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Chapter 1

Definitions

Definitions I

1.0.1 Definition 1

Those magnitudes measured by the same measure are said (to be) commensu-
rable, but (those) of which no (magnitude) admits to be a common measure
(are said to be) incommensurable.

Symbolic Form

common measure exists <= commensurable|  |no common measure <= inc
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Euclid’s Elements — Book X Incommensurable Magnitudes

EUCLID, ELEMENTS — BOOK X DEFINITION 1

Those magnitudes measured by the same measure are said (to be) commensurable,
but (those) of which no (magnitude) admits to be a common measure (are said to be) incommensurable.

ILLUSTRATIONS

EXAMPLE: COMMENSURABLE EXAMPLE: INCOMMENSURABLE

Take two magnitudes

Consider any two magnitudes Lengths 6 and 9 are commensurable. Lengths 1 and 2 are incommensurable.
(e.g., two lengths). The length 3 is a common measure. No common measure exists.
Look for a common measure 6 1 V2
Seek a third magnitude which measures AT ! | I |
each of the two exactly a whole number
of times (no remainder). 3 3
Decide 5 )
S el SR . If a common measure existed, some length m would |
the'twolmagitudesiare ) . measure both 1 and v2 exactly:
COMMENSURABLE.
« If no such common measure exists, (= et t = L=memt.tm - VZ=mtm+..+m
the two magnitudes are 3 3 3 » i ;
(p times) (q times)

INCOMMENSURABLE. r \
| Common measure

for some whole numbers p and g.

ONCEPT (WHAT IT MEANS) ch ¢ J

Two magnitudes are commensurable if they can be

‘measured exactly—each is an integer multiple of Since6=2x3and9 =3 x 3, But no magnitude m can do this.
some smaller magnitude. the lengths 6 and 9 are Therefore, 1 and v2 are
If there is no magnitude that measures both exactly, COMMENSURABLE. INCOMMENSURABLE.
they are incommensurable.
+ COMMENSURABLE: the two magnitudes can be measured by the same unit exactly. This distinction is
INSHORT 1\ COMMENSURABLE: no unit can measure both exactly. fundamental in Book X.

1.0.2 Definition 2

(Two) straight-lines are commensurable in square when the squares on them
are measured by the same area, but (are) incommensurable (in square) when
no area admits to be a common measure of the squares on them.

Symbolic Form

a? ~ b < a,bare commensurable in square
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Incommensurable Magnitudes

Euclid’s Elements — Book X

EUCLID, ELEMENTS — BOOK X DEFINITION 2

(Two) straight-lines are commensurable in square when the squares on them
are measured by the same area, but (are) incommensurable (in square)
when no area admits to be a common measure of the squares on them.

PR Take two straight-lines EXAMPLE: COMMENSURABLE IN SQUARE : EXAMPLE: INCOMMENSURABLE IN SQUARE

Consider any two straight-lines Let the lengths be 1 and V2. Let the lengths be 1and V3.
(e.g., lines @ and b). The squares on them have areas 1 and 2. The squares on them have areas 1 and 3.
The area 1 is a common measure: No area can measure both exactly.
B) Construct the squares on them
Draw a square having line a as a side, g . Linea=1 Lineb = V3
and another square having line b as a side. Linea =1 Line b = V2
Look for a common area i
Seek an area which measures each of 1 1 V3 3
the two squares exactly a whole number 1 1
of times (no remainder). V2 2 1
Decid el
ec]
@ Decide ] . If a common area existed, some area A would measure
» If such a common area exists, N the first square p times and the second q times,
% 7 ] 3
the lines are COMMENSURABLE IN SQUARE. with whole numbers p and q.
« If no such common area exists, e the fivst 14 a 5_q
the lines are INCOMMENSURABLE IN SQUARE. rea Jipeazires e Orst square 1 ime an Then: 1=pA and 3=g4 = 7=1

the second square 2 times: 2= 2 x 1.
But V3 is not of the form % (p, q whole numbers).

@ ) CONCEPT (WHAT IT MEANS) 1 e *
> ¥

| Ttis not required that the lines themselves have ( 2 N
a common length. We compare the AREAS of the Therefore, the straight-lines of lengths Therefore, the straight-lines of lengths
squares built on them. | 1and V2 are 1and 3 are
‘Two lines can fail to have a common length COMMENSURABLE IN SQUARE. INCOMMENSURABLE IN SQUARE.
(commensurable in length), yet their squares E i e o e i€ i
can have a common area.

This is the idea of “same measure”
applied not to lengths, but to squares.

+ COMMENSURABLE IN SQUARE: The squares on the two lines are measures of the same area.
+ INCOMMENSURABLE IN SQUARE: No area measures both squares exactly.

IN SHORT

1.0.3 Definition 3

These things being assumed, it is proved that there exist an infinite mul-
titude of straight-lines commensurable and incommensurable with an as-
signed straightline—those (incommensurable) in length only, and those also
(commensurable or incommensurable) in square. Therefore, let the assigned
straight-line be called rational. And (let) the (straight-lines) commensurable
with it, either in length and square, or in square only, (also be called) rational.
But let the (straight-lines) incommensurable with it be called irrational.

Symbolic Form

assigned line 7 rational ‘ ‘ x ~ r in length or in square = x rational ‘
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Euclid’s Elements — Book X Incommensurable Magnitudes

EUCLID, ELEMENTS - BOOK X DEFINITION 3

These things being assumed, it is proved that there exist an infinite multitude of straight-lines
commensurable and incommensurable with an assigned straight-line—those (incommensurable) in length only,
and those also (commensurable or incommensurable) in square. Therefore, let the assigned straight-line be
called rational. And (let) the (straight-lines) commensurable with it, either in length and square, or in square only,
(also be called) rational. But let the (straight-lines) incommensurable with it be called irrational.

lﬁ\\) ACTIONS (WHAT WE DO) ILLUSTRATIONS: CLASSIFYING STRAIGHT-LINES RELATIVE TO AN ASSIGNED LINE R

Let R be the assigned (rational) straight-line.

BB Choose an assigned straight-line
Select one straight-line to be the reference.

Call it R. THE REFERENCE LINE RATIONAL STRAIGHT-LINES (commensurable with R) IRRATIONAL STRAIGHT-LINES
B Consider all other straight-lines R (rational) (A) in length and square (B) in square only (incommensurable in square)
Compare every other straight-line with R Pfamplest
3 ples: V2 + 1R,
in two ways: in length and in square. Examples: 2R, 3 R, 5R Examples: VZ R, V3R, (1+v2) R v
L eR, ..
B} Classify the straight-lines R | 2R V3R
Place each straight-line into one of two —_— VZ+1)R
groups (rational or irrational) according 2R VAR
to the rule below. Rits taken asfthe V3R
O Name them assigned straight-line. 5R (1+V2)R o
e
+ Rational: commensurable with R either [ —
in length and square, or in square only. o - o Rin g,
« Irrational: incommensurable with R unitas R, and also their squares can be but their squares are commensurable ghdtsquares havengjooninon
in square. ‘measured by the same area unit as K. with R? PR

ONCEPT (WHAT IT MEANS)
SUMMARY OF THE CLASSIFICATION RULE

Pick a straight-line R as our standard (unit).

If a straight line is:

Every other straight-line is judged by how it 0 Ifi straighitline is: =
relates to R. « commensurable with R in length itis called o ‘; o itis called
+ Same length unit? — compare in length. AND in square, OR —» RATIONAL. + incommensurable with R in square, | JRRATIONAL.
+ Same area unit for their squares? — + commensurable with R in square only, (it belongs to the (It belongs to the
compare in square. g 5 b
If a line fails even the square comparison, ) irrational family)
itis called irrational.
N SHORT « RATIONAL straight-lines = commensurable with R (in length and square, o in square only). There are infinitely many of
+ IRRATIONAL straight-lines = incommensurable with R in square. both kinds.

1.0.4 Definition 4

And let the square on the assigned straight-line be called rational. And (let
areas) commensurable with it (also be called) rational. But (let areas) incom-
mensurable with it (be called) irrational, and (let) their squareroots (also be
called) irrational—the sides themselves, if the (areas) are squares, and the
(straight-lines) describing squares equal to them, if the (areas) are some other
rectilinear (figure).

Symbolic Form

r? rational area‘ ‘ A ~ r? = A rational A = r? = /A irrational
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Incommensurable Magnitudes

Euclid’s Elements — Book X

1 ACTIONS (WHAT WE DO)

B Name their square-roots

‘The square-root of every irrational area

is called an irrational straight-line.

« If the area s a square — its side is
that irrational straight-line.

+ If the area is not a square — the
straight-line that would be the side
of an equal square is that irrational
straight-line.

When the area is a SQUARE
‘The irrational straight-line is the SIDE of the square.
Example: area = v2R?

EUCLID, ELEMENTS - BOOK X DEFINITION 4

And let the square on the assigned straight-line be called rational. And (let areas) commensurable with it
(also be called) rational. But (let areas) incommensurable with it (be called) irrational, and (let) their square-roots
(also be called) irrational—the sides themselves, if the (areas) are squares, and the (straight-lines) describing
squares equal to them, if the (areas) are some other rectilinear (figure).

ILLUSTRATIONS

[} Tuke the assigned (rational) straight-line  REFERENCE AREA AREAS EWITH R? — RATIONAL ARE: AREAS EWITH R® — IRRATIONAL AREAS
Let R be the rational straight-line (RATIONAL) Each can be measured by the same area unit R? exactly. No whole number of copies of R* can measure these areas
(Definition 3). Suare iR 5
Form its square 2R? 5R? IR V2R? nR? R-(R+1)
Construct the square on R
| Its area is our reference area "
| Compare any area with this reference area || R | Area=R? 2
Ask whether that area can be measure
exactly by some whole number of copies
of the reference area (no remainder). 2 (notawhole  (notawhole (ot a whole
B Name the areas multiple of R?)  multiple of R multiple of k%)
« Ifit can be measured exactly — it is
RATIONAL. This area R? is called Measured by R?  Measured by R Measured by R Measured by R
« If it cannot — it is IRRATIONAL. RATIONAL. 2 times. 1 times. 5 times. 23 times

All these areas are RATIONAL. These areas are IRRATIONAL.
SQUARE-ROOTS OF IRRATIONAL AREAS ARE IRRATIONAL STRAIGHT-LINES

When the area is NOT a square
‘The irrational straight-line is the side of a square

EQUAL in area to the given figure.

“ Example: area = R(R + 1) R —
T : o
“ Ris our unit of length; R? is our unit of area. R is calledan BTG
+ Areas that are whole-number multiples e s R = called an
(or fractions) of K are rational IRRATIONAL
« Areas that are not such multiples are irrational. straight-line. straight-line.
+ The square-root of any irrational area is an :
irrational straight-line. V2R R VRERFD

« REFERENCE AREA: the square on R (R?) is rational.

‘The square-root of every IRRATIONAL area

IN SHORT is an IRRATIONAL straight-line:

-

+ RATIONAL AREA: can be measured by R? exactly.
« IRRATIONAL AREA: cannot be measured by R exactly.

« If the area is not a square — take the side of an

‘ + If the area is a square — take its side.
equal-area square.

Definitions I1

1.0.5 Definition 5

Given arational (straight-line), and a binomial (straight-line) which has been
divided into its (component) terms, of which the square on the greater term
is larger than (the square on) the lesser by the (square) on (some straight-
line) commensurable in length with (the greater) then, if the greater term is
commensurable in length with the rational (straight-line previously) laid out,
let [the whole] (straight-line) be called a first binomial (straight-line).

Symbolic Form

2 _ 2=

rT=Uu+7v, U

O(w), w ~ u, u~ r = z first binomial
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Euclid’s Elements — Book X

Incommensurable Magnitudes

EUCLID, ELEMENTS - BOOK X DEFINITION 5 — FIRST BINOMIAL

Given a rational straight-line, and a binomial straight-line which has been divided into its
component terms, of which the square on the greater term is larger than the square on the lesser
by the square on some straight-line commensurable in length with the greater term,
then, if the greater term is commensurable in length with the rational straight-line previously laid out,
let the whole straight-line be called a FIRST BINOMIAL straight-line.

LEGEND

F——1 = rational (given) line R

F——1 = commensurable in length

with R

=1 = incommensurable in length

with R

ACTIONS - CONCEPTS

| @ TAKE THE ASSIGNED
RATIONAL LINE R

We begin with a rational
straight-line R. This is
our reference line.

