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Book XIV

Proposition 1

Statement. The perpendicular drawn from the centre of any circle to
the side of the pentagon inscribed in that circle is half the sum of the
sides of the hexagon and the decagon inscribed in the same circle.

Proof.
1. Draw circle ABF with centre A.
2. Let BF be a side of the pentagon.
3. Draw the perpendicular AF to BF'.
4. Produce AFE, and draw EZ and AA.
5. Join AT'and I'Z.
6. St HE = EZ.
7. From H draw HF to I'.
8. The circumference is five times the arc BZF'.

9. The arc AF'Z is half the circumference, while ZF' is half of
BZF.

10. Therefore the arc AF'Z is five times the arc ZF'.
11. Thus AF is four times Z F'.

12. By the proportional relation of arcs and angles,

AF : ZF = LAFZ : LZZAF.

13. Therefore
JAAF =4/ 7AF.
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14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

But
LAAF =2/FEZF.
Therefore
/EZF =2/HAF.
Also
/EZF = /FHF.
Therefore
/EHF =2/HAF.
Hence
AH =HF.
But
HF =7F.
Therefore
AH =Z7F.
Also
HE =FEZ.
Therefore
AE=FEZ+ZF.
Adding the common AF,

AZ + ZF =2AFE.
Now AZ is the side of the hexagon, and Z F' is the side of the

decagon.

Therefore A F is half the sum of the sides of the hexagon and the
decagon.
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Corollary / Porism

From Proposition XIII.12, the perpendicular from the centre to a side
of an inscribed equilateral triangle is half the radius.

Therefore, the perpendicular from the centre of the circle to the
side of the inscribed pentagon is half the sum of the corresponding
hexagon and decagon sides.



PROPOSITION 1. The perpendicular drawn from the centre of any circle to the side of the pentagon
inscribed in that circle is half the sum of the sides of the hexagon and the decagon inscribed in the same circle.

1 Draw circle ABF
with centre A
A

=
-

2 Let BF beside
of pentagon

e

3 Draw perpendicular
AE to B

4 Produce AE and
draw EZ and AA

5 Join AT and IZ

6 Set HE = EZ

7 From H draw HF
o

r
A

pTE

Z

8 Note circumference

is five times arc BZF

5%

B r

Z

9 Note AFZ is half
circumference, ZF is
half of BZF

e

B F

10 Therefore arc AFZ
s five times arc ZF

Bl-‘

Thus AF is four
times Z

12 Use AF:ZF =
AFZ:ZAF [V.1,33]

13 Therefore ZABJF =
42ZAF

14 Bue ZADIF =
2ZEZF (11,20)

15 Therefore ZEZF =
2ZHAF

Z

16 Also ZEZF =
HF (L,4]

18 Hence AH = HF
(1,32; 1,6)

21 Also HE = EZ

the sum.

B : ¥
1
Draw crcle ABC P i || B s 4 SumercAChow | 5 Thu AA=AC=AB| 6 Thewhee AEREaF
JCOROLLARKL/FORISM) with cenre A aE wie third of circumfrence, (132 1o) the radius AA.
From Propositon [12] of Book XIII, e AC= pC= AB %
e pespendicules foun coree 0 il / \ N /7\\ \ VAn /\\\
of inscribed equilateral triangle is / / 7 \ )\ \ \ Z0N
half the radius. Tlustrate it in a \ 2 | Ve | 1 | ( / N equilateral triangle
panel of / J S 3 \ / [ \/ is half the radius.
557 Ny EONTEY
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Proposition 2

Statement. One and the same circle circumscribes both the pentagon
of the dodecahedron and the triangle of the icosahedron inscribed in
the same sphere.

This result was previously set out by Aristaeus and Apollonius.

Lemma

Statement. If an equilateral and equiangular pentagon is inscribed
in a circle, the square on the straight line subtending two of its sides
together with the square on the side of the pentagon is five times the
square on the radius.

Proof.

I.

Draw circle ABF with centre A.

. Let AF be a side of the pentagon.

. Draw the perpendicular AZ to AF’, produced to B and F.

Join AB.

. Join AFE, which is the side of the decagon.

