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Book XI



Chapter 1

Definitions

1.1 Definition 1

A solid is that which has length, breadth, and depth.

Symbolic / spatial summary

‘ objects and incidences of the definition = defined solid-geometric relation

DEFINITION 1 — SOLID

ACTION: Take three dimensions: length, breadth, and depth.
RESULT: The combined extent is a solid.

RESULT
1. LENGTH 2. BREADTH 3. DEPTH A SOLID

D (6}
: : ;
—> B w—p
A B

1 —

-

One dimension: Two dimensions: Give the plane figure a depth D The combined extent in length (L),
a line with length L. a plane figure (parallelogram) in a direction perpendicular breadth (B), and depth (D) |
L with length L and breadth B. to its plane. is a SOLID:

s = L | a llel (r lar solid).

J

THREE DIMENSIONS — LENGTH (L), BREADTH (B), DEPTH (D)
THE COMBINED EXTENT IS A SOLID.




1.2. Definition 2

1.2 Definition 2

The extremity of a solid is a surface.

Symbolic / spatial summary

| objects and incidences of the definition = defined solid-geometric relation |

DEFINITION 2 — EXTREMITY OF A SOLID

( ACTION: Take the boundary of a solid. ‘

‘( RESULT: That boundary is a surface.

1. A SoLip 2. TAKE THE BOUNDARY 3. RESULT: A SURFACE
E F E F

1 G [ G
H ¢ H . H )
‘ i i
1 !
: :
1 1

e --JcC S ssacece S C

o Y

B

That boundary is a surface
(the extremity of the solid).

A B A A
Consider a solid Take the boundary
(a cube). (the limiting outline)
of the solid.

{ RESULT: The boundary (extremity) of a solid is a SURFACE. ]
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1.3 Definition 3

A straight line is at right angles to a plane when it makes right angles with
all the straight lines which meet it and lie in the plane.

Symbolic / spatial summary

‘ objects and incidences of the definition = defined solid-geometric relation

DEFINITION 3 — STRAIGHT-LINE PERPENDICULAR TO A PLANE

GIVEN: A straight-line / and a plane a.

ACTION:  The line / meets the plane « at a point P.

CONDITION:  For every straight-line in the plane « that passes through P, the line / forms a right angle with it.
RESULT:  The line / is at right-angles (perpendicular) to the plane a.

1. GIVEN 2. MEETS AT A POINT 3. RIGHT ANGLES WITH 4. RESULT
EVERY LINE THROUGH P

,,,,,,,,,,,,,,,,, - e T gy 0.
2 P P
Q, Q,
Given a straight-line / The line / meets the plane « For every straight-line in the Therefore, the line /
and a plane a. at the point P. plapefaipassingithroughizy is at right-angles
(suchas a, b, ¢, d, ...), (perpendicular) to the plane a.
the line [ forms a right angle L
with it.

t RESULT: The straight-line [ is perpendicular to the plane a.




1.4. Definition 4

1.4 Definition 4

A plane is perpendicular to a plane when the straight lines drawn in one of
the planes at right angles to their common section are at right angles to the

other plane.

Symbolic / spatial summary

‘ objects and incidences of the definition = defined solid-geometric relation

DEFINITION 4 — PLANE PERPENDICULAR TO A PLANE

‘ GIVEN: Two intersecting planes o and f3.
{ . . . . . .
| ACTION 1: Identify their common section (intersection line) .
| ACTION 2: In plane a, draw any line m perpendicular to the common section (.
| CONDITION: That drawn line m must be perpendicular to the other plane S.
| RESULT: The plane « is at right-angles (perpendicular) to the plane 3.
1. GIVEN: 2. ACTION 1: 3. ACTION 2: 4. CONDITION AND RESULT:
TWO INTERSECTING PLANES IDENTIFY THEIR COMMON IN PLANE @, DRAW ANY LINE m m 1S PERPENDICULAR TO f3;
SECTION { PERPENDICULAR TO THEREFORE L 8

m

a a
-

P
Vﬁ \/ 5
In plane a, draw any line m

perpendicular to the line {,
meeting it at point P.

"

‘ The line m in plane a,
perpendicular to £,
| is perpendicular to plane .
Hence, a is at right-angles

to B (a L B).

Two planes a and The line of intersection of
intersect in a straight-line { aand Bis (.
(their common section).

RESULT: Plane « is at right-angles (perpendicular) to plane 8. ]
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1.5 Definition 5

The inclination of a straight line to a plane is the acute angle contained by
that straight line and the straight line drawn from the point where it meets
the plane to the foot of the perpendicular drawn from any point on it to the
plane.

Symbolic / spatial summary

‘ objects and incidences of the definition = defined solid-geometric relation

DEFINITION 5 — INCLINATION OF A LINE TO A PLANE

GIVEN: A line AB standing on the plane « (not perpendicular to the plane).
ACTION 1:  From the upper end A of the line, drop a perpendicular AP to the plane «, meeting it at P.
ACTION 2: From P, draw a straight line PB back to the lower end B of the line (where it meets the plane a).

RESULT: The angle between the original line AB and the line APB is the inclination of the line AB to the plane a.
1. GIVEN 2. ACTION 1 3. ACTION 2 4. RESULT
A A A A
i |
1
i 0!
' !
- i -, -, }
h |
1

NN
ot T

i

B « Dl a B a B a

A line AB stands on From the upper end A, | From P, draw a straight line The angle 6 between
the plane a. drop a perpendicular AP | PB back to the lower end B the original line AB
It is not perpendicular to the plane «a, of the line (where it meets and the line APB
to the plane. meeting it at P. the plane ). is the inclination of the line

AB to the plane a.

RESULT: The angle between the line AB and the line APB is the inclination of the line AB to the plane a.




1.6. Definition 6

1.6 Definition 6

The inclination of a plane to a plane is the acute angle contained by the
straight lines drawn at right angles to their common section, one in each
plane, at the same point of the section.

Symbolic / spatial summary

‘ objects and incidences of the definition = defined solid-geometric relation

n DEFINITION 6 — INCLINATION OF A PLANE TO A PLANE

GIVEN: Two intersecting planes « and .

ACTION 1:  Locate their common section (intersection line) (.

ACTION 2: At any one point P on that section {, draw a line PA in plane « perpendicular to (,
and a line PB in plane f perpendicular to (.

RESULT: The acute angle between these two drawn limes is the inclination of one plane to the other.
1. GIVEN 2. ACTION 1 3. ACTION 2 4. RESULT
TWO INTERSECTING PLANES LOCATE THE COMMON SECTION { DRAW PERPENDICULARS AT P THE ACUTE ANGLE BETWEEN

AND CHOOSE A POINT P ON ( IN EACH PLANE PA AND PB 1S THE INCLINATION

Lo Ph;es < z,“: ﬁ 0 Let P be any one point In plane a, draw PA L ( at P. The:“l‘,te a"}%f Bge;gm“
intersect in the straight line . the lines PA an

(their common section). on the common section {. In plane §, draw PB L ( at P. is the inclination of plane a
to plane .

RESULT: The acute angle between the lines drawn in each plane perpendicular to their common section
at a point on it is the inclination of one plane to the other.
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1.7 Definition 7

A plane is said to be similarly inclined to a plane as another plane is to
another when the angles of inclination are equal.

Symbolic / spatial summary

‘ objects and incidences of the definition = defined solid-geometric relation

EDEFINITION 7 — SIMILARLY INCLINED PLANES

GIVEN: Two pairs of planes (first pair, second pair).
ACTION: Measure the inclination angles (as in Definition 6) for both pairs.
CONDITION:  The angles are equal.
RESULT: The pairs are similarly inclined.
1. FIRST PAIR OF PLANES 2. SECOND PAIR OF PLANES
A. Intersecting planes B. Common section (; A. Intersecting planes B. Common section (»
@, a 23}
-, & -) b
By,
C. Perpendiculars at P, D. Inclination angle 6, C. Perpendiculars at P, D. Inclination angle 0,
AZ
- -,
3. CONDITION 4. RESULT
The inclination angles are equal: Therefore, the first pair («;, ;) and the second pair (e, B2)

6, =06, are SIMILARLY INCLINED.

RESULT: Two pairs of planes are similarly inclined when the inclination angles between each pair are equal.




1.8. Definition 8

1.8 Definition 8

Parallel planes are those which do not meet.

Symbolic / spatial summary

‘ objects and incidences of the definition = defined solid-geometric relation

n DEFINITION 8 — PARALLEL PLANES

GIVEN: Two planes « and S.
ACTION: Extend the two planes indefinitely.
CONDITION:  They never meet (that is, they have no common point).
RESULT: The planes « and S are parallel planes.
1. GIVEN 2. EXTEND IN ALL DIRECTIONS 3. NEVER MEET 4. RESULT

Two planes a and f. Extend both planes indefinitely No matter how far they are Therefore, the planes a and 8
in every direction. produced, they never meet; are parallel planes
they have no common point. (a || B).

RESULT: Two planes are parallel when, being produced indefinitely, they never meet.
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1.9 Definition 9

Similar solid figures are those contained by an equal number of similar
planes.

Symbolic / spatial summary

‘ objects and incidences of the definition = defined solid-geometric relation

n DEFINITION 9 - SIMILAR SOLID FIGURES

GIVEN: Two solid figures.

ACTION: Count the faces (planes) and compare them.

CONDITION:  The faces are equal in number, each is similar to its counterpart,
and they are arranged in the same way.

RESULT: The solids are similar.
1. GIVEN 2. ACTION 3. CONDITION 4. RESULT
A F 4 AW G
! ! e G [
F, B} 4G i
,,,,,, f Fy «— G, | T
Z Fs — G.
(2 AP s s | i
Solid A F. g Fs > G; G ! i
s 3 !
- s / A~
< n + Both solids have 6 faces. 4
« Each face of Solid A is similar
Gy to the corresponding face of Solid B. Solid A ~ Solid B
« The faces are arranged in the same way
. Gs ing faces are in correspondi
Solid B Gs positions).
Given two solid figures, Count the faces (planes) Equal number of faces, each similar Therefore,
Solid A and Solid B. and compare them. to its counterpart, and similarly arranged. the solids are similar.

RESULT: Two solid figures are similar when they have the same number of faces,
each face is similar to its corresponding face, and the faces are arranged in the same way.

10



1.10. Definition 10

1.10 Definition 10

Equal and similar solid figures are those contained by similar planes equal
in number and magnitude.

Symbolic / spatial summary

‘ objects and incidences of the definition = defined solid-geometric relation

MDEFINITION 10 — EQUIPOLLENT (EQUAL IN CONTENT) SOLID FIGURES

GIVEN: Two solid figures.
| ACTION: Fill both solid figures completely with equal parts of the same kind (congruent small solids).
CONDITION: The numbers of the small solids required are equal.
RESULT: The solid figures are equal in content (equipollent).
1. GIVEN 2. ACTION 3. CONDITION 4. RESULT
Two solid figures. Fill each solid with equal The numbers are equal. The solids are equipollent.

parts of the same kind.

—E( 0| | Number of
e e small solids
B P! IEEEEEEE, Nl
74 3
Solid A
- =) = = ~
(T - - - 7773
Number of |
- E small solids
o) )| inB=n a
Solid B
Two solid figures, Fill both solids completely The number of small solids Therefore, Solid A and
Solid A and Solid B with equal small solids required to fill A equals the Solid B are equal in content
g (congruent unit cubes). number required to fill B. (equipollent).

RESULT: Two solid figures are equal in content (equipollent) when, being filled with equal parts
of the same kind, they require equal numbers of parts.

11
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1.11 Definition 11

A solid angle is the inclination constituted by more than two straight lines
which meet one another and are not in the same plane, or by more than two
plane angles which are not in the same plane and are constructed at one
point.

Symbolic / spatial summary

‘ objects and incidences of the definition = defined solid-geometric relation

m DEFINITION 11 — SOLID ANGLE

A solid angle is the inclination constituted by more than two lines which meet one another
and are not in the same surface, towards all the lines.

Otherwise: A solid angle is that which is contained by more than two plane angles
which are not in the same plane and are constructed to one point.

© Action 1 ® Action 2 © Action 3
Take three rays that meet The three pairwise plane angles The region they enclose is
at one point O. they determine do not all lie in the solid angle at O.
one plane.
C

S

o

The plane angles ZAOB, ZBOC

The three rays bound a three-

Three rays OA, OB, OC and ZCOA are formed; but they di ional 5 RN
are taken, meeting at the do not all lie in the same plane, 1mens;)r;a oPenlngT:].?n e lmte
point O. since OC is not in the plane pyzamidaliresion) gThistresion

containing OA and OB. is the solid angle at O.

DEFINITION (SUMMARY): A solid angle is the inclination constituted by more than two lines q

| which meet one another and are not in the same surface, towards all the lines. B
} Equivalently: It is that which is contained by more than two plane angles which are not
‘ A

in the same plane and are constructed to one point. 0

12



1.12. Definition 12

1.12 Definition 12

A pyramid is a solid figure contained by planes which are constructed from
one plane to one point.

Symbolic / spatial summary

‘ objects and incidences of the definition = defined solid-geometric relation

DEFINITION 12 — PYRAMID
ACTION 1: Take one plane figure as the base.
ACTION 2: Take a single point outside the plane of that base.
ACTION 3: Join that point to all the vertices of the base. |
RESULT: The solid figure contained by the base and the triangular faces formed by those joins is a pyramid. |
J
o ACTION 1 e ACTION 2 e AcTION 3 o RESULT
Take one plane figure Take a single point Join that point to all The solid figure contained
as the base. outside the plane the vertices of the base. by the base and the triangular
of that base. P faces is a pyramid.
ol A
i
|
. = : = s
|
D i (& D C
A Y
A B
A B P B A B
Let ABCD be a plane Let P be a point not in e P P AN B sChandtD Th: ﬁhgureAboulndeiAbl); A;;CBD
figure (the base). the plane of ABCD. s e s aridathe mangves g
PBC, PCD is a pyramid.
DEFINITION (SUMMARY): A pyramid is the solid figure contained by a plane figure (the base) and the
triangular faces formed by joining a point outside the plane of the base to all
the vertices of the base.

13
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1.13 Definition 13

A prism is a solid figure contained by planes, two of which, namely those
which are opposite, are equal, similar, and parallel, while the rest are paral-
lelograms.

Symbolic / spatial summary

‘ objects and incidences of the definition = defined solid-geometric relation

EDEFINITION 13 — PrisMm

ACTION 1:
ACTION 2:
ACTION 3:
CONDITION:
RESULT:

o AcTIoN 1

Take two plane figures
that are equal, similar,
and parallel.

Let ABCDE and AB'C'D'E’
be equal and similar
planc figures.

9 ACTION 2

Place them in parallel
planes so that
corresponding vertices
match.

The figures lie in parallel
planes a and B with

matching vertice

Ao A, BoB,

Take two plane figures that are equal, similar, and parallel.
Place them in parallel planes so that corresponding vertices match.
Join each pair of corresponding vertices with straight lines.

The side faces formed by these joins are parallelograms.

o AcCTION 3
Join each pair of
corresponding vertices
with straight lines.

D
E, c
A
B
El. 1 -4C
A B’

Draw AA’, BB, CC', DD',
EE'. These are the
lateral edges.

o CONDITION
The side faces formed by
these joins are
parallelograms.

D
E €
A
B
v
E[EE ]
A B’

Each lateral face
(AAE’E, BB'C'C, etc.)
is a parallelogram.

and parallel, with the straight lines joining corresponding vertices,
provided the side faces so formed are parallelograms.

The solid figure contained by the two parallel equal and similar bases and the parallelogram side faces is a prism.

e REsuLT
The solid figure contained
by the two parallel equal
and similar bases and the
parallelogram side faces
is a prism.

This solid is the prism
ABCDE-A’B'C'D’E’.

DEFINITION (SUMMARY): A prism is the solid figure contained by two plane figures that are equal, similar, Q

N

14




1.14. Definition 14

1.14 Definition 14

A sphere is the figure comprehended when, the diameter of a semicircle
remaining fixed, the semicircle is carried round and restored again to the
same position from which it began to be moved.

Geometrical characterization

The diameter AB is the fixed axis: A and B remain motionless throughout
the revolution. In a side-view cinematic sequence the semicircle is above
AB at 0°, projects essentially to the unchanged segment AB at 90°, appears
below the same AB at 180°, again projects to AB at 270°, and returns at
360°.

‘ AB fixed = semicircle revolves about AB = sphere ‘

m DEFINITION 14 — SPHERE ‘

ACTION 1: Take a semicircle.
ACTION 2: Fix its diameter.
ACTION 3: Rotate the semicircle completely about that fixed diameter
until it returns to its starting position. |
RESULT: The solid figure generated by this revolution is a sphere.

o AcTioN 1 e ACTION 2 o ACTION 3 o RESULT

Take a semicircle. Fix its diameter. Rotate the semicircle completely about The solid figure generated
that fixed diameter until it returns by this revolution is
to its starting position. a sphere.
0 90° 180° 270° 360° |
|
m R e m
4 B | 4 B |4 o B A @ B
o o
Starting Edgeon:  Semicircle on  Edge-on: Retums to
position. only the the opposite only the starting
Semicircle ADB The diameter AB diameter ABside of AB.  diameter ABposition.
with diameter AB. (line AOB) is fixed. is visible. is visible. The sphere with
5 = £ center O and
Lot e ohoton The semicircle is revolved through 360° about the fixed diameter AB. Pt VL

Points A and B remain fixed while the rest of the semicircle leaves the plane,
passes through the edge-on positions (90° and 270°), appears on the opposite
side at 180°, and returns to its starting position.