© TAKE A BINOMIAL
STRAIGHT-LINE

Consider a straight-line AB
which is the sum of two
terms:

AB = AC + CB

AC

(greater term)  (esser term)

R is the standard of
comparison for
length.

AC is the greater term.
CB is the lesser term.
Thus AB = AC + CB.

© CHECK THE SQUARE

RELATION

The square on the greater
term exceeds the square on
the lesser by the square on
some straight-line DE.

Squ Square
on |- =|"on
Ac DE

and
D DE E
—
DE is commensurable in
length with AC.

AC? - CB? = DE?
with DE commensurable
with AC.

THE CONCEPT
IN SHORT

(@ TEST THE GREATER TERM
AGAINST R

Examine the greater term AC
and compare it to the rational
line R.

If there exist whole numbers
m, n such that:

© CONCLUDE THE TYPE

All the required conditions
are satisfied:
+ AB = AC + CB (binomial)

« AC? - CB? = DE?
with DE commensurable

@ visuAL sUMMARY

AC is rational (relative to R).
CB may or may not be.
‘What matters is that the
square difference is built
from a line commensurable
with AC, and AC itself is

(or fraction) of R.

AC is in

Therefore, the whole
straight-line AB is called
a FIRST BINOMIAL

length with R.

A first binomial straight-line is a sum of two terms (greater + lesser) such that:
@ The square on the greater exceeds the square on the lesser by the square on some line commensurable with the greater.
@ The greater term is commensurable in length with the given rational line R.

Ac = MR with AC commensurable with R.
n + AC s commensurablein || & .

h length with R e
[ —— AC cB |
| | ‘
i g : | el
[ LN, 7l

AC is a rational multiple R

This is the essence of a
FIRST BINOMIAL
straight-line.

‘The first binomial is the
first of six kinds of binomial | |
irrational straight-lines.

1.0.6 Definition 6

And if the lesser term is commensurable in length with the rational (straight-

line previously) laid out then let (the whole straight-line) be called a second
binomial (straight-line).

Symbolic Form

_rU2—

r=u+v, u

O(w), w ~u, v ~r = x second binomial
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Incommensurable Magnitudes

Euclid’s Elements — Book X

EUCLID, ELEMENTS - BOOK X DEFINITION 6 — SECOND BINOMIAL

Given a rational straight-line, and a binomial straight-line which has been divided into its
component terms, of which the square on the greater term is larger than the square on the lesser
by the square on some straight-line commensurable in length with the greater term,
then, if the lesser term is commensurable in length with the rational straight-line previously laid out,
let the whole straight-line be called a SECOND BINOMIAL straight-line.

@ TAKE THE ASSIGNED | @) TAKE A BINOMIAL

RATIONAL LINE R

|| We begin with a rational
straight-line R, our
|| reference.

R is the standard of

STRAIGHT-LINE

Consider a straight-line AB
which is the sum of two
terms:

AB = AC + CB

A [ B
et

AC CB

(greater term)  (lesser term)

AC s the greater term.

© CHECK THE SQUARE
RELATION

The square on the greater
term exceeds the square on
the lesser by the square on
some straight-line DE.

squure | | square | [ square
on |=| on |=| on
e & DE
and
D DE E
-

DE is commensurable in
length with AC.

@ TEST THE LESSER TERM
AGAINST R

Examine the lesser term CB
and compare it to the
rational line R.

If there exist whole numbers
m, n such that:

R

CB=
cB
hesast saal
i R i
—_—_—

CB is a rational multiple

© CONCLUDE THE TYPE

All the required conditions
are satisfied:
+ AB = AC + CB (binomial)
+ AC? - CB? = DE?
with DE commensurable
with AC

+ The lesser term CB is
commensurable in length

with R

Therefore, the whole

LEGEND
—— = rational (given) line R
—— = commensurable in length
with R

-~ = incommensurable in length
with R

@ visuaL suMmARY

A [+ B
—
AC CB

The lesser term CB is
measured by R, while the
square difference comes

from a line commensurable
with the greater term AC.

comparison for CB is the lesser term. e D = (or fraction) of R. straight-line AB is called This defines a
length. Thus AB = AC + CB. AN = - a SECOND BINOMIAL SECOND BINOMIAL
is in
with AC. ‘ i straight-line. straight-line.

|| THE concEpy | A second binomial straghtlineis a sum of two terms (grester + lesse) such that

| IN SHORT

This is the second of the
six binomial irrational
straight-lines.

@ The square on the greater exceeds the square on the lesser by the square on some line commensurable with the greater.

@ The lesser term is commensurable in length with the given rational line R.

1.0.7 Definition 7

And if neither of the terms is commensurable in length with the rational
(straight-line previously) laid out then let (the whole straight-line) be called

a third binomial (straight-line).

Symbolic Form

w e~ u, u*r, v~r = xthird binomial
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Euclid’s Elements — Book X

Incommensurable Magnitudes

Given a rational straight-line, and a binomial straight-line which has been divided into its
component terms, of which the square on the greater term is larger than the square on the lesser
by the square on some straight-line commensurable in length with the greater term,
then, if neither of the terms is commensurable in length with the rational straight-line previously
laid out, let the whole straight-line be called a THIRD BINOMIAL straight-line.

LEGEND

F—— = rational (given) line R

i = commensurable n length |
with R

= = incommensurable in length
with R

ACTION:

CON:

@ TAKE THE ASSIGNED
RATIONAL LINE R

We begin with a rational
straight-line R, our
reference.

© TAKE A BINOMIAL
STRAIGHT-LINE

Consider a straight-line AB
which is the sum of two
terms:

AB = AC + CB

R is the standard of
comparison for
length.

AC CB

(greater term)  (lesser term)

AC is the greater term.
CB is the lesser term.
Thus AB = AC + CB.

THE CONCEPT
IN SHORT

o

© CHECK THE SQUARE
RELATION

The square on the greater

term exceeds the square on
the lesser by the square on
some straight-line DE.

@ COMPARE EACH TERM
WITH R

Examine both terms AC and
CB with respect to R.

AC
—_—
Square | | Square | | Square e =
AC cB 7‘ DE R
(. e
and cB
D E S e ol e T Sl
—_
R
DE is in F 1
length with AC.

AC? - CB? = DE?
with DE commensurable
with AC.

Neither AC nor CB is
commensurable in length
with R.

© CONCLUDE THE TYPE

All the required conditions
are satisfied:

+ AB = AC + CB (binomial)
AC? - CB? = DE?
with DE commensurable
with AC

+ Neither AC nor CB is

commensurable in length
with R

Therefore, the whole

straight-line AB is called

a THIRD BINOMIAL
straight-line.

A third binomial straight-line is a sum of two terms (greater + lesser) such that:

@ The square on the greater exceeds the square on the lesser by the square on some line commensurable with the greater.
@ Neither term is commensurable in length with the given rational line R.

© visuaL sUMMARY

A c B
—_—

AC CB

The square difference between
AC and CB is built from a line
DE that is commensurable
with AC, yet neither
AC nor CB is commensurable
with the rational line R.
This defines a
THIRD BINOMIAL
straight-line.

This is the third of the six
binomial irrational straight-lines.

123456

1.0.8 Definition 8

So, again, if the square on the greater term is larger than (the square on) [the
lesser] by the (square) on (some straight-line) incommensurable in length
with (the greater) then, if the greater term is commensurable in length with

the rational (straight-line previously) laid out, let (the whole straight-line)
be called a fourth binomial (straight-line).

Symbolic Form

r=u+v, v’ —v?=0w

, w o u, u~ r =z fourth binomial

8



Incommensurable Magnitudes Euclid’s Elements — Book X

EUCLID, ELEMEN BOOK X DEFINITION 8 - FOURTH BINOMIAL

@ TAKE THE ASSIGNED
RATIONAL LINE R ‘

© TAKE A BINOMIAL
STRAIGHT-LINE

We begin with a rational

straight-ine R, our

Consider a straight-line AB
which is the sum of two

| reference. terms:
AB = AC + CB
R A c] B
AC CB
(greater term)  (lesser term)

AT e AC is the greater term.

et T CB is the lesser term.

Thus AB = AC + CB.

THE CONCEPT

ACTIONS - CONCEPTS

© CHECK THE SQUARE
RELATION

The square on the greater term
exceeds the square on the lesser
by the square on some
straight-line DE.

Square Square.

DE is incommensurable in
length with AC.

AC? - CB? = DE?
with DE incommensurable
in length with AC.

So, again, if the square on the greater term is larger than the square on the lesser
by the square on some straight-line incommensurable in length with the greater,
then, if the greater term is commensurable in length with the rational straight-line

previously laid out, let the whole straight-line be called a FOURTH BINOMIAL straight-line.

‘

LEGEND
F—— = rational (given) line R

= commensurable in length
with R

= = incommensurable in length
with R

@ rest THE GREATER TERM | (@) CONCLUDE THE TYPE

AGAINST R
Compare the greater term AC
with the rational line R.

If there exist whole numbers
m, n such that:

m-R
AC="——

AC s a rational multiple
(or fraction) of R.
Therefore AC is commensurable
in length with R.

A fourth binomial straight-line is 2 sum of two terms (greater + lesser) such that:

All the required conditions
are satisfied:

+ AB = AC + CB (binomial)
« AC? - CB? = DE*
with DE incommensurable
in length with AC

+ The greater term AC is

commensurable in length

with R

Therefore, the whole
straight-line AB is called
a FOURTH BINOMIAL
straight-line.

IN SHORT @ @ The square on the greater term exceeds the square on the lesser by the square on some line incommensurable in length with the greater.
@ The greater term is commensurable in length with the given rational line R.

1.0.9 Definition 9

@ visuaL suMMARY

A i B

The square difference between
AC and CB is built from a line DE
that is incommensurable in length
with AC, yet AC is commensurable
in length with the rational line R.
This defines a
FOURTH BINOMIAL
straight-line.

This is the fourth of the six
binomial irrational straight-lines.

123@5 6

And if the lesser (term is commensurable), a fifth (binomial straight-line).

Symbolic Form

r=u+7v, 4" —v

2

O(w), w = u, v ~ r = x fifth binomial

9



Euclid’s Elements — Book X Incommensurable Magnitudes

EUCLID, ELEMENTS - BOOK X DEFINITION 9 — FIFTH BINOMIAL

LEGEND
F— = rational (given) line R

So, again, if the square on the greater term is larger than the square on the lesser

by the square on some straight-line incommensurable in length with the greater,
d i gh 2 < — = commensurable in length

then, if the lesser term is commensurable in length with the rational straight-line with R
previously laid out, let the whole straight-line be called a FIFTH BINOMIAL straight-line. = = incommensurable in length
with R
ACTIONS — CONCEPT:
@ 7ake THE AssIGNED | @) TAKE A BINOMIAL | @) CHECK THE SQUARE @ st HE LessER TERM || @) coNCLUDE THETYPE | (@) VISUAL SUMMARY
RATIONAL LINE R STRAIGHT-LINE RELATION AGAINST R
Al the required conditions A c B
We begin with a rational | Consider a straight-line AB || The square on the greater Compare the lesser term CB are satisfisd: —_—
straight-line R, our which is the sum of two term exceeds the square on with the rational line R. e e AC cB
reference. terms: the lesser by the square on T Rz tacacBlbRonil
some straight-line DE. m, n such that: « AC? - CB? = DE? i _f
AB = AC + CB - with DE incommensurable
| [ (e cp =R in length with AC B
on [=| on [=| on @ | |
] R ) A o} B e ‘ & o « The lesser term CB is R
b | k + d J B commensurable in length
AC cB po Ee=——==_—= 4 with R ‘The square difference between
(greater term)  (lesser term) N . R AC and CB is built from a line DE
i S 4 | l that is incommensurable in length
DE is incommensurable in with AC, yet the lesser term CB
. CB is a rational multiple is commensurable in length with
length with AC. P
5 (or fraction) of R. Therefore, the whole the rational line R
[T e 2?; s e:: glmz!ertierm. D e R straight-line AB is called T
= is the lesser term.
comparison for length. b = = i e with DE incommensurable commensurable in length DE BITOM[AL FIFTH BINOMIAL
us AB = 3 ight-line. oy
in length with AC. with R. ETMETE line straight-line.
| THE CONCEpr | A fifth binomial straight-line is a sum of two terms (greater + lesser) such thats P
@' IN SHORT @ The square on the greater term exceeds the square on the lesser by the square on some line incommensurable in length with the greater. binomial irrational straight-lines.
PN
@ The lesser term is commensurable in length with the given rational line R. 98 406

1.0.10 Definition 10

And if neither (term is commensurable), a sixth (binomial straight-line).

Symbolic Form

r=u+wv, u*—v°=0(w), w~u, u=r, ver= xsixth binomial

10



Incommensurable Magnitudes

Euclid’s Elements — Book X

EUCLID, ELEMENTS - BOOK X DEFINITION 10 — SIXTH BINOMIAL

@ TAKE THE ASSIGNED | @) TAKE A BINOMIAL

RATIONAL LINE R

We begin with a rational
straight-line R, our

reference.

STRAIGHT-LINE

Consider a straight-line AB
which is the sum of two
terms:

AB = AC + CB

A e B

R is the standard of

comparison for length.

_‘ . \_ THE CONCEPT
'@\ IN SHORT

AC CB

(greater term)  (lesser term)

AC is the greater term.
CB is the lesser term.
Thus AB = AC + CB.

© CHECK THE SQUARE
RELATION

The square on the greater

term exceeds the square on
the lesser by the square on
some straight-line DE.

square | | Squure | | square
on on = on
AC CB DE
and
D E
[t -

DE is incommensurable
in length with AC.

AC? - CB? = DE?
with DE incommensurable
in length with AC.

ACTIONS - CONCEPTS

@ COMPARE EACH TERM
WITH R

Compare both terms AC and CB
with the rational line R.

Check commensurability.

Neither AC nor CB is
commensurable in length
with R.

A sixth binomial straight-line is a sum of two terms (greater + lesser) such that:

So, again, if the square on the greater term is larger than the square on the lesser
by the square on some straight-line incommensurable in length with the greater,
then, if neither of the terms is commensurable in length with the rational straight-line

previously laid out, let the whole straight-line be called a SIXTH BINOMIAL straight-line.

© CONCLUDE THE TYPE
Al the required conditions
are satisfied:

« AB = AC + CB (binomial)
+ AC* - CB? = DE?

with DE incommensurable
in length with AC

* Neither AC nor CB is

commensurable in length

with R

Therefore, the whole
straight-line AB is called a
SIXTH BINOMIAL
straight-line.

@ The square on the greater term exceeds the square on the lesser by the square on some line incommensurable in length with the greater.

@ Neither term is commensurable in length with the given rational line R.

Definitions III

LEGEND
F—— = rational (given) line R

—— = commensurable in length
with R

= = incommensurable in length
with R

@ visuAL suMMARY

The square difference between
AC and CB is built from a line
DE that is incommensurable
with AC, yet neither AC nor CB
is commensurable with the
rational line R.

This defines a
SIXTH BINOMIAL

straight-line.

This is the sixth of the six
binomial irrational straight-lines.

123 4 5(6

1.0.11 Definition 11

Given a rational (straight-line) and an apotome, if the square on the whole is
greater than the (square on a straight-line) attached (to the apotome) by the
(square) on (some straight-line) commensurable in length with (the whole),
and the whole is commensurable in length with the (previously) laid down
rational (straight-line), then let the (apotome) be called a first apotome.

Symbolic Form

O(w), w ~ u, u ~ r =z first apotome

11
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EUCLID, ELEMENTS - BOOK X DEFINITION 11 - FIRST AP ME

@ TAKE THE ASSIGNED | €)) TAKE AN APOTOME
RATIONAL LINE

Let R be the rational An apotome consists of
a whole (greater term)
minus an attached (lesser

straight-line).

straight-line previously
laid out.

A G (whole) B
—_—

L (attached)

G = AB is the whole
(greater term).

L = CD is the attached
(esser term)

Apotome = AB — CD

R is the standard of

comparison for length.

rational (straight-line) R, then let the (apotome) be called a FIRST APOTOME.

ACTIONS - CONCEPTS

© CHECK THE SQUARE
RELATION

The square on the whole
is greater than the square
on the attached by the
square on some line DE.

Square | | Square |
ondB | - |onCD | = | onDE |
-¢ -1 -p?

DE is such that its square
equals the difference.

Thus AB? - CD* = DE%.
DE is commensurable
in length with AB.

O st o Iy

Given a rational (straight-line) R and an apotome, if the square on the whole
is greater than the (square on a straight-line) attached (to the apotome) by
the (square) on some straight-line commensurable in length with (the whole),

‘ and the whole is commensurable in length with the (previously) laid down

LEGEND
F—— = rational (given) line R

F—— = commensurable in length

with R or with the whole

= = incommensurable in length

with R or with the whole

© st Iy

OF DE WITH THE WHOLE

The straight-line DE is
commensurable in length
with the whole AB,

OF THE WHOLE WITH R
The whole (greater term) AB
is commensurable in length
with the rational line R.

A AB (whole) B
—_ i
—_
D DE E A AB (whole) B
(commensurable) (commensurable)

There exist whole numbers
m, n such that
DE=".4AB

n

(or AB is a rational multiple

of DE and vice versa).

There exist whole numbers
P, 4 such that

AB=P . R
q

(or AB is a rational multiple

@ CONCLUDE THE TYPE
All the required conditions
are satisfied:

+ AB? - CD* = DE?

+ DE is commensurable

in length with AB

« AB is commensurable
in length with R

l

‘Therefore, the apotome
(AB minus CD) is called a
FIRST APOTOME.

of R and vice versa).

A first apotome is AB — CD where: FIRST APOTOME — CONDITIONS AT A GLANCE
THE CONCEPT _

@ The square on the whole AB. exceeds the square on the attached CD by the square on some line DE.

AB? - CD? = DE2. n DE ~ AB 3 " AB~R .

ISHORT} © DE is commensurable in length with the whole AB. = E —_ e —]
2 (| 2| =|p2 = =

The whole AB is commensurable in length with the given rational line R. | = r —_
g g =

1.0.12 Definition 12

And if the attached (straight-line) is commensurable in length with the (pre-
viously) laid down rational (straight-line), and the square on the whole is
greater than (the square on) the attached (straight-line) by the (square) on
(some straight-line) commensurable (in length) with (the whole), then let
the (apotome) be called a second apotome.

Symbolic Form

O(w), w ~ u, v ~r = x second apotome

12
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@ 7TAKE THE ASSIGNED @) TAKE AN APOTOME
RATIONAL LINE R

LscaRibssth sational An apotome consists of

straight-line previously a whole (greater term)
minus an attached (lesser

straight line).

laid out.

A G (whole) B
—_—

R c D

L (attached)

G = AB is the whole
(greater term).

L = CD is the attached

R is the standard of e G

comparison for length. Apotome = AB — CD

b - \_ THE CONCEPT
>IN SHORT

Given a rational (straight-line) R and an apotome, if the attached (straight-line)
CD is commensurable in length with the (previously) laid down rational (straight-line) R,
and the square on the whole AB is greater than (the square on) the attached CD
by the (square) on some straight-line DE commensurable (in length) with the whole AB,

then let the (apotome) be called a SECOND APOTOME.

ACTIONS - CONCEPTS

© CHECK THE SQUARE
RELATION

The square on the whole is
greater than the square on
the attached by the square

on some line DE.

Square Square Square
onAB — onCD = onDE
-¢ - =p*
G* -| I? |=| D*
D E
—

DE is such that its square
equals the difference.

Thus AB? — CD? = DE*.
DE is commensurable
in length with AB.

A second apotome is AB — CD where:

@ TEST COMMENSURABILITY
‘OF DE WITH THE WHOLE
The straight-line DE is
commensurable in length
with the whole AB.

A AB (whole) B
e

D DE E
—_

© TEST COMMENSURABILITY
‘OF THE ATTACHED WITH R

The attached (lesser term) CD
is commensurable in length

with the rational line R.

CD (attached)

R

There exist whole numbers
m, n such that
DE=".48

n
(or AB is a rational multiple

of DE and vice versa).

The square on the whole AB exceeds the square on the attached CD by the square on some line DE.
sa 4 squ
@ DE is commensurable in length with the whole AB.

© The attached CD is commensurable in length with the given rational line R.

1.0.13

Definition 13

k i
There exist whole numbers
p. q such that
co=E2.g

(or CD is a rational multiple

of R and vice versa).

EUCLID, ELEMENTS - BOOK X DEFINITION 12 — SECOND APOTOME

LEGEND
F—— = rational (given) line R

F—— = commensurable in length
with R or with the whole

b= = incommensurable in length
with R or with the whole

@ CONCLUDE THE TYPE
All the required conditions
are satisfied:

« AB? - CD* = DE*

« DE is commensurable
in length with AB

+ CD is commensurable
in length with R

l

Therefore, the apotome
(AB minus CD) is called a
SECOND APOTOME.

SECOND APOTOME - CONDITIONS AT A GLANCE

AB? - CD? = DE®.

DE ~ AB
a

c~R

D »
—_— —_

6 |-|2|=|p ~ ~
» E =

And if neither of (the whole or the attached straight-line) is commensurable
in length with the (previously) laid down rational (straight-line), and the
square on the whole is greater than (the square on) the attached (straight-
line) by the (square) on (some straight-line) commensurable (in length) with
(the whole), then let the (apotome) be called a third apotome.

Symbolic Form

O(w), w ~wu, wor, vor = zthird apotome

13
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EUCLID, ELEMENTS - BOOK X DEFINITION 13

IRD

OME

Given a rational (straight-line) R and an apotome, if neither the whole AB nor LEGEND

the attached (straight-line) CD is commensurable in length with the (previously) F— = rational (given) line R
laid down rational (straight-line) R, and the square on the whole AB is greater F—— = commensurable in length
than (the square on) the attached CD by the (square) on some straight-line DE with R or with the whole

commensurable (in length) with the whole AB, then lett the (apotome) be == = incommensurable in length
called a THIRD APOTOME. e
ACTIONS — CONCEPTS
@ TKE THE ASSIGNED @) TAKE AN APOTOME | (€)) CHECK THE SQUARE @ st commensuRABLITY (@) TEST COMMENSURABILITY (@) CONCLUDE THE TYPE
RATIONAL LINE R RELATION OF DE WITH THE WHOLE OF EACH TERM WITH R
s All the required conditions

e i An apotome consists of The square on the whole is The straight-line DE is NeFisrCetwholefADinon o

straight-line previously a whole (greater term) greater than the square on commanmri B Eailingth the attached CD is 3

1Sialca minus an attached the attached by the square with the whole AB. commensurable in length « AB? - CD? = DE?

(lesser straight-ine) on some line DE. with the rational line R. P et
Square | Square Square A AB (whole) B 4 ABNehole)) 665 /B in length with AB
Iy Gwhol) B onAB = onCD = onDE ——— | :
= =% = = % « Neither AB nor CD is
R c D R commensurable in length
e | |
L (attached) @ Bl e w with R
(commensurable) c D
G = AB is the whole D E CD (attached)
—_—
(greater term). #
. DE is such that its square There exist whole numbers N e
L = CD is the attached equals the difference. m, n such that o RT3 Therefore, the apotome
; ¢
R is the standard of ez e DE=2.48 numbers p, g such that (AB minus CD) is called a
i Apotome = AB — CD - 2 =,
obparion £olereth e o —— (or AB is a atonal muiple  AB=2.R or cD=L.R THIRD APOTOME.
in length with AB. of DE and vice versa). (Neither AB nor CD is a
rational multiple of R.)
A third apotome is AB — CD where: THIRD APOTOME — CONDITIONS AT A GLANCE
(). THE CONCEPT = @ The square on the whole AB exceeds the square on the attached CD by the square on some line DE. AB? - CD? = DE? L DE~AB | ABxR , _CD:R,
£ IN SHORT @ DE is commensurable in length with the whole AB. =] = ’_‘x ’_x
© Neither the whole AB nor the attached CD is commensurable in length with the given rational line R. jm— i, S O

1.0.14 Definition 14

Again, if the square on the whole is greater than (the square on) the attached
(straight-line) by the (square) on (some straight-line) incommensurable [in
length] with (the whole), and the whole is commensurable in length with
the (previously) laid down rational (straight-line), then let the (apotome) be
called a fourth apotome.

Symbolic Form

r=u—wv, u* —v°=0(w), wu, u~r = x fourth apotome
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@ TAKE THE ASSIGNED
RATIONAL LINE R

Let R be the rational
straight-line previously

laid out.

R is the standard of
comparison for length.

THE CONCEPT
IN SHORT

0

© TAKE AN APOTOME

An apotome consists of
a whole (greater term)
minus an attached (lesser
straight line).

A G (whole) B
—_—

L (attached)

G = AB is the whole
(greater term).

L = CD is the attached
(lsser term).

Apotome = AB — CD

EUCLID, ELEMENTS

BOOK

FOURTH APOTOME

Given a rational (straight-line) R and an apotome, if the square on the whole AB is
greater than (the square on) the attached (straight-line) CD by the (square) on some
straight-line DE incommensurable in length with the whole AB, and the whole AB
is commensurable in length with the (previously) laid down rational (straight-line) R,

then let the (apotome) be called a FOURTH APOTOME.

ACTIO]

@ CHECK THE SQUARE
RELATION
The square on the whole is
greater than the square on
the attached by the square on

some line DE.

‘Square Square 1
onAB —|onCD | = |onDE |
-c e -0 |
¢ |z |=| D |
b £
Fo——— Bl

DE is such that its square
equals the difference.
Thus AB? - CD* = DE?
DE is incommensurable
in length with AB

A fourth apotome is AB — CD where:

'ONCEP’

@ TEST INCOMMENSURABILITY
OF DE WITH THE WHOLE

The straight-line DE is
incommensurable in length
with the whole AB.

© TEST COMMENSURABILITY
OF THE WHOLE WITH R

The whole (greater term) AB
is commensurable in length
with the rational line R.

A AB (whole) B A AB (whole) B
D DE z
Fo————— - R
—

(incommensurable)

There do not exist whole
numbers m, n such that

DE = . AB.
n
(Neither DE nor AB is a
rational multiple of the other.)

@ The square on the whole AB exceeds the square on the attached CD by the square on some line DE.

© DE is incommensurable in length with the whole AB.
© The whole AB is commensurable in length with the given rational line R.

1.0.15 Definition 15

There exist whole numbers
Pr q such that
aB =2 g

(or AB is a rational multiple

of R and vice versa.)

FOURTH APOTOME
Square relation

LEGEND
F—— = rational (given) line R
F— = commensurable in length
with R or with the whole

= = incommensurable in length
with R or with the whole

@ CONCLUDE THE TYPE
|
All the required conditions
are satisfied:

» AB? - CD* = DE?
« DE is incommensurable
in length with AB

AB is commensurable

in length with R

l

Therefore, the apotome
(AB minus CD) is called a
FOURTH APOTOME.

CONDITIONS AT A GLANCE

DE # AB

2 _ CD? = DE? » £ A 5
AB? - CD? = DF’ Bl S & (e
& |- [e2f=] D A 2p "

f—= —R——

And if the attached (straight-line is commensurable), a fifth (apotome).

Symbolic Form

r=u—v, u’ —v? =0(w), w~u, v~r =z fifth apotome
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Incommensurable Magnitudes

EUCLID, ELEMEN

BOOK X DEFINITION 1

Given a rational (straight-line) R and an apotome, if the square on the whole AB
is greater than (the square on) the attached (straight-line) CD by the (square) on
some straight-line DE incommensurable in length with the whole AB, and the
attached (straight-line) CD is commensurable in length with the (previously) laid

FIFTH A

@ TAKE THE ASSIGNED
RATIONAL LINE R

@ TAKE AN APOTOME

Let R be the rational

straight-line previously

An apotome consists of
a whole (greater term)
laid out. minus an attached (lesser

straight-line).
A G (whole) B
—_—
R c D

; i k i
L (attached)

G = AB is the whole
(greater term).
L = CD is the attached
R is the standard of fasserter)y

comparison for length. Apotome = AB - CD

down rational (straight-li

) R, then let the

ACTIO]I CONCEPTS

© CHECK THE SQUARE
RELATION

The square on the whole is

greater than the square on

the attached by the square

on some line DE

Square

Squire || Square
onAB — | onCD = onDE
=G = =p
G - |?|=|D?
D E
Fe———- -

DE is such that its square
equals the difference.
Thus AB? - CD? = DE*.
DE is incommensurable
in length with AB.

A fifth apotome is AB — CD where:

\_ THE CONCEPT

p be called a FIFTH APOTOME.

@ TEST INCOMMENSURABILITY | (@) TEST COMMENSURABILITY

OF DE WITH THE WHOLE

The straight-line DE is
incommensurable in length
with the whole AB.

A AB (whole) B

OF THE ATTACHED WITH R

The attached (lesser term) CD
is commensurable in length
with the rational line R.

(incommensurable)

There do ot exist whole
numbers m, n such that
DE =2 . AB.

n
(Neither DE nor AB is a
rational multiple of the other.)

CD (attached)
R
[——

There exist whole numbers
p. 4 such that

cp=2.g
q
(or CD is a rational multiple
of R and vice versa.)

ME

LEGEND
F—— = rational (given) line R

F—— = commensurable in length
with R or with the whole

k= = incommensurable in length
with R or with the whole

@ CONCLUDE THE TYPE

All the required conditions

are satisfied:

* AB® - CD* = DE*

+ DE is incommensurable
in length with AB

+ CD is commensurable
in length with R

l

Therefore, the apotome
(AB minus CD) is called a
FIFTH APOTOME.

FIFTH APOTOME — CONDITIONS AT A GLANCE

Square relation

@ The square on the whole AB exceeds the square on the attached CD by the square on some line DE. DEjzPAR (GRS

AB? - CD? = DE’. A » c D

IN SHORT @ DE is incommensurable in length with the whole AB. '—';é ]
6 |-|12|=1D* g

© The attached CD is commensurable in length with the given rational line R. P i —r—

1.0.16 Definition 16

And if neither (the whole nor the attached straight-line is commensurable),

a sixth (apotome).

Symbolic Form

r=u—v, u" —v

O(w), w » u, uw*r, v~r= zsixth apotome
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S=== |

@ TAKE THE ASSIGNED

RATIONAL LINE R
Let R be the rational
straight-line previously
laid out.

@ TAKE AN APOTOME

An apotome consists of
a whole (greater term)
minus an attached (lesser
straight-line).

A G (whole) B
[ E——

R is the standard of
comparison for length.

THE CONCEPT
IN SHORT

L (attached)

G = AB is the whole
(greater term)

L = CD is the attached
(lesser term).

Apotome = AB — CD

EUCLID, ELEMENTS

BOOK X DEFINI

Given a rational (straight-line) R and an apotome, if the square on the whole AB is
‘ greater than (the square on) the attached (straight-line) CD by the (square) on
some straight-line DE incommensurable in length with the whole AB, and
‘ neither the whole AB nor the attached (straight-line) CD is commensurable in
length with the (previously) laid down rational (straight-line) R,

ON 16

then let the (apotome) be called a SIXTH APOTOME.

Al

© CHECK THE SQUARE
RELATION

The square on the whole is

greater than the square on

the attached by the square

on some line DE.

Square

e
s |~ |caD|=|onDE
=c = =p*
¢ - [ =D |
D
.

DE is such that its square
equals the difference.
Thus AB? — CD? = DE®.
DE is incommensurable

in length with AB.

A sixth apotome is AB — CD where:

[ONS - CONCEP

@ 5T INCO)

OF DE WITH THE WHOLE
The straight-line DE is
incommensurable in length
with the whole AB,

A AB (whole) B
—

(incommensurable)

There do not exist whole
numbers m, n such that

DE = 7' - AB.
(Neither DE nor AB is a
rational multiple of the other.)

@ The square on the whole AB exceeds the square on the attached CD by the square on some line DE.
@ DE is incommensurable in length with the whole AB.

@ Neither the whole AB nor the attached CD is commensurable in length with the given rational line R.

17

© TEST INCOMMENSURABILITY
OF EACH TERM WITH R
Neither the whole AB nor
the attached CD is
commensurable in length
with the rational line R.
A AB(whole) B
e e—

#

R
—_—

e D
CD (attached)

%
e
There do not exist whole
numbers p, q such that

AB

oy
q
(Neither AB nor CD is a

rational multiple of R.)

PR orcp=
q

SIXTH APOTOME

LEGEND

F— = rational (given) line R
F—— = commensurable in length

with R or with the whole
k=

incommensurable in length
with R or with the whole

@ CONCLUDE THE TYPE

All the required conditions

are satisfied:

+ AB® - CD* = DE?

« DE is incommensurable
in length with AB

+ Neither AB nor CD is

commensurable in length

with R

Therefore, the apotome
(AB minus CD) is called a
SIXTH APOTOME.

SIXTH APOTOME - CONDITIONS AT A GLANCE

Square relation g
AB? - CD? = DE” =

D E

]
1 = D

(incommensurable)

AB # R CD » R
7 ! [a ]
®

2| —e—



Chapter 2

Propositions

2.1 Proposition 1

Statement

1If, from the greater of two unequal magnitudes (which are) laid
out, (a part) greater than half is subtracted, and (if from) the
remainder (a part) greater than half (is subtracted), and (if) this
happens continually, then some magnitude will (eventually) be
left which will be less than the lesser laid out magnitude.

Proof Actions

1. Let AB and C be two unequal magnitudes, of which (let) AB (be) the
greater.

2. I'say that if (a part) greater than half'is subtracted from AB, and (if a part)
greater than half (is subtracted) from the remainder, and (if) this happens
continually, then some magnitude will (eventually) be left which will be
less than the magnitude C.

3. For C, when multiplied (by some number), will sometimes be greater
than AB [Def. 5.4].

4. Let it have been (so) multiplied.

18
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5.

10.

11.

12.

13.

14.

15.

16.

And let DE be (both) a multiple of C, and greater than AB.

And let DE have been divided into the (divisions) DF, FG, GE, equal to
C.

And let BH, (which is) greater than half, have been subtracted from AB.

. And (let) HK, (which is) greater than half, (have been subtracted) from

AH.

And let this happen continually, until the divisions in AB become equal
in number to the divisions in DE.

Therefore, let the divisions (in AB) be AK, KH, HB, being equal in num-
ber to DF, FG, GE.

And since DE is greater than AB, and EG, (which is) less than half, has
been subtracted from DE, and BH, (which is) greater than half, from AB,
the remainder GD is thus greater than the remainder HA.

And since GD is greater than HA, and the half GF has been subtracted
from GD, and HK, (which is) greater than half, from HA, the remainder
DF is thus greater than the remainder AK. And DF (is) equal to C.

C is thus also greater than AK.

Thus, AK (is) less than C.

Thus, the magnitude AK, which is less than the lesser laid out magnitude
C, is left over from the magnitude AB.

(Which is) the very thing it was required to show. — (The theorem) can
similarly be proved even if the (parts) subtracted are halves. generally
attributed to Eudoxus of Cnidus.

19
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Complete Cinematic Logic

Let AB and C be two unequal magnitudes, of which (let) AB (be) the
greater.

J

And let DE have been divided into the (divisions) DF, FG, GE, equal
to C.

4

And since DE is greater than AB, and EG, (which is) less than half, has
been subtracted from DE, and BH, (which is) greater than half, from
AB, the remainder GD is thus greater than the remainder HA.

Y

(Which is) the very thing it was required to show. — (The theorem)
can similarly be proved even if the (parts) subtracted are halves.
generally attributed to Eudoxus of Cnidus.

4

Conclusion: Proposition 1 established.

EUCLID, ELEMENTS - BOOK X « PROPOSITION 1
If, from the greater of two unequal magnitudes laid out, a part greater than half is subtracted, and from the remainder a part greater than half is btracted, and this happens continually,
then some magnitude will be left which will be less than the lesser laid out magnitude.

@ Lay out the two unequal @ Multiply the smaller magnitude C © Divide DE into copies of C. @ Begin subtracting more than @ Continue until the number of
‘magnitudes. until it exceeds AB. half from AB. pieces of AB matches the number
Let DE = DF + FG + GE, e Bt o
Let AB and C be unequal By Definition V.4, some multiple oy Subtract BH (> ! AB) from AB. of copies of C in DE.
n , where each part is equal to C. /
‘magnitudes with AB > C. of C must be greater than AB. Remainder: AH. Continue until the divisions
2 Comtract DE such that DE > AB. Subtract HK (> }} AH) from AH. AK, KH, HB are equal in number

Remainder: AK. to DF, FG, GE.
Continue in the same way.

BH
== Il

"
| ———---5

- HK
< - 0. ke
- = — =t = B
AB is the i d/ s ) D v id G E
is the greater magnitude 2
from which we shall subtract. ) = [———r———— e Pl
C is the lesser magnitude. i e H, AK,
T R DE is a multiple of C F = FG = GE = C.
L 2 Ry L Thus AB and DE are both
cl divided into the same number
L of successive parts.
@ Compare the first remainders. @ Repeat the comparison @ Replace DF by C. © Hdentify the required remainder. ) Buclid’s final observation.
t the next stage.
Originally, DE > AB. N‘ G:)'“:HA <H But by construction DF = C. AK s one of the successive The theorem can be proved similarly
From DE we remove EG (< 1/2 DE). F‘“” GD subtract GF (= 1/2 GD) Since DF > AK, remainders left from AB, even when, instead of removing
From AB we remove BH (> 1/2 AB). L e A T NS ). o (ST and we have proved AK < C. mare than half, we remove
Therefore the remainders satisfy o A HE (> 1/2 HA). exactly half at each step.
Cb A Hence the remaining parts satisfy

DF > AK.

GF
IN——] 14

HK
M=—=

Hence GD > HA. c | Therefore 4K < C. |
b g Therefore DF > AK.

Ab——iK So eventually a remainder is obtained - —
P - which is smaller than the lesser “This fundamental result is the
| Thus ¢ > ak. magnitude| C. basis of the method of exhaustion. |
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2.2 Proposition 2

Statement

If the remainder of two unequal magnitudes (which are) [laid
out] never measures the (magnitude) before it, (when) the lesser
(magnitude is) continually subtracted in turn from the greater,
then the (original) magnitudes will be incommensurable.

Proof Actions

10.

11.

12.

. For, AB and CD being two unequal magnitudes, and AB (being) the

lesser, let the remainder never measure the (magnitude) before it, (when)
the lesser (magnitude is) continually subtracted in turn from the greater.

I say that the magnitudes AB and CD are incommensurable.

. For if they are commensurable then some magnitude will measure them

(both).

If possible, let it (so) measure (them), and let it be E.

. And let AB leave CF less than itself (in) measuring FD, and let CF leave

AG less than itself (in) measuring BG, and let this happen continually,
until some magnitude which is less than E is left.

. Let (this) have occurred, and let AG, (which is) less than E, have been

left.

Therefore, since E measures AB, but AB measures DF, E will thus also
measure FD.

. And it also measures the whole (of) CD.

Thus, it will also measure the remainder CF. But, CF measures BG.
Thus, E also measures BG.
And it also measures the whole (of) AB.

Thus, it will also measure the remainder AG, the greater (measuring) the
lesser.

21



Euclid’s Elements — Book X Incommensurable Magnitudes

13. The very thing is impossible.

14. Thus, some magnitude cannot measure (both) the magnitudes AB and
CD.

15. Thus, the magnitudes AB and CD are incommensurable [Def. 10.1].

16. Thus, if . . . of two unequal magnitudes, and soon. . . .

Complete Cinematic Logic

For, AB and CD being two unequal magnitudes, and AB (being) the
lesser, let the remainder never measure the (magnitude) before it,
(when) the lesser (magnitude is) continually subtracted in turn from the
greater.

4

Let (this) have occurred, and let AG, (which is) less than E, have been
left.

4

’ And it also measures the whole (of) AB. ‘

ll

’ Thus, if . . . of two unequal magnitudes, andsoon. . . . ‘

4

Conclusion: Proposition 2 established.
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SITION 2

EUCLID, ELEMENTS - BOOK X < PROP
STATEMENT: If the remainder of two unequal magnitudes never measures the magnitude before it, when the lesser is continually
subtracted in turn from the greater, then the original magnitudes are incommensurable. a

@ 1Y OUT WO UNEQUAL MAGNTTUDES || @) SUPPOSE THE OPPOSITE

@ secov i connvuep susTACTION | @) USE THE NEW RENANDER | (@) CONTINUE UNTIL A REMAWDER |
L AB and CD be uneqal 2

| SMALLER THAN E APPEARS

Use AB repeatedly to measure CD. Now take CF and use it
It leaves a remainder CF, . the 8 ontiny
where CF < AB. ‘
c z m | @ )
- 4 @ F

i

. : e ®
o 5 3 | AF A @ AG < E
CD (greater) E measures AB : E|AB | |

CF < 4B AG < CF
( | E measures CD: E| CD

gL

(@ s e 1o cr © mavsE £ 0 56 © v £ 10 4G “ @ reack THE conTRADICTION

We have E | AG,
but from Step 5,
AG < E.

A great

=iz ) [(CErac_)

THE LOGIC IN SUMMARY

© E|AB = E|fD
© E[CDand E| FD = E|CF
@ Asume I Ewith E|ABand E|CD |@ E | CF = E| BG

| Our assumption was false Oy e @
No magnitude can measure

both AB and CD.

| Therefore, by Definition X.1, © E|ABand E| BG = E|AG It prepares the way for the

theory of imational magnitudes

© CD — AB - CF = AG > ...

| ABand CD are
INCOMMENSURABLE.

© But E|AG and AG < E = contradiction

© By Prop. X.1, eventully AG < E
@ Therefore AB and CD are incommensura ble

2.3 Proposition 3

Statement

To find the greatest common measure of two given commensu-
rable magnitudes.

Proof Actions

1. Let AB and CD be the two given magnitudes, of which (let) AB (be) the
lesser.

2. So, it is required to find the greatest common measure of AB and CD.
3. For the magnitude AB either measures, or (does) not (measure), CD.

4. Therefore, if it measures (CD), and (since) it also measures itself, AB is
thus a common measure of AB and CD.

5. And (it is) clear that (it is) also (the) greatest.
6. For a (magnitude) greater than magnitude AB cannot measure AB.
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10.

11.
12.
13.
14.
15.
16.

17.

18.

19.
20.
21.
22.

23.

24.

25.

So let AB not measure CD.

And continually subtracting in turn the lesser (magnitude) from the
greater, the remaining (magnitude) will (at) some time measure the (mag-
nitude) before it, on account of AB and CD not being incommensurable
[Prop. 10.2].

. And let AB leave EC less than itself (in) measuring ED, and let EC leave

AF less than itself (in) measuring FB, and let AF measure CE.

Therefore, since AF measures CE, but CE measures FB, AF will thus
also measure FB.

And it also measures itself.

Thus, AF will also measure the whole (of) AB. But, AB measures DE.
Thus, AF will also measure ED. And it also measures CE.

Thus, it also measures the whole of CD.

Thus, AF is a common measure of AB and CD.

So I say that (it is) also (the) greatest (common measure).

For, if not, there will be some magnitude, greater than AF, which will
measure (both) AB and CD. Let it be G.

Therefore, since G measures AB, but AB measures ED, G will thus also
measure ED.

And it also measures the whole of CD.

Thus, G will also measure the remainder CE. But CE measures FB.
Thus, G will also measure FB.

And it also measures the whole (of) AB.

And (so) it will measure the remainder AF, the greater (measuring) the
lesser.

The very thing is impossible.

Thus, some magnitude greater than AF cannot measure (both) AB and
CD.
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26. Thus, AF is the greatest common measure of AB and CD.

27. Thus, the greatest common measure of two given commensurable mag-
nitudes, AB and CD, has been found.

28. (Which is) the very thing it was required to show.

29. Corollary So (it is) clear, from this, that if a magnitude measures two
magnitudes then it will also measure their greatest common measure.

Complete Cinematic Logic

Let AB and CD be the two given magnitudes, of which (let) AB (be)
the lesser.

4

Therefore, since AF measures CE, but CE measures FB, AF will thus
also measure FB.

4

Thus, G will also measure the remainder CE. But CE measures FB.

4

Corollary So (it is) clear, from this, that if a magnitude measures two
magnitudes then it will also measure their greatest common measure.

4

Conclusion: Proposition 3 established.
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magnitude

[ | 1f any given magnitude

e smaller
i is impossible.
B ‘measures two magnitudes,

The greatest common

2.4 Proposition 4

Statement

To find the greatest common measure of three given commensu-
rable magnitudes.

Proof Actions

1. Let A, B, C be the three given commensurable magnitudes.
2. So it is required to find the greatest common measure of A, B, C.

3. For let the greatest common measure of the two (magnitudes) A and B
have been taken [Prop. 10.3], and let it be D.

4. So D either measures, or [does] not [measure], C.
5. Let it, first of all, measure (C).

6. Therefore, since D measures C, and it also measures A and B, D thus
measures A, B, C.
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20.
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24.

Thus, D is a common measure of A, B, C.

. And (it is) clear that (it is) also (the) greatest (common measure).

. For no magnitude larger than D measures (both) A and B. So let D not

measure C.
I say, first, that C and D are commensurable.

For if A, B, C are commensurable then some magnitude will measure
them which will clearly also measure A and B.

Hence, it will also measure D, the greatest common measure of A and B
[Prop. 10.3 corr.]. And it also measures C.

Hence, the aforementioned magnitude will measure (both) C and D.
Thus, C and D are commensurable [Def. 10.1].

Therefore, let their greatest common measure have been taken [Prop.
10.3], and let it be E.

Therefore, since E measures D, but D measures (both) A and B, E will
thus also measure A and B. And it also measures C.

Thus, E measures A, B, C.
Thus, E is a common measure of A, B, C.
So I say that (it is) also (the) greatest (common measure).

For, if possible, let F be some magnitude greater than E, and let it measure
A, B, C.

And since F measures A, B, C, it will thus also measure A and B, and
will (thus) measure the greatest common measure of A and B [Prop. 10.3
COtT.].

And D is the greatest common measure of A and B. Thus, F measures D.
And it also measures C.

Thus, F measures (both) C and D.

Thus, F will also measure the greatest common measure of C and D [Prop.
10.3 corr.]. And itis E.
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26.

27.

28.

29.

30.

31.

32.

33.

Thus, F will measure E, the greater (measuring) the lesser.
The very thing is impossible.

Thus, some [magnitude] greater than the magnitude E cannot measure A,
B, C.

Thus, if D does not measure C then E is the greatest common measure of
A, B, C.

And if it does measure (C) then D itself (is the greatest common measure).

Thus, the greatest common measure of three given commensurable mag-
nitudes has been found.

[(Which is) the very thing it was required to show.] Corollary So (it is)
clear, from this, that if a magnitude measures three magnitudes then it

will also measure their greatest common measure.

So, similarly, the greatest common measure of more (magnitudes) can
also be taken, and the (above) corollary will go forward.

(Which is) the very thing it was required to show.

Complete Cinematic Logic

Let A, B, C be the three given commensurable magnitudes.

4

Hence, it will also measure D, the greatest common measure of A and
B [Prop. 10.3 corr.]. And it also measures C.

4

’ Thus, F measures (both) C and D. ‘

ll

’ (Which is) the very thing it was required to show. ‘

4

Conclusion: Proposition 4 established.
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STATEMENT: To find the greatest common
measure of three given commensurable magnitudes.
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We first prove that C and D
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MEASURE TS,

nd B, We already have F | C. si

Suppose there exists a magnitude 3 Together with F | D,
_ F > Ewhe F bo
A, B, and C.
Fla F1B F|C
. R
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THE LOGIC IN SUMMARY

[ (A B, O

| D = GeM(a, B)

If D | C, then D is the answer.
I D /G, then E = GCM(C, D) is the answer

L

2.5 Proposition 5

Statement

Commensurable magnitudes have to one another the ratio
which (some) number (has) to (some) number.

Proof Actions

1. Let A and B be commensurable magnitudes.

2. I'say that A has to B the ratio which (some) number (has) to (some) num-
ber.

3. For if A and B are commensurable (magnitudes) then some magnitude
will measure them.

4. Let it (so) measure (them), and let it be C.
5. And as many times as C measures A, so many units let there be in D.
6. And as many times as C measures B, so many units let there be in E.
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13.
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15.

Therefore, since C measures A according to the units in D, and a unit also
measures D according to the units in it, a unit thus measures the number
D as many times as the magnitude C (measures) A.

. Thus, as C is to A, so a unit (is) to D [Def. 7.20].

Thus, inversely, as A (is) to C, so D (is) to a unit [Prop. 5.7 corr.].

Again, since C measures B according to the units in E, and a unit also
measures E according to the units in it, a unit thus measures E the same
number of times that C (measures) B.

Thus, as C is to B, so a unit (is) to E [Def. 7.20].
And it was also shown that as A (is) to C, so D (is) to a unit.

Thus, via equality, as A is to B, so the number D (is) to the (number) E
[Prop. 5.22].

Thus, the commensurable magnitudes A and B have to one another the
ratio which the number D (has) to the number E.

(Which is) the very thing it was required to show. rather than two number
and two magnitudes.

Complete Cinematic Logic

’ Let A and B be commensurable magnitudes. ‘

J

’ And as many times as C measures B, so many units let there be in E. ‘

4
’ Thus, as C is to B, so a unit (is) to E [Def. 7.20]. ‘

4

(Which is) the very thing it was required to show. rather than two
number and two magnitudes.

4

Conclusion: Proposition 5 established.
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STATEMENT: Commensurable magnitudes
have to one another the ratio which £

(some) number (has) to (some) number.

= 1
o LAY OUT THE TWO CHOOSE A COMMON MEASURE. COUNT HOW MANY TIMES C MEASURES A. ‘
COMMENSURABLE MAGNITUDES. Bt A¥and; B ae! cormenimable. Suppose C measures A exactly
Let A and B be two commensurable e iagitlelcatesrren ot m times.
‘magnitudes.

Let that common measure be C. Construct a number D that has
oY exactly m units.

A p—
I

e COMPARE THE MEASURING OF A (@ INVERT THAT PROPORTION.
WITH THE COUNTING OF D. |

C measures A exactly as many
times as the unit measures D.

o COUNT HOW MANY TIMES C MEASURES B.
I Suppose C measures B exactly
n times.
Construct a number E that has

From C: A = 1:D,

we take the inverse ratio.

B =nC E=n Ch: A = 13D AR CI= DL
A A
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HiHH-H ooe-—e
CE G, T Crelday3 sm E ¢ 13203

e )
@ COMBINE THE TWO PROPORTIONS. * © concuupe.

Since C measures B exactly as many Wehave A:C=D:1 and C:B=1:E Thus the commensurable magnitudes A and B

times as the unit measures E, Therefore, by equality of ratios, have the same ratio as the numbers D and E.

A:B=D:E

Therefore, commensurable magnitudes
E  have the ratio of a number to a number. 4

2.6 Proposition 6

Statement

If two magnitudes have to one another the ratio which (some)
number (has) to (some) number then the magnitudes will be
commensurable.

Proof Actions

1. For let the two magnitudes A and B have to one another the ratio which
the number D (has) to the number E.

2. I say that the magnitudes A and B are commensurable.

3. For, as many units as there are in D, let A have been And let C be divided
into so many equal (divisions). equal to one of them.
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And as many units as there are in E, let F be the sum of so many magni-
tudes equal to C.

. Therefore, since as many units as there are in D, so many magnitudes

equal to C are also in A, therefore whichever part a unit is of D, C is also
the same part of A.

Thus, as C is to A, so a unit (is) to D [Def. 7.20].

. And a unit measures the number D. Thus, C also measures A.

. And since as C is to A, so a unit (is) to the [number] D, thus, inversely,

as A (is) to C, so the number D (is) to a unit [Prop. 5.7 corr.].

Again, since as many units as there are in E, so many (magnitudes) equal
to C are also in F, thus as C is to F, so a unit (is) to the [number] E [Def.
7.20].

And it was also shown that as A (is) to C, so D (is) to a unit.
Thus, via equality, as A is to F, so D (is) to E [Prop. 5.22].
But, as D (is) to E, so A is to B.

And thus as A (is) to B, so (it) also is to F [Prop. 5.11].
Thus, A has the same ratio to each of B and F.

Thus, B is equal to F [Prop. 5.9]. And C measures F.

Thus, it also measures B.

But, in fact, (it) also (measures) A.

Thus, C measures (both) A and B.

Thus, A is commensurable with B [Def. 10.1].

Thus, if two magnitudes . . . to one another, and soon. . . .

Corollary So it is clear, from this, that if there are two numbers, like D
and E, and a straight-line, like A, then it is possible to contrive that as
the number D (is) to the number E, so the straight-line (is) to (another)
straight-line (i.e., F).
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22. And if the mean proportion, (say) B, is taken of A and F, then as A is to
F, so the (square) on A (will be) to the (square) on B.

23. That is to say, as the first (is) to the third, so the (figure) on the first (is)
to the similar, and similarly described, (figure) on the second [Prop. 6.19
corr.].

24. But, as A (is) to F, so the number D is to the number E.

25. Thus, it has also been contrived that as the number D (is) to the number
E, so the (figure) on the straight-line A (is) to the (similar figure) on the
straight-line B.

26. (Which is) the very thing it was required to show.

Complete Cinematic Logic

For let the two magnitudes A and B have to one another the ratio
which the number D (has) to the number E.

Y

Again, since as many units as there are in E, so many (magnitudes)
equal to C are also in F, thus as C is to F, so a unit (is) to the [number]
E [Def. 7.20].

\
‘ Thus, C measures (both) A and B. ‘

ll

‘ (Which is) the very thing it was required to show. ‘

4

Conclusion: Proposition 6 established.
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| STATEMENT: If two magnitudes have to one another
the ratio which (some) number has to (some) number
then the magnitudes will be commensurable.
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The same magnitude C measures
¥ both A and B.

Therefore, by Definition X.1,
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THE PROOF IN SUMMARY.
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2.7 Proposition 7

Statement

Incommensurable magnitudes do not have to one another the
ratio which (some) number (has) to (some) number.

Proof Actions

1. Let A and B be incommensurable magnitudes.

2. I say that A does not have to B the ratio which (some) number (has) to
(some) number.

3. For if A has to B the ratio which (some) number (has) to (some) number
then A will be commensurable with B [Prop. 10.6]. But it is not.

4. Thus, A does not have to B the ratio which (some) number (has) to (some)
number.

5. Thus, incommensurable numbers do not have to one another, and so on .

34



Incommensurable Magnitudes Euclid’s Elements — Book X

Complete Cinematic Logic

Let A and B be incommensurable magnitudes. ‘

U

I say that A does not have to B the ratio which (some) number (has) to
(some) number.

4

Thus, A does not have to B the ratio which (some) number (has) to
(some) number.

4

Thus, incommensurable numbers do not have to one another, and so on

4

Conclusion: Proposition 7 established.

STATEMENT: Incommensurable magnitudes
do not have to one another the ratio
which (some) number (has) to (some) number.
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2.8 Proposition 8

Statement

If two magnitudes do not have to one another the ratio which
(some) number (has) to (some) number then the magnitudes will
be incommensurable.

Proof Actions

1. For let the two magnitudes A and B not have to one another the ratio
which (some) number (has) to (some) number.

2. I say that the magnitudes A and B are incommensurable.

3. For if they are commensurable, A will have to B the ratio which (some)
number (has) to (some) number [Prop. 10.5].

4. But it does not have (such a ratio).
5. Thus, the magnitudes A and B are incommensurable.

6. Thus, if two magnitudes . . . to one another, and soon. . . .

Complete Cinematic Logic

For let the two magnitudes A and B not have to one another the ratio
which (some) number (has) to (some) number.

4

For if they are commensurable, A will have to B the ratio which (some)
number (has) to (some) number [Prop. 10.5].

4

’ Thus, the magnitudes A and B are incommensurable. ‘
J

’ Thus, if two magnitudes . . . to one another, and soon. . . . ‘
4

Conclusion: Proposition 8 established.
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STATEMENT: If two magnitudes do not have
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commensurable magnitudes have o~ which says that A and B do not Hence, A and B are incommensurable.
to one another the ratio which il have such  numerical rato.
some number has to some number. _22
Therefore there exist numbers
m and n such that

¥ 3 Suppose By Prop. X5, Therefore
A:B
L} e o A and B are A:B=m:n | = | Contradiction | => | AandB are

f number to number. .
for some m, n. incommensurable.

2.9 Proposition 9

Statement

Squares on straight-lines (which are) commensurable in length
have to one another the ratio which (some) square number
(has) to (some) square number. And squares having to one an-
other the ratio which (some) square number (has) to (some)
square number will also have sides (which are) commensu-
rable in length. But squares on straight-lines (which are) in-
commensurable in length do not have to one another the ratio
which (some) square number (has) to (some) square number.
And squares not having to one another the ratio which (some)
square number (has) to (some) square number will not have
sides (which are) commensurable in length either.

Proof Actions

1. For let A and B be (straight-lines which are) commensurable in length.
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2.

10.

11.

12.
13.

14.

15.

16.
17.

I say that the square on A has to the square on B the ratio which (some)
square number (has) to (some) square number.

. For since A is commensurable in length with B, A thus has to B the ratio

which (some) number (has) to (some) number [Prop. 10.5].

Let it have (that) which C (has) to D.

. Therefore, since as A is to B, so C (is) to D.

. But the (ratio) of the square on A to the square on B is the square of the

ratio of A to B.

For similar figures are in the squared ratio of (their) corresponding sides
[Prop. 6.20 corr.].

. And the (ratio) of the square on C to the square on D is the square of the

ratio of the [number] C to the [number] D.

For there exits one number in mean proportion to two square numbers,
and (one) square (number) has to the (other) square [number] a squared
ratio with respect to (that) the side (of the former has) to the side (of the
latter) [Prop. 8.11].

And, thus, as the square on A is to the square on B, so the square [number]
on the (number) C (is) to the square [number] on the [number] D.

And so let the square on A be to the (square) on B as the square (number)
on C (is) to the [square] (number) on D.

I say that A is commensurable in length with B.

For since as the square on A is to the [square] on B, so the square (number)
on C (is) to the [square] (number) on D.

But, the ratio of the square on A to the (square) on B is the square of the
(ratio) of A to B [Prop. 6.20 corr.].

And the (ratio) of the square [number] on the [number] C to the square
[number]| on the [number] D is the square of the ratio of the [number] C
to the [number] D [Prop. 8.11].

Thus, as A is to B, so the [number] C also (is) to the [number] D.
A, thus, has to B the ratio which the number C has to the number D.
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18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

Thus, A is commensurable in length with B [Prop. 10.6].

And so let A be incommensurable in length with B.

I say that the square on A does not have to the [square] on B the ratio
which (some) square number (has) to (some) square number.

For if the square on A has to the [square] on B the ratio which (some)
square number (has) to (some) square number then A will be commensu-
rable (in length) with B. But it is not.

Thus, the square on A does not have to the [square] on the B the ratio
which (some) square number (has) to (some) square number.

So, again, let the square on A not have to the [square] on B the ratio
which (some) square number (has) to (some) square number.

I say that A is incommensurable in length with B.

For if A is commensurable (in length) with B then the (square) on A will
have to the (square) on B the ratio which (some) square number (has) to
(some) square number.

But it does not have (such a ratio).

Thus, A is not commensurable in length with B.

Thus, (squares) on (straight-lines which are) com290 mensurable in
length, andsoon. . . .

Corollary And it will be clear, from (what) has been demonstrated, that
(straight-lines) commensurable in length (are) always also (commensu-
rable) in square, but (straightlines commensurable) in square (are) not
always also (commensurable) in length. :: y2: 32. : B y: 0.
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‘ For let A and B be (straight-lines which are) commensurable in length.

4

And, thus, as the square on A is to the square on B, so the square
[number] on the (number) C (is) to the square [number] on the
[number] D.

4

I say that the square on A does not have to the [square] on B the ratio
which (some) square number (has) to (some) square number.

4

Corollary And it will be clear, from (what) has been demonstrated, that
(straight-lines) commensurable in length (are) always also
(commensurable) in square, but (straightlines commensurable) in
square (are) not always also (commensurable) in length. :: y2: 82. :
iy b,

4

Conclusion: Proposition 9 established.

STATEMENT: Squares on straight lines commensurable in length have the ratio of
square number to square number. And conversely, if squares have the ratio of square number
to square number, their sides are commensurable in length. Similarly for incommensurable.

EUCLID, ELEMENTS - BOOK X « PROPOSITION 9

I. COMMENSURABLE SIDES = SQUARES HAVE RATIO OF SQUARE NUMBERS
o LAY OUT TWO COMMENSURABLE 0 BY PROPOSITION X.5, o BY COR. TO VL.20, SQUARES ARE o BY PROP. VIIL11, NUMBERS ARE IN e EQUAL SQUARED RATIOS.
STRAIGHT-LINES. RATIO IS NUMERICAL. IN THE SQUARED RATIO OF THE SIDES. THEIR OWN SQUARED RATIO. S = ColD:
) Since A and B are ‘Therefore the ratio of the squares
on A and B is the square of
the ratio of A to B.

Let A and B be straight-ines
commensurable in length.

B o T 2 D b the e sheir squared raios ae equal
Co ) o + of the rtio of C to D. T m-co)
numbers C and D such that A Bi i T DS

g, .
( ) N -
7 = 2 ‘
oo 4 ;
e e - ‘
_— — | 9 .
*~——o—o r £ d |
4 d

| 1L SQUARES HAVE RATIO OF SQUARE NUMBERS = SIDES ARE COMMENSURABLE IN LENGTH

(@ /SSUME SQUARES HAVE SUCH a BY COR. TO VI.20, AGAIN. © ® prop. v @ EQUAL SQUARED RATIOS GIVE @ B PrOPOSITION X.6.
A RATIO. EQUALIERTION Since A : B is the ratio of

AT B is the square C?: D is the square
Let A : B = C*: D%, 5 o Therefore A : B = C : D. one number to another,
2 of the ratio of 4 to B. of the ratio of C to d
S EnD A and B ace commensursble

where C and D are numbers.

() e
..: = .ﬂ ... e .ﬂ 4 c .
. . - ] =t % (A ~ B (in length).
Y 1 38 P
B > ]
A:B c:D | et
Mz ) 4
| I INCOMMENSURABLE SIDES = SQUARES HAVE NOT SUCH A RATIO IV. SQUARES HAVE NOT SUCH A RATIO = SIDES ARE INCOMMENSURABLE I
@ LET SIDES BE INCOMMENSURABLE. | () SUPPOSE, TO THE CONTRARY, THEN BY PART 1, SIDES WOULD | () LET SQUARES NOT HAVE suct | () SUPPOSE, T THE CONTRARY, | () CONTRADICTION AND CONCLUSION.
THEIR SQUARES HAD SUCH A RATIO. | BE COMMENSURABLE. ARATIO. ses wene commnsrane. |
Let 4 and B be straightines is contradicts the hypothesis
From Pt 1, this would iy uppose A? : B? is n .
incommensurable in length. Assume A% : B? = C? : D2 g ey Suopose 4V 1B Rt Assume A ~ B in length. that A? : B2 has not such
~ B in length, . the ratio of any pair .

contradicting the hypothesis

of square numbers.

“Then by Part I,
A:B = CiDt
™ for some numbers C, D.

- A # B (in length).

‘THE WHOLE TRUTH COROLLARY (Fitzpatrick's Two Observations)
- Be Al Bi= C2N Dz Commensurable in length = commensurable in square. * Unstated assumption: from equal ratios A : B = C : D, we pass to equal squared ratios A” : B* = C? : D J
J “A#B & A*:B % C: z>2 But the converse s not always true. « Unitated assunpeion: from equal squired racios 42 : Bilm C3 2. D%} we pase Backlto AL/BI= C : D;
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2.10 Proposition 10

Statement

To find two straight-lines incommensurable with a given
straight-line, the one (incommensurable) in length

Proof Actions

10.

I1.

12.

. Let A be the given straight-line.

So it is required to find two straight-lines incommensurable with A, the
one (incommensurable) in length only, the other also (incommensurable)
in square.

. For let two numbers, B and C, not having to one another the ratio which

(some) square number (has) to (some) square number—that is to say, not
(being) similar plane (numbers)—have been taken.

And let it be contrived that as B (is) to C, so the square on A (is) to the
square on D.

. For we learned (how to do this) [Prop. 10.6 corr.].

. Thus, the (square) on A (is) commensurable with the (square) on D [Prop.

10.6].

. And since B does not have to C the ratio which (some) square number

(has) to (some) square number, the (square) on A thus does not have to
the (square) on D the ratio which (some) square number (has) to (some)
square number either.

. Thus, A is incommensurable in length with D [Prop. 10.9].

. Let the (straight-line) E (which is) in mean proportion to A and D have

been taken [Prop. 6.13].
Thus, as A is to D, so the square on A (is) to the (square) on E [Def. 5.9].
And A is incommensurable in length with D.

Thus, the square on A is also incommensurble with the square on E [Prop.
10.11].
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13. Thus, A is incommensurable in square with E.

14. Thus, two straight-lines, D and E, (which are) incommensurable with the
given straight-line A, have been found, the one, D, (incommensurable)
in length only, the other, E, (incommensurable) in square, and, clearly,
also in length.

15. [(Which is) the very thing it was required to show.] the original text.

Complete Cinematic Logic

Let A be the given straight-line. ‘

4

Thus, the (square) on A (is) commensurable with the (square) on D
[Prop. 10.6].

4

’ And A is incommensurable in length with D. ‘

ll

’ [(Which is) the very thing it was required to show.] the original text. ‘

4

Conclusion: Proposition 10 established.
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EUCLID, ELEMENTS - BOOK X - PROPOSITION 10

A line whose square is

commensurable with the

If the square on a straight-line is commensurable with a rectangle
contained by the same straight-line and a rational straight-line, oo ahrational oecy
then the straight-line is itself rational. is rational.

- rectangle contained by itsclf

Express commensurability Construct a multiple of CD @ Show AB is a submultiple
Let AB be a straight-line such that Since the square on AB is commensurable || On the rational line CD construct | From m-AB=n-CD and CE=n-CD, | Divide CE into m equal parts.
the square on AB is commensurable ‘with the rectangle contained by AB and CD, CE equal to n copies of CD. we have m-AB = CE. |
with the rectangle contained there exist integres m, n such that Hence AB is the m-th part of CE. |
by AB and a rational straight-line CD. c E
- lof D E c E — s o+ o o+ o
m-AB*=n-(AB-CD) ) re=— LG Y
A B | D 1 AB
- _—
AB (unknown) Divide by AB (which is non-zero): | CE=n-CD AB m equal parts
c D CE=m-AB
m-AB=n-CD CE is rational, being a multiple | Each part is equal to AB.

CD (rational)

of the rational straight-line CD.

] =

7 A part of a rational line is rational J| B Geometric picture

A straight-line which is a submultiple | By hypothesis 53 A3 If the square on AB

Since CD nal and CE =7 3
CD, CE is rational. (part) of a rational straight-line is rational these two areas “matches” (is commensurable
| ook V, Prop. 1). o o are commensurable. 2 BB with) the rectangle formed
AB (n":n"jx,) \ g N with a rational linc,
| 3 Rectangle then AB must be a part
CE is a rational brieho AB-CD ) ! ional ls
is a ration | e L 3 of some rational line,
straight-line. and therefore AB itsclf

| A AB e (o2} D

is rational.

M@ Conclusion

‘ \ Therefore, if the square on a straight-line is commensurable
with a gl d by the same straight-li
L and a rational straight-line, then the straight-line is itself rational.
P —

2.11 Proposition 11

Statement

If four magnitudes are proportional, and the first is commen-
surable with the second, then the third will also be commensu-
rable with the fourth. And if the first is incommensurable with
the second, then the third will also be incommensurable with
the fourth.

Proof Actions

1. Let A, B, C, D be four proportional magnitudes, (such that) as A (is) to
B, so C (is) to D.

2. And let A be commensurable with B.
3. Isay that C will also be commensurable with D.

4. For since A is commensurable with B, A thus has to B the ratio which
(some) number (has) to (some) number [Prop. 10.5].
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10.

11.

12.

13.

14.

. And as A is to B, so C (is) to D.

. Thus, C also has to D the ratio which (some) number (has) to (some)

number.

. Thus, C is commensurable with D [Prop. 10.6].

. And so let A be incommensurable with B.

I say that C will also be incommensurable with D.

For since A is incommensurable with B, A thus does not have to B the
ratio which (some) number (has) to (some) number [Prop. 10.7].

And as A is to B, so C (is) to D.

Thus, C does not have to D the ratio which (some) number (has) to (some)
number either.

Thus, C is incommensurable with D [Prop. 10.8].

Thus, if four magnitudes, and soon. . . .

Complete Cinematic Logic

Let A, B, C, D be four proportional magnitudes, (such that) as A (is) to
B, so C (is) to D.

y
And as A is to B, so C (is) to D. \

Y

For since A is incommensurable with B, A thus does not have to B the
ratio which (some) number (has) to (some) number [Prop. 10.7].

ll

Thus, if four magnitudes, andsoon . . . . ‘

4

Conclusion: Proposition 11 established.
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STATEMENT: If four magnitudes are proportional, and the first
is commensurable with the second, then the third will also
be commensurable with the fourth. And if the first is
incommensurable with the second, then the third will also

be incommensurable with the fourth.

EUCLID, ELEMENTS - BOOK X ¢ PR

| PART L IF THE FIRST IS COMMENSURABLE WITH THE SECOND, THEN THE THIRD WILL BE COMMENSURABLE WITH TH

@ LAY OUT FOUR PROPORTIONAL
MAGNITUDES.

Let A, B, C, D be four magnitudes

proportional, so that

A:B=CiD.
| Assume that A is commensurable
B. We must prove that

USE PROPOSITION X 5.

Since A is commensurable with B,
by Proposition X.5,

. their ratio is the ratio of

(@ TRANSFER THE NUMERICAL RATIO. (4] APPLY PROPOSITION X.6. |
ButA:B = C:D.
Therefore C : D has

the same ratio,

By Proposition X.6,
magnitudes having the ratio of

=, numbers are commensurable.

Therefore C is

| PART IL IF THE FIRST IS INCOMMENSURABLE WITH THE SECOND, THEN THE THIRD WILL ALSO BE INCOMMENSURABLE WITH THE FOURTH.
ASSUME THE FIRST IS USE PROPOSITION X.7. TRANSFER THE ABSENCE OF APPLY PROPOSITION X.8.
e [ o ‘9

INCOMMENSURABLE WITH THE SECOND. | e N P 2R TR NUMERICAL RATIO.
Let A: B = C: D as before, i ButA:B=C:D.
but now assume that

By Proposition X8,
do

If C : D had a ratio of
ld

numbers, o

P they are incommensurable.
¥ Therefore C : D has no
ratio of numbers cither.
That i,

C:D#m:n

* for all numbers m, n.
4

That is,

.

for all numbers m, n.

Therefore C is
incommensurable with D.

X5 . X6
i e s [ e B (s

X7 X8 commensurability and |
JEmRED e = (e o) A e

2.12 Proposition 12

Statement

(Magnitudes) commensurable with the same magnitude are
also commensurable with one another.

Proof Actions

1. Forlet A and B each be commensurable with C.
2. Isay that A is also commensurable with B.

3. For since A is commensurable with C, A thus has to C the ratio which
(some) number (has) to (some) Let it have (the ratio) which D number
[Prop. 10.5]. (has) to E.

4. Again, since C is commensurable with B, C thus has to B the ratio which
(some) number (has) to (some) number [Prop. 10.5].

5. Let it have (the ratio) which F (has) to G.
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10.

11.

12.

13.

14.

15.

And for any multitude whatsoever of given ratios—(namely,) those
which D has to E, and F to G—Ilet the numbers H, K, L (which are) con-
tinuously (proportional) in the(se) given ratios have been taken [Prop.
8.4].

Hence, as D is to E, so H (is) to K, and as F (is) to G, so K (is) to L.

. Therefore, since as A is to C, so D (is) to E, but as D (is) to E, so H (is)

to K, thus also as A is to C, so H (is) to K [Prop. 5.11].

Again, since as C is to B, so F (is) to G, but as F (is) to G, [so] K (is) to
L, thus also as C (is) to B, so K (is) to L [Prop. 5.11].

And also as A is to C, so H (is) to K.

Thus, via equality, as A is to B, so H (is) to L [Prop. 5.22].

Thus, A has to B the ratio which the number H (has) to the number L.

Thus, A is commensurable with B [Prop. 10.6].

Thus, (magnitudes) commensurable with the same magnitude are also
commensurable with one another.

(Which is) the very thing it was required to show.
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‘ For let A and B each be commensurable with C. ‘

4

And for any multitude whatsoever of given ratios—(namely,) those
which D has to E, and F to G—Ilet the numbers H, K, L (which are)
continuously (proportional) in the(se) given ratios have been taken
[Prop. 8.4].
4

‘ Thus, via equality, as A is to B, so H (is) to L [Prop. 5.22]. ‘
4

‘ (Which is) the very thing it was required to show. ‘

4

Conclusion: Proposition 12 established.

STATEMENT: Magnitudes commensurable "
with the same magnitude are also
commensurable with one another.

CONVERT 4 : C INTO A NUMERICAL RATIO. CONVERT C : B INTO ANOTHER NUMERICAL RATIO.

rn LAY OUT THE THREE MAGNITUDI
| Let A and C be commensurable.

Let B and C be commensurable.

Since A is commensurable with C,
by Proposition X.5, there exist
Y umbers D and E such that

A:C=D:E

Since C is commensurable with B,
by Proposition X.5, there exist
numbers F and G such that

= £ ]

We must prove that A and B

are commensurable.

sk 4 © B
vy — —t ==

B D G
(RS D P s e
G o a2 a9 o

= D § -
| BUILD THREE NUMBERS H, K, L (PROP. VIIL4). TRANSFER THE FIRST RATIO TO A : C.
| Construct numbers H, K, L such that Wehave A:C = D: E

D:E=H:K
H:K=D:E 4o >

Therefore, by Proposition V.11,
and (e

(E=ro)

1‘ [@ TRANSFER THE SECOND RATIO TO C : B.
| Wehave C:B = F: G
and F: G = K: L.
Therefore, by Proposition V.11,

- - -
COMBINE THE TWO CONSECUTIVE PROPORTIONS. | [B) RECOGNIZE 4 : B AS A RATIO OF NUMBERS. i
We have A:C = H: K Since H and L are numbers,
amdC:B = K:L A:B = H:
‘Therefore, by Proposition V.22,

(As-nit)

By Proposition X.6,
magnitudes having the ratio
of number to number
are commensurable.

Therefore,

kA B

THE
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2.13 Proposition 13

Statement

If two magnitudes are commensurable, and one of them is in-
commensurable with some magnitude, then the remaining (mag-
nitude) will also be incommensurable with it.

Proof Actions

10.

11.

12.

13.

. Let A and B be two commensurable magnitudes, and let one of them, A,

be incommensurable with some other (magnitude), C.

. I say that the remaining (magnitude), B, is also incommensurable with

C.

. For if B is commensurable with C, but A is also commensurable with B,

A is thus also commensurable with C [Prop. 10.12].

But, (it is) also incommensurable (with C).

. The very thing (is) impossible.

Thus, B is not commensurable with C.
Thus, (it is) incommensurable.

Thus, if two magnitudes are commensurable, andsoon . . . .

. Lemma For two given unequal straight-lines, to find by (the square on)

which (straight-line) the square on the greater (straight-line is) larger than
(the square on) the lesser.

Let AB and C be the two given unequal straight-lines, and let AB be the
greater of them.

So itis required to find by (the square on) which (straight-line) the square
on AB (is) greater than (the square on) C.

Let the semi-circle ADB have been described on AB.
And let AD, equal to C, have been inserted into it [Prop. 4.1].
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14.

15.

16.

17.

18.

19.

20.

21.

22.

And let DB have been joined.

So (it is) clear that the angle ADB is a right-angle [Prop. 3.31], and that
the square on AB (is) greater than (the square on) AD—that is to say, (the
square on) C—by (the square on) DB [Prop. 1.47].

And, similarly, the square-root of (the sum of the squares on) two given
straight-lines is also found likeso.

Let AD and DB be the two given straight-lines.

And let it be necessary to find the square-root of (the sum of the squares
on) them.

For let them have been laid down such as to encompass a right-angle—
(namely), that (angle encompassed) by AD and DB.

And let AB have been joined.

(It is) again clear that AB is the square-root of (the sum of the squares
on) AD and DB [Prop. 1.47].

(Which is) the very thing it was required to show. a being greater than 3,
to find a straight-line of length y such that
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Let A and B be two commensurable magnitudes, and let one of them,
A, be incommensurable with some other (magnitude), C.

ll

‘ Thus, if two magnitudes are commensurable, and soon . . . . ‘

4

So (it is) clear that the angle ADB is a right-angle [Prop. 3.31], and
that the square on AB (is) greater than (the square on) AD—that is to
say, (the square on) C—by (the square on) DB [Prop. 1.47].

4

(Which is) the very thing it was required to show. a being greater than
B, to find a straight-line of length v such that

4

Conclusion: Proposition 13 established.

some magnitude, then the remaining

(magnitude) will also be incommensurable with it.

EUCLID, ELEMENTS - BOOK X ¢ PR [ 13 STﬁm:L"ﬁmm"']

LAY OUT THE THREE MAGNITUDES.
. Let A and B be commensurable.
§ % Let A be incommensurable with C.
‘We must prove that B is
incommensurable with C. __

COMBINE THE TWO COMMENSURABILITIES.
We have A ~ B and, by assumption, B ~ C.

By Prosossr X.12, magnitudes commensurable

with the same magnitude are commensurable |

SUPPOSE THE OPPOSITE.
Assume, for contradiction,
_ that B is commensurable with C.

COMPARE WITH THE ORIGINAL HYPOTHESIS. REJECT THE ASSUMPTION AND CONCLUDE.

Hence the supposition that B ~ C is false.
Therefore, B is incommensurable with C.

But A was given to be incommensurable with C:
A #C.

This contradicts what we have just proved,
namely A ~ C. =

Then by Contradiction
SUMMARY OF A~B, S . -
THE LOGIC ) ¥ - Prop. X.12, | —> - =
‘ s ’ ‘ i ’ A~C AESC B#C
: i




Incommensurable Magnitudes Euclid’s Elements — Book X

2.14 Proposition 14

Statement

If four straight-lines are proportional, and the square on the
first is greater than (the square on) the second by the (square)
on (some straight-line) commensurable [in length] with the
first, then the square on the third will also be greater than
(the square on) the fourth by the (square) on (some straight-
line) commensurable [in length] with the third. And if the
square on the first is greater than (the square on) the second
by the (square) on (some straight-line) incommensurable [in
length] with the first, then the square on the third will also be
greater than (the square on) the fourth by the (square) on (some
straight-line) incommensurable [in length] with the third.

Proof Actions

1. Let A, B, C, D be four proportional straight-lines, (such that) as A (is) to
B, so C (is) to D.

2. And let the square on A be greater than (the square on) B by the (square)
on E, and let the square on C be greater than (the square on) D by the
(square) on F.

3. I say that A is either commensurable (in length) with E, and C is also
commensurable with F, or A is incommensurable (in length) with E, and
C is also incommensurable with F.

4. For since as A is to B, so C (is) to D, thus as the (square) on A is to the
(square) on B, so the (square) on C (is) to the (square) on D [Prop. 6.22].

5. But the (sum of the squares) on E and B is equal to the (square) on A,
and the (sum of the squares) on D and F is equal to the (square) on C.

6. Thus, as the (sum of the squares) on E and B is to the (square) on B, so
the (sum of the squares) on D and F (is) to the (square) on D.

7. Thus, via separation, as the (square) on E is to the (square) on B, so the
(square) on F (is) to the (square) on D [Prop. 5.17].

51



Euclid’s Elements — Book X Incommensurable Magnitudes

8. Thus, also, as E is to B, so F (is) to D Thus, inversely, as B is to E, so D
(is) [Prop. 6.22]. to F [Prop. 5.7 corr.].

9. But, as A is to B, so C also (is) to D.

10. Thus, via equality, as A is to E, so C (is) to F [Prop. 5.22].

11. Therefore, A is either commensurable (in length) with E, and C is also
commensurable with F, or A is incommensurable (in length) with E, and
C is also incommensurable with F [Prop. 10.11].

12. Thus, if, andsoon. . . .

Complete Cinematic Logic

Let A, B, C, D be four proportional straight-lines, (such that) as A (is)
to B, so C (is) to D.

4

But the (sum of the squares) on E and B is equal to the (square) on A,
and the (sum of the squares) on D and F is equal to the (square) on C.

4

’ But, as A is to B, so C also (is) to D. ‘

J

’ Thus, if, and soon.. . . . ‘

4

Conclusion: Proposition 14 established.
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REPRESENT THE EXCESS OF
‘THE SQUARE ON C OVER D.

OUT FOUR
PROPORTIONAL STRAIGHT-LINES.

TEHNB. C-D ek From A:B=C:D, Since A% = B? + E*
Ml e by Proposition V122, and C? = D? + P2,
. sﬂad\tlmympumalsothal | =N ou Al groster the 3 e i T b
~ > = A?:B? = C?: D% (B?+E?): B? = (D*+ F?) : D?
A B/=C;: D. o = (bt

=

e BRING BACK THE ORIGINAL

@ SEPARATE THE COMMON PAKTS.
PROPORTIONALITY.

By Proposition V.17 (separation),
sublract the equals from cquals

E2SRA=TFIDZ

\o PASS FROM SQUARES TO SIDES. ‘ e wERTTHERATO, |
From E?: B2 = F?: D?, By the corollary to
Froosion V.7 (ivrsion),

By Proposition V.22 (equality
of ratios), from the two

We have
A:B=C:D

|
FIRST CASE: ASSUME A AND E @ SECOND CASE: ASSUME A AND E
ARE COMMENSURABLE. ARE INCOMMENSURABLE.

Assume A ~ E.

If A? = B + E?
Assume A # E. with E commensurable with A,

If A% = B + E?

e I (a=2)
Since A:E = C:F, -
by Propositon X.1. R
with F incommensurable with C.
C#F

(B*+E?): B =
(D? + F?): D?

A . T s
A:B=C:D | E:B=F:D B:E=D:F A:E=C:F |
J_)[cunurlJ _)‘ 4 ‘_)

P
- | E2:B*=F:D? |
J

2.15 Proposition 15

Statement

If two commensurable magnitudes are added together then the
whole will also be commensurable with each of them. And if
the whole is commensurable with one of them then the original
magnitudes will also be commensurable (with one another).

Proof Actions

1. For let the two commensurable magnitudes AB and BC be laid down
together.

2. Isay that the whole AC is also commensurable with each of AB and BC.

3. For since AB and BC are commensurable, some magnitude will measure
them.

4. Let it (so) measure (them), and let it be D.
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5.

10.
11.

12.
13.

14.
15.
16.

Therefore, since D measures (both) AB and BC, it will also measure the
whole AC.

And it also measures AB and BC.

Thus, D measures AB, BC, and AC.

. Thus, AC is commensurable with each of AB and BC [Def. 10.1].

And so let AC be commensurable with AB.
I say that AB and BC are also commensurable.

For since AC and AB are commensurable, some magnitude will measure
them.

Let it (so) measure (them), and let it be D.

Therefore, since D measures (both) CA and AB, it will thus also measure
the remainder BC. And it also measures AB.

Thus, D will measure (both) AB and BC.
Thus, AB and BC are commensurable [Def. 10.1].

Thus, if two magnitudes, andsoon . . . .

Complete Cinematic Logic

For let the two commensurable magnitudes AB and BC be laid down
together.

U
And it also measures AB and BC.

4

For since AC and AB are commensurable, some magnitude will
measure them.

ll

Thus, if two magnitudes, and soon . . . .

4

Conclusion: Proposition 15 established.
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together then the whole will also be

cach of them. And if the whole is commensurable with

one of them then the original magnitudes will also be
commensurable (with one another).

STATEMENT: I two commensurable magnitudes are added
omgEnsurable with

PART L. IF TWO COMMENSURABLE MAGNITUDES ARE ADDED TOHOLE WILL ALSO BE COMMENSURABLE WITH EACH OF THEM.

@ LAY THE TWO COMMENSURABLE @  CHOOSE A COMMON MEASURE. (@ LET THE SAME MEASURE D MEASURE } @  ESTABLISH COMMENSURABILITY.
{ MAGNITUDES TOGETHER.
- = Since AB and BC are ‘ Thus D measures AB, BC, and AC.
T = 2B iy i ' commensural ble, some ‘magnitude R o) seeeres bt A B e BC R | ‘Therefore, by Definition X.1,
commensurable magnitudes. - o) i ey | k it also measures their sum AC. >
Place them consecutively. P % y Yy AC ~ AB |
. Let their sum be AC. " W e - %
and

J | ac ~ BC.
I

e

| ck ; 4
AC=AB+BC D measures ABland| BC: " D measures AC. E o

PART II. IF THE WHOLE IS COMMENSURABLE WITH ONE OF THEM THEN THE ORIGINAL MAGNITUDES WILL ALSO BE COMMENSURABLE (WITH ONE ANOTHER).

{ e SUPPOSE THE WHOLE IS COMMENSURABLE e CHOOSE A COMMON MEASURE @ 1T D MEASURE THE REMAINDER 5C. o CONCLUDE COMMENSURABILITY.
'WITH ