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Book XV

Proposition 1 — To inscribe a pyramid in a
given cube

Statement

Let ABTAEZHGO be the given cube, in which a pyramid is to be
inscribed.

Proof Actions

1. Join AF.
Join AFE.

N

JoinT'E.

Eall

Join AG.
Join £O.

9]

6. Join OI.

7. Observe that triangles AEF, AOFE, AOT', OI'E are equilateral,
because their sides are diagonals of equal squares.
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8. Conclude that AE'F'O is a pyramid, a solid contained by four equi-
lateral triangles.

9. Conclude that it has been inscribed in the given cube.
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1 1 JoiN AF

6 Join er
(B

CONCLUDE THAT
AEFO
A SOLID C

Proposition 1 — To inscribe a pyramid in a given cube
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Proposition 2 — To inscribe an octahedron in
a given pyramid

Statement

Let ABT A be the given pyramid, with vertex A, in which an octahe-
dron is to be inscribed.

Proof Actions

—

. Bisect AB at point E.
Bisect AF at point Z.
Bisect AA at point H.
Bisect BA at point ©.
Bisect BI" at point K.
Bisect I'A at point A.
Join OK.

Join OA.

$ ® 2N kR wN

Join EZ.

—_
=)

. Join ZH.

[S—
[S—

. Join the remaining connecting lines.

—_
[\S)

. Observe that OK = HZ.

[S—
(98]

. Observe that © K is both equal and parallel to H 7.

[S—
AN

. Observe that © H is both equal and parallel to ZK.

[S—
(9]

. Conclude that © K Z H is equilateral.

[S—
[©))

. State that it is also right-angled.
4
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17. Draw perpendiculars from the prescribed point to the planes
EZBH,ZTFEH,and EZOK.

18. Demonstrate that the triangles erected on square © K Z H are equi-
lateral.
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PROPOSITION 2 — TO INSCRIBE AN OCTAHEDRON IN A GIVEN PYRAMID

Let ABTA be the given pyramid, with vertex A,in w an octahedron is to be inscribed.
j§ Bisect AB A BIsECT AF A kY Bisecr AA A BisecrBA A [§ Biszcr BT A
fma—- AT POINT E AT POINT Z AT POINT H AT POINT O ' AT POINT K

lﬂ BISECT A A
AT POINT A

UORIvD 5 A OBSERVE THAT o OBSERVE THAT OBSERVE THAT
JORTHE CONNECTING) OK =HZ OK Is BoTH OH 15 BoTH OKZH 15
e (SINCE AB = EQUAL AND EQUAL AND EQUILATERAL K
20K = 2HZ) PARALLEL TO PARALLEL TO
HZ ZK g

EMONSTRATE THAT TRIANGLES

RECTED ON SQUARE OKZH

ARE EQUILATERAL
A

FROM KA TO THE.
PLANES EZBH,

ZTEH, EZOK K,
INCOMPLETE IN
MANUSCRIPT)

Proposition 2 — To inscribe an octahedron in a given pyramid
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Proposition 3 — To inscribe an octahedron in
a given cube

Statement

Let ABTAEZ HO be the given cube.

Proof Actions
1. Take K as the centre of one upright square face.
2. Take A as the centre of another upright square face.
3. Take M as the centre of a third upright square face.
4. Take N as the centre of a fourth upright square face.
5. Join KA.
6. Join AM.
7. Join M N.
8. Join NK.
9. Draw the prescribed parallels through K and A.
10. From the doubled segments, conclude that the relevant half-
segments are equal.
11. By the same reasoning, obtain the corresponding equality on the
opposite side.
12. Therefore K'A? is twice the square on the corresponding half-
segment, by 1.47.
13. By the same reasoning, M A? is twice the square on its correspond-
ing half-segment.
14. Hence KA? = M A2
15. Conclude that KAM N is equilateral.
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16.
17.
18.
19.
20.
21.
22.
23.
24.
25.
26.
27.

Observe that it is manifestly right-angled.

Take P as the centre of one remaining square face.
Take Y as the centre of the other remaining square face.
Join PA.

Join PM.

Join PK.

Join PN.

Join XK.

Join 2A.

Join X M.

Join X N.

Observe that the triangles forming the octahedron are equilateral
by the same reasoning.
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PROPOSITION 3 — TO INSCRIBE AN OCTAHEDRON IN A GIVEN CUBE
Let ABTAEZHO be the given cube.
JoIN AM

TAKE A AS THE CENTRE
OF ANOTHER UPRIGHT
SQUARE FACE

2 RY T M s The centre
OF A THIRD UPRIGHT

SQUARE FACE

TAKE N AS THE CENTRE
OF A FOURTH UPRIGHT
SQUARE FACE

SQUARE FACE
A B

DRAW PARALLELS ZO, PO
THROUGH K AND A

SINCE PO = 20K AND
= 20, CONCLUDE
A

THEREFORE KA? = 20A%
(Y1, 47)
o

—

(3]

BY SAME REASONING,
MA? = 2AE?

ConcLupe KAMN
1S EQUILATERAL

OBSERVE IT IS
MANIFESTLY
RIGHT-ANGLED

TAKE I AS CENTRE OF
ANOTHER REMAINING
SQUARE (EH)

ONE REMAINING
SQUARE (BD)
A

Proposition 3 — To inscribe an octahedron in a given cube
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Proposition 4 — To inscribe a cube in a given
octahedron

Statement

Let H,O, K, A be centres of circles circumscribed about the appro-
priate triangular faces of the octahedron.

Proof Actions

[S—

—_— = =
w N = O

14.
15.
16.

e 2o kWD

Take H as centre of the circle about triangle ABI".
Take O as centre of the circle about triangle AT'A.

Take K as centre of the circle about triangle ABA.
Take A as centre of the circle about triangle AAFE.

Join HO.

Join OK.

Join KA.

Join AH.

Through H draw MO parallel to BT

. Through © draw M N parallel to the corresponding side.
. Through K draw the prescribed parallel.
. Through A draw the prescribed parallel.

. Since triangle ABT is equilateral, the line from A to its centre

bisects the angle at A.

Therefore the corresponding segments are equal.
By the same reasoning obtain the next equality.
Hence the next pair of segments are equal.
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17.
18.
19.
20.

21.
22.
23.
24.
25.
26.
27.
28.
29.
30.
31.
32.

Observe that the relevant angle is right.
Conclude the corresponding sides are equal.
By the same reasoning, the remaining lines are equal.

Since the resulting quadrilateral is a parallelogram, it lies in one
plane, by XI.7.

Each of the indicated angles is half a right angle.
Therefore the remaining angle is right.

Similarly the rest are right.

Conclude that the quadrilateral is a square.
Alternatively, take the centres from the outset.
Draw the required parallels.

Join the centres cyclically.

Declare the resulting quadrilateral a square.
Take the centres of the remaining triangles.
Draw straight lines in the same way.
Demonstrate that the remaining quadrilaterals are squares.

Conclude that a cube is inscribed in the given octahedron.
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H, 0, H,K, A are centr

TAKE © AS CENTRE

OF CIRCLE ABOUT

TRIANGLE ATA
A

of circl

e K as e |20
oF cirets Anour

TRIANGLE ABA

A
B%
E
ThRouGH K oRaw NE

TAKE H AS CENTRE
OF CIRCLE ABOUT
TRIANGLE ABT'

A

THROUGH H DRAW MO

circum

TRIANGLE AAE
A

S

i

E

TAKE A AS CENTRE.
OF CIRCLE ABOUT

PROPOSITION 4 — TO INSCRIBE A CUBE IN A GIVEN OCTAHEDRON

ribed about triang

ABT, ATA,ABA

[ oo 0 o e

PARALLEL 0 BT PARALLEL TO BE

ﬁ PARALLEL TO TA

A
r 5(
/e

BY SAME REASONING,

Was[nve AnGLE

THROUGH A DRAW
PARALLEL T0 AE
A

[ reeerone
NO = MO

>
\
RV
REMAINING LINES

|2

HMO 15 RIGHT A
A

TAKE ceNTRES H, ©, K, A

DRAW PARALLELS 7 R

Since HOKA s

PARALLELOGRAM,

ARE EQUAL IT LIES N ONE PLANE
N A X1, 7)
PONG) "
Yoy CVAIANNG
5 pr /

TAKE CENTRES OF
RE

FROM THE OUTSET MN, NE, 20, OM AK, KH HOKA MAINING TRIANGLES
A A square A
A A A us A
71N o
p . / 3 7 \:) r
A\ /4
N SH >T B < X B
< ¥ N
K A
1%

ConcLupe
HOKA 15

Proposition 4 — To inscribe a cube in a given octahedron
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Proposition 5 — To inscribe a dodecahedron
in a given icosahedron

Statement

Let ABTAF be a pentagon of the icosahedron.

Proof Actions

p—

[ e S S T = T S =Y
N O n B~ WD = O

A A T R

. Take H as centre of the circle about triangle AZE.
Take O as centre of the circle about triangle AZ B.
Take K as centre of the circle about triangle BZT'.
Take A as centre of the circle about triangle ZT'A.
Take M as centre of the circle about triangle AZFE.
Join HO.

Join OK.

Join KA.

Join AM.

. Join M H.

. Produce ZH to =.

. Produce ZO to N.

. Produce ZK to O.

. Then E A is bisected at =.

. AB is bisected at N.

. BT is bisected at O.

. Observe the stated proportion between the corresponding seg-
ments.

13
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18.
19.

20.

21.
22.

23.
24.

25.
26.
27.

28.

29.
30.

Therefore ©H = O K.

Similarly show that the remaining sides of pentagon HOKAM
are equal.

Since the constructed lines are parallel to the corresponding sides,
they contain equal angles, by XI.10.

Conclude that the pentagon is equiangular.

Conceive a perpendicular drawn from Z to the plane of pentagon
ABTAE.

It falls upon the centre of the circle about the pentagon.

From N draw a line to the point where the perpendicular from Z
meets the plane.

Through © draw a line parallel to it.
This meets the perpendicular from Z.

The line from O contains a right angle with the perpendicular from
Z.

From points Z, H draw lines to the centre of the circle about pen-
tagon ABTAFE.

These contain a right angle with that same line.

Conclude that pentagon H© K AM lies in one plane.

14
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PROPOSITION 5 — TO INSCRIBE A DODECAHEDRON IN A GIVEN ICOSAHEDRON

ABTAE is a pentagon of the icosahedron.

o TAKE © A CENTRE S TAKE A AS CENTRE TAKE M AS CEnTRe R
OF CIRCLE ABOUT OF CIRCLE ABOUT OF CIRCLE ABOUT OF CIRCLE ABOUT oF CIRCLE ABoUT A
TRIANGLE AZE 5 RN TRIANGLE BZT TRIANGLE ZTA TRIANGLE AZE Z7AN
A - A \
\ N R
SN x
2 il
; T
/| b / |
AWV \
\4 ) [
e

ZH 1o
A

Probuce

SV
Probuce ZK 10 O
N

B e EA 15 msecren AB 15 msecren
az 4+
o / \ [
B¢ oy o0 oo ] A AD O 9
o ¥ | Y X}
W \ | % \ |
L VeV e VY | vl e W
SIMILARLY SHow SiNGE NE AN NO Ae Conciue FENTAGON CONCEIVE PERPENDICULAR 7 s uron cetae or | Frow N baw A L o
REMAINING SIDES OF PARALLEL 70 HO AND OK, HOKAM 15 DRAWN FROM Z TO PLANE CIRcLE ABOUT THE POINT WHERE PERPENDICULAR
PEnTAGON HOKAM THEY CONTAIN EQUAL EQUIANGULAR oF PENTAGON ABTAE PENTAGON FROM Z MEETS PLANE
ARE EQUAL » ANGLES (XL, 10) A A g r
s Pk T AR o Bl B R\ T
I\ d \ /|
¥ = & AP
= L al W < e g
THROUGH © DRAW A LINE E Trais MEETS THE LINE FROM © CONTAINS Frow romvTs Z, H THESE CONTAIN A RIGHT m CONCLUDE PENTAGON
PARALLEL TO 1T PERPENDICULAR A RIGHT ANGLE WITH DRAW LINES TO CENTRE ANGLE WITH THAT HOKAM Lies 1N
A ROMZ OF CIRCLE ABOUT SavELNE ONEFLANE
FENTAGON ABJAE A
B F—h T ey
B A \
" v \ 3
- G TArAL & yaV
¥ ) Y 5 N