DEFINITION (SUMMARY): A sphere is the solid figure generated by the revolution of a semicircle about its diameter. AB

15
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1.15 Definition 15

The axis of a sphere is the straight line which remains fixed and about which
the semicircle is turned.

Symbolic / spatial summary

‘ objects and incidences of the definition = defined solid-geometric relation

IEl DEFINITION 15 — AXIS OF A SPHERE

| ACTION: Identify the fixed straight line about which the semicircle
rotates in Definition 14.

RESULT: That fixed straight line is the axis of the sphere.

’ o IDENTIFY e REVOLUTION ABOUT AB 9 RESULT

In Definition 14, the semicircle Rotate the semicircle completely about the The fixed straight line AB
is rotated completely about fixed diameter AB until it returns about which the revolution
its fixed diameter AB. to its starting position. occurs is the axis

| of the sphere.

| 0° 90° 180° 270° 360°
| TR YN
- - - -
4 @ B U A 0 B
[ 5 B
Starting Edge-on: Semicircle on Edge-on: Returns to
‘ position. only the the opposite only the starting
‘ 7 diameter AB side of AB. diameter AB position.
Semicircle ADB is visible. is visible.
with diameter AB. ;
The straight line AB remains fixed throughout. Axis of the sphere
It is the line about which the semicircle is revolved. is the line AB.

about which the semicircle is revolved in forming the sphere.

| o J
[ s e =z =

! DEFINITION (SUMMARY): The axis of a sphere is the fixed straight line (the diameter) n E

16



1.16. Definition 16

1.16 Definition 16

The centre of a sphere is the same as that of the semicircle.

Symbolic / spatial summary

‘ objects and incidences of the definition = defined solid-geometric relation

m DEFINITION 16 — CENTER OF A SPHERE

ACTION: Take the center of the semicircle from which the sphere was generated.

RESULT: That same point is the center of the sphere.

o TAKE THE CENTER o REVOLUTION ABOUT AB 9 CENTER OF THE SPHERE
Take the center of the semicircle Rotate the semicircle completely about That same point is the
the fixed diameter AB until it returns center of the sphere.

from which the sphere was generated.
to its starting position.

> s> e »
A B A OB AOB A OB A OB
o
Semicircle ADB with diameter AB. The semicircle is revolved through 360° about
The center of the semicircle is O. the fixed diameter AB. Point O, the center of the semicircle,
The point O stays fixed throughout. is the center of the sphere.
DEFINITION (SUMMARY):  The center of a sphere is the center of m
the semicircle from which the sphere A B
is generated. W

17



EUCLID — ELEMENTS — BOOK XI

1.17 Definition 17

A diameter of a sphere is any straight line drawn through the centre and
terminated in both directions by the surface of the sphere.

Symbolic / spatial summary

‘ objects and incidences of the definition = defined solid-geometric relation

DEFINITION 17 — DIAMETER OF A SPHERE

AcTION 1: Draw a straight line through the center of the sphere.
ACTION 2: Extend the straight line in both directions until its two ends meet the surface of the sphere.
RESULT: The straight line so drawn through the center and terminated in both directions

by the sphere is a diameter of the sphere.

o AcTiON 1 o ACTION 2 o RESuLT
Draw a straight line Extend the straight line in both directions The straight line so drawn through the
through the center of the sphere. until its two ends meet the surface center and terminated in both directions
of the sphere. by the sphere is a diameter of the sphere.

A straight line is drawn through The straight line is extended in both
the center O of the sphere. directions until it meets the surface
of the sphere at A and B.

The straight line AB is a

diameter of the sphere.

DEFINITION (SUMMARY): A diameter of a sphere is a straight line drawn A O : Center of the sphere
through the center and terminating in both directions 4 p A B "Foints,on the;surface

at the surface of the sphere. of the sphere
— AB : Diameter of the sphere

18



1.18. Definition 18

1.18 Definition 18

A cone is the figure comprehended when, one of the sides about the right
angle in a right-angled triangle remaining fixed, the triangle is carried round
and restored again to the same position from which it began to be moved,
and similarly for the corresponding obtuse- and acute-angled cases.

Geometrical characterization

The fixed side AC is the axis. Points A and C never move. The moving
vertex B travels in the circle lying in the plane through C' perpendicular to
AC. In the edge-on positions B projects onto C, so the triangle projects
onto AC.

\ AC fixed = B revolves about AC — cone\

AcTioN 1: Take a right-angled triangle.

DEFINITION 18 - b;Ni T o TEe 1

side containing
gled

ACTION 2: Fix one of the sides containing the right angle. e cone is right-angled.
is less than the other side, the cone
RESULT: The solid figure generated by this revolution is a cone. is{greateianythe oltier)idejthesconie

is acute-angled.

@ Acron 1 @ Acron 2 © Aacrion 3 O Resuir

AcCTION 3: Rotate the triangle completely about that fixed side until it returns to its starting position.
|

|
Take a right-angled wiangle. Fix one of the sides Rotate the triangle completely about the fixed side AC The solid figure generated |
containing the right angle. until it returns to its starting position. by this revolution
A 4 is a cone.
0 %° 180° 270° 360°
A A A A A
~ »
\ \
A B !
|
(el B ok B ct B C 3
c @ of 3
B
| Starting Edge-on: Triangle on the Edge-on: Retums to
Right-angled triangle ABC position. only the axis opposite side only the axis starting AT ‘
. one with vertex A,
G ER o e SERAC AC is visible of the axis. AC s visible position.
The sides containing This will be the axis axis AC,
e rigti ngisfere i 3 3 and base a circle in the
the right angle are AC of rotation. The triangle is revolved through 360° about the fixed side AC. i I
‘ and CB. Points A and C remain fixed, and point B describes a circle in the plane through C BAnSe Im“g .
perpendicular to AC, returning to its starting position. e 9 219
I = CLASSIFICATION OF CONES
| (a) RIGHT-ANGLED CONE (b) OBTUSE-ANGLED CONE (0) ACUTE-ANGLED CONE
Fixed side AC is equal to the other side CB. Fixed side AC is less than the other side CB. Fixed side AC is greater than the other side CB.
Hence AC = CB, Hence AC < CB. A Hence AC > GB.

A A
The axis is A A4 The axis is The axis is
| perpendicular shorter than longer than
‘ (g o the base. b the other = the other
(Right cone) side. side.
L cf B ¢ B (Obtuse cone) c B (Acute cone)

19
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1.19 Definition 19

The axis of a cone is the straight line which remains fixed and about which
the triangle is turned.

Symbolic / spatial summary

‘ objects and incidences of the definition = defined solid-geometric relation

m DEFINITION 19 — AXIS OF A CONE

ACTION:

Identify the fixed straight line about which the right-angled triangle
rotates in Definition 18.

RESULT: That fixed straight line is the axis of the cone.

o RESULT
The fixed straight line AC
about which the triangle

In Definition 18, a right-angled triangle

Rotate the triangle completely about the fixed side AC
is rotated about the fixed side AC.

until it returns to its starting position.

|
’ o IDENTIFY e ROTATION ABOUT AC
|
|
|

rotates is the axis
A 0° 90° 180° 270° 360° of the cone.
A A A A A A
e N

\\ N\

| B \

| |

¢ B B

| & c c c c
Right-angled triangle ABC Starting Edge-on: Triangle on the Edge-on: Retrns to B
withgright, angleatiC! position. only the axis opposite side only the axis starting
b & 3 AC s visible. of the axis. AC is visible. position.
The side AC is the fixed side.

The line AC (shown dashed)
This is the axis of rotation.

. " : is the axis of the cone.
During the rotation, the points A and C remain fixed. s W ”
The point B describes a circle in the plane through C L IDgieshtiruch tholvertey,
) and the center C of the base.
perpendicular to AC.
A

DEFINITION (SUMMARY):  The axis of a cone is the fixed straight line (the side containing A : Vertex of the cone

the right angle) about which the right-angled triangle is revolved C : Center of the base

in forming the cone. AC : Axis of the cone

20



1.20. Definition 20

1.20 Definition 20

The base of a cone is the circle described by the moving straight line.

Symbolic / spatial summary

‘ objects and incidences of the definition = defined solid-geometric relation

m DEFINITION 20 — BASE OF A CONE ;

AcTiON 1: Look at the side of the right-angled triangle that is not fixed.
ACTION 2: Rotate the triangle about the fixed side, as in Definition 18.

AcTION 3: The unfixed side sweeps out a circle. ‘
RESULT: That circle is the base of the cone. |
o Acrion 1 e AcTION 2 e Acrion 3 o RESULT
Look at the side of the right-angled Rotate the triangle about the fixed e nfixedtadevAB s Eirciopts
triangle that is not fixed. side AC, as in Definition 18. " .
sweeps out a circle. the base of the cone.
A o 90° 180° 270° 360° = |
A A A A A A
Unfixed side ‘
b AN |
\ \ |
| 5 \
/ | |
/ /
/ / |
c B c BE ¢ c R B B s ||
Starting Edge-on: Triangle on the  Edge-on: Returs to
position.  only the axis  opposite side  only the axis  starting
In triangle ABC right-angled at C, AC s visible. of the axis. AC is visible. position.
the side AB s not fixed. The side AB describes The circle with center C
(The fixed side is AC.) During the rotation, the side AB sweeps through space. i it et in the plane through C
The points A and C remain fixed. Sy B I
The point B describes a circle in the plane through C, s p: rpch T
perpendicalar' o AC- perpendicular to AC. is the base of the cone.
A : Vertex of the cone
DEFINITION (SUMMARY):  The base of a cone is the circle described by the C : Center of the base
unfixed side of the right-angled triangle when the triangle AB : Unfixed side (generates the base)
ol tRbou i ixciide, g Base : Cirle in the plane through C
perpendicular to AC

21
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1.21 Definition 21

A cylinder is the figure comprehended when, one side of a rectangular par-
allelogram remaining fixed, the parallelogram is carried round and restored
again to the same position from which it began to be moved.

Symbolic / spatial summary

‘ objects and incidences of the definition = defined solid-geometric relation ‘

DEFINITION 21 — CYLINDER

ACTION 1:  Take a right-angled parallelogram (a rectangle). |
AcTION 2: Fix one of its sides. |

RESULT: The solid figure generated by this revolution is a cylinder.

© Acron 1 © Acrion 2 © Acrion 3 o REsSULT

ACTION 3: Rotate the parallelogram completely about that fixed side until it returns to its starting position.
|
|

Take a right-angled Fix one of its sides. Rotate the parallelogram completely about the fixed side AD The solid figure generated
parallelogram (rectangle). until it returns to its starting position. by this revolution
0° 90° 180° 270° 360° idfa oymndee.
A B A B A B A B A A A B
] & [T &
] |
| |
4 /
il ] 1 i
D (c} D c D c D D D D To}
Starting
postion
Rectangle ABCD Fix the side AD. Cylindes with axia AD,
with right angles at A and D. “This will be the axis e -
P N During the rotation, the side AD remains fixed as the axis. bases the circles through D

The side BC describes a circle in the plane through D perpendicular to AD,
| perpendicular to AD, and likewise the side AB and radius DB = DC.
describes a congruent circle.

AD : Axis of the cylinder
A, D : Extremities of the axis

DEFINITION (SUMMARY): A cylinder is the solid figure generated when a right-angled
parallelogram (rectangle) is revolved about one of its sides. B, C : Points on the base circles
(perpendicular to AD)

DB = DC : Radius of the base circles

22



1.22. Definition 22

1.22 Definition 22

The axis of a cylinder is the straight line which remains fixed and about

which the parallelogram is turned.

Symbolic / spatial summary

‘ objects and incidences of the definition = defined solid-geometric relation ‘

m DEFINITION 22 — AXIS OF A CYLINDER

ACTION: Identify the fixed straight line about which the right-angled
‘ 1 rotates in Definition 21.
That fixed straight line is the axis of the cylinder.
o IDENTIFY 9 ROTATION ABOUT AD

In Definition 21, a right-angled
parallelogram (rectangle) is
rotated about the fixed side AD.

Rotate the rectangle completely about the fixed side AD

until it returns to its starting position.

‘ RESULT:
|
|
|

0° 90° 180° 270° 360°
A B A B A B A A A
\\
\
\
)
|
L /
D [od D c. D o] D D D
Starting Edge-on: Opposite side Edge-on: Returns to
position. only the axis of the axis only the axis starting
The side AD is the fixed side. AD is visible. is visible. AD s visible. position.

s s htheNaxis fofy rotation! During the rotation, the points A and D remain fixed.
and the side AB describes a congruent circle.

| The side BC describes a circle in the plane through D perpendicular to AD,
‘ Thus a cylinder is generated.

DEFINITION (SUMMARY): The axis of a cylinder is the fixed straight line (the side
| containing the right angles) about which the right-angled
| parallelogram is revolved in forming the cylinder.

23

EERRE

9 RESULT
The fixed straight line AD |
about which the rectangle |
rotates is the axis
of the cylinder. ‘

The line AD (shown dashed) |
is the axis of the cylinder.
It passes through the centers of
the two bases and is

perpendicular to them. |

: Axis of the cylinder
: Extremities of the axis
: Points on the base circles

(centers of the sides AB and BC)
: Radii of the base circles
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1.23 Definition 23

The bases of a cylinder are the circles described by the two opposite moving
sides of the parallelogram.

Symbolic / spatial summary

‘ objects and incidences of the definition = defined solid-geometric relation

m DEFINITION 23 — BASES OF A CYLINDER

ACTION 1:  Look at the two opposite sides of the rectangle that are not fixed.

‘ ACTION 2: Rotate the rectangle about the fixed side, as in Definition 21.
AcCTION 3: As those two opposite sides rotate, each describes a circle.
RESULT: Those two circles are the bases of the cylinder.

o Acrion 1

Look at the two opposite
sides of the rectangle that

o AcTION 2
Rotate the rectangle about the
fixed side AD, as in Definition 21.

o AcTion 3
As the two opposite sides
rotate, each describes

o REsuLT
Those two circles are
the bases of the

are not fixed. a circle. cylinder.
0 90° 180° 270° 360°
A B
J A B A B A A A B
— ]
Side AB ~ \
(ot fixed) \ \
| !
Side DC—> / /
(not fixed) ul 4 #
| c c D D c
Ll ro e 2 s The side AB describes The circle with center A
b Seting Bion: . Opmoiiseide . \Bigeon) I REarmes® the top circle in the in the plane perpendicular
| pimiticn’ only the axis  of the axis  only the axis starting plane through A to AD is the upper base.
The fixed side is AD. AD is visible. s visible.  AD is visible.  position. papendiciianto 410! (e (il ay iicenten.D)

| The two opposite sides
| that are not fixed are
| AB and DC.

During the rotation, the points A and D remain fixed on the axis AD.
The side AB sweeps around and the side DC sweeps around as well

The side DC describes
the bottom circle in the
plane through D
perpendicular to AD.

in the plane perpendicular

to AD is the lower base.

These are the bases of
the cylinder.

AD : Axis of the cylinder (fixed side)

The bases of a cylinder are the two circles described by the two O e

DEFINITION (SUMMARY):
opposite sides of the right-angled parallelogram that are not fixed AB '+, Generates the upper base (center 4)
| when the parallelogram is revolved about the fixed side. DO ey N lowerabases (Cente D))

AB = DC : Radii of the bases J
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1.24. Definition 24

1.24 Definition 24

Similar cones and cylinders are those in which the axes and the diameters
of the bases are proportional.

Symbolic / spatial summary

‘ objects and incidences of the definition = defined solid-geometric relation

— S —
GIVEN Two cones, or two cylinders. |
‘ AcTION: Form the ratio of the axis to the diameter of the base for each solid.
CONDITION: The two ratios are equal.
‘ \
RESULT: The cones, or the cylinders, are similar.
‘ |
L Two ConEs © Measure THE Axis @© Measure THE DIAMETER © Fort THE RaTIO © Coxvrrion anp Resuit
Measure the axis (height) %z A Form the ratio axis : diameter If the two ratios are equal, |
| a of each cone. Measure the diameter of the of base for cach cone. then the cones are similar. |
| base of cach cone.
5 A |
| A ol
| By First cone Second cone 1t
| G axis : diameter axis : diameter hoid o= hyody
‘ ' = AC : BD = AC': BD’ then the cones are
| B B, DSE8 B 2D =h :d = h:ody similar. |
| Axis = AC = iy Axis = AC" = by Diameter = BD = d,  Diameter = BD' = d, |
IL Two Cyumoers | @) Measure e Axis @ Measure THE DIAMETER © Frorv THE RaTiO © corvmon ap Resuir
e |
| Measure the axis (height) OE4THRBASE Form the ratio axis : diameter If the two ratios are equal,
: Measure the diameter of the . .
of cach cylinder. of base for cach cylinder. then the cylinders are similar.
‘ A base of cach cylinder.
A 3
f First cylinder Second cylinder If
h
| g axis : diameter axis : diameter hyoidyo= by ody
| A .
B D =*AC :*BD = A'C 3BD then the cylinders are
| == =h:d =bh:d, similar.
| Axis = AC = Iy Axis = AC" =y Diameter = BD = d; Diameter = B'D’ = d
|
| A
DEFINITION (SUMMARY): Two cones, or two cylinders, are similar when the ratio A" Similar A |
| of the axis to the diameter of the base of one is equal hy . = h 5
2 \
| to the ratio of the axis to the diameter of the base of 7 A fa
»* A
the other. B&H Do Py D B
| Tag c (4 |
(= — — — = — = = = — — — — ———
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1.25 Definition 25

A cube is a solid figure contained by six equal squares.

Symbolic / spatial summary

‘ objects and incidences of the definition = defined solid-geometric relation

bEi‘INfTIONZSfCUBE 7 o 7777777777”*7??

AcTioN 1: Take six equal squares. |
ACTION 2: Arrange them so that opposite squares are parallel.
AcTION 3: Arrange adjacent squares so that they meet at right angles.

‘ RESULT: The solid enclosed by the six equal square faces is a cube.
| o AcTioN 1 Q AcCTION 2 9 AcTION 3 0 RESULT
Take six equal squares. Amange them so that Arrange adjacent squares so that The solid enclosed by
opposite squares are parallel. they meet at right angles. the six equal square faces

is a cube.

08 s i |
S[E[E )

| Iy F
-

H

This cube has six equal

square faces:

Six equal squares. Opposite squares are parallel. Adjacent squares meet at right angles
(Red pair, Green pair, Blue pair) to form a closed solid. QBCD AECCENCDHE,
DAEH, EFGH, ABFE.
A B ABCD  : bottom face
. : : D c EFGH : top face
DEFINITION (SUMMARY): A cube is the solid figure contained by ADHE : left face
six equal squares. BCGF  : right face
/--E ----- t-—J g ABFE : front face
HL CDHG  : back face
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1.26. Definition 26

1.26 Definition 26

An octahedron is a solid figure contained by eight equal and equilateral tri-

angles.

Symbolic / spatial summary

‘ objects and incidences of the definition = defined solid-geometric relation

X3 DEFINITION 26 — OCTAHEDRON

AcCTION 1: Take eight equal equilateral triangles.

ACTION 2: Join them so that four triangles meet at each vertex.
RESULT: The solid enclosed by the eight equal equilateral triangular faces is an octahedron.
o AcTioN 1 e ACTION 2
Take eight equal Join them so that
equilateral triangles. four triangles meet at each vertex.
% i % - V -
Eight equal equilateral triangles. As the triangles are joined, four triangles meet at every vertex.

A

DEFINITION (SUMMARY): An octahedron is the solid figure contained by
cight equal equilateral triangular faces, such that -
four triangles meet at each vertex. V

(g

27

© Resuir
The solid enclosed by the
eight equal equilateral
triangular faces is an

octahedron.

,,F

c

This solid is an octahedron.

A, C : Vertex at top and bottom
D, F : Opposite side vertices

B, E : Opposite side vertices
Faces (triangles):

ADE, AEF, AFB, ADB,
CDE, CEF, CFB, CDB
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1.27 Definition 27

An icosahedron is a solid figure contained by twenty equal and equilateral
triangles.

Symbolic / spatial summary

‘ objects and incidences of the definition = defined solid-geometric relation ‘

i ACTION 1:  Take twenty equal equilateral triangles. I

ACTION 2: Arrange and join them so that five triangles meet at each vertex. [

‘ RESULT: The solid enclosed by the twenty equal equilateral triangular faces is an icosahedron. | i
0 AcTioN 1 9 ACTION 2 e RESULT

Take twenty equal Arrange and join them so that The solid enclosed by the |

equilateral triangles. five triangles meet at each vertex. twenty equal equilateral |

triangular faces is an

APAVAFAWAWA e
ADAAAN | SEPAN sl c ||
wiit: 4 G0 Q@

Twenty equal equilateral triangles. As the triangles are arranged and joined, five triangles meet at every vertex. This solid is an icosahedron.

H

: Opposite vertices (top and bottom)

4 AH
B, D, F, G : Vertices a nd the iddl
DEFINITION (SUMMARY): An icosahedron is the solid figure lA\ @ ertices around the middle
B C, E : Opposite vertices around the middle
contained by twenty equal equilateral
y Faces (triangles): 20 in all
triangular faces, such that five e TR AR T 16T,
triangles meet at each vertex. F G BCF, BCE, BDE, BFG, BDG,
CDF, CEG, CFG, CDE, EFG,

H EFH, EGH, DGH, DFH, AFH
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1.28. Definition 28

1.28 Definition 28

A dodecahedron is a solid figure contained by twelve equal, equilateral, and
equiangular pentagons.

Symbolic / spatial summary

‘ objects and incidences of the definition = defined solid-geometric relation

,,,,,, S —

2] DEFINITION 28 — DODECAHEDRON ‘

AcTION 1: Take twelve equal, i and
ACTION 2: Arrange and join them so that three pentagons meet at each vertex.
| ResuLT: The solid enclosed by the twelve equal faces is a
0 AcTioN 1 e ACTION 2 e REsuLT
Take twelve equal, equilateral, Amange and join them so that The solid enclosed by the
and equiangular pentagons. three pentagons meet at each vertex. twelve equal pentagonal |

faces is a dodecahedron.

OO
OO0
eeee

Twelve equal, equilateral, As the pentagons are arranged and joined,

and equiangular pentagons. three pentagons meet at every vertex. This solid is a dodecahedron.

A H : Opposite vertices (top and bottom)

DEFINITION (SUMMARY): A dodecahedron is the solid figure B, E, F, J : Vertices around the “equator”

contained by twelve equal, equilateral,
and equiangular pentagonal faces,
such that three pentagons meet at

G, L : Opposite vertices around the middle

Faces (pentagons): 12 in all

ABFGE, AEFJG, AGHEB, BEDHF, BFLHA,
FJGLH, EJGFL, AJGHB, ALHBF, DLHJB,
DJBFE, DLAGH.

each vertex.
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Chapter 2

Propositions

2.1 Proposition 1

Statement

No part of a straight-line can lie in a reference plane while another part lies
in a more elevated plane.

Given / Construction

Use the labelled configuration and construction specified in the proof ac-
tions below; all previously constructed points, lines, planes, incidences, and
relative positions persist unchanged.

Proof Actions

1. Assume the contrary: let part AB of straight-line ABC be in the refer-
ence plane, and part BC in an elevated plane.

2. In the reference plane, draw a straight line B.D continuous with AB, so
that ABD is one straight line.

3. Observe that AB is now a common segment of two distinct straight lines
ABC and ABD.

4. Draw a circle with centre B and radius AB.

5. The two diameters, one along ABC and the other along ABD, would
cut off unequal arcs of the circle.

30



2.1. Proposition 1

6. This contradicts the fact that equal diameters cut off equal arcs.

7. Therefore the assumption is false; a straight line cannot have parts in
different planes.

Complete Cinematic Logic

Given spatial configuration

4

Euclidean construction and preserved incidences

4

successive equalities, parallels, perpendiculars, or proportions
4

‘ conclusion of the proposition

Elements — Book Proposition 1

In the reference plane, draw a straight line | The segment AB is now a common part Draw a circle with centre B
BD continuous with AB, so that ABD is |l of two distinct straight lines, ABC and ABD. | and radius BA.
{ one straight line. 1 J

.Y | [ .
‘L ﬂ( g ren g '
\ 44 HE m the assumption is false:
\ Smaller | ,,:\;%:‘Lum ). ‘ : & |
e \ | No part of a
straight-line can lie
in a reference plane
while another part lies
(Book III) ] | /7 in a more elevated plane.

in the same circle |
cut off equal arcs. |

The two diameters (along ABC and ABD) But this is impossible, y
would cut off unequal arcs of the circle. for equal diameters cut off equal arcs. T
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2.2 Proposition 2

Statement

If two straight-lines cut one another, they lie in one plane; and every triangle
formed from them lies in one plane.

Given / Construction

Use the labelled configuration and construction specified in the proof ac-
tions below; all previously constructed points, lines, planes, incidences, and
relative positions persist unchanged.

Proof Actions
1. Let ABand CD cutat F.
2. Take arbitrary points F' on £C and G on EB.

3. Join CB and F'G; draw F'H and GK across.

4. Consider triangle FC B. Suppose part of it is in the reference plane and
the remainder in another.

5. Then parts of £C and/or EB would also be split between planes, con-
tradicting Proposition 1.

6. Hence triangle £C'B is wholly in one plane.

7. Since EC' and EB lie in that plane, and AB and C'D are extensions of
them, the two original lines are in that same plane.

8. Therefore the two lines and every triangle formed from them are copla-
nar.
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2.2. Proposition 2

Complete Cinematic Logic

Given spatial configuration

4

Euclidean construction and preserved incidences

4

successive equalities, parallels, perpendiculars, or proportions
U

‘ conclusion of the proposition

If two straight-lines cut one another, they lie in one plane;
and every triangle (formed from them) lies in one plane.

n Let AB and CD cut Take arbitrary points F on EC | Join CB and FG; draw FH Consider triangle ECB.
at E. and G on EB. and GK across. Suppose part of it (say FHC
or GBK) is in the reference
c B c B plane and the remainder in
another.
F C B
E G
F
G
E E
A
A D H K D -
H K
Then parts of EC and/or EB Hence triangle ECB is Since EC and EB lie in that plane, m Conclusion: the two lines and
would also be split between wholly in one plane. and AB and CD are extensions of every triangle formed from
planes — which contradicts them, the two original lines are them are co-planar.
Prop. 1. also in that same plane. Pl Bl S R
C. B / C. B/
F
Y G
-
A X D ‘Therefore, if two straight-lines

cut one another, they lie in one
thane; and every triangle formed
from them lies in one plane.

PROPOSITION 2 (SUMMARY):  If two straight-lines cut one another, they lie in one plane; and every triangle (formed from them) lies in one plane.
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2.3 Proposition 3

Statement

If two planes cut one another, their common section is a straight-line.

Given / Construction

Use the labelled configuration and construction specified in the proof ac-
tions below; all previously constructed points, lines, planes, incidences, and
relative positions persist unchanged.

Proof Actions

1. Let planes AB and BC intersect, with common section from the persis-
tent point D to the persistent point B.

2. Suppose the common section D B is not straight.

3. Inplane AB, draw the line DE B from the same D to the same B, with
E on it; in the reductio illustration this is the line claimed to be straight.

4. In plane BC, draw the line D F'B from the same D to the same B, with
F on it; again it is the line claimed to be straight.

5. Thus two distinct purported straight lines have exactly the same end-
points D and B and would enclose a space.

6. Two straight lines cannot enclose a space.

7. Therefore the common section must be the straight line D B.

Complete Cinematic Logic

Given spatial configuration

4

Euclidean construction and preserved incidences

4

successive equalities, parallels, perpendiculars, or proportions

4

conclusion of the proposition
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2.3. Proposition 3

Two planes cut one another.
Their common section is
| taken as the curve (DB).

Now we have two distinct “straight lines”
with the same ends (D) and (B);

they would enclose a space. //7

Assume that the common
section (DB) is not straight. ‘

This is impossible
(two straight lines

cannot enclose a space).
pace). o

35

| In plane (AB), draw the
“straight line” (DEB) from D
to B.

B

(DEB)
(E lies on DEB)

If two planes cut one another, their common section is a straight line.

In plane (BC), draw the
“straight line” (DFB) from D
to B.

(AB)

(DFB)
(F lies on DFB)

. Therefore the assumption is false;
the common section must already

be the straight line (DB).
Shp=

D

(4B)
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2.4 Proposition 4

Statement
If a straight-line is set up at right-angles to two intersecting lines at their

point of intersection, then it is also perpendicular to the plane through those
two lines.

Given / Construction
Use the labelled configuration and construction specified in the proof ac-

tions below; all previously constructed points, lines, planes, incidences, and
relative positions persist unchanged.

Proof Actions

1. Let EF stand at right-angles to AB and C'D at their intersection E.
2. Cutoff AE = EB=CE =ED.

3. Draw arbitrary GE H through F in the plane of AB and C'D.

4. Join AD,CB,FA,FG,FD,FC,FH, FB.

5. Prove triangles AE D and C' EB congruent, hence AD = CB.

6. Prove triangles AGE and BEH congruent, hence GE = FEH and
AG = BH.

7. From the right triangles obtain FA = FB and F'C = FD.

8. Using these equalities show F'G = F'H.

9. Compare triangles FGE and F'HE to obtain ZGEF = ZHEF.
10. Both are right angles, so EF' L GEH.

11. As GEH was arbitrary, E'F' is perpendicular to the plane.
36



2.4. Proposition 4

Complete Cinematic Logic

Given spatial configuration

4

Euclidean construction and preserved incidences

4

successive equalities, parallels, perpendiculars, or proportions
U

‘ conclusion of the proposition

If a straight-line is set up at right-angles to two intersecting lines at their point of
intersection, then it is also perpendicular to the plane through those two lines.

Join AD, CB, and also join
FA, FG, FD, FC, FH, FB

PRO! TION 4

Let EF stand at right-angles
to AB and CD at their

Draw an arbitrary line GEH
through E in the plane of

1

Cut off equal lengths
AE = EB = CE = ED.

intersection E.

y. - iy

IE
D

AB and CD.

(with F any point on EF).
i

y/ "

/

y

o T

c

E /
/

G

£
k D
/ 8/

E /

// 2 = N
G G

// Gl 7

c

Prove wriangles AED and CEB | [[ Prove wiangles AGE and BEH Since AE = EB and FE is common | [BJ Using these equalities and the
“H

are congruent

(SAS) —»

are congruent — GE = E

and perpendicular, show FA = FB;

previously found equalities,

AD = CB and angles equal and AG = BH. similarly FC = FD. show FG = FH.
F F '3
D D
2
A / y /
/4 | A B/
/ E /| /S /
/ .y - | /
r]
Compare triangles FGE and FHE: M Since both are right angles, As GEH was arbitrary, .
they have GE = EH, FE common, EF is perpendicular to the EF is perpendicular to
and FG = FH, hette arbitrary line GEH in the plane. every line in the plane
angle GEF = HEF. through E — EF is
perpendicular to
the plane.
G H
G
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2.5 Proposition 5

Statement

If three straight-lines meet at one point, and a fourth is set up at right-angles
to all of them at that point, then the three lines all lie in one plane.

Given / Construction

Use the labelled configuration and construction specified in the proof ac-
tions below; all previously constructed points, lines, planes, incidences, and
relative positions persist unchanged.

Proof Actions
1. Let AB, BC, BE meet at B, and let BD be perpendicular to all of them.
2. Suppose the three lines do not all lie in the same plane.

3. Draw the plane through AB and BC), its intersection with the plane
through BD and BF is a straight line.

4. This produces two distinct perpendiculars from B to the same plane, con-
trary to Proposition 13.

5. Hence all three lines lie in one plane.

Complete Cinematic Logic

Given spatial configuration

4

Euclidean construction and preserved incidences

4

successive equalities, parallels, perpendiculars, or proportions

4

conclusion of the proposition
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2.5. Proposition 5

Let three straight-lines
AB, BC, BE meet at B,
and let BD be perpendicular
to all of them at B.

Suppose the three lines
AB, BC, BE do not all

lic in the same plane.

D

B s there are two distinet | [ This contradicts Proposition 13: | [BJ Therefore our supposition is

straight-lines BD and BE,
both perpendicular to the

same plane & and meeting
at B (the same point).

D E

from a point to a given planc
there is only one perpendicular.

From a point
outside a plane,
| there is only one
straight-line
perpendicular
v [ | to the plane.

If three straight-lines meet at one point, and a fourth is set up at right-angles
to all of them at that point, then the three lines all lie in one plane.

Take the plane @ through
AB and BC (blue planc).
Let 8 be the planc through
BD and BE (pink planc).
Their intersection is a line .

Since BD is perpendicular But BE also lies in plane |
10 AB and BC, it is and is perpendicular 0 |

AB and BC (which lie in a),
so BE is also perpendicular |
to plane @ at B along the |
same line £,

perpendicular to the plane a
(by definition). Thus BD is
a perpendicular from B to
plane a along the line .

D

a
(through (through
AB, BC) BD, BE)
A
-1

Hence: If three straight-lines
meet at one point, and a
fourth is set up at right-angles
to all of them at that point,
then the three lines all lie
in one plane.

Conclusion: The three lines
AB, BC, BE are coplanar,
all lying in the plane

perpendicular to BD
D at B.

false: the three lines AB, BC,
BE must all lie in one plane.

&

Therefore
AB, BC, and BE

all lie in one plane.
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2.6 Proposition 6

Statement

If two straight-lines are perpendicular to the same plane, they are parallel.

Given / Construction

Use the labelled configuration and construction specified in the proof ac-
tions below; all previously constructed points, lines, planes, incidences, and
relative positions persist unchanged.

Proof Actions

L.

10.

Let AB and C'D both be perpendicular to the reference plane, meeting it
at Band D.

. Join BD.

. In the plane draw DE | BD and make DE = AB.

. Join BE, AE, AD.

. Since AB is perpendicular to the plane, ZABD and ZABE are right.
. Use the right-angle relations at D.

. Show triangles ABD and E D B congruent, hence AD = BE.

. Then show triangles ABE and E'D A congruent, so the required right-

angle relations follow.
Apply the coplanarity criterion to the relevant lines.

Thus AB and C'D make equal right angles with transversal BD in one
plane, and are parallel.
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2.6. Proposition 6

Complete Cinematic Logic

Given spatial configuration

4

Euclidean construction and preserved incidences

4

successive equalities, parallels, perpendiculars, or proportions
U

‘ conclusion of the proposition

If two straight-lines are perpendicular to the same plane, they are parallel.
Join BE, AE, AD. Since AB is perpendicular

to the plane, angles ABD
and ABE are right.

PROPOSITION 6

Let AB and CD both Let them meet the plane In the plane, draw DE

perpendicular to BD

be perpendicular to
the reference plane.

A C

/
D/
y

@ since 4B 1D given
or to prove), angle CDB

is also right (alternate

interior)
A
E

/”

/

/B D y
/
PSS b B G |

at B and D.
Join BD.
A C
/ = ]
/
/ B D

Triangles ABD and EDB
are right triangles with
AB = DE (given), BD
common, and both right
angles — congruent

(HL). Hence AD = BE.
C

=
S

and make DE = AB.

>

3

A
&E
o // /
B D

C A

4

B then wiangles ABE and £DA
are right triangles with
AB = DE (given), AE common,
BE = AD (from step 7)
— congruent (HL).
Hence ZABE = LEDA
Both are right angles,
so ED L AD.

C
E [
/
/
/

/ B D

41

/
/
[
/

B Now ED is perpendicular
to BD (by construction),
to DC (since ZCDB is
right), and to AD (step 8).
Thus BD, DA, DC lie in

Hence AB and CD are both
in this plane and cach
makes a right angle with
the transversal BD.
Therefore AB || CD.

one plane (the plane of
B, D, E). Al c
A C
f E [ AB | CD
4 \!\ Dy | 4
/ . V| s [»
/B D / |[ B D/
/ Bk _
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2.7 Proposition 7

Statement

If two lines are parallel, and points are taken on each, the line joining those
points lies in the same plane as the parallels.

Given / Construction

Use the labelled configuration and construction specified in the proof ac-
tions below; all previously constructed points, lines, planes, incidences, and
relative positions persist unchanged.

Proof Actions
1. Let AB || CD; take E on AB and F on CD.
2. Suppose E'F' is not in the plane of the parallels but in an elevated plane.

3. Draw a plane through E'F’; by Proposition 3 it cuts the reference plane
in a straight line.

4. That common section must pass through F and F.

5. Otherwise two distinct straight lines with the same endpoints would en-
close an area, impossible.

6. Therefore E'F lies in the same plane as AB and C'D.

Complete Cinematic Logic

Given spatial configuration

4

Euclidean construction and preserved incidences

4

successive equalities, parallels, perpendiculars, or proportions
4

conclusion of the proposition
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2.7. Proposition 7

PROPOSITION 7 If two lines are parallel, and points are taken on each,

the line joming those l)()llltS lies in the same plane as the par allels.
|§ Let AB || CD; take E on AB. 2
. 4 .

Suppose the joining line EF is not in Draw a plane through EF;
F on CD. the plane of the parallels but lies in it will cut the reference plane
a higher plane. in a straight line (by Prop. 3).
A E B
- — e o
© 10 D

That cut must be EF itself,

Then we have two distinct straight lines
because it passes through E and F.

EGF and EF with the same endpoints,
enclosing an area — impossible.

[@ thercfore EF ties in the same plane
as AB and CD.

Q
>]
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2.8 Proposition 8

Statement

If two lines are parallel, and one is perpendicular to a plane, the other is also
perpendicular to that plane.

Given / Construction
Use the labelled configuration and construction specified in the proof ac-

tions below; all previously constructed points, lines, planes, incidences, and
relative positions persist unchanged.

Proof Actions
1. Let AB || CD and AB be perpendicular to the reference plane.
2. Let them meet the plane at B, D and join BD.
3. Draw DFE in the plane perpendicular to BD, with DE = AB.
4. Join BE,AE, AD.
5. Since AB is perpendicular to the plane, ZABD and ZABE are right.
6. Using AB || CD, obtain the corresponding right angle at D.
7. Show triangles ABD and ED B congruent, hence AD = BE.
8. Then triangles ABE and F D A are congruent, hence ED | AD.
9. Thus E'D is perpendicular to the relevant intersecting lines.
10. Apply Proposition 4 to the plane through them.

11. Therefore C'D is perpendicular to the reference plane.
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2.8. Proposition 8

Complete Cinematic Logic

Given spatial configuration

4

Euclidean construction and preserved incidences

4

successive equalities, parallels, perpendiculars, or proportions
U

‘ conclusion of the proposition

If two lines are parallel, and one is perpendicular to a plane,
the other is also perpendicular to that plane.

Let AB || CD, . Let them meet the plane Draw DE in the plane Join BE, AE, AD.

and AB L at B and D; perpendicular to BD,

the reference plane. join BD. with DE = AB.

A c A € A E
===f===
= s
) ) Jul
B D B D
Since AB L plane, Because AB || €D, Triangles ABD and EDB B men wiangles ABE and EDA

angles ABD and ABE angles CDB is right are right triangles with are right triangles with

are right. (alternate interior). AB = DE, BD common, AB = DE, AE common,

and both right angles — BE = AD (from step 7)
congruent (HL). — congruent (HL).
A E (04 A E C Hence AD = BE. Hence ZABE = ZEDA.
o Both are right,
so ZEDA is right.
N \5 / u
B D B D
Thus ED is perpendicular to DA. m] In this plane, AB || CD (given), m Since ED is perpendicular to this plane (step 9).

It is already perpendicular to BD both perpendicular to BD. by Prop. 4 (if a line is perpendicular to two inte

(by construction) and to DC (since C, D, E are collinear lines in a plane, it is perpendicular to the plane),

WVDER.BB): st S Sy CD 1 the reference plane.
Therefore ED is perpendicular to the plane i e
/

through BD, DA, DC.

A [

E AB || CD
//
— —
° B D
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2.9 Proposition 9

Statement

Lines parallel to the same line, but not in the same plane as it, are parallel to
each other.

Given / Construction

Use the labelled configuration and construction specified in the proof ac-
tions below; all previously constructed points, lines, planes, incidences, and
relative positions persist unchanged.

Proof Actions

1. Let AB || EF and CD || EF, with the lines not all coplanar.

2. Take G on EF.

3. In the plane through FF and AB, draw GH | EF.

4. In the plane through E'F and CD, draw GK | EF.

5. By Proposition 4, E'F' is perpendicular to the plane through GH, GK.
6. By Proposition 8, AB is perpendicular to that plane.

7. Similarly C'D is perpendicular to that plane.

8. By Proposition 6, AB || CD.

Complete Cinematic Logic

Given spatial configuration

4

Euclidean construction and preserved incidences

4

successive equalities, parallels, perpendiculars, or proportions
4

conclusion of the proposition
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2.9. Proposition 9

ION

PRrROPO

B8 s BFand on | EF,
with AB and CD not in

Take a point G on EF.

Lines parallel to the same line, but not in the same plane as it,

are parallel to each other.
In the plane through EF and CD,
draw GK L EF.

In the plane through EF and AB,
draw GH L EF. 5

the plane of EF. e
A
H
B ) R
/ ]
E F E G 7 E|
y'
/ /
c / / ‘
D

Since EF is perpendicular to
both GH and GK, it is
perpendicular to the plane
through GH and GK

Prop. 4).
(Prop. 4). E

L

3

B

/ .*]—5 V|
€ y/

|

A

B

B merctore 48 and €D are botn
perpendicular to the same plane
= they are parallel (Prop. 6).

Similarly, CD is perpendicular

Since AB || EF, AB is also
to that same plane (Prop. 8).

perpendicular to that plane

(Prop. 8).
E E c c
"’ /‘ c”v / /
[RE K
/ G y--
/ /
/ /
D
F F D

AB || CD
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2.10 Proposition 10

Statement

If two lines meeting at a point are respectively parallel to two other lines
meeting at a point, but not in the same plane, the angles they contain are
equal.

Given / Construction

Use the labelled configuration and construction specified in the proof ac-
tions below; all previously constructed points, lines, planes, incidences, and
relative positions persist unchanged.

Proof Actions

1. Let AB, BC meet at B and DE, EF meet at E, with AB || DE and
BC || EF.

2. Cutoff BA=FED and BC = EF.
3. Join AD,CF,BE, AC, DF.

4. Since BA = ED and BA || ED, ABED is a parallelogram; hence
AD = BE and AD || BE.

5. Similarly CF = BE and CF || BE.

6. Hence AD || CF and AD = CF.

7. Thus AC' || DF and AC = DF.

8. Triangles ABC and DEF are congruent by SSS.

9. Therefore ZABC = /DEF.
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2.10. Proposition 10

Complete Cinematic Logic

Given spatial configuration

4

Euclidean construction and preserved incidences

4

successive equalities, parallels, perpendiculars, or proportions
U

‘ conclusion of the proposition

PROPOSITION 10 If two lines meeting at a point are respectively parallel to two other lines meeting at a point,
. but not in the same plane, the angles they contain are equal.

B AB and BC mect at B: Gt offequaliléngths: Join AD, CF, BE, AC, DF.
let DE and EF meet at E, BA = ED, BC = EF.

with AB || DE, BC || EF,
and the two pairs not
in the same plane. / - S

D E / E' N

[
Since BA = ED and BA || ED, Similarly, CF = BE and CF || BE. Hence AD || CF and AD = CF
quadrilateral ABED is a parallelogram (both parallel to BE).
= AD = BE and AD || BE.

D E
A B
Join AC and DF; since AD || CF and equal, | [BJ Now wiangles 4BC and DEF have B therctore 2aBC = 2DEF.
AC || DF and AC = DF. AB = DE, BC = EF,and AC = DF;
7 they are congruent (SSS).
D E F

[N/ Bl oW, e e

C F @ g
A 7 D V A 7 D R
B E B E
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2.11 Proposition 11

Statement

To draw a perpendicular from a given elevated point to a given plane.

Given / Construction

Use the labelled configuration and construction specified in the proof ac-
tions below; all previously constructed points, lines, planes, incidences, and

relative positions persist unchanged.

Proof Actions

10.

11.

12.

. Let A be the given point and let the reference plane be given.

. In the plane draw any straight line BC'

. From A draw AD | BC.

. If AD is perpendicular to the plane, the construction is complete.

. Otherwise draw D FE through D in the reference plane with DE 1 BC.

. From A drop AF | DE.

Through F' draw GH || BC.

. By Proposition 4, BC'is perpendicular to the plane through DA, DE.

By Proposition 8, G H is also perpendicular to that plane.
Hence AF | GH.
Also AF | DE.

By Proposition 4, AF is perpendicular to the reference plane.
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2.11. Proposition 11

Complete Cinematic Logic

Given spatial configuration

Euclidean construction and preserved incidences

successive equalities, parallels, perpendiculars, or proportions

4

‘ conclusion of the proposition

11

PROPO!

B et A be the given point,

and the given plane be
the reference plane.

oA

Otherwise, in the reference plane,
draw DE through D perpendicular

to BC.

Since GH || BC, GH is also
perpendicular to that same
plane (Prop. 8).

To draw a perpendicular from a given elevated point to a given plane.

‘ In the reference plane,

draw any straight line BC.

From A, draw AD perpendicular
t0 BC (using plane geometry).

A
B @ B D C
| From A, drop AF Through F, draw GH
perpendicular to DE. paraliel to BC.
4 E
o
G
e -
B G B

But AF lies in that plane (through

DA and DE) and GH is perpendicular
to that plane, so AF is
to GH.

I E
P
G F

M Also, AF is perpendicular to DE
by construction. Thus AF is
i to two

lines (DE and GH) in the
reference plane.

B

I

D

51

If AD is perpendicular
to the reference plane,
we are done.

A

B D ©

B since BC is perpendicular 1o both
DA and DE, it is perpendicular
to the plane through DA and DE
(Prop. 4).

Therefore AF is perpendicular to
the reference plane (Prop. 4).
So AF is the required perpendicular,

A
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2.12 Proposition 12

Statement

To set up a perpendicular to a given plane from a given point in the plane.

Given / Construction

Use the labelled configuration and construction specified in the proof ac-
tions below; all previously constructed points, lines, planes, incidences, and
relative positions persist unchanged.

Proof Actions

L.

2.

Let A be the given point in the plane.

From an elevated point draw a perpendicular to the plane by Proposition
11, meeting it at B.

. Join AB.
. Through A draw a line parallel to that perpendicular.

. By Proposition 8 the parallel is also perpendicular to the plane.

Thus a perpendicular has been erected at A.

Complete Cinematic Logic

Given spatial configuration

4

Euclidean construction and preserved incidences

4

successive equalities, parallels, perpendiculars, or proportions
4

conclusion of the proposition
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2.12. Proposition 12

P ION 12 To set up a perpendicular to a given plane from a given point in the plane.

BB et 4 be the point in the plane. From some elevated point Join AB.
(constructible by Prop. 11),
draw a perpendicular to the plane;
let it meet the plane at B.

P P
|
/ £ Yy /
y/ / A / / y
/ A / 4 y
b / 4 O /
/ / B / A /
/ et v Y. i 4 y Y s b /
B3 through A, draw a line paralicl By Prop. 8, this parallel Hence we bave: erected
to that perpendicular is also perpendicular a perpendicular at A.
(using plane geometry). to the plane.
(XY P (3% P
| 4| a0 ! !
AB L plane N f
- i i
= AQ L plane | 1 i
4 / A
/ y / / /
/ / /
/ / o [ / / / il
y
/ y / B / y B /
/ e

AQ is the required perpendicular
to the given planc at A.
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2.13 Proposition 13

Statement

Two different perpendiculars cannot be set up at the same point on the same
side of a plane.

Given / Construction

Use the labelled configuration and construction specified in the proof ac-
tions below; all previously constructed points, lines, planes, incidences, and
relative positions persist unchanged.

Proof Actions

1.

Suppose AB and AC are both perpendicular to the reference plane at A
on the same side.

. The plane through B A, C'A cuts the reference plane in DAF.
. Since AC' is perpendicular to the reference plane, ZC AF is right.
. Similarly Z/BAFE is right.

. Thus two distinct lines in the same plane make equal right angles with

AF on the same side.
This is impossible.

Therefore only one perpendicular can be erected at that point on that side.

Complete Cinematic Logic

Given spatial configuration

4

Euclidean construction and preserved incidences

4

successive equalities, parallels, perpendiculars, or proportions

4

conclusion of the proposition

54



2.13. Proposition 13

PROPOSITION 13 Two different perpendiculars cannot be set up at the same point on the same side of a plane.

BB suppose o tines 4B and AC Draw the plane through BA and CA; Since AC is perpendicular to the Similarly, AB is perpendicular,
are both perpendicular to the it cuts the reference plane in a line reference plane, it makes right so angle BAE is right.
reference plane at A, on the DAE (Prop. 3). angles with all lines in that plane
same side. through A; in particular, angle

CAE is right.
- o B c G B
b / D A E D A E D | A E
/ /
Thus CAE and BAE are equal right This is impossible because two distinct {ThereforesofilysoneAperpendiculs!is: possitie:

lines from A cannot both make the

angles and lie in the same plane.
same angle with AE on the same side.

B
B @ B @

C
[}
1
|
1
I
1
1
I
|
I

E /

S

>

&

S
>

Two different lines through A
cannot both be perpendicular
to AE on the same side.

Hence two different perpendiculars cannot be sct up
at the same point on the same side of a plane.
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2.14 Proposition 14

Statement

Planes to which the same straight-line is perpendicular are parallel.

Given / Construction

Use the labelled configuration and construction specified in the proof ac-
tions below; all previously constructed points, lines, planes, incidences, and
relative positions persist unchanged.

Proof Actions

L.

2.

Let AB be perpendicular to planes C'D and E'F'.
Suppose the planes meet when extended, with common section GH.

Take K on GH and join AK, BK.

. Since AB is perpendicular to plane EF', ZABK is right.

. Since AB is perpendicular to plane C'D, Z/BAK is right.

Triangle ABK would have two angles summing to two right angles, im-
possible by 1.17.

Therefore the planes do not meet and are parallel.

Complete Cinematic Logic

Given spatial configuration

4

Euclidean construction and preserved incidences

4

successive equalities, parallels, perpendiculars, or proportions
4

conclusion of the proposition
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2.14. Proposition 14

PROPOSI 1

Planes to which the same straight-line is perpendicular are parallel.

. Let AB be perpendicular
to both planes CD and EF.

A

Suppose the planes, when extended,
meet; let their common section be GH.

Take a point K on GH; join AK and BK.

A

Since AB is perpendicular to plane EF,
| it is perpendicular to BK (a line in EF
through K). Thus angle ABK is right

Similarly, becsuse AB is perpendicular In triangle ABK, the sum of

Therefore the planes do not meet;
to plane CD, it is perpendicular | they are parallel.

to AK; angle BAK is right. |

angles ABK and BAK is
two right angles, which is

impossible (Prop. 1.17). A
< /c D/
/ /
&C
- Ko
Two right
— angles ina |/ E F,'
AL triangle are B
B impossible.

Planes CD and EF are parallel.
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2.15 Proposition 15

Statement

If two intersecting lines are respectively parallel to two other intersecting
lines not in the same plane, then the planes through them are parallel.

Given / Construction

Use the labelled configuration and construction specified in the proof ac-
tions below; all previously constructed points, lines, planes, incidences, and
relative positions persist unchanged.

Proof Actions

1.

Eal S

© ©® = W

Let AB, BC meetat Band DE, EF meet at F, with corresponding lines
parallel.

From B draw BG perpendicular to plane D E F', meeting it at G.
Through G draw GH || ED and GK || EF.

Then BG L GH and BG L GK.

Since BA || GH, BG L BA.

Similarly BG 1L BC.

By Proposition 4, BG is perpendicular to plane ABC.

Thus BG is perpendicular to both planes.

By Proposition 14, planes ABC and DFEF are parallel.

Complete Cinematic Logic

Given spatial configuration

4

Euclidean construction and preserved incidences

4
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4

conclusion of the proposition
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2.15. Proposition 15

If two intersecting lines are respectively parallel to two other intersecting lines
not in the same plane, then the planes through them are parallel.

n Let AB and BC meet at B; From B, draw BG perpendicular to Through G, draw GH || ED and GK || EF.
let DE and EF meet at E, the plane through DE and EF (Prop. 11);
with AB || DE, BC || EF, let it meet that plane at G.
and the two pairs
not co-plamar. B
D £ F/
h 1/
7 7 i
i / I

e
Vb L / o
Y . _\’\//’, c
3 /

b1
Since BG is perpendicular to the plane DEF, Since BA || GH, angle GBA = Z/BGH Similarly, since BC || GK,
| itis perpendicular to GH and GK; (alternate interiors) = ZGBA is right. BG 1L BC.
so angles BGH and BGK are right. Thus BG L BA.

H G,

B — —
Hence BG is perpendicular to two intersecting Thus the same line BG is perpendicular
lines BA and BC in the plane ABC; to both planes ABC and DEF.
so BG is perpendicular to the plane ABC D H G K F/
(Prop. 4).
Planes ABC
and DEF |
A C/ ) ¢/ | are panallel.
B
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2.16 Proposition 16

Statement

If two parallel planes are cut by a third plane, their common sections with it
are parallel.

Given / Construction

Use the labelled configuration and construction specified in the proof ac-
tions below; all previously constructed points, lines, planes, incidences, and
relative positions persist unchanged.

Proof Actions

1.

Let parallel planes AB,CD be cut by plane FFGH, with sections
EF,GH.

Suppose EF' and GH are not parallel.
Let their extensions meet at K.

Then K lies in plane AB and plane C'D.

. Thus the parallel planes have a common point and meet.

Contradiction.

They cannot meet on either side; therefore EF || GH.

Complete Cinematic Logic

Given spatial configuration

4

Euclidean construction and preserved incidences

4

successive equalities, parallels, perpendiculars, or proportions
4

conclusion of the proposition
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2.16. Proposition 16

P N 16 If two parallel planes are cut by a third plane, their common sections with it are parallel.
BB et panaliel planes AB and CD Suppose EF and GH  are not parallel: Let them meet at K (say on the side
be cut by plane EFGH; let the then they meet when extended. of F, H).
| common sections be EF and GH.
| E F
—
/A
G
. G H/
Plane EFGH
Since K lies on EF, it is in plane AB; Thus K is a point common to both m But they are parallel by assumption —
since it lies on GH, it is in plane CD. planes AB and CD: hence the contradiction.

= planes AB and CD meet.
so K is in plane AB. T

K lies on GH

‘Two planes having a common
oK. islin plane CDY 5 o i

(in a straight-line). Contradiction!
Similarly, they cannot meet on the other side. Therefore EF and GH are parallel.

E F E F

[ — — ./ >
If extended to the Therefore the
other side, EF and | _, ] ‘common sections
GH would meet at EF and GH are
some K’ — again —— parallel.

impossible. A& H
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2.17 Proposition 17

Statement

If two straight lines are cut by parallel planes, the segments are proportional.

Given / Construction

Use the labelled configuration and construction specified in the proof ac-
tions below; all previously constructed points, lines, planes, incidences, and
relative positions persist unchanged.

Proof Actions

I.

Let lines AB, CD be cut by parallel planes GH, KL, M N at A, E, B
and C, F, D.

. Join AC, BD, AD; let AD meet plane KL at O.

. Join EO,OF.

By Proposition 16, FO || BD.

. Intriangle ABD, AE/EB = AO/OD.

Similarly AC || OF.

In triangle ADC, AO/OD = CF/FD.

. Hence AE/EB = CF/FD.

Complete Cinematic Logic

Given spatial configuration

4

Euclidean construction and preserved incidences

4

successive equalities, parallels, perpendiculars, or proportions
4

conclusion of the proposition
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2.17. Proposition 17

PROPOSITION 17

If two straight lines are cut by parallel planes, the segments are proportional.

Let lines AB and CD be cut by Join AC, BD, AD.
Let AD meet plane KL at O.

Join EO and OF.
parallel planes GH, KL, MN at

points A, E, B and C, F, D.

A & H
GH ¥ H
KL E F L L
MN B D N N
Since planes KL and MN are parallel, In triangle ABD, EO || BD; Similarly, since planes GH and KL
and plane EBDO cuts them, by similar triangles, are parallel and cut by plane AOFC,
the sections EO and BD are paralel sections AC and OF are parallel (Prop. 16).
(Prop. 16).
A c 7
GH H AE _ A0
EB 0D KL 7
KL Z
N
MN N
3 D 2
Hence EO || BD.
In triangle ADC, OF || AC; A

S 07 m Hence, by transitivity of proportion,

by similar triangles,

GH H
Therefore the scgments
AO CF KL E = ﬂ = Q KL 15 are proportional:
oD~ FD £8, NODE 35D AE _ CF
MN N NEERED)
D € :
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2.18 Proposition 18

Statement

If a line is perpendicular to a plane, then every plane through that line is
perpendicular to that plane.

Given / Construction
Use the labelled configuration and construction specified in the proof ac-

tions below; all previously constructed points, lines, planes, incidences, and
relative positions persist unchanged.

Proof Actions
1. Let AB be perpendicular to the reference plane.

2. Through AB draw arbitrary plane D F; let its common section with the
reference plane be C'E.

3. Take FFon CE.
4. Inplane DE draw FG L CE.

5. Since AB is perpendicular to the reference plane, it is perpendicular to
CE.

6. Thus AB || FG.
7. By Proposition 8, F'G is perpendicular to the reference plane.

8. Since F'G lies in plane D E, Definition 4 gives that plane D E is perpen-
dicular to the reference plane.

9. As DFE was arbitrary, every plane through AB is perpendicular to the
reference plane.
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2.18. Proposition 18

Complete Cinematic Logic

Given spatial configuration

4

4

4
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‘ conclusion of the proposition

PROPOSITION 18 If a line is perpendicular to a plane, then every plane through that line is perpendicular to that plane.

BB et 4B be perpendicular
0 the reference plane.

A

Ay

C' B E

In plane DE, draw FG perpendicular

to CE A
D
G
=
© B F E

Since AB is perpendicular to the
reference plane, FG is also
perpendicular to it (Prop. 8).

A =
G Thus
G
(reference
plane).
@ 5 T E

Through AB, draw an arbitrary

plane DE. Let its common A D
section with the reference %
plane be CE !
|
|
i
|
i
|
i
e
— ¢ o
@ B E
RJ Since AB is perpendicular to the
reference plane, it is perpendicular
to CE (a line in that plane) =
angle ABF is right.
A
G
ZABF
is right.
@ R E

Now FG lies in plane DE and is perpendicular
10 the reference plane; by Def. 4, plane DE is

perpendicular to the reference plane.

A D

65

Plane DE

is perpendicular
to the reference
plane

Take any point F on CE.
A

© B

[ 2o GFB s right by construction.

Hence AB || FG

D

A G

B i

Since DE was arbitrary, every plane
through AB is perpendicular to
the reference plane.

Therefore
AB || FG

Every plane
through AB

is perpendicular
to the reference
plane
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2.19 Proposition 19

Statement

If two intersecting planes are both perpendicular to a third plane, then their
common section is also perpendicular to that third plane.

Given / Construction

Use the labelled configuration and construction specified in the proof ac-
tions below; all previously constructed points, lines, planes, incidences, and
relative positions persist unchanged.

Proof Actions

1. Let planes AB, BC be perpendicular to the reference plane and let their
common section be BD.

2. From D draw DFE in plane AB perpendicular to the section of AB with
the reference plane.

3. Draw DF in plane BC perpendicular to the corresponding section.
4. By Definition 4, DFE is perpendicular to the reference plane.
5. Similarly DF is perpendicular to the reference plane.

6. Two distinct perpendiculars from the same point on the same side are
impossible by Proposition 13.

7. Hence the perpendiculars coincide with the common section BD.

8. Therefore BD is perpendicular to the reference plane.
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2.19. Proposition 19
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4
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4
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U

‘ conclusion of the proposition

If two intersecting planes are both perpendicular to a third plane, then their common section

is also perpendicular to that third plane.
BB et planes AB and BC be perpendicular From a point D on BD, draw DE Draw DF in plane BC perpendicular
t CD (the common section of BC

in plane AB perpendicular to AD

to the reference plane; let their common
(the common section of AB and the

section be BD.

and the reference plane).

reference plane).

B c A B @

|
|
B c
4 A
“—‘* F
E

A D c A D Cc A D c
Thus from the same point D, two distinct lines

(DE and DF) are perpendicular to the reference
plane on the same side — impossible (Prop. 13).

Similarly, DF is perpendicular
to the reference plane.

Since plane AB is perpendicular to the
reference plane, DE is perpendicular
to the reference plane (Def. 4).

A c A g A ©
E | z 2 u Dl :mpo.;?lhmfl
DE ; h ey wo disinc
reference | ! n perpendiculars
plane. ! : (RN from the same
; point on the
A D C A D C same side.

Therefore DE and DF must coincide; the only B} Hence BD is perpendicular to the reference plane.

line through D in the planes that is perpendicular
to the reference plane is the common section BD. A
The common

B ©
Hence DE < section BD
coincides with is perpendicular
DF and equals 1o the reference
the common plane.
section BD . )
A D C

@
Therefore:
The common section BD
is perpendicular to the

SR &

reference plane.

|

&y
S}
(9]
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2.20 Proposition 20

Statement

In a solid angle formed by three plane angles, the sum of any two is greater
than the third.

Given / Construction
Use the labelled configuration and construction specified in the proof ac-

tions below; all previously constructed points, lines, planes, incidences, and
relative positions persist unchanged.

Proof Actions

1. Let the solid angle at A be formed by /BAC, Z/CAD,/DAB.
2. If the three are equal, the result is immediate.

3. Otherwise let ZBAC be largest.

4. In the plane of BAC, construct /BAE = /DAB.

5. Make AFE = AD.

6. Draw the single straight line BEC, with B, E/, C collinear in that order
and E between B and C; join DB, DC.

7. Triangles DAB and E AB are congruent, hence DB = BE.

8. Intriangle DBC, DB 4+ DC > BC.

9. Since BC = BE + EC and DB = BE, obtain DC > EC.
10. In triangles DAC, EAC, Proposition 1.25 gives ZDAC > LEAC.
11. Add ZDAB = /BAEF to obtain /ZDAB + /DAC > Z/BAC.

12. The other cases follow similarly.
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2.20. Proposition 20

Complete Cinematic Logic

Given spatial configuration

4

Euclidean construction and preserved incidences

4

successive equalities, parallels, perpendiculars, or proportions
U

‘ conclusion of the proposition

PROP! PXIN 1f a solid angle is contained by three plane angles, any two of them are greater than the remaining one.
BB et solid angle at A be If the three angles are equal, If not, let £ BAC be In the plane of ZBAC, Make AE = AD

contained by the three the result is immediate the largest. build ZBAE = ZDAB

plane angles £ BAC, B B B

ZCAD, 2DAB

a ZBAC E
o ZBAC
A G | A G - Lo}
\’”I\ £CAD
D 2/ DAB
D
ata>a

[ oraw the siraight line BEC through E Since AD = AE, AB is common, and B 1 viangle DBC,

s that E lies on BC (between B and C); ZDAB = £BAE, tiangles DAB and EAB DB + DC > BC

join DB and DC are congruent = DB = BE. (riangle inequality)

B E €

D DB + DC > BC

B E € B E €
Aé/ Aé/v/
% DB = BE

D
Thus the sum of the two angles
containing the largest exceeds

Since E is between B and C, BC = BE + EC. [ll] In wiangles DAC and EAC [ And 2DAB = 2BAE (by construction)

With DB = BE from (7): AD = AE, AC is common, and DC > EC; Therefore

BE + DC > BE + EC = DC > EC. by .25, £ZDAC > LEAC LDAB + LDAC > £BAE + LEAC = LBAC. the largest.

5 B 7 & - € B E c The other cases follow
similarly.
A % A % If a solid angle is contained
~. & by three plane angles, any
e D . D two of them are greater than
D ~ > the remaining one.
126 > 6L LDAC > LEAC ZDAB + LDAC > LBAC
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2.21 Proposition 21

Statement

The sum of the plane angles forming any solid angle is less than four right
angles.

Given / Construction

Use the labelled configuration and construction specified in the proof ac-
tions below; all previously constructed points, lines, planes, incidences, and
relative positions persist unchanged.

Proof Actions

1. Let the solid angle at A be formed by BAC,CAD, DAB.
2. Take points B, C, D on the edges and join BC,CD, DB.
3. At B, apply Proposition 20 to the solid angle there.

4. Thus ZCBA+ ZABD > Z/CBD.

5. Similarly at C' and D obtain the corresponding inequalities.

6. Adding them, the six base-adjacent face angles exceed the three angles
of triangle BC'D, i.e. two right angles.

7. The nine angles of triangles ABC, AC'D, AD B total six right angles.

8. Subtracting shows the three plane angles at A total less than four right
angles.

9. Therefore the plane angles forming the solid angle sum to less than four
right angles.
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2.21. Proposition 21

Complete Cinematic Logic

Given spatial configuration

4

Euclidean construction and preserved incidences

4

successive equalities, parallels, perpendiculars, or proportions
U

‘ conclusion of the proposition

PRrOPO N 21 The sum of the plane angles forming any solid angle is less than four right angles.

BB et solid angle at A be formed Take points B, C, D on the edges Bl Consider the solid angle at B formed
by plane angles 2 BAC, and join BC, CD, DB. by planc angles £ CBA, ZABD, ZCBD.
LCAD, LDAB.

By Prop. 20 (at B), Similarly, at C and at D: [ Aw the three inequaliies:

ZCBA + ZABD > ZCBD. ZBCA + LACD > £BCD, (sum of six angles from the faces)

LGDR EaADBY > 42 CDB] > LCBD + LBCD + ZCDB.
B ZBCA
. But in ABCD,
e + LACD
> £BCD ZCBD + ZBCD + ZCDB = 2 right angles.
+ LABD i
> £CBD 2CDA
+ LADB (sum of the six face angles)
4 > /CDB > 2 right angles.
The sum of all ninc angles of ﬂ Subtract |I?¢v»ix face angles on the sides from the total nine angles. Piotaforeheseom «of the tres. plae
mm\gﬁ: AE?. /?CDh ADB‘ is The remaining three are 2~ BAC, ZCAD, /DAB. angles of the solid angle at A is
six right angles triangle 5
i R Hence less than four right angles.
has two right angles). 2
(sum of nine ZLBAC + LCAD + LDAB
angles of the Y ZBAC + ZCAD + Z/DAB
three triangles) — (sum of six face angles) < 4 right angles.
= 6 right angles. <6 -2 = 4 right angles.
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2.22 Proposition 22

Statement

Given three plane angles such that any two sum to more than the third, and
with equal sides, it is possible to form a triangle from the joining lines.

Given / Construction
Use the labelled configuration and construction specified in the proof ac-

tions below; all previously constructed points, lines, planes, incidences, and
relative positions persist unchanged.

Proof Actions
1. Let the angles be ABC, DEF, G H K with equal adjacent sides.
2. Join AC,DF,GK.

3. If the angles are equal, then AC = DF = GK and the result is imme-
diate.

4. Otherwise suppose ABC is largest.

5. Construct /ZKHL = ZABC on HK and make H L equal to a given
equal side.

6. Join KL,GL.
7. Congruence gives AC = K L.
8. From the angle-sum hypothesis obtain /GHL > ZDEF.
9. Byl.24, GL > DF.
10. Intriangle GKL, GK + KL > GL,hence GK + AC > DF.

11. Similarly the other triangle inequalities hold; therefore AC, DF,GK
form a triangle.
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2.22. Proposition 22

Complete Cinematic Logic

Given spatial configuration

4

Euclidean construction and preserved incidences

4

successive equalities, parallels, perpendiculars, or proportions

4

‘ conclusion of the proposition ‘

PROPOS

22 Given three plane angles such that any two sum to more than the third, and with equal sides,

it is possible to form a triangle from the joining lines.

Let the three plane angles be Join AC, DF, GK If the three angles are
ZABC, ZDEF, ZGHK, P cqual, then
such that any two sum to s AC = DF = GK
more than the third \“_ _____ i and a triangle is trivial.

Let the equal sides be

AB = DE = EF
= GH = HK
A D G AC = DF
\ = GK
- g 3
B € g FoOm &
ZABC + /DEF > LGHK
£LABC + LGHK > LDEF A wiangle can
LDEF + LGHK > LABC clearly be formed.
Join KL and GL. Since AB = BC and KH = HL, and 8]
I ZABC = ZKHL, triangles ABC and KHL
G N are congruent, hence AC = KL.
H K

In triangles GHL and DEF, we have

GH = DE, HL = EF and included angle

ZGHL > LDEF.

Thus, by Prop. 1.24 (SAS inequality),

the base GL > DF.
L D

H i GL > DF

D i wiangle GKL,
GK + KL > GL (riangle inequality).
Since KL = AC and GL > DF,

If not, suppose ZABC Construct angle 2 KHL
is the largest. equal to ZABC on HK
at H; make HL equal to
one of the given equal
sides.

.
B C
DL
E F \

G

\

H
ZABC is largest

YEHP= ZABG
HL = AB = BC

Since ZABC + LGHK > ZDEF and ZABC = ZKHL,
we get ZGHK + ZKHL > ZDEF.

But ZGHK + ZKHL = ZGHL.

Therefore

ZGHL > LDEF.

Thus AC, DF, GK satisfy the three
wiangle inequalities, so a triangle
can be formed from the joining lines.

we have GK + AC > DF. P
Similarly,
AC + DF > GK DF GK A triangle
L DF + GK > AC can be formed.
K GK + AC > DF Q AC R
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2.23 Proposition 23

Statement

To construct a solid angle from three given plane angles, provided any two
exceed the third and their total is less than four right angles.

Given / Construction

Use the labelled configuration and construction specified in the proof ac-
tions below; all previously constructed points, lines, planes, incidences, and
relative positions persist unchanged.

Proof Actions

1.

2.

10.

I1.

12.

13.

Let the given angles be ABC, DEF,GHK.

Cut off equal sides and join AC, DF,GK.

. By Proposition 22 construct triangle LM N with LM = AC, M N =

DF,NL =GK.

. Circumscribe a circle about LM N with centre O.

. Join LO,MO,NO.

Show AB > LO by reductio using the hypothesis that the three angles
total less than four right angles.

Erect OP perpendicular to plane LM N with OP? = AB? — LO?.

. Join PL, PM, PN.

. The triangles POL, POM, PON are right.

By Pythagoras, PL = PM = PN = AB.
By SSS, ZLPM = ZABC.
Similarly /M PN = ZDFEF and ZLPN = Z/GHK.

Thus the solid angle at P has the three required plane angles.
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2.23. Proposition 23

Complete Cinematic Logic

Given spatial configuration

4

Euclidean construction and preserved incidences

4

successive equalities, parallels, perpendiculars, or proportions
U

‘ conclusion of the proposition

PROPOS| 23 To construct a solid angle from three given plane angles (with the sum condition
and total less than four right angles).
Let the given plane angles be Cut off equal sides By Prop. 22, AC, DF, GK Circumscribe a circle Join LO, MO, NO.
ZABC, ZDEF, LGHK. AB = BC, DE = EF, 3 i LMN;
GH = HK. let its centre be O.

A D G e
\ Join AC, DF, GK. L
5 coke Y F - K L /

A D G
AC GK ( Q
ZABC + LDEF > LGHK \ \ .
LABC + LGHK > LDEF i -
ZDEF + LGHK > £ABC L
F K [
B C g " M N

and LABC + ZDEF + ZGHK < 4 right angls. DF
Show that AB > LO. Erect OP perpendicular to the plane Join PL, PM, PN. B since 0r s perpendicutar
Suppose AB < LO. of circle LMN at O, with OP chosen ‘o the planc LMN,
s0 that wiangles POL,
wAB < L0, Tt PON are rig
. similar argument 0P = AB' - LO? A
so APOL is equieral and e N
ZLOP = 2 right angles Yot (possible since AB > LO).

right angles.

T e e /

= 4 right angles, contrary to hypothesis

ZpoM =

S

1]
Therefore AB > LO.

Thus the solid angle at P is formed
by the three required plane angles

ZABC, ZDEF, ZGHK.
P

0 5y Pythagoras in right wiangles: [ 1o wiangles PLM ana ABC

PL? = OP* + LO? = AB®

The three face
angles about P

PM? = OP* + MO*

PN? = OP* + NO*

(using PL = PN = GH = HK
and LN = GK).

Hence the solid angle is constructed.
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2.24 Proposition 24

Statement

If a solid is contained by parallel planes, its opposite faces are equal paral-
lelograms.

Given / Construction

Use the labelled configuration and construction specified in the proof ac-
tions below; all previously constructed points, lines, planes, incidences, and
relative positions persist unchanged.

Proof Actions

1.

2.

10.

Let solid C'D HG be bounded by the stated pairs of parallel planes.

By Proposition 16, sections of parallel planes by each face-plane are par-
allel.

. Hence face AC'is a parallelogram.
. Similarly every face is a parallelogram.
. Join AH and DF.

. Use Proposition 10 on corresponding parallel edges to obtain LZABH =

ZDCF.

. With AB = DC and BH = CF, triangles ABH and DCF are con-

gruent, hence AH = DF.

. Each opposite parallelogram is twice its corresponding congruent trian-

gle, so BG = CE.
Similarly AC = GF and AE = BF.

Therefore opposite faces are equal parallelograms.
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2.24. Proposition 24

Complete Cinematic Logic

Given spatial configuration

4

Euclidean construction and preserved incidences

4

successive equalities, parallels, perpendiculars, or proportions
U

‘ conclusion of the proposition

PROPOSITION 24 If a solid is contained by parallel planes, the opposite faces are equal parallelograms.

Let the solid CDHG be By XIL16: If two parallel planes By XI.10: If two straight lines ﬂ Also, in the parallelograms of the faces,
contained by the six parallel are cut by a third plane, their which intersect one another are AB" = DC. and BH = CF
planes AC, GF, AH, sections are parallel lines. respectively parallel to two o Tt e bt
DF, BF, AE. Each face is cut by the parallel straight lines which do not lie e
D planes meeting it in the other in the same plane, the straight Hence in triangles ABH and DCF we have

A
EX pair, so each face has both pairs lines make equal angles. AB = DC. BH = CF
B | of opposite edges parallel and is Here AB || DC and BH || CF, 3 5 g

c where AB and BH intersect AUBHA T 2Dk

therefore a parallelogram

| H
i | - at B, and DC and CF intersect By 1.4 (SAS), the triangles are congruent
|~ | at C (not in the same planc).
G E A D A D
né‘ @
Opposite bounding planes: !
AC || GF BG || CE AH || DF " S ? F
(top || bottom) | (left | righ) | (back || front) G = T B H c
Thus the solid has opposite faces in parallel planes. All six faces are parallelograms. =
ZABH = LDCF AABH =~ ADCF = AH = DF
By the same reasoning on the other pairs Thus opposite edges are equal Face BG is the paralielogram ABHG. B From steps 34,
of parallel ed; AB = DC, BC = AD, s isgogal) m D1t . AABH ~ ADCF.
AD || BC and AH || DE = ADH = ZBCE e Face CE is the opposite paraliclogram CDEF
Its diagonal is CF. Therefore
and AD = BC, AH = DE = AADH ~ £BCE. and e
[ABH] = [DCF]

e AH = DF (from step 4). Parallelogram BG Parallelogram CE

A D
AB | DC and AE | BF = ZBAE = ZCDF Z D A D D c
s G I L & B 7 r
Gl E

Hence also AD = BC and AE = BF.

Bl Each parallelogram is twice the wiangle on one of its diagonals: M simitarly,
parallelogram AC is twice £ABC . .
A b D ¢ and parallclogram GF is twice £DCF. BG = CE A solid contained by
Peaalbios Rk RG e Clog e Since ZABC =~ ADCF (by step 8 with AE || BF), = AC = GF parallel planes has
= twice ZABH = twice ADCF. we have AC = GF AE = BF opposite faces that are
= 2[ABH] = 2[DCF] Also, parallelogram AE is twice AAEB and (all opposite equal parallelograms.
G H F E  panalielogram BF is twice ACFB. faces equal).

(Q.E.D.)

Hence BG = CE. Since AAEB ~ £CFB, we have AE = BF
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2.25 Proposition 25

Statement

If a parallelepiped is cut by a plane parallel to its opposite faces, then the
volumes are proportional to the bases.

Given / Construction

Use the labelled configuration and construction specified in the proof ac-
tions below; all previously constructed points, lines, planes, incidences, and
relative positions persist unchanged.

Proof Actions

L.

Let parallelepiped ABC'D be cut by plane F'G parallel to opposite faces
RA,DH.

Extend AH both ways and mark arbitrary equal segments on the exten-
sions.

Complete the corresponding parallelograms and solids.
Equal bases at equal height give equal corresponding solids.

Establish correspondence between multiples of base AF" and solid AC,
and multiples of base F"H and solid HC'

. Apply Definition V.5 to obtain equality of ratios.

Hence area(AEFV)/area(EHCF') = vol(ABFV)/vol(EGCD).

Complete Cinematic Logic

Given spatial configuration

4

Euclidean construction and preserved incidences

4

successive equalities, parallels, perpendiculars, or proportions
4

conclusion of the proposition
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2.25. Proposition 25

If a parallelepiped is cut by a plane parallel to its opposite faces, then the volumes are proportional to the bases.

BB et the panalelepiped ABCD be Extend AH both ways and mark Bl complete the paralilepiped below By Prop. 31 (lemma):
cut by the plane FG points E and E’ such that ABCD on the equal base AEFV, Solids on equal bases and between
which s parallel to AE = EH (abitrary muliple). and above it on the cqual base the same parallels are equal.
the opposite faces RA and DH. Thus AE and EH are equal E'GBM.

A Solids on bases £'GBM and
segments on the same line.

= = M B AEFV between the same
2 é ;1 parallels RA and DH are
! : cqul.
i |
ey ] The middie solid ABFG also
!
i RH« o has the same height between
d RA and DH.
5 H
E 1G4 | Solids on bases AEFV and
o iy / c EHCF between the same
T
v parallels RA and DH are
Plane FG || RA and DH H
equal.
The segments on AH are in cqual ratio: Thus the multiples of the base AF By Defiition V.5 of proportion:
AE:EH = 1:1 M s correspond to the multiples of the T i s,

Hence

solid AC:
o The height of ABFG is | pan, o ?: Dol Y e e SR Afly ] then the. magnitudes are proportional
i

50 its volume is 1 part. 2pats  Base AE (wo parts) < Solid ABFV (iwo parts)

i -
© ‘The height of the top solid E'GBM is 1 part, i e Similarly, Therefore,
0 its volume is 1 part. . - Base FH (one part) <> Solid HC (one part)
The height of the bottom solid EHCF is 1 pan, rY va Base EH (two parts) & Solid EGCD (two parts) )
50 its volume is 1 part. . ! o . area (AEFV) volume (ABFYV)
Therefore, i | area (EHCF) volume (EGCD)
volume (ABFV) ‘ T !
volume (ABFG) = 1 part E 5l 1 p2pans G F ¢
N ‘;m parts) s G
volume (E'GBM) = 1 part ) 4
HY H c Hence, in a parallelepiped cut by a plane
volume (EHCF) = 1 part volume (EGCD) parallel to opposite faces, the volumes
(bottom two parts) AFFH =1:1| | ABFV: HC = 2:1 (o e (o

= 2 pants

= 2T ABFV : EGCD = 2:2
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2.26 Proposition 26

Statement

To construct a solid angle equal to a given solid angle on a given line at a
given point.

Given / Construction

Use the labelled configuration and construction specified in the proof ac-
tions below; all previously constructed points, lines, planes, incidences, and
relative positions persist unchanged.

Proof Actions

1.

10.

11.

12.

13.

Let the given solid angle at D be formed by EDC, EDF, FDC, and let
AB with point A be given.

. Take F' on DF; drop F'G perpendicular to plane £ DC and join DG.
. At A construct /BAL = Z/ZFEDC and /BAK = ZEDG.

. Make AK = DG.

. At K erect K H perpendicular to plane BAL and make KH = GF.

. Join HA.

Cut off AB = DFE and join HB, KB, FE,GE.

. Use the right angles at G' and K.

Establish the needed congruent right triangles.

Obtain KB=GE,HB = FE,and AH = F'D.

Then triangles HAB, F DFE are congruent, so /BAH = Z/EDF.
Similarly /ZHAL = ZFDC, while /BAL = ZEDC.

Thus the solid angle at A equals the one at D.
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2.26. Proposition 26

Complete Cinematic Logic

Given spatial configuration

4

Euclidean construction and preserved incidences

4

successive equalities, parallels, perpendiculars, or proportions
U

‘ conclusion of the proposition

Pr W/l To construct a solid angle equal to a given solid angle on a given line at a given point.

Let the given solid angle at D be Take an arbitrary point F on DF At A, construct the plane angle BAL On the ray AK make AK = DG.
formed by the three plane angles From F drop the perpendicular FG equal to the given angle EDC,
EDC. EDF, FDC 0 the plane of EDC and the plane BAK L
Let the given line be AB, Let it meet the plane at G. equal 1o the given angle EDG.
with point A on it Join DG
L K
E
F K
A B
b c A B
— AK = DG
A B
AUK ereet KH perpendicular to the plane [ Join H Now cut off AB = DE on the given linc. Join #8, KB, FE. GE. [EJ Since FG is perpendicular

through BAL (that is, 1o the plane of
the page), and make KH = GF.

o the plane EDC,
ZFGD and LFGE

" are right angles
KH = GF i
L i
K
LFGD = LFGE
= 90°
A B
Similarly, since KH is perpendicular s HAB and FDE, B By consruction, 2BAL = 2EDC [B] Thus the three plane angles of
9 12 13}
o the plane through BAL, FD, AB = DE (cut off), and ZBAK = LEDG the solid angle at A are equal
ZHKA and ZHKB - respectively (o the three plane

angles of the given solid angle

are right angles.

FDE (S55). ZHAL = LFDC
) < : wD.
Hence ZBAH = LEDF e e a H), e
and we already have

2 E
ZBAH = LEDF. ; jn ! =
LHAL = LFDC A B D ¢
"
FE = HB A Bi D E AFNL @
2! = LEDF The solid angle at A is equal
ZHKA = LHKB GE = KB ZBAH = LEDF 2 equal

= 90° EERN S AT to the given solid angle at D.

ight iangles FGE
GF = KH and GE = KB,
1B (RHS).

FD = AH &
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2.27 Proposition 27

Statement

To describe a parallelepiped similar to a given one on a given line.

Given / Construction

Use the labelled configuration and construction specified in the proof ac-
tions below; all previously constructed points, lines, planes, incidences, and
relative positions persist unchanged.

Proof Actions

1. Let AB be the given line and C'D the given parallelepiped with vertex
C.

2. At A construct a solid angle equal to that at C' by Proposition 26.
3. Set BA/AK = EC/CG and AK/AH = GC/CF.

4. Hence BA/AH = EC/CF.

5. Complete parallelepiped AL on these edges.

6. Corresponding sides about equal angles are proportional, so correspond-
ing parallelograms are similar.

7. Hence all corresponding faces are similar.

8. Therefore the solids are similar.

Complete Cinematic Logic

Given spatial configuration

4

Euclidean construction and preserved incidences

4

successive equalities, parallels, perpendiculars, or proportions
4

conclusion of the proposition

82



2.27. Proposition 27

To describe a parallelepiped similar to a given one on a given line.

B et 4B ve the given ine. Construct at A a solid angle On the edges about A set the sides Hence, by equality of ratios

Let CDEFG be the given equal to the solid angle at C proportional to the corresponding edges (Prop. V.5),
parallelepiped, with vertex C (Prop. 26), so that about €

F 2BAH = LECF, BA _ EC TV,

| LBAK = LECG, AKXk =~ CG aH - Cr
D | ZKAH = LGCF.

| AK _ GC

e c H AH ~ CF

=

H
H
G H
ZBAH = LECF
LBAK = LECG K K
-—_— ZKAH = LGCF
A B <
A B A B

Complete the parallelepiped ABHK on these edges. In triangles about A the two sides including equal angles

Thus each face of ABHK is similar

Thiough B draw a line parallel to AH, are proportional 0 the comesponding face of CDEFG
BA _ EC
through ' parallel o AK, and From ZBAH = ZECF and — = —,
through K parallel to AB AH ~ CF Therefore the parallelepipeds ABHK
¥ the parallelograms on these sides are similar. (Prop. V1.6)

Let their intersections be L. and CDEFG are similar.

From ZBAK = ZECG wd 24 = EC
rom = LECG and 5 = =,
H L J 0 2k ~'ce i L
the parallelograms on these sides arc similar
Fi ZKAH ZGCF and GE
From ZKAH = Foand S : -
AH — CF L
the parallelograms on these sides are. similar.
E F A B
L o H E C K L C 4
5 = g = E g E The parallelepiped ABHK on the given line AB
A B is similar o the given parallelepiped CDEFG.
D c A . & G Ls i
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2.28 Proposition 28

Statement

A parallelepiped cut by a plane through the diagonals of opposite faces is
divided into two equal prisms.

Given / Construction

Use the labelled configuration and construction specified in the proof ac-
tions below; all previously constructed points, lines, planes, incidences, and
relative positions persist unchanged.

Proof Actions

1. Let parallelepiped AB be cut by plane CDFEF' through diagonals
CF, DFE of opposite faces.

2. The plane divides it into two prisms with triangular bases CGF, ADE
and CFB,DEH.

3. The triangular bases are equal, being halves of equal parallelograms.

4. The three remaining faces of one prism are respectively equal to those of
the other.

5. Thus the prisms are contained by equal planes in number and magnitude.
6. Therefore the two prisms are equal.

7. Hence the original solid is bisected.

Complete Cinematic Logic

Given spatial configuration

4

Euclidean construction and preserved incidences

4

successive equalities, parallels, perpendiculars, or proportions
4

conclusion of the proposition
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2.28. Proposition 28

A parallelepiped cut by a plane through the diagonals of opposite faces
is divided into two equal prisms.

The two triangular bases are equal:

Triangle CGF is half of parallelogram CGFH;

wiangle ADE is half of parallelogram ADEH .

But opposite faces of a parallelepiped are equal

parallelograms (Prop. 24).

Therefore, CGF = ADE.

divides the solid

The plane CD.
into two prisms:

Let the parallelepiped AB be
cut by the plane CDEF
through the diagonals CF and DE

of oppositefaces. with triangular bases CGF and ADE.
© prism C-F-B-D-E-H:

with triangular bases CFB and DEH.
E r G 7 D H
D) c
c A
CGF ADE

CGF = ADE

B

Thus the two prisms are contained by Therefore, the two prisms are equal.

The three rectangular faces of one prism are respectively
al to the three of the other, sinct site faces a s i i
o p:n\llelepipedoure e:w:r. since opposite faces (cg\:;l [;:L[u:cos)m number and in magnitude Hence the parallelepiped ABCD~EFGH
gl is cut into two equal parts.
Prism CGFED Prism CFBEDH
Prism CGFED Prism CFBEDH E F
’ The plane through

the diagonals of

CG = AD CB = HG

(faces GCDH and ADHE) (faces CBHG and ADHE) F B
t 4 c opposite faces
= ! ! 3
GF = DE ¥t FB = EH cf divides the
(faces CGFH and ADEH) (faces FEBA and GCDH) = i parallelepiped
1 H into two equal
i "
FE = CD BD = CF -~ D prisms.
(faces FEHG and CDAB) (faces BDCA and FEHG) T B
H A
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2.29 Proposition 29

Statement

Parallelepipeds on the same base, same height, with standing edges on the
same straight lines, are equal.

Given / Construction

Use the labelled configuration and construction specified in the proof ac-
tions below; all previously constructed points, lines, planes, incidences, and
relative positions persist unchanged.

Proof Actions

1. Let CM, CN be parallelepipeds on base AB with standing edges on the
same straight lines.

2. From the face parallelograms obtain CB = DH = FK.
3. Subtract the common part to get DE = HK.

4. Hence triangles DC'E and H BK are equal and corresponding parallel-
ograms are equal.

5. Similarly triangle AF'G equals M LN.

6. Use equality of opposite edges such as CF' = BM and CG = BN.
7. Therefore the corresponding triangular prisms are equal.

8. Add the common solid to both.

9. Hence the whole solids C'M and C'N are equal.
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2.29. Proposition 29

Complete Cinematic Logic

Given spatial configuration

4

Euclidean construction and preserved incidences

4

successive equalities, parallels, perpendiculars, or proportions

4

‘ conclusion of the proposition

Parallclepipeds on the same base, same height, with standing edges on the same straight lines, are equal.

B et e parlielepiped CM and the
parallelepiped CN be on the
same base AB, of the same height,
and let their standing edges lie on

the same straight lines FN and DK

Parallelepiped CM
(built on AB)

Parallelepiped CN
(built on AB)

Standing edges on the same lines FN (at A)
and DK (at B)

Similarly, in AAFG and AMLN we have
AF = ML (opposite faces),
AG = MN (from step 4),
and ZFAG = ZLMN = 90"

Therefore, AAFG = AMLN (L4).

Hence AF = ML, AG = MN, FG = LN.

F L

G M N

LAFG = AMLN

Take the equal segment EH
from each equal.

Since CH and CK are parallelograms,

CB = DH = EK

‘Therefore,
(of ite sides of parallelograms).
5 L DE = HK.
C H D H
B D - | k
c K !
B E E X
CB = DH = EK DE = HK

i3 vt it i e g

peralapipeds fare) aqual The prism with tianguler bases AFG and' DCE

Therefore, is equal to the prism with wiangular bases MLN
and HBK (Def. XI.10)
CF = BM
and CG = BN.
F c
A B
G, c
AZ:" Prism (AFG, DCE) = Prism (MLN, HBK)

87

In wiangles DCE and HBK we have
DC = HB (opposite faces),
E = HK (fom step 3),
and ZCDE = ZKHB = 90"
HBK (14).

Therefore, 2ADCE

Hence DC = HB, CE = BK, DE = HK

Therefore, parallelograms DG and HN
are equal (Opposite sides equal and
included angle equal).

D, G H N
E c K

Parallclogram DG = Parallelogram HN

B e wits M and N have in common
the parallelepiped on base AB and opposite faces
GE and HM

Adding equals (the
(the two. prisms

common solid) 1o equals

s equals.

Therefore, the parallelepiped CM is equal
to the parallelepiped CN.
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2.30 Proposition 30

Statement

Parallelepipeds on the same base and of the same height, though their stand-
ing edges are not on the same straight lines, are equal.

Given / Construction
Use the labelled configuration and construction specified in the proof ac-

tions below; all previously constructed points, lines, planes, incidences, and
relative positions persist unchanged.

Proof Actions

1. Construct auxiliary parallelepipeds whose standing edges are aligned on
the same straight lines.

2. Apply Proposition 29 to the aligned auxiliary solids.

3. Relate the auxiliary solids to the original solids by the equal-base, equal-
height construction.

4. By transitivity, the two original parallelepipeds are equal.

Complete Cinematic Logic

Given spatial configuration

4

Euclidean construction and preserved incidences

4

successive equalities, parallels, perpendiculars, or proportions
4

conclusion of the proposition
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2.30. Proposition 30

30 Parallelepipeds on the same base, same height, with standing edges
not on the same straight lines, are equal.
n Let the parallelepipeds CM and CN be
on the same base AB, of the same height,

but with standing cdges not on the

Through A draw the suaight lines FN and DK.

By Prop. 29 (paralielepipeds on the same base, same height,
Through B draw the straight lines F'N* and D'K"

with standing edges on the same straight lines are equal),
On these lines construct the parallelepipeds €M, we have
samevatadghiflines and CN, on the same base AB and of the same height

cMy = CN,
; . as the given ones, with standing edges on the same
Puralclepiped CM Puralciepipad CN @ s aretruthet g\ bessx AIBY, ofytie) snrel
i straight lines FN and DK. (Tt i assndl}; oiie’ sumel heiglt,
E Iz and their standing edges are on the same lines N and DK.)
Do Y s —
F N Paralclepiped C M, Paralelepiped CN,
T F N
E "
5 \
pt L
B A 3

Same base AB and same height,
but standing edges on different lines.

Stnding edges of CM, and CN,
lie on the same lines FN and DK

The paralllegipeds CM and| CM) ere cn/the seme bese AB Similarly; CN' and ‘CNj, sr¢. on'the ‘seme beoe AB From stps 3, 4, and 5, by tansitivity of equaliy,

and between the same parallels AB and FN. and between the same paralels AB and F'N’. A ol T A
By Prop. 31 (parallclepipeds on equal bases and between By Prop. 31, allhet oL N
e e —
the same parallels are equal),
CN = CN, CM = CN
cM = cM,
Pussllelepiped CM Panalleepiped €M, o oGl e 1l Parallelepiped CM lelepiped CN
F F N F F N

D A » A —

E H E £ ) B 7
A A A B A y4 . B
Same base AB and same height (AB and FN); Same base AB and same height (AB and F'N'); T T R o "
hence CM = CM,. hence CN = CN,. St S o S X
Prop. 29, Parallclepipeds on the same buse, same height, with standing cdges on the same stmight lins, are cqual Prop. 31, Parallclepipeds on cqual bascs and between the same paralicls are equal.
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2.31 Proposition 31

Statement

Parallelepipeds on equal bases and of the same height are equal.

Given / Construction

Use the labelled configuration and construction specified in the proof ac-
tions below; all previously constructed points, lines, planes, incidences, and
relative positions persist unchanged.

Proof Actions

1.

Let AE, C'F be parallelepipeds on equal bases AB,C'D and with the
same height.

In the aligned/right case use the preceding propositions.

. For the general case transform each to an equivalent right or aligned par-

allelepiped on the same base.

. The transformed solids have equal bases and the same height.

. Hence the transformed solids are equal.

Therefore the original solids are equal.

Complete Cinematic Logic

Given spatial configuration

4

Euclidean construction and preserved incidences

4

successive equalities, parallels, perpendiculars, or proportions
4

conclusion of the proposition
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2.31. Proposition 31

31 Parallelepipeds on equal bases and of the same height are equal.

Bl v the sencral case, by Prop. 29 o Prop. 30 we

PROPOST

Let the parallclepiped AE and the B i e sanding edges are perpendicular 1o the bases
and stand on the same straight lines, the result can transform each-parallelepiped info an equal

parallelepiped CF be on equal bases
AB and CD, and of the same height. follows (by stacking or by Prop. 30). right parallelepiped on the same base and
between the same parallels.

E H F K Paralllepiped AE

A B A B

Right parallelepipeds on equal bases AB and CD
and of the same height are equal.

Each transformed solid is equal to the original one.

The transformed solids are right parallelepipeds on the same bases AB and CD and of

By steps 3 and 4, we have

same height.
ight "
E\D\,C\H\G\A = F\D,C,K\L,B | F\D,C\K,L,B = CF
(by Step 4) (by Prop. 29 or 30)
B}

Bases:
AB = CD
(by hypothesis)

AE = E\D,C,H,G\A
(by Prop. 29 or 30)

\4
‘Therefore,
c AE = CF. D,

Heights:
AG, = BL,
(same, since the
parallels are the
same and the

x

Nt £ A0S

bases are equal)
Right paralelepipeds on equal bases and of the same height are equal
(by stacking or by the case in Step 2). Hence, P
E\D\C,H,G,A = F,D,C,K,L,B. A

Prop. 29, Paralllepipeds on the same base, same height, with standing edges on the Prep. 30. The same, even when the standing edges Prop. 31, Puralllepipecs on cqual bases and between the same paralels are equal,

same saight lines, are cqual. are ot on the same lines.
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2.32 Proposition 32

Statement

Parallelepipeds of the same height are to one another as their bases.

Given / Construction

Use the labelled configuration and construction specified in the proof ac-
tions below; all previously constructed points, lines, planes, incidences, and
relative positions persist unchanged.

Proof Actions

1.

2.

Let solids AB, C'D have the same height.

Apply a parallelogram F'H equal to base AE to F'G at the same angle
and complete solid GK with the same height as C'D.

. By Proposition 31, solid AB = GK.

. Cut solid C K by plane DG parallel to its opposite faces; by Proposition

25, area(C'F')/area(FH) = vol(CD)/ vol(DH).
Since I'H = AF and GK = AB, substitute.

Thus area(AE)/ area(C'F') = vol(AB)/ vol(CD,).

Complete Cinematic Logic

Given spatial configuration

4

Euclidean construction and preserved incidences

4

successive equalities, parallels, perpendiculars, or proportions
4

conclusion of the proposition
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2.32. Proposition 32

Parallelepipeds of the same height are to one another as their bases.

Let the parallelepiped AB

On FG ke the paralielogram FH equal Since the parallelepipeds AB and GK
and the parallelepiped CD 1o the base AE and applied at the same angle. are on equal bases (AE = FH)

be of the same height. Complete the parallelepiped GK on FH and of the same height,

with the same height as CD.

by Proposition 31,
E " F K R - Ly
R, AB = GK
D c D c D c
l E H G K
G L L D
< ” P K (FH=4E € D H
= 3 (equal and at
A B c D C DI D] G = o
Purallclepiped AB Purallclepiped CD M y = 3
Heights: AG = BL 5 A B F H
(heg o pamalely)” Purallclepiped GK has the same height as CD. Parallelepiped AB Parallelepiped GK

(between the same parallels DK and FH).

Cut the parallelepiped CK by the plane DG parallel o its opposite faces. . Since FH = AE and, by step 3, GK
By Proposition 25 (if a parallelepiped is cut by a plane parallel
1o opposite faces, the volumes are proportional to the bases),

= 4B,
area (FH) = area (AE) and vol (GK) = vol (AB).
From the proportion in step 4,

G K G L ] area(CF) _ vol(€D)  _ area(AE) _ vol(AB)
i D . 7 ok Jeafg= ‘area( = ol(DH) area(CF) _ vol(CD)
p A _ bases DG and CK.
1
i T
Lover prism
& bases CF and FH.
F H

. b @ea(CF) _ wl(CD)
S area(FH) _ vol(DH) Therefore, parallelepipeds of the same height

are to one another as their bases.
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2.33 Proposition 33

Statement

Similar parallelepipeds are in the cubed ratio of their corresponding sides.

Given / Construction

Use the labelled configuration and construction specified in the proof ac-
tions below; all previously constructed points, lines, planes, incidences, and
relative positions persist unchanged.

Proof Actions

1. Let AB, CD be similar with corresponding sides AE, CF.

2. Extend the three corresponding edges and set FK = CF, EL = FN,
EM = FR.

3. Complete parallelogram K L and solid K P.

By matching corresponding faces, K P is equal and similar to C'D.
Complete the auxiliary parallelograms and solids £O, LQ.

By Proposition 32, vol(AB)/ vol(EO) = AE/EK.

Similarly vol(EO)/vol(LQ) = AE/EK and vol(LQ)/vol(KP) =
AE/EK.

N »ok

>

Therefore vol(AB)/ vol(KP) = (AE/EK)3.
9. Since KP = CD and EK = CF, vol(AB)/vol(CD) = (AE/CF)3.

Complete Cinematic Logic

Given spatial configuration

4

Euclidean construction and preserved incidences

4

successive equalities, parallels, perpendiculars, or proportions

4

conclusion of the proposition
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2.33. Proposition 33

Similar parallelepipeds are in the cubed ratio of their corresponding sides.

At gaalsbiosts I, msdhCDYom Pk the e ol fom A deough 5,6, 5 Copice e el KL 2K £ | [ B b comrtion e cn AB~C,
imi, w1 AE s CF be bt £, 1 K, LM, 1 me perhised Swr ieier Y S s
comesponding  sides. parallclogram KL with the same height as AB. are equal and similarly placed.

EK = CF. EL = FN. EM = FR.

A P N E " K g K r
DE——o |C
| [
G IR .
H G
/ 2 o« 3
o ____J Z / y 7
A B ¢ »
. A B c o
Purlicepiped AB Pusillepiped CD
Simiar solc 3
s AE || KF, AG || KL, AH || KM Panilclogram KL is sppled in the same diretion - :
AB ~ CD (omesponding fces ae sinile), R Gats AL AL NG i N = Henes the parlelpipeds KP and €D
A wd EK = CF, EL = FN, EM = FR s base AB and at the same ange e
Complets the penaliognm GK on EG and EK By Progexion 32, solds of the sume height as Apply Proposiion 32 (0 the puins (EO, LQ) snd (LQ, KP)
On the bases GK and KL complete the paral proportional 1o thir buses,
EO and LQ with the same height a5 AB. Hence, for the solids AB and EO,
G X e A WI(AB) _ area(AG) WONEO): 5 Wared(GR)y ' o 'GK iy
WI(EO) ~ area(GK)” vwI(LQ) ~ area(KL) ~ KL R
D | But AG and GK comespond 0 AE and EK But in similar bases AB and KP, wi(E0) ~ EK
i ° in similar bases AB and KP. e -
Therefore, = = - _ witgo)
7 pe i wI(AB) _ AE vol(LQ)
Z WI(EO) ~ EK Secondly,
4 B o » . : 2 . wI(LQ) _ ara(KL) _ KL _ wl(LQ)
Punllicpipsd EO Paaliclepiped LQ | Parliclepiped. K1 vol (KP) oo (A oM vl (KP)
(olbe 1GK) (0 L 23) (ENLT2) Again, in similar bases AB and KP,
A B 3 I3 "
All three solids have the same height as A5 e _ HE _ AE
(betwoen the same parallols) AB ~ KP = e EM K

Sinco throc magnitudes e continally proportional, the rato of the first o the last
is the cube of the common rio. (Def. V.14). Hence,

But by step 4, KP = CD, and by construction EK = CF.

Definition (V. 14): Therefore, Hence similar parallelepipeds.
(05 ( £ )x It b= v vl(AB) _ ( are in the cubed ratio of their
vol(KP) — \EK )~ e & A6 T vol (CD) commesponding sides.
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2.34 Proposition 34

Statement

For equal parallelepipeds, bases are reciprocally proportional to heights; and
conversely.

Given / Construction

Use the labelled configuration and construction specified in the proof ac-
tions below; all previously constructed points, lines, planes, incidences, and
relative positions persist unchanged.

Proof Actions

1. Let AB, CD be equal parallelepipeds.

2. For perpendicular heights, construct an auxiliary solid on the base of one
with the height of the other and apply Proposition 32.

3. Obtain the reciprocal proportion between bases and heights.

4. For oblique heights, reduce to right/aligned solids by Propositions 29-30
and apply the same argument.

5. Conversely assume the bases and heights are reciprocally proportional.
6. Construct an auxiliary solid with the base of C'D and height of AB.

7. Use Proposition 32 and the given proportion to identify its volume with
ABand CD.

8. Therefore the original parallelepipeds are equal.
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2.34. Proposition 34

Complete Cinematic Logic

Given spatial configuration

4

Euclidean construction and preserved incidences

4

successive equalities, parallels, perpendiculars, or proportions
U

‘ conclusion of the proposition

For equal parallelepipeds, bases are reciprocally proportional to heights; and conversely.

1. FORWARD: If two parallelepipeds are equal, then their bases are reciprocally proportional to their heights.

o el A o JO oo

e ol ey

Let EH and NQ be the beights of AB and CD

By Propntion 22 (e e,

PR

If the heights ane not_ perpendicula, by Propositions 29

g o P N over their bases AB and CD, and let EH VoI(AB) _ area(AB) or 30 we can transform AB and CD into right
be perpendicullr 1o its base: WI(NQRS)  area(NQ) pasaliclepipeds AB, and CD, on the same bases

and of the same heights as AB and CD, respectivel

'] On the same base NQ construct the parallelepiped L e A

NORS with height EH (equal o the eight of AB)

F N N s

Therefore.
1 0 i 0 arca(AB) _ | height NORS
ara(NQ) height AB
| = -
Puallelepiped AB Pasalelepiped €D Srcn Iight' NQRS = /EH,
/. Ieight AB = EH, we get
Given: AB = CD. e 2
area(AB) _ height CD
area(NQ) — height AB

1L CONVERSE:

Lo, AB Yead"CD1 v

NQRS is on the same base NQ as CD.
and hus height EH.

Bu AB = CD = NQRS: hece

Vl(AB) = wI(NQRS)

Ths, when the heights are perpendicular (o the bases,
bases are reciprocally proportional (o the heighs.

If the bases are reciprocally proportional to the heights, then the parallelepipeds are equal.

By Proposition 32 (same heigh).

Right parallelepipeds AB, and €D, are equal ©

B Assin by Proposiion 32 (same buse D).

e CDTU il beigh el 10 EH (e hight of AB) wi(AB) _ amataB) BT . B G
D) & TguAB vol(CDTU) area(CD) wI(CD) ~ high CD_ NQ
By the given poportion,
N (ol i) s Muttiplying the relations in steps 7 and 8,
area(AB) _ height CD
o wea(CD) " Teigh AB’ wlaB)
vol(CD)

But height CD = height CDTU = NQ.

Hence vol(AB) = vol(CD), so

CDTU s on the sume b CD i CD _vlCA5) S5 N0 AB = CD.
Neighs:  EH (of AB), NQ (of CD) and has height B VI(CDTU) EH
Therelore:  (Forward) If AB = €D, then 224 (Comversey 1 Z=AAB) _ beight CD g cp
area(CD) area(CD)  beight AB
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2.35 Proposition 35

Statement

If two equal plane angles have equal raised lines at their vertices making
equal angles with the original sides, then the perpendiculars from the raised
points to the planes are equal, and the angles formed by the raised lines and
the lines to the footpoints are equal.

Given / Construction

Use the labelled configuration and construction specified in the proof ac-
tions below; all previously constructed points, lines, planes, incidences, and
relative positions persist unchanged.

Proof Actions

1. Let /ZBAC = ZEDF and let raised lines AG, DM make equal corre-
sponding angles with the sides.

2. From G, M drop perpendiculars GL, M N to the respective planes and
join LA ND.

3. Set AH = DM and draw HK | GL.

4. From K, N drop perpendiculars to the corresponding sides and complete
the required joins.

5. Use the right triangles to establish AC' = DF and AB = DE.
6. Then triangles ABC, DEF are congruent.

7. From corresponding right triangles obtain C K = F'N and then AK =
DN.

8. Use Pythagoras again to obtain HK = M N.
9. Triangles HAK, M DN are congruent by SSS, so /ZHAK = ZMDN.

10. Thus both the perpendiculars and the required angles are equal.
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2.35. Proposition 35

Complete Cinematic Logic

Given spatial configuration

4

Euclidean construction and preserved incidences

4

successive equalities, parallels, perpendiculars, or proportions
U

conclusion of the proposition

If two equal plane angles have equal raised lines at their vertices making equal angles
with the original sides, then the perpendiculars from the raised points to the planes are equal,
and the angles formed by the raised lines and the lines to the footpoints are equal.

PRrO!

[l 1t the planc angles BAC and EDF be cqual AUG and M draw perpendiculans GL L (plane BAC) On AG wke H such tha AH = DM. From K and N drop perpendiculars 1o the
From A and D take the mised lines AG and DM and MN L (plane EDF) Theough H deaw HK || GL; hence sides of the angles: KC L AC, KB L AB,
Join LA wnd ND. HK L (plane BAC) and HK = GL. HK L DF, NE L DE

Join HC, CB, MF, FE

Given:  ZBAC = ZEDF, GL and| MN_ are perpendicsac o the HK s perpendicular 1 the plane. BAC.
LBAG = LEDF. GAC = ZDFE e R
ke gt argi KAC mat| NDF, [ 5 e pime e 54 1 EDF gl | [ e [ [
AK® + KC?, DF’ = DN + NF* and their two sides ut the equal angle are NE® + NF HK® = HL' + KL*, MN’ = NN’ + NN’.
- ¥ Sphandt - des) B E In les AKC and DNF, o Ll N
AK = ACI+ KO, DN'= DF4NF. -
Simila Bu AC = DF (sep 5) and KC = NF i
AB® 7 X N therefore AK = DN. H
o A c 5 F : :
Therefore AC = DF and AB = DE. 5 2 = Lo Hence KC = NF and AK = DN. Therefore HK = MN.

M
HA = MD (by construction), r i ad ZMDN 1line DM and the line DN (in the planc EDF).
| | Therefore the angles which the raised lines make with the Tines 1o the foorpoints are equal.
AK = DN (uep 7). ! !
HK = MN (o0 9). | | Also, from sep 8, HK = MN; that i, the perpendiculars from the raised points o the
planes are equal.
A K D N

Therefore AHAK = AMDN (Def. 1.4)

Thus, i wwo equal plane heir vertices. making cqual angles

with the original sides, then the per e points 1o the planes are cqual,

Hence ZHAK = ZMDN.
and the angles formed by the raised lines and the lines to the footpoints arc equal
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2.36 Proposition 36

Statement

If three lines are proportional, the parallelepiped formed from them is equal
to the equilateral parallelepiped on the middle line, with the same angles.
Given / Construction

Use the labelled configuration and construction specified in the proof ac-
tions below; all previously constructed points, lines, planes, incidences, and
relative positions persist unchanged.

Proof Actions

1. Let A: B = B : C and construct at ' an equilateral parallelepiped £ K
with edges DE = GE = EF = B.

2. Take LM = A and at L construct an equal solid angle with LO = B
and LN = C'; complete solid LH.

3. From the proportion obtain LM /EF = DE/LN.
4. By VI.14 the corresponding base parallelograms are equal.

5. The raised edges LO, EG are equal and make equal corresponding an-
gles; by Proposition 35 their perpendicular heights are equal.

6. By Proposition 31, solids LH and F K are equal.
7. Thus the solid on A, B, C equals the equilateral solid on B with the same

angles.

Complete Cinematic Logic

Given spatial configuration

4

Euclidean construction and preserved incidences

4

successive equalities, parallels, perpendiculars, or proportions
4

conclusion of the proposition
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2.36. Proposition 36

PROPOSITION 36

If three lines are proportional, the parallelepiped formed from them is equal to
the il al parallelepiped on the middl

line, with the same angles.
[1 [ T S — On » semght e e LN = 4
A B =B C

B 5 v mroporion 4 ¢ 5
At L consinuct a solid angle equal to that at E,

s:c. ey s g 110) i 5 e

we have (both cquil o B) and make oqual angles

AUE form a solid sngle whose thre dgss sotha LO = B and LN = C in the same LM DE with the componding sides of the buse

DE. GE, EF are equal to the middie line B, directions as DE and EF. ER. BN parallelograms.

%t DE = GE = EF = B Complete the parallciepiped LH on this Tholipohsail ot ek ol Eunirocpal By Propusition 35 (comllay), the perpendiculans
Complete the parslclepiped EK on this sl

solid angle.

(by construction). from O and G 1o the planes LMN and DEF
Therefore, by Proposiion VI 14, are equal
the parallelograms MN and DF are equal

o G
0 F i
e E
M N D G L P NG DT (O F
Tia| DEV= GE =JEF = 5|

and
on the

is the equilateral parallelepiped

Hew LM = A, LO =B, LN =C,
B. with the given angles.

Hence arca(MN) = area(DF) P e
and the salid ongle at L is equal 1o that o E. OP and GQ are equal

e e o B m i B A e o 2y o
e s i T bt wp N P e e e S P IR S R L A
e s S i e o

parallclepiped on the middie line, with the same angles
Thercfore, by Proposition 31, The solid EK s the equilateral paralllepiped on the middie line
the parallclepipeds LH and EK are cqual B («dges DE = GE = EF = B) with the same solid angl

The parallelepiped on A, B, C
(with the given solid angle)

the equilateral parallelepiped on B
(with the same angles).

LH (from A, B, C)

EK (equilateral on B) % Summary. When A : B = B : C, the solid angle

built on A, B, C gives the same solid as the equilateral
Therefore these two paralelepipeds, having the same angles i\ on ] i e e
are equal.
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2.37 Proposition 37

Statement

If four lines are proportional, the similar parallelepipeds on them are pro-
portional; and conversely.

Given / Construction

Use the labelled configuration and construction specified in the proof ac-
tions below; all previously constructed points, lines, planes, incidences, and
relative positions persist unchanged.

Proof Actions

1. Let AB : CD = EF : GH and let similar solids KA, LC, ME, NG
be built on them.

2. By Proposition 33, vol(KA)/vol(LC) = (AB/CD)? and

vol(ME)/vol(NG) = (EF/GH)3.

. Since the side ratios are equal, their cubes are equal.

Hence KA/LC = ME/NG.

. Conversely suppose the volume ratios are equal.

By Proposition 33 the corresponding cubed side ratios are equal.

Taking positive cube roots gives AB/CD = EF /GH.

Complete Cinematic Logic

Given spatial configuration

4

Euclidean construction and preserved incidences

4

successive equalities, parallels, perpendiculars, or proportions
4

conclusion of the proposition
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2.37. Proposition 37

) %4:00) 0 O\RyA If four lines are proportional, the similar parallelepipeds on them are proportional; and conversely.

DIRECT: If four lines are proportional, the s

lar parallelepipeds on them are proportional.

B ot o tines be proportonat
AB : CD = EF : GH ratio of their comesponding sides),

By Proposition 33 (similar parallelepipeds are in the cubed

On these lincs, consiruct

milar parallelepipeds
KA, LC, ME, NG respectively on the

same solid angle.

from the similar solids KA and LC,
Therefore, their cubes are equal:

vol(KA) _ ( AB\3 AB \3 EF \3
vol(LC) (CD (3) = (_H) ;

K L M N Gl
Vi R A | Hence
” ” ” ” and from the simikr solids ME and NG, vol(KA) vol(ME)
vl(LC) ~ vol(NG)
A c E i
AB cp EF GH

vol(ME) R\
I(NG) (m) Thus the similar parallelepipeds KA and LC,

Similar parallelepipeds on- proportional lines ME and NG are proportional.

with the same solid angle.

IL CONVERSE: If the similar parallelepipeds on four lines are proportional, then the lines are proportional.

B et simiar panillepipeds KA, LC, ME, NG (on the same By Proposition 33, Taking the cube roots (all magnitudes positive),
solid angle) be proportional: o
vol(K A) vol(ME) g and
Y e Y vl(LC) .
Vol(LC) WI(NG) AB E

vol(ME) cp GH

K L M N —t
By the given proportion of the solids,
AB P 3 Hence the four lines are proportional:
A € E G ( ) = (GH )
AB (&) EF GH

€D, AB : CD = EF : GH.

The solids are similar, built on the lines D . wie e caoondine

AB, CD, EF, GH respectively lines are equal

% Summary. If four lines are proportional, the similar parallelepipeds constructed on them (with the same solid angle) are proportional.
Conversely, if the similar parallelepipeds on four lines are proportional, then the four lines are. proportional.
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2.38 Proposition 38

Statement

In a cube, if opposite faces are bisected and planes are drawn through the
bisection points, the intersection of those planes and the cube’s diameter
bisect each other.

Given / Construction

Use the labelled configuration and construction specified in the proof ac-
tions below; all previously constructed points, lines, planes, incidences, and
relative positions persist unchanged.

Proof Actions

1. Let cube AF have the stated opposite faces bisected at
K’L’M7N7O’P7Q7R’

2. Through the bisection points draw planes K N, OR; let their common
section be U S and let the cube’s diameter be DG.

3. Join DU, UFE, BS, SG.
4. From the parallel edges obtain /DOU = ZUPE.

5. With DO = PE and OU = UP, triangles DOU, PU E are congruent;
hence DU = UE.

6. Therefore D,U, E are collinear; similarly B, S,G are collinear and
BS = 5G.

7. From the cube’s parallel edges obtain DE || BG.

8. Let T" = DG N US; use alternate and vertical angles in triangles
DTU,GTS.

9. With the corresponding equal half-lines, the triangles are congruent, giv-
ing DT =TGand UT =T'S.

10. Thus T bisects both DG and US.
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2.38. Proposition 38

Complete Cinematic Logic

Given spatial configuration

4

Euclidean construction and preserved incidences

4

successive equalities, parallels, perpendiculars, or proportions
U

conclusion of the proposition

In a cube, if opposite faces are bisected and planes are drawn through the bisection points,
the intersection of those planes and the cube’s diameter bisect each other.

wes CF and AH Through
and OR

Let DG be the diameter of the cube

Each of K.L.M.N.O.P,Q.R is the midpoint US s the interection of the planes KN and OR These sogments will be wsed in the comparisons e Ve = TS

o

e comesponding edge. DG is the (space) disgonal of the cube.

e e pcen s 2OUD and 20UE e |G e A1 DBt Ca N 5G ot s [ #oom DE 1 5
o e abor, ve g DB I £ e e e gl e g

o . . 1199 i s DE ot 5 i e ZEDT = ZBGT ot mmensl D)

TR ot DE 1l 5G

supplementary and equl; thes.

E are in o

Similuly. B, $.G ae i

and
and BS = SG ZDTU = LGTS (verical mngles)
N

p— W

Be——

s
UB e collosr with UD, and 5G i el
T DU = UE wt ZOUD = LPUE 55
Thus DE || BG
Ao DU = GS (exh i i o i g e DE and B nepestively) I . e i 7 bices b e et e common scicn
A = - K Summary. I a abe, ax xh i of
LEDT = ZBGT (sep ®) g opposite faces by plancs through the
TG o T is e mitein of DG). a3
2DTU = 2GTS ep ®) 1
e or UT = T5 (o T i e mitoi of US) B e
U = G5 o
A R T
Thotons 8DTU % AGTS (A-A-S) Ly
e DT = TG s UT = 75 h T el e S e
e e
oo
T DT = TG UT = T5
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2.39 Proposition 39

Statement

Two prisms of equal height, one with a parallelogram base and the other
with a triangular base, are equal if the parallelogram is double the triangle.

Given / Construction

Use the labelled configuration and construction specified in the proof ac-
tions below; all previously constructed points, lines, planes, incidences, and
relative positions persist unchanged.

Proof Actions

1.

Let prism ABC' D EF have parallelogram base AF’, prism GH K LM N
triangular base GH K, equal heights, and area(AF') = 2area(GHK).

Complete parallelepipeds AO, GP on the corresponding bases and
heights.

Complete the parallelogram on GH K; its diagonal divides it into two
equal triangles, so its area is twice GH K and hence equals AF'.

. By Proposition 31, parallelepipeds AO and G P are equal.

. By Proposition 28, each given prism is half of its corresponding paral-

lelepiped.
Halves of equal solids are equal.

Therefore the two prisms are equal.

Complete Cinematic Logic

Given spatial configuration

4

Euclidean construction and preserved incidences

4

successive equalities, parallels, perpendiculars, or proportions
4

conclusion of the proposition
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2.39. Proposition 39

Two prisms of equal height, one with a parallelogram base and the other

with a triangular base, are equal if the parallelogram is double the triangle.

Let the prism ABCDEF have the puraliclogram base AF
and the prism GHKLMN have the wiangular base GHK.
Let their heights be equal.

Suppose also that
arca(AF) = 2 - area(GHK)

N

Gk BV PRl AD o e A
st
S S

GHK and the same height h as the scond prism.

A B K

Parallelogram base A F Triangular base GHK

Given: equal heights and area(AF)

T poralleepipeds 4O axd. GP hove gl bscs
(AF = HE) and cqual eighe.
Theretrs, by Proposiion 31,

arca(GHK).

Parallclepipeds AO and GP have the same

heights as the prisms.

Each prism is half of its comesponding. paralielepiped.
For ABCDE

the diagonal plane DBE cuss the
parallelepiped AO into two equal prisms; one of them

o the punliogem HK, the dingooal HK divides
Pzl gl
Hence area(HK) = 2 - area(GHK).

Since arca(AF) = 2 - area(GHK), we have

area(AF) = area(HK).

Thus the bases AF and HK are equal

in arca,

Since AO = GP (step 4). tking half of equal solids

gives equal solids.

Thercfore,
5 e ABCDEF = GHKLMN
e For GHKLMN: the disgonal plane HPL cus the = g
o parlclepiped GP into two cqual prisms; one of them B £
N is GHKLMN. ', o
(4 I M,
E, [
r 2 |
i =
|
P
/ > N s
A B G H K A B G H
140 ad GHKLMN = Lcp
Hee AO = GP. z z

K Summary. If two prisms of equal height—one with a parallelogram base and the other with a wiangular base—have the paralieloy

(Proposition 28).

the wiangle, then the prisms are equal
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Hence the two prisms are equal.
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