By Prop. XIIL.13, diameter squared is one and a half times
tetrahedron side squared; hence AF' is the tetrahedron side.

6. Cube side BF":

a. Since AD =2DB, AB =3BD.

b. Hence
AB: BD = AB? : BF>.

c. Therefore
AB? = 3 BF?.

d. By Prop. XIIL.15, diameter squared is three times cube side
squared; hence BF is the cube side.

7. Octahedron side BE:
a. Since AC =CB, AB =2BC.
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EucLibD — THE ELEMENTS

b. Hence
AB : BC = AB?: BE2.

c. Therefore
AB? = 2 BE?.

d. By Prop. XIII.14, diameter squared is twice octahedron side
squared; hence BE is the octahedron side.
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PROPOSITION 18 — Panel 1: Actions 1—7.  Setting out the sides of the tetrahedron, cube, and octahedron on a given sphere.

@ Lot AB be the diameter @ Cut at C such that AC = CB; @ Draw the semicircle AEB. @ Join AF, FB, and EB.
of the given sphere. at D such that AD = 2 - DB. Draw CE and DF perpendicular
t AB.
E
. E
F
A B ¢ .
| 4 D o c B A IDERONNG B A B
e =)
2 parts 1 part %
AF = side of tetrahedron
BF = side of cube
= side of octahedron
5-7. Identification of the sides of the three solids.
e TETRAHEDRON SIDE AF. 0 CUBE SIDE BF. a OCTAHEDRON SIDE  BE.
(3) AD =2 - DB, hence AB = 3 - BD. v (a) AD =2 - DB, hence AB =3 - BD. F (a) AC = CB, hence AB = 2 - BC.
By conversion, BA = 1 + AD. (b) In similar wiangles FDB and FAB, () In similar triangles CEB and CBA, B
(b) In similar triangles AFB and AFD, AB : BD = square AB : square BF. AB : BC = square AB : square BE.
BA : AD = square BA : square AF. FB (c) Therefore square AB = 3 - square BF. () Thercfore square AB = 2 - square BE.
(©) Thereforesquare BA = 15 - square AF. (d) But for a cube, (d) But for an octahedron, BE

diameter? = 3 - side? diameter” = 2 - side?

diameter? = 13 - side? (Prop. 13.15), (Prop. 13.14),

(Prop. 13.13). Hence BF s the side Hence BE is the side

i AR dwdeet | 0l 8 of the cube. A AN O G of the octahedron. c B
the tetrahedron.

(d) But for a tetrahedron,

CUBE: OCTAHEDRON:

Diameter® = 3 - side? = BF = side. Diameter® = 2 - side? = BE = side.

TETRAHEDRON:

Diameter? = 1 - side® = AF

On the given semicircle AEB with AD = 2-DB and AC = CB, we have set out:

AF = side of tetrahedron, BF = side of cube, BE = side of octahedron.
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EucLibD — THE ELEMENTS

Panel 2 — Action 8a—8n: construction of the icosahedron side M B.

8. Icosahedron side M B:

a. Draw AG 1 AB with AG = AB;join GC.
b. From H draw HK | AB.
c. Since GA = 2 AC, and by Prop. V1.4

GA: AC=HK : KC,

we obtain HK = 2 KC.
d. Therefore HK? = 4 KC?, and
HC? = HK? + KC? =5 KC?.
e. Since HC = CB,
BC? =5CK2
f. Since AB = 2BC and AD = 2DB, we have BD = 2DC(C,
and hence BC = 3CD.
g. Therefore
BC? =9CD>.
h. But BC? = 5CK?%;, hence CK > CD.
i. Let CL = CK;draw LM 1 AB, and join M B.
j. Since BC? =5CK? AB=2BC,and KL =2CK,

AB?> =5KIL>.

k. By the corollary to Prop. XIII.16, diameter squared is five
times the square on the radius of the circle from which the
icosahedron is described; hence K L is that radius.

l. KL isthehexagon side, while AK and LB are decagon sides.

m. Since LB isadecagonside, M L ahexagon side, and the angle
at L is right, M B is a pentagon side by Prop. XIII.10.

n. Therefore M B is the side of the icosahedron.
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PROPOSITION 18 — Panel 2: Action 8a—8n. Determination of MB, the side of the icosabedron.