Proposition 5 — To inscribe a dodecahedron in a given icosahedron
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On the Number of Edges and Vertices

Edges of the icosahedron

1. The icosahedron is contained by 20 triangles.
2. Each triangle has 3 sides.
3. Thus 20 x 3 = 60 incidences of face-sides.

4. Since every edge is shared by two faces, 60/2 = 30 edges.

Edges of the dodecahedron

1. The dodecahedron is contained by 12 pentagons.
2. Each pentagon has 5 sides.
3. Thus 12 x 5 = 60 incidences of face-sides.

4. Since every edge is shared by two faces, 60/2 = 30 edges.

Vertices of the icosahedron

1. Five triangles meet at each solid angle.
2. The 20 triangular faces contribute 20 x 3 = 60 face-vertices.

3. Therefore 60/5 = 12 vertices.

Vertices of the dodecahedron

1. Three pentagons meet at each solid angle.
2. The 12 pentagonal faces contribute 12 x 5 = 60 face-vertices.

3. Therefore 60/3 = 20 vertices.

16
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ON THE NUMBER OF EDGES AND VERTICES

EDGES OF THE ICOSAHEDRON

EDGES OF THE

Take hatf = (ff Jf Note dodecahedron
30 edges. is contained by
12 pentagons.

Note icosahedron
is contained by
20 triangles.

Each triangle
has 3 sides.

Multiply
12 x 5 = 60.

30 edges 30 edges

REASON FOR TAKING HALF:
Each single edge is counted twice
(shared by two faces).

REASON FOR TAKING HALF:
Each single edge is counted twice
(shared by two faces).

VERTICES OF THE DODECAHEDRON
Note 3 pentagons

contain each
solid angle.

I o s cingis

contain each

Py roke number of
triangular faces (20)
x 3 (sides per triangle)

= 60.

Divide by 5

= 12 vertices.

Take number of
pentagonal faces (12)
x 5 (sides per pentagon)

Divide by 3
= 20 vertices.

solid angle.

12 vertices

20 vertices

Since 5 triangles meet at each vertex,
each vertex is counted 5 times in the total 60.

Therefore, 60 + 5 = 12 vertices.

Since 3 pentagons meet at each vertex,
each vertex is counted 3 times in the total 60.

Therefore, 60 + 3 = 20 vertices.

On the number of edges and vertices

17
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On the Inclinations of the Planes (after
Isidore)

Cube

The planes cut one another at a right angle.

Pyramid

1. Set out one triangle.

2. Take the ends of one side as centres.

3. Use the perpendicular drawn from the vertex to the base as radius.
4. Describe arcs.

5. Let the arcs cut one another.

6. Draw straight lines from the intersection to the centres.

7. These contain the inclination of the planes.

Octahedron

1. Describe a square on the side of the triangle.

2. Take the ends of the diagonal as centres.

3. Use the perpendicular of the triangle as radius.

4. Describe arcs.

5. Draw straight lines from the common section to the centres.

6. These contain the angle by which the inclination falls short of two
right angles.

18
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Icosahedron

NS » R w N

. Describe a pentagon on the side of the triangle.

Join the straight line subtending two sides.

Take the ends of this line as centres.

Use the perpendicular of the triangle as radius.

Describe arcs.

Draw straight lines from the common section to the centres.

These contain the angle by which the inclination falls short of two
right angles.

Dodecahedron

Eal

9]

. Set out one pentagon.