Since
BE = 2FEA,
we have
BE? = AEA?.
But
BA? + AE? = BE>.
. Therefore
BA? + AE? = AAE?.
Hence

BA? + AE? + EA? = 5AE?.
5
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10.

I1.

But, by Proposition XIII.10,

AF? = AE* + EA%

Therefore
AB? + AF? = 5AFE2

Proof of Proposition 2

1.

2.

10.

11.

Let AB be the diameter of the sphere.

Inscribe a dodecahedron and an icosahedron in the sphere.

. Let 'AFEZ H be a pentagon of the dodecahedron.

Let K AO be a triangle of the icosahedron.

. It is required to show that the radii of the circles circumscribing

these two figures are equal.
Join AH, the side of the cube, by Proposition XIII.17.

Set M N so that
AB? = 5M N?.

Since the square on the diameter is five times the square on the
radius of the circle from which the icosahedron is described, M N
equals that radius.

Cut M N in extreme and mean ratio at =, with M= the greater
segment.

Then M = is the side of the decagon.

Since
AB? = 5M N?

and
BA? = 3AH?

6
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12.

13.

14.

15.

16.

17.

18.

by Proposition XIII.15,
3AH? =5MN?
Therefore
3AH?:3H* =5MN?: 5M=>.
By Propositions XIII.16 and XIII.10,

S5MZ% +5MN? = 5K A2

Therefore
5KA? =3H? + 3AH>.

By Proposition XIII.12,
5KN°

is equal to fifteen squares on the radius of the circle about triangle
OKA.

By the lemma,
3AH? + 3H?

is equal to fifteen squares on the radius of the circle about pen-
tagon TAEZH.

Therefore fifteen squares on the one radius are equal to fifteen
squares on the other.

Hence the radii are equal.

Therefore, one and the same circle circumscribes the pentagon of
the dodecahedron and the triangle of the icosahedron inscribed in the
same sphere.



PROPOSITION 2.
One and the same circle ci both the pentagon of the
and the triangle of the icosahedron inscribed in the same sphere.
Previously set out by Aristeaus and Apollonius.

¥

If an equilateral and equiangular pentagon is inscribed in a circle,
the square on the straight line subtending two of its sides together with
the square on the side of the pentagon is five times the square on the radius.

LEMMA.

PROOF OF PROPOSITION 2.

| 1 DowarteaBF [ 2 LeAFbesde |3 Dowpopendcuir | 4 Join B 5 Join AE
with centre A of pentagon AZ 10 AF, produced | {side of decagon)
= | A
| \ ‘
NG S A
B E

9 Hence
BA + AE? + EA?
=5EA}

11 Therefore
AB? + AF? = SEA?
A

10 But AF? = EA? + EA?
[X111,10]

[ Green square = AF?
B Red square = EA? (radius squared)

1 Let AB be 2 Inscribe dodecahedron | 3 Let TAEZH be 4 Let KA® be 5 Need to show radii
diameter of sphere and icosahedron pentagon of triangle of of circumscribed
in sphere dodecahedron icosahedron circles are cqual
A 5 i Iy
‘ H IES ©
B | £
6 JoinaH 7 Set MN such that | 8 Since dameter suared =| 9 Cot MN in exreme
(side of cube) AB? = 5MN? 5 times radius squared of | and mean ratio
[X111,17) icosahedron's circle with

[XII1,16 por], MN

A M e e i
@ |
| @ ’ :
i | i N | N
IECE = Y P oSt
11 Since AB® — 5MN? | 12 Use 13 SMZ? 4 SMN? = | 14 Therfore 15 SKA® - 15 squares on
BAT=3AH | 3aHY:3H sKA? SKA®= 3HE + 38H? | radius of cice about
[xi,15), SMNTSME | IXIILI6 0] rangle OKA
30k = 5MN? e i)
\ He 5
: N,
H sart _ sun
S = A #SMNY=SKAT| SKAT=3HE + 38K -
16 30H7 + 387 — 15 squares | 17
on adin of il sbot e
TAEZH (ince AH? + TH! | fikee suares o
= 5 imes the suare the other

on radius),
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Proposition 3

Statement. If an equilateral and equiangular pentagon is given, and
a circle is circumscribed about it, and a perpendicular is drawn from
the centre to any one of the sides, then thirty times the rectangle con-
tained by one side and the perpendicular is equal to the surface of the
dodecahedron.

Proof.

1. Let ABFE be an equilateral and equiangular pentagon with cir-
cumscribed circle AA.

2. Let Z be the centre of the circle.
3. Draw the perpendicular Z H to I'A.

4. The claim is

30(TA - ZH) = 12 pentagons ABT'AE.

5. JoinI'Z and ZA.

6. Since
A -ZH =2|ATAZ],

7. it follows that
5(TA-ZH) =10[ATAZ].
8. Taking each six times,
30(FT'A-ZH)
is equal to the surface of the dodecahedron.
Analogous Result for the Icosahedron

1. Let ABF be an equilateral triangle with a circumscribed circle.

9
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2. Let A be the centre, and draw A E perpendicular to BF.

3. The claim is

30(BF - AE) = surface of the icosahedron.

4. Since
AE - BF =2|AABF],

5. taking each three times gives

6]AABF] = 3(AE - BF).

6. But
6[AABF| = 2[AABF).

7. Taking each ten times,

30(AE - BF) = 20[AABF].

Corollary

For solids inscribed in the same sphere,

surface of dodecahedron  side of pentagon X its perpendicular

surface of icosahedron ~ side of triangle X its perpendicular

Therefore, the stated rectangles provide the corresponding surface
measures of the dodecahedron and icosahedron.

10



COROLLARY.

12 pntagons ABIAE.
A A

B

3-AExBF. "

8 7P
BF ar B F

7 Thens-TAxZH= |

9 Hence 30- AEx BF =

10 triangles TAZ.
A

surfaceof

PROPOSITION 3.
If an equilateral and equiangular pentagon is gwen, .m a SIS [0 N30 (ORI ADRON As the surface of the dodecahedron is to v.he snr&c: nl
circle is bout it, and rawn icosahedron,
from the centre to any one of the sides, then m.ny times 1 Let ABF be an equiberal | 2 Als the cenee 3 Clim: 30-BF x AE = pﬂmc..m) 0 the rectangle (side nrmm x p:rpu\dnmlax)
the rectangle contained by one side and the riangle wit il ‘perpends L for solids inscribed in the same sphere.
is equal to the surface of the dodecahedron. = D5 S
1 LeABTE besncquiserd | 2 Z is the cenee Draw
and cpisngulsepenagon ofthe circle. ZHwrA.
withcircumecrbed circle AA. A
X
A
|
B (d B ®
. > 4 AExBF=2- 5 Eachokentostimes | 6 B 6- wiangle ABF =
4 Clim: 30-TAxZH= | 5 JonZand ZA. 6 Since 1 x2zH=2- = B s

Surface of ( AZH
(rectangle from

dodecahedron e

Surface of

icosahedron
From pentagon: From riangh:

r A B H F
A

zH

11
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Proposition 4

Statement. The side of the cube is to the side of the icosahedron as
the surface of the dodecahedron is to the surface of the icosahedron.

First Demonstration

Proof.

I.

2.

10.

11.

Draw circle ABF' circumscribing both pentagon and triangle.

Inscribe I'A as the side of the icosahedron, and AF' as the side
of the dodecahedron.

. Let E be the centre of the circle.

. Draw perpendiculars FZ and EH to AI" and ' A, respectively.

Produce F H to B.
Join BF'.
Let © be the side of the cube.

It is required to prove

O : I'A = surface of dodecahedron : surface of icosahedron.

When BE + BF is cut in extreme and mean ratio, its greater
segment is B E, by Proposition XIII.9.

By Proposition 1,

1
EH = J(BE + BF).

By the porism to Proposition 1,

EZ = %BE.

12
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12. Therefore, when F H is cut in extreme and mean ratio, its greater
segment is K 7.

13. When O is cut in extreme and mean ratio, its greater segment is
I'A, by the porism to Proposition XIII.17.

14. Hence
O:. TA=FH:EZ.

15. Therefore
JE-©=TA.-FH.

16. Since
0. TA=ZF-0:TA-ZF,

17. and
I'A-FH =7F -0,

18. it follows that
©:TA=TA-EH:TA-ZF.
19. By Proposition 3, this is

surface of dodecahedron : surface of icosahedron.

Therefore, the side of the cube is to the side of the icosahedron as the
surface of the dodecahedron is to the surface of the icosahedron.

13



PROPOSITION 4.
The side of the cube is to the side of the icosahedron

1 1 5
as the surface of the dodecahedron is to 10 EH =5 (BE+BF) | 11 EZ= 3 BE 12 ;x!m‘m_whm 16 Since ©: [A = 17 And TA x EH =
the surface of the icosahedron. [Prop. 1]. [Porism to Prop. 1] L e ZEx©:TAXZE. ZEx 0.
er segment = EZ.
1 Draw circe ABF 2 lcrbeTAusside | 3 E= contre Ly
cirumseribing both of cosahedron, of circe.
ntagon and trian as s © _ ZEx® TA x EH =
pgnead higs AT s BEER X F|B z o (Rn S A == 2= A
[l Gy ae A [GARSNTAVIZ 1) ZEx©
[T
A 1
EH = - (BE + BF)
18 Therefore
©:ra=
ra o ZE.
E = F B F ] 13 whenoisautin 14 Thersfore 15 Hence RER Lo ZE
extreme and mean ratio, ©:TA= ZEx @ =
% 7 3 greater segment = [A EH : EZ. TA x EH. ) TA x EH
Draw perpendiculars Produce EH. Join BF. [XIIL 17 por.]. == et
B wAbEHwTs |  wh e T8 - Taszy
A
r Y A G _ W& ZEx© = I
& — A TA x EH ©:ra=
e surface of dodecahedron :
greater segment = ['A ;"rf':;of Reefialion
p.14].
7 Leo= :
side of cube.

Therefore
Side of cube : side of icosahedron =
surface of dodecahedron : surface of icosahedron.

14
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Proposition 4 — Alternative Demonstration

with Lemma

Lemma
Proof.
1. Draw circle ABF.
2. Inscribe AB and AF as sides of an equilateral pentagon.
3. Join BF, and let A be the centre.
4. Join AA, and produce it to E.
5. Set ]
AZ = -AA.
2
6. Set
HF =3I'0.
7. Claim:
AZ - BO = one pentagon.
8. Draw BA.
9. Since
AA=2AZ,
we have 3
AZ = —=AA.
2
10. Since
HF =3I'0,
and
HO =20r,
we have
HF = -OH.

15
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11. Therefore
ZJA: AA=TH: HO.

12. Hence
AZ  -HO =AA-TH.

13. But
I'H = BH.

14. Therefore
AA-BH =Z7A-HO.

15. But
AA - BH = 2[AABA.

16. Therefore
5(AZ - HO) = 10[AABA].

17. The ten triangles ABA make two pentagons.

18. Since
HO = 20T,
we have
AZ-HO =2(AZ -0rI).
19. Hence

10(AZ - ©I') = 5(AZ - HO) = 2 pentagons.

20. Therefore
5(AZ - ©I') = 1 pentagon.

21. But
5(AZ-0T') = AZ - OB,
since OB = 501", with common height AZ.

22. Therefore
AZ - BO = one pentagon.

16
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Therefore, the rectangle AZ - BO is equal to one pentagon.

17



ALTERNATIVE DEMONSTRATION OF PROPOSITION 4 A
WITH LEMMA 11 Therefore 12 Hence 22 Therefore
ZA:aA= | AZ x HO = AZ xBO = /\
‘ LEMMA.  AZ x BO (side of cube) = one pentagon, TH: HO. AAXTH. one pentagon. ¢
where AZ is drawn from the centre to the midpoint A =
of a side of the inscribed equilateral pentagon.
z
1 Draw circle ABF. 2 Inscribe AB, AF as 3 Join BF, A = centre. S—=—
i | sides of equilateral OffOte B

5
o R . O R
OH 20er

\ ) AZ x BO = one pentagon.
E H B F 13 ButTH = BH. 14 Therefore 15 AA x BH =
T AAxBH = 2.- triangle ABA.
| zaxHo. | n
4 Join AA to 4, 5 SeAZ =304 6 SetHF = 3T6, [
‘Pproduce to E. |
b 2. A4BA
|B F

iy
ONON |

S ST E S S || 16 Therefore 17 10 triangles ABA =
7 A 5.AZ x HO = 2 pentagons.
g 4 10 wiangles ABA

RETURNING TO THE PROPOSITION
By this lemma, the rectangle (side of cube X perpendicular)
is proportional to the surface of the dodecah
and similarly for the icosahedron.

e A
7 Clim: AZxBO= | 8 DrawBA toA 9 Since A% =207, / \
e petagon ¥ Az=3aa
A

——
g

e
19 so 20 Therefore 21 But5-AZxor=
10-AZ x @) 5-AZ x 6r= AZ x 0B
5.AZ x HO = 1 pentagon. (since OB = 56T,
2 pentagons. AZ comman
height).

18
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Proposition 4 — Proof via Lemma

Proof.

1.
2.
3.

10.

I1.

12.

13.

14.

Draw circle ABF' circumscribing both figures.
Inscribe BA and AF as sides of the pentagon.

Join BF', and let E be the centre.

. Join AF, and produce it through A to Z.

Set
AF =2FH.

Set
KF = 3F0.

From H draw H M perpendicular to AZ, and produce it to A.

AM is the side of the equilateral triangle.

. Join the remaining sides so that AAAM is equilateral.

By the lemma,
AH - OB = pentagon.

Also
AH - HA = AAAM.

Therefore

AH -OB : AH - HA = pentagon : triangle.

But
BO-AH : AH-HA = BO : AH.

Therefore

12 pentagons : 20 triangles = 120B : 20AH.
19
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15. This is the ratio

surface dodecahedron : surface icosahedron.

16. Since BO = 501" and BF' = 60T,

120B = 10BF.
17. Since
AM = 2AH,
we have
20AH = 10AM.

18. Therefore

10BF : 10AM = surface dodecahedron : surface icosahedron.

19. But BF is the side of the cube, by Proposition XIII.17, and AM
is the side of the icosahedron.

Therefore, the side of the cube is to the side of the icosahedron as the
surface of the dodecahedron is to the surface of the icosahedron.

20



PROPOSITION 4. PROOF VIA LEMMA 7 From H draw HM 9 Join AA, 14 Therefore | 15 This equals
‘The side of the cube is to the side of the icosahedron perpendicular to AZ, | equilateral triangle AM: MMM is 12 pentagons : 20 triangles = surface dodecahedron ¢
as the surface of the dodecahedron is to produce to A. | sl equilateral 1208 : 20AH. surface icosahedron.
angle

the surface of the icosahedron.

1 Drawircie ABF | 2 Inscribe BA, AF 3 Join B, |
circumscribing both. as sides of E = centre. '
| ipa0. equilateral pentagon. o
A A A
¥ [ B ¥

02 @@

=

A
=12x 8 Al =
| B
Kol 5 16 1208 = 105F 17 20aH = 10aM
(since BO = 56T, (since AM = 24H).
| 3 - BF = 60T,
| B ESIEB B B E 10 AH x 0B = 11 AH x HA = 50 686 = SBF).
pentagon [p.20]. wiangle AAM.
o T i & A — o+ .
4 Join AE 0 A, 5 Set AE = 2EH. 6 SetKF = 3F6. B e o HE T M A
produce to Z. Shage SR S0 Ly
i A AH = AH = 5 6 2 2
/ \ / \ 6B6 = SBF
I M 2 18 Therefore
o8 HA 10BF : 10AM =
\ N Lis N A = % surface : AM = side of icosahedron.
S/ Sal% Therefore Bu surface icosahedron.
AH x OB : AH x HA = BO x AH': AH x HA =
| H K 0 pentagon : triangle. BO: AH. 10 x 210 % & &g
| z z BF am
| D | ‘
: : : : - @ H ‘ ‘ %

Hence the side of the cube is to the side of the icosahedron
as the surface of the dodecahedron is to
the surface of the icosahedron.

21
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Proposition 5

Statement. If any straight line is cut in extreme and mean ratio, then
the side of the cube is to the side of the icosahedron inscribed in the
same sphere as the straight line whose square equals the squares on
the whole and on the greater segment is to the straight line whose
square equals the squares on the whole and on the lesser segment.

Proof.

1.

2.

10.

Draw circle AOB circumscribing both figures.
Let I" be the centre.

Draw F'B through I', and cut it at A in extreme and mean ratio,
' A being the greater segment.

Then I'A is the side of the decagon.

. Let E be the side of the icosahedron, Z the side of the dodecahe-

dron, and H the side of the cube.

Thus E is the side of an equilateral triangle and Z the side of a
pentagon in the common circle.

. By the porism to Proposition XIII.17, Z is the greater segment

when H is cut in extreme and mean ratio.
Since E is the side of an equilateral triangle,

E*? = 3BF”.

. Also,

FB? + BA? = 3T A%
Therefore

E?: FB? = (FB* + BA?) : T A%
22
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I1.

12.

13.

14.

15.

16.

17.

Alternately,
E*: (FB* + BA*) = FB* : T A%
From the previous relation,
BF?:TA*=H*: 7"

Therefore
E?:(FB*+ BA*) = H* : Z*.

Alternately and inversely,
H?:E*=7?.(FB*+ BA?Y).
By Proposition XIII.10,
BF? +TA* = Z°.
Therefore
H?: E* = (BF? +T'A% : (FB? + BA?Y).

Since H is the side of the cube and E the side of the icosahedron,
the required ratio follows.

Therefore, the ratio of the cube side to the icosahedron side is repre-
sented by the corresponding straight lines formed from the whole and
its greater and lesser segments in extreme and mean ratio.

23



PROPOSITION 5. 7 2= greatersegnent | 8 Since E = sde o equieen | 9 FE+ 542 =304 | | 13 mperer AP R e

If any straight line i cut in extreme and mean ratio, then the side of the. of H cut in extreme triangle, E2 = 3BF? [XIL4].
cube is to the side of the icosahedron inscribed in the same sphere as and mean ratio. [XIIL,12]. EP: (FB*+ BAY) = H*: 2% HP:E* = Z*: (FB* + BAY).
the straight line whose square equals the squares on the whole and on [XIIL17 por]. A N
the greater segment s to the straight line whose square equals the
squares on the whole and on the lesser segment. £ " o z
1 Draw circle AOB 2 T = centre. 3 Draw FB through T, FB* + BA* Vi i FB* + BA?

circumscibing cnat A in extreme

both [p.10] . and mean ratio, 2 X

ra b F B F " B

15 BuBF?+TA? = 2% | 16 Therefore
E* = 3 BF? FB? + BA® = 3TA? [XIIL,10 - square on side H:E'=
of peniagon = squareson | (BE2 4 [AY); (FB? + BAY).

sides of hexagon and decagon].

B 10 Therefore 11 Alternately: 12 BF*:TA* = BF? 4 TA?
E?:FB = E?: (FB? + BA? H?: 22 [p32). S

4 TA = sideof FB* + BA* : TA, FB?: TA%
decagon [p13 n.1].
P
E* _ FB+BA E FB? BF: _ H!
BF? ra* FB?+BA*  TA? DA
B

B =3 BF

FB? + BA® = 3TA*

Hence the sde of the cube i o the side of the icosshedron

= e
squares on the whole and on the lesser segmen.

24
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Proposition 6

Statement. The volume of the dodecahedron is to the volume of the
1cosahedron as the side of the cube is to the side of the icosahedron.

Proof.

1.

10.

Equal circles circumscribe the pentagon of the dodecahedron and
the triangle of the icosahedron.

In a sphere, equal circles are equally distant from the centre, by
Theodosius, Sphaerica 1.6.

. Therefore the perpendiculars from the centre of the sphere to the

planes of those circles are equal.

Those perpendiculars fall upon the centres of the circles.

. Hence pyramids with pentagonal bases and triangular bases have

the same height.

Pyramids of the same height are to one another as their bases, by
Proposition XII.6.

Therefore

pentagon : triangle = pyramid with pentagonal base : pyramid with triang

. Hence

12 pentagons : 20 triangles = 12 pentagonal pyramids : 20 triangular pyra

. But twelve pentagons make the surface of the dodecahedron, and

twenty triangles make the surface of the icosahedron.

Therefore

surface dodecahedron : surface icosahedron = volume dodecahedron : vo

25
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11. By Proposition 4,

side of cube : side of icosahedron = surface dodecahedron : surface icosahe

12. Therefore

side of cube : side of icosahedron = volume dodecahedron : volume icosahe

Therefore, the volume of the dodecahedron is to the volume of the
1cosahedron as the side of the cube is to the side of the icosahedron.

26



PROPOSITION 6. 2 In spheres, equal circles 3 Thercfore the perpendiculars 4 The perpendiculars fall
The volume of the dodecahedron is to the Crlyerry STty fromithe cepelof hephers upon the centres
volume of the icosahedron as the side of Gtz [JUendei, Gz efiEaems of the circles.
the cube is to the side of the icosahedron. pulec il oTy

1 Equal cirles cireumscribe

7 Therefore pentagon : triangle = 8 Hence 12 pentagons : 20 triangles =
pyramid (pentagon base) : 12 pyramids (pentagonal bases) :
pyramd (wiangle base). 20 pyramids (triangular bases).

L 4444 daaiih

> A8 AAAAAAA
e Y VYV VYV

Triangle | pentagonal base  triangular base

6 Pyramids of the same height are to each

5 Pyramids with pentagon bases and
other as their bases [XIL6].

triangular bases have the same height.

Z z
&4
<y 5
11 But side of cube : side of icosahedror 12 Therefore side of cube : side of icosahedron =

9 12 pentagons = surface of dodecahedron, 10 Therefore surface of dodecahedron :
surface of dodecahedron : volume of dodecahedron :

20 triangles = surface of icosahedron. surface of icosahedron
volume of dodecahedron : surface of icosahedron [p.16]. volume of icosahedron.
volume of icosahedron.

f’ﬁ

S Surface of Surface of Volume of
urfacelo! dodecahedron ¢ icosahedron © dodecahedron

= Surface of dodecahedron tolume of dodecahedron

= Surface of icosahedron Side icosiedron = Volume of icosshedron

Hence the volume of the dodecahedron is to the volume of the icosahedron
as the side of the cube is to the side of the icosahedron.

Volume of Volume of Side of cube Side of
dodecahedron  icosahedron icosahedron
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EucLiD — THE ELEMENTS

Supplementary Lemma

Statement. If two straight lines are cut in extreme and mean ratio,
they stand in the assumed proportion.

Proof.

1. Let AB be cut at ' in extreme and mean ratio, AI' being the
greater segment.

2. Let AE be cut at Z in extreme and mean ratio, AZ being the
greater segment.

3. It is required to prove

AB: A = AE : AZ.

4. Since
AB - BT = AT
and
AE-EZ = AZ?,
5. we have

AB-BTU : AT? = AE-EZ : AZ°.
6. Therefore

4AB- BT : AT? =4AE-EZ : AZ>

7. By componendo,

(4AB - BT + AT?) : AT? = (AAE - EZ + AZ%) : AZ2.

8. By Proposition I1.8,

(AB+ BT)?: AT? = (AE + EZ)* : AZ*.
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9. Taking square roots,

(AB+ BT): AT = (AE+ EZ) : AZ.

10. But
AB + BI' =2AB
and
AE+ EZ =2AF.
Therefore

2AB : AT = 2AF : AZ.

11. Taking halves,
AB: AI' = AFE : AZ.

Therefore, two straight lines cut in extreme and mean ratio stand in
the assumed proportion.
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1 Let the straight line AB be cut in 2 Let the straight line AE be cut 8 G
BIDHALERTERN RIS HRALR, extreme and mean ratio at I', in extreme and mean ratio at Z, AB: Al = AE : AZ.
Wi b o, e AT being the greater segment. AZ being the greater segment.
and mean ratio, they stand in the
. A ir B A Z E A r B
assumed proportion.
S e ) SR, SR,
AT I'B AZ ZE A z E
Extreme and mean ratio = Extreme and mean ratio =
AB x B = AT AE x EZ = AZ?
4 Since AB x BI' = AI'* 5 Therefore 6 Hence, multiplying both terms 7 Componendo [ratio additio]:
e
al A5l = R AB x BI': AI® = AE x EZ : AZ% Eg (4-AB x BT + AI'%): AI? =

e 4-ABx BT : AT? = (4-AE x EZ + AZ%): AZ%
ABxBI = Al ABxBI  AExEZ 4. AExEZ:AZ%

4AB x BT + AT? 4AE x EZ + AZ?

= A nZe 4ABxBL  4AEXEZ o
AE x EZ = AZ e AZ2 VAT Az?

8 But AB x BI' + AI'> = (AB + BI')? [211.8]. 9 Taking square roots (for the magnitudes are positive), 10 But AB + BI' = 2AB and AE + EZ = 2AE. 11 Taking halves,
2 = we have in length: Therefore
and AE x EZ + AZ? = (AE + EZ)?. gth: L
e 2AB: AT = 2AE : AZ.
(AB + BI'): AT = (AE + EZ) : AZ, bl S 442 T = -
el 2. A7
(AB + BI')?: AT* = (AE + EZ)* : AZ%. PR A L B & e

(AB + BI')? _ (bvax EZ)?
3 AZ?

(R — AT I'B
AB + Bl : AT = AE + EZ: A. 2AB Z
A z E

Az ZE
AB x BT = AT’ 3 a
AT rB . AE x EZ = AZ? Thus, if two lines are cut in e o :““ sl i i
| assumed proportion.
AB x BI = AI* L ABxBr:AI'= AExEZ:AZ e pid
| they stand in the assumed QED.

Z = (AB+BI)?: AT* = (AE + E2)} : AZ> proportion.

= AB+BI:AT = AE + EZ: A7

= 2AB: AT =2AE: AZ
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Conclusion of Book XIV

It has been shown:

1. For any straight line cut in extreme and mean ratio,

side of cube _line whose square equals the squares on the whole

side of icosahedron  line whose square equals the squares on the whols

2. For the dodecahedron and icosahedron inscribed in the same
sphere,

surface of dodecahedron B side of cube

surface of icosahedron side of icosahedron

3. Also,

volume of dodecahedron B surface of dodecahedron

volume of icosahedron surface of icosahedron ’

because the pentagonal and triangular faces are circumscribed by
equal circles in the same sphere and the corresponding pyramids
have equal heights.

Final Conclusion

If the dodecahedron and icosahedron are inscribed in the same sphere,
and if any straight line is cut in extreme and mean ratio, then

Dodecahedron  line whose square equals the squares on the whole and gre:

Icosahedron  line whose square equals the squares on the whole and les:
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Let the dodecahedron and icosahedron be inscribed in the same sphere.

n Any straight line cut in extreme and mean ratio:
side of cube : side of icosahedron =
line whose square equals the squares on the whole
and on the greater part :
line whose square equals the squares on the whole
and on the lesser part. [p. 24]

A I B

AT I'B
AT, I'B in extreme and mean ratio

Line whose square equals Line whose square equals
squares on whole and squares on whole and
greater part. lesser part.
i Q . s
PQ (the whale) RS (the whole)

Let x be such that x* = PQ? + PA? Let y be such that y? = RS? + RT?

= %

P A Q R 0 s

Side of cube  _ i
Side of icosahedron 7

The surface of the dodecahedron
to the surface of the icosahedron
inscribed in the same sphere
is equal to the side of the cube
to the side of the icosahedron.

Surface of
icosahedron

Surface of
dodecahedron

Side of
icosahedron

The dodecahedron is to the icosahedron
as the surface of the dodecahedron
is to the surface of the icosahedron,
because the pentagon and the triangle
are circumscribed by the same circle.

Surface of
dodecahedron

FINAL CONCLUSION

If the dodecahedron and the icosahedron

are inscribed in the same sphere,

X

Line whose square equas
Icosahedron 2

the squares on the whole
and on the greater part
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then for any straight line cut in extreme and mean ratio,

Lo
Line whose square equals

the squares on the whole
and on the lesser part