@ Draw AG Il AB with @ From H (the midpoint of AC), @ Since GA = 2 - AC(GA = AB and @ Square on HK is 4 times square @ But HC = CB (since H is
AG - 4B. draw HK Il AB. AC = % AB), by Prop. 6.4, on KC. midpoint of AC and AC = CB).
Join GC. GA: AC - HK : KC. | Square on HC is Hence square BC = 5 - square KC.
G G Hence HK = 2 2 - KC. | square HK + square KC
= 5 - square KC.
G FP5 G
K
K
il ) J
A @@ @ T TR @ @ WS | T D e o @ ] y T G ]
AG = AB. HK = 2 - KC. TEZ:s.Kcz. rBC’:S-KC’ ]
@ Since AB = 2- BC (s AC=CB) @ Therefore square BC = 9 - @ But square BC = 5 - square KC. @ Let CL = CK. From L draw @ Square BC = 5 - square CK.
and AD = 2 - DB, we have square CD. Therefore square KC < square CD LM 1 AB. But AB = 2 - BC and
and hence KC > CD. Join MB. KL = 2 - CK (sinee CL = CK).
Therefore square AB = 5
square KL

K K
L K
D
G AR DN RO NI il =

AN D
i AL 0o ¢ M B
‘ CL = CK.
=
AB® = 5. KL
@ By the Corollary to Prop. 13.16, @ In that circle, KL is the side of the @ Since LM Il AB (hexagon side) and LB @ Since the pentagon LBM is inscribed
diameter” = 5 - radius” of the circle inscribed regular hexagon (one side); is a decagon side, the triangle LBM in the same circle as the icosahedron,
and AK and LB are sides of the is right-angled with ML a hexagon side. MB s a side of the icosahedron.
inscribed regular decagon. Therefore by Prop. 13.10, i
—~ MB is a side of the regular pentagon /
/ \ inseribed in that circle.
/ Hexagon side KL 3
[ W e 3 (\
| Decagon sides AK,LB {\
\\

\\ // ' ‘
AN 3 N i o —'5
3 J MB = side of icosahedron.

Ki
MB = side of regular pentagon
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EucLibD — THE ELEMENTS

Panel 3 — Actions 9-10: dodecahedron side and rational compar-
isons.

9. Dodecahedron side N B:

a. Cut F'B, the cube side, in extreme and mean ratio at NV, with
N B the greater piece.

b. By the corollary to Prop. XIII.17, N B is the side of the dodec-
ahedron.

10. Comparisons:
a. Let the square on the diameter be six equal parts. Then
tetrahedron side® = 4,

octahedron side? = 3,

cube side® = 2.
b. Therefore

tetrahedron? : octahedron® = 4 : 3,

tetrahedron? : cube® =4:2=2:1,

and
octahedron? : cube® = 3 : 2.

c. Thus these three sides are in rational ratios to one another.

d. The icosahedron and dodecahedron sides are irrational
straight-lines, respectively a minor and an apotome, and
therefore are not in rational ratios with the other three.
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PROPOSITION 18 — Panel 3: Actions 9 and 10. Dodecahedron side NB and comparison of the sides.

@ Cut FB (the side of the cube)
in extreme ratio at N,
the greater piece being NB.

@ By the Corollary to Prop. 13.17,
NB s the side of the dodecahedron.

Diame

| @  Comparisons of the three rational sides.
@ Let diameter’ be 6 parts.

6 parts.

F E @ . @) Tewahedron @6 Octahedron Qi) Cobe
Diameter® = 13- - side”. Diameter? = 2 - side’. Diameter® = 3 - side’.
N > Hence side? = 2+ 6 = 4 pares. Hence side’ = 1 - 6 = 3 pars. Hence side? = 1+ 6 = 2 pars
F £ F
A D ‘DN M B
Extreme ratio at N: I
FN : NB = NB : BF of dodecahedron. A (DY ORET EIT R AR A D ol Ra)
(VB oy the grescer pece’) [ Tetrahedron side? = 4 parts. ] [ Octahedron side? = 3 parts ] [ Cube side? = 2 parts
@ Therefore, SUMMARY OF SQUARED SIDES

@) Tetrahedron : Octahedron

@ Gi) Tetrahedron : Cube

@ﬁi) Octahedron : Cube

Tetrahedron side” : Octahedron side’ = 4 : 3.

Tetrahedron side? : Cube side’ = 4:2 = 2: 1.

Octahedron side? : Cube side? = 3 : 2.

1

(Side ratio = 1 %.) (Side ratio = 2: 1) (Side ratio = 1)
@ Thus the sides of the tetrahedron, octahedron, and cube | (@) But the side MB of the icosahedron (minor) and MB = muinoe (imaigaal
are in rational ratios to one another. the side NB of the dodecahedron (apotome) are
NB

irrational straightlines (Prop. 13.6 and Prop. 13.17 Cor.).
Therefore they are not in rational ratio to the others,

nor to one another.
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= apotome (irrational).

Irraional sides: not in rational ratio to the rational sides,

nor to one another.

(when diameter’ = 6 parts)
Tetrahedron side’ = 4 parts
Octahedron side’ = 3 parts
Cube side? = 2 parts

RATIOS OF SQUARED SIDES
Tetra: Octa = 4:3 = 1
Tetra: Cube = 4:2 = 2:1

Octa : Cube = 3:2 = 1

MB (minor)
NB (apotome)

Irrational sides:

Not in rational ratio

to the others.




EucLibD — THE ELEMENTS

Panel 4 — Actions 11a-11g: first comparison of the remaining two
sides.

11. To show that the icosahedron side M B is greater than the dodec-
ahedron side NV B:

a. Triangles FDB and F AB are equiangular by Prop. VLS.
b. Therefore, by Prop. V1.4,

DB : BF = BF : BA.
c. For three proportionals,
DB:BA=DB*: BF*

d. By inversion,
AB : BD = FB?: BD?.

e. Since AB =3 BD,

FB? =3BD?.
f. Since AD =2 DB,

AD? =4DB?.

g. Therefore AD? > FB?,s0 AD > F B, and much more AL >
FB.
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PROPOSITION 18 — Panel 4: Action 11a-11g. From similar triangles to AD > FB and AL > FB.

@ Tiangles FDB and FAB are equiangular @ Thercfore by Prop. 6.4 (similar triangles), @  Thercfore, by the property of three proportionals,
(Bropse's): DB : BF = BF : BA. DB : BA = square DB : square BF.

F E F E F E
A e @ © Mh| Wl s oam B 6om bATRE > W MY o W s T

DB : BF = BF : BA DB : BA = DB®: BF’

@ By inversion of the proportion (Prop. 5.16), @ But AB =3 - BD (since AD = 2 - DB, @ Also AD =2 - DB. @ Since AD® = 4 - DB and BF*= 3 - DB?,
AB : BD = square BF : square DB. 0 AB = AD + DB = 3 - DB) Therefore square AD = 4 - square DB. we have AD” > BF?.
Hence square BF = 3 - square DB. Therefore AD > BF.

And much more, AL > FB.
F E F E F
AN D RO NGRS - R GV A T b

E R R E,
N
v RN N T O 2 O T e T T T

AB : BD = BF*: DB? BF? = 3. DB? AD? = 4 - DB? ] [ AD > BF, much more AL > FB. ]

From similarity we obtain that AD > BF, and because L lies on the arc on the side of A, the chord AL (from A to L) is
much longer than FB. This prepares the comparison of the greater pieces in extreme ratio (in the next panel).
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EucLibD — THE ELEMENTS

Panel 5 — Actions 11h-111: comparison of the greater pieces.

Continuing Action 11:

h. If AL is cut in extreme and mean ratio, KL is the greater
piece, with K L the hexagon side and K A the decagon side.

i. If FB is cut in extreme and mean ratio, VB is the greater
piece.

j. Since AL > F'B, it follows that KL > NB. But KL = LM,
so LM > NB.

k. Since M B > LM, we have

MB > NB.

1. Thus the side of the icosahedron is greater than the side of
the dodecahedron.

Therefore, the five sides have been set out and compared; in particu-
lar, the icosahedron side is greater than the dodecahedron side.
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PROPOSITION 18 - Panel 5:

@ Since LM Il AB (hexagon side) and LB @ Cut FB (the side of the cube)

s a decagon side, the triangle LBM
is right-angled with ML a hexagon side.
Therefore by Prop. 13.10,

MB is a side of the regular pentagon
inscribed in that circle.

L

hexagon side

Action 11h—

in extremer ratio at ]

the greater piece being NB.

111.

@ Comparisons of the three rational sides.
Let diameter® be 6 parts.

Tetrahedron side?
(since diameter? =

4 parts
b - side?)
Octahedron side? = 3 parts
(diameter® = 2 - side?)
Cube side? = 2 parts
(diameter® = 3 - side?)

@ Therefore:

Tetrahedron® : Octahedron® = 4 : 3 (1%) |
tCube? =4:2=2:1

2

MB
(icosahedron side)

MB = icosahedron side.
@ If AL is cut in extreme ratio,

KL is the greater picce. NB is the greater picce.

L F

=

Octahedron? : Cube? = 3 : 2 (1%)

@ ‘These three sides are in rational ratios.

Icosahedron and dodecahedron sides are
irrational (minor and apotome), so not in
rational ratios.

@ If FB is cut in extreme ratio, @ Therefore KL > NB; KL = LM, | @ MB > LM, so MB > NB.

LM > > NB. |
L | %
K,
M| MB
ANED TN O NN C RN 5, M

Showing that the icosahedron side MB is greater than the dodecahedron side NB.

@ Triangles FDB and FAB
are cquiangular (Prop. 6.8).

iy E

DIRHIRCE IR T

DB : BF = BF : BA (Prop. 6.4),
DB : BA = square DB : square BF.

By inversion: AB : BD = square FB : square BD.

AB = 3 BD, so square FB = 3 - square BD.
Square AD = 4 - square DB (AD = 2 - DB).

Therefore square AD > square FB,
o AD > FB, much more AL > FB.

6666660 -

@ Thus the side of the icosahedron
i greater than the side of the dodecahedron.

Therefore,

MB > NB

side of icosahedron

is greater than

L9 |

|

AL N ‘
A

NB = greater picce.
(Prop. 13.17 cor.)

KL = hexagon side

KA = decagon side.

KL>NB and LM =KL = LM > NB.

‘ MB > LM > NB. ‘

side of dodecahedron.
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FINAL PROPOSITION — CLASSIFICATION OF
THE REGULAR SOLIDS

No other solid figure can be constructed besides the five reqular solids.

Proof.

A solid angle requires at least three plane angles whose sum is less
than four right angles, that is, less than 360°.

Equilateral triangles. Each plane angle is 60°. Three, four, or five
may meet:
3 x 60° = 180° < 360°,

giving the tetrahedron;

4 x 60° = 240° < 360°,
giving the octahedron; and

5 x 60° = 300° < 360°,
giving the icosahedron. Six cannot meet to form a solid angle, be-
cause

6 x 60° = 360°.

Squares. Each plane angle is 90°. Three may meet:

3 x 90° = 270° < 360°,
giving the cube. Four cannot form a solid angle, because

4 x 90° = 360°.

Regular pentagons. Each plane angle is 108°. Three may meet:
3 x 108° = 324° < 360°,
giving the dodecahedron.

Regular hexagons and higher polygons. Each hexagon angle is 120°,
so three give
3 x 120° = 360°,

and no solid angle is formed. Every regular polygon with more than
six sides has an interior angle greater than 120°; hence three such
angles have sum greater than 360°, and no solid angle can be formed.
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Booxk XIII

Therefore there exist exactly five regular solids:

1. tetrahedron,
cube,
octahedron,

dodecahedron,

AT T

icosahedron.

Therefore, no other regular solid figure can be constructed besides
these five.
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FINAL PROPOSITION (SUMMARY) - NO OTHER SOLID FIGURE CAN BE CONSTRUCTED
BESIDES THE FIVE REGULAR SOLIDS

[ In every solid angle at a vertex, let plane angles meet. The sum of the angles must be less than four right angles (360°). |

1. EQUILATERAL TRIANGLES
(i) Three triangles
3 x 60° = 180° < 360°

(each angle = 60°)

(ii) Four triangles
4 x 60° = 240° < 360°

At a vertex they can meet 3, 4, or 5.

(iii) Five triangles

5% 60° = 300° < 360°

(1 60° 60° L 60°
y il @ - P
60° 4 .
o - o 60 60
e 2 0o
& B, R 7600 N\, O
TETRAHEDRON OCTAHEDRON i y’ ICOSAHEDRON
2. SQUARES (each angle =90°) 3. PENTAGONS (cach angle = 108°) 4. HEXAGONS  (cach angle = 120°)
Three squares Three pentagons Three hexagons
3% 90° = 270° < 360° 3% 108° = 324° < 360° 3 120° = 360°
H = four right angles
90° 0 = = Lage | (ot Jess than 360) No solid angle.

CUBE

108°
108°

/ DODECAHEDRON

120°

No solid figure
can be formed.

5. POLYGONS WITH MORE THAN SIX SIDES

The angle of a regular polygon increases as

the number of sides increases.
Hepagon (7 sides)

Octagon (8 sides)
cach angle = 1283"

cach angle = 135°

057 il
3x 1287 = 3857

3 x 135° = 405°
> 360° > 36

Nonagon (9 sides)
each angle = 140°

Decagon (10 sides)
cach angle = 144°

3 x 140° = 420°
> 360°

3% 144° = 432°
> 36l

For any regular polygon with n sides
(n27), each angle is
(n-2) - 180°

n

> 120°.

Therefore, three or more such angles
have sum > 360°,
50 10 solid angle can be formed.

CONCLUSION
The only regular polygons
that can form a solid angle
(sum of angles < 360°) are:
« Equilateral triangle
o Square

Regular pentagon

o Tetrahedron (4 faces)
« Cube (6 faces)
« Octahedron (8
« D

faces)

~XB8IT [ No other solid figure can be constructed besides the five regular solids. | €281~

J

(12 faces)
« Icosahedron (20 faces)
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EUCLID ELEMENTS « BOOK XIII

NS
THE FIVE PLATONIC SOLIDS

1. TETRAHEDRON 2. CUBE 3. OCTAHEDRON 4. DODECAHEDRON 5. ICOSAHEDRON
4 TRIANGLES 6 SQUARES 8 TRIANGLES 12 PENTAGONS 20 TRIANGLES
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End of Book XI1II
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