Join the straight line subtending two sides.
Take the ends of this line as centres.

Use the perpendicular drawn from the point of bisection to the side
of the pentagon parallel to it as radius.

Describe arcs.

. Draw straight lines from the intersection to the centres.

. These contain the angle by which the inclination falls short of two

right angles.

19
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ON THE INCLINATIONS OF THE PLANES (AFTER ISIDORE)

CUBE

‘ PYRA
|| setou B ke cnds of Use perpendiculr || Describe ares:
ne side dra ex

« Observe planes cut one another at a right angle 3 Let arcs cut Draw \Luxglu Ime: H mesc contain
one triangle one another from intersect e inclination
as centres o base as radius o centres of the planes

LA

0

2 Use endicular Describe arcs Draw straight lines | [ These contain || Dmnbea jammumw Take ends of Use perpendicular |
g | et el Eeir | sl el el las

Drav sight ins | [ Thee cona
a et

the sideof a5 centres a8 radius secton o centres | incinationfll || the side of G R a5 rdios sctiontocntres |
the wiangle shortof o he wiangle
igh angles n

N

DODECAHEDRON

[
drawn from point
of bisection to the o 2 =3
side of the pentagon

|-
A A
parallel to it as radius
B ] B®E | B. |
C D ¥ D ‘ I

Draw straight lines
from intersection

i T conain

the angle by which
inclination falls
rt of two
right angles
A

Take s of
this line as
cenres

Set out one
pentagon

Join the straight
line subtending
two sides

to centres

c

Angle contained o Angle by which |
“‘YJ“ anelciCreidshing o) in the inclination yramid) inclination falls short BYS |
— 90 | oftwoplanes <900 of two right angles <180°

In all cases the drawn angle is the
dihedral angle between the two
planes forming the solid angle.

On the inclinations of the planes (after Isidore)

20
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The Pyramid — Detailed Demonstration

Statement

Given pyramid ABI'A, contained by four equilateral triangles, with
ABIT as base and A as vertex.

Proof Actions

S

AR S RS 4

10.
I1.
12.
13.
14.

15.
16.

. Bisect the relevant side at .

Join BE.
Join ET.

Since the adjacent triangles are equilateral and the common side
has been bisected, the resulting lines are perpendicular to that side.

Thus BE and I'E are perpendicular to the common section.
Since AI' = 2AF.

Therefore AI'? = 4AE?.

But AI'? = AE? + ET?

Therefore AI'? : ET? =4 : 3.

And BE = ET.

Therefore BI'? < BE? + ET?.

Hence angle BET is acute, by 11.13.

The common side is the common section of the two planes.

BE and ET are drawn in the respective planes at right angles to
the common section.

They contain an acute angle.

Therefore angle BET is the inclination of the planes, by XI def.
6.

21
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17.
18.
19.
20.

21.
22.

BT is given.
BE and ET are given.
Therefore angle BET is given, by Data 38.

Arcs described with centres B, ' and with the perpendicular as
radius cut one another at £.

Straight lines from F to B, I' contain the inclination.

The circles cut because each of BE, ET is greater than half of BI'.

22
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at E. A

THE PYRAMID - DE

Given: Pyramid ABT'A contained by four equilateral triangles, ABI a

2 Join BE.

Join ET.

A
E
BAA
it

AILED DEMONSTR

Since triangles AAB

and AAT are equilateral,
and AA has been bisected.

B AT

TION

s base, A as vertex.

BE and IE are
perpendicular to AA.
A

) A
i

AT =2AE |

AT? = 4AE2"

AT? = AE? + EI?

But AT? = AE? + ET2 fﬁ Therefore AT? : ET?
A

AT?
ET?

‘Therefore B[? < BE? + ET%.
A

Hence angle BET
placutc (ILAS )

Since AA is common section
of planes ABA and AAT.
A

BE and ET are drawn in

each plane at right angles

to the common section.
A

They contain an acute
angle. A

e i

‘The angle BET, constructed as above, is the inclination of the planes

ABA and AAT of the pyramid.

BE>1Br and EL>% B

A
E E
BI2 < BE? + ET? B it B il &
Therefore angle BET is BT is given (being BE and ET are given m Therefore angle BET is Arcs described with
the inclination of the a side of the triangle). (being perpendiculars of given (Data 38). centres B, T and with
planes (XI def. 6). A an equilateral triangle). A perpendicular as radius
A cut one another at E.
E ‘ E | ;
]
A B 7-\Z2VN |
T m¥ o A B I\ - A i
Straight lines from E Circles cut because each
to B, T contain the of BE, ET is greater NOTATION:
inclination. A than half of BT SUMMARY: A= vertex

B, T, A = base vertices
midpoint of AA

All faces are equilateral triangles.

The pyramid — detailed demonstration
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The Octahedron — Detailed Demonstration

Statement

Given a pyramid on square ABI'A, with vertex E, whose triangular
faces are equilateral; this is half of an octahedron.

Proof Actions

1. Bisect one side AF of one triangle at Z.

Join BZ.

Join AZ.

Then BZ and AZ are equal and perpendicular to AF.
Join BA.

AN

Since the prescribed figure is a square and BA its diagonal, B A?
is twice the square on a side.

7. The square on the side and AZ? are in the ratio 4 : 3, as in the
preceding case.

8. Therefore BA?: AZ? =8 : 3.
9. But AZ = 7ZB.
10. Therefore BA? > BZ? + Z A,
11. Hence angle BZ A is obtuse, by I1.12.
12. Since AFE is the common section of the two planes.
13. Perpendiculars BZ and Z A are drawn to it in each plane.
14. They contain an obtuse angle.

15. Therefore angle BZ A is that by which the inclination falls short
of two right angles, by XI def. 6.

16. Angle BZ A being given, the inclination is given.
24
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17.
18.
19.
20.
21.
22.
23.
24.
25.

26.
27.
28.
29.

The triangle of the octahedron is given.

Its side is given.

Describe a square on it.

The diagonal of the square is given.

BZ and Z A are given.

Therefore angle BZ A is given, by Data 38.
Describe the square on the side of the triangle.
Draw its diagonal.

With the ends of the diagonal as centres and the perpendicular of
the triangle as radius, describe circles.

They cut one another at Z.
Lines from Z to the centres contain angle BZ A.
Each radius is greater than half of the diagonal.

Therefore the circles necessarily cut one another in the mechanical
construction.

25
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THE OCTAHEDRON DETAILED DEMONSTRATION
Given: Pyramid on s: r g If of octahedron).

Bisect one side AE in BZ. f Then BZ and AZ Since AT is a square and BA
of one triangle are equal and its d\agoml BA® = 2AA%
(L2 perpendicular to AE.
| E

And AA?:AZ2=4:3
(as in preceding case).

Since AE is common section
of planes ABE and AAE.
3

Hence angle BZA

Therefare BAY >
is obtuse (1L, 12).

(ﬂnce ,W e, 3) E

Perpendiculars BZ and ZA They contain an
e drawn o it n each plane. |==+1 obtuse angle

~

AA s a side
of octahedron.

Square AT is
described on it.

Z and ZA (perpendiculars
of triangle) are given.

Therefore angle BZA
is that by which inclination
falls short of two right
angles (XI def. 6).

(180° ~ inclination)

Angle BZA being given,
inclination is given.

(180° — given angle)
B

o

Therefore angle BZA PE] Describe square AT on . Draw dugunal BA. With centres B, A and perpendicular
is given (Data 38). side of riangle [ of triangle as radius, describe circles.
B E
v | 7
| ! / /)\
- - B A s s e ]
They cut one Lines from Z to centres |BI Each of BZ, ZA is Therefore circles must necessarily | s

cut one another in mechanical

another at Z. contain inclination BZA. greater than half of BA.

BZ > 1

1 | The angle BZA, constructed as above,is the
3BA  ZA>JBA

| inclination of the planes ABE and AAE,
| that s, the two faces meeting along AE in
\ the octahedron.

construction

| A = point on AT opposite A (s0 AT is diagonal of square BATA).

The octahedron — detailed demonstration

26



FEuclid’s Elements — Book XV

The Icosahedron — Detailed Demonstration

Statement

Given an equilateral and equiangular pentagon ABT'A, with a pyra-
mid having vertex Z and equilateral triangular faces, forming part of
an icosahedron.

Proof Actions

1. Bisect one side Z1" of one triangle at H.

Join BH.

Join HA.

These are equal and perpendicular to ['Z.

Join the straight line subtending the relevant angle of the pentagon.

The corresponding pentagonal angle is obtuse.

N o B

The constructed angle at [ is greater than that pentagonal angle,
by [.21.

8. Since the sum of the two constructed sides is less than the compar-
ison sum.

9. Therefore the angle at H is obtuse.

10. By the same reasoning as before, angle BHA is that by which
the inclination of the two triangular planes falls short of two right
angles.

11. This being given, the inclination of the planes of the icosahedron
is given.

12. Construct a pentagon on the side of the icosahedron’s triangle.
13. Draw the straight line subtending two sides.
14. This line is given.

27
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15.

16.
17.

18.
19.
20.

BH and HA, being perpendiculars of equilateral triangles, are
given.

Therefore angle BHA is given, by Data 38.

Describe circles with the ends of the line subtending two sides as
centres.

Use the perpendicular of the triangle as radius.
They cut one another at H.

Lines from H to the two centres contain the angle by which the
inclination falls short of two right angles.

28
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THE ICOSAHEDRON — DETAILED DEMONSTR

teral and equiangular pentagon ABT'A, pyramid with vertex Z, triangles equilateral (part of icosahedron).
Pl These are both equal

Join BH. Join HA. BA when joined subtends
and perpendicular to ZT (FZ).
z

z angle BTA of the pentagon.
\ H H H
3 A S A Bl i :
B T B T B T

7

The angle BHA is greater
than BTA (1, 21).
2

Therefore angle BHA
is obtuse.

7, 7
H Ot
A A A A
B T B 0
hi

same reasoning as before, angle BHA
hat by which inclination of triangles
BZT and T'ZA falls short of two right angles.

“This being given, inclination of || Construct pentagon on side B] Draw straight line subtending This s given. BH and HA (perpendiculars

"= ;¢ icosahedron's triangle. two sides (BA in figure). of triangles) are given.

A A A A

1

} : Q : ; @ A B @ : : ;

| T I | T i
Therefore angle BHA is given Describe circles with ends of line Use perpendicular of triangle They cut one another at H. Lines from H to B, A contain
(Data 38) the angle by which inclination

subtending two sides (B, A) as centre: as radius.

A = e Al
B.A | E@A | B.A
r | b T TR T o

falls short of two right angles.
A

_ HY sa s
| B.A
N s

The icosahedron — detailed demonstration
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Supplementary Demonstration

~

10.
I1.
12.
13.
14.

A

. Conceive separately equilateral triangle © KA.
On KA construct pentagon K M NA.

Join MA.

Draw OO0, the perpendicular of triangle © KA.
Draw perpendicular KTI from K to MA.

Since angle A AII is greater than a third of a right angle, and
greater than angle K©0.

Construct angle ITA P equal to KOO.

. Then IIA is the perpendicular of an equilateral triangle with side
PA.

Hence PA? : ATI2 =4 : 3.

But KA > AP.

Therefore KA? : AII? > 4 : 3, by V.8.
And KA%: 002 =4: 3.

Therefore KA : AIl > KA : ©0.
Hence ©0 > All, by V.10.
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[l Conceive separately

pAl On KA construct

Join MA.

Draw ©0, the perpendicular

equilateral triangle OKA. pentagon KMN=A of triangle OKA.
@ (KMNA). M °
. @ :
K A K A K A
o
. Draw perpendicular KIT n Since angle KATT is greater Construct angle [TAP ﬂ Then TIA is perpendicular of
from K to MA. than a third of a right angle equal t0 KOO. equilateral triangle with
M (gmm than angle KOO) side PA.
12
N
LKAl /%60 O
K A ~ A
B Hence A2 AT = 423, 10 28 KA > AP B therctore ka2 AT > 43 And KA?:©0% = 4: 3,
P M )
N
PA*:AIZ=4:3
KA?:ATI? > 4:3
i A T

KA2:00%=4:3

Therefore KA : AT > KA : ©0.

KA
ATT

KA
00

. Hence @0 > ATl (V, 10).
)

@
5

ul
0

Supplementary demonstration
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The Dodecahedron — Detailed Demonstration

Statement

Given square ABI'A of the cube on which the dodecahedron is con-
structed, with two adjacent pentagonal faces.

Proof Actions

10.

11.
12.
13.
14.

. Bisect ZH at K.
. From K draw perpendiculars KA and KM to ZH in the two

planes.

. Join MA.
. From XIII.17, the perpendicular from K to square ABT'A is half

the side of the pentagon.

. Hence it is less than half of MA.
. Therefore angle M K A is obtuse.

In the same theorem, it was demonstrated that K A% equals the
square on half the side of the cube plus the square on half the side
of the pentagon.

. Hence KA and K M, being equal, are greater than half of MA.
. Therefore, angle M K A being given, the angle by which the incli-

nation falls short of two right angles is given.

Since the side of square ABI'A is the straight line subtending two
sides of the pentagon.

And the pentagon is given.

Therefore M A is given.

Each of M K and KA is given.

Therefore angle AK M is given.
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15.
16.

17.

18.
19.

20.

This falls short of two right angles by the inclination sought.

Given the pentagon, draw the straight line subtending two of its
sides; this equals the side of the cube.

With its ends as centres and with the prescribed perpendicular as
radius, prepare the construction.

Describe arcs.

From the point where the arcs meet, draw straight lines to the cen-
tres.

These contain the angle by which the inclination falls short of two
right angles.
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AILED DEMONSTRATION

ZH and HAGT'

~ DODECAHEDRON - DE

dodecahedron is constructed, two faces AE!

: Square ABT'A of cube on wh

Hence it is less

Bisect ZH at K. From K draw perpendiculars k] Join MA. /] From Book Xi, in construction
X B KA and KM to ZH in of dodecahedron, it was than half of MA.
each of the planes. E demonstrated that perpendicular E
. ° from K to square ABT'A is half
E 7 the side of the pentagon (Xin, 17).
A n B
A iz »r
7 M E
L e A |
HE - e A H r
A K K
H A\
‘Therefore angle MKA n that same theorem, it was demonstrated Hence KA and KM ‘Therefore, angle MKA being given, Since side of square
is obtuse. that KA? equals square on half the side of (being equal) are the angle by which inclination falls ABTA is the straight line
the cube plus square on half the side greater than half of MA. short of two right angles is given. subtending two sides
of the pentagon. E E E of pentagon. E
B A /\z
\ A z A o4 A B oA z
r L_‘Lj
H eI pr
Tl o H s H H n LG H A
KA? = (3 ABIA)® + (5 side of pentagon)® KA = KM > % MA

Each of MK and KA is given (perpendiculars.
from point of bisection of line subtending
two sides to side of pentagon paralll to it,

A, z

A

A

namely ZH).

E

i A

Therefore angle AKM
is given.

two right angles by
inclination sought.
E

H A

H

A

K

i<

Given pentagon, draw
straight line subtending
two of its sides

(equals side of cube).

With ends as centres and perpendicular
drawn from point of bisection to side
of pentagon parallel to it as radius
(KA, KM in figure) E

i

H
Describe arcs.

From point where arcs These contain the angle by
meet, draw straight lines which inclination falls short
to centres. of two right angles

K

Thus the angle MKA (or AKM), constructed as above, is the inclination of the planes of the dodecahedron meeting along ZH (or parallel edges),
that is, the angle by which inclination falls short of two right angles

The dodecahedron — detailed demonstration
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Conclusion

Book XV has established constructions relating the regular solids to
one another, together with supplementary demonstrations concerning
their edges, vertices, and the inclinations of their planes.
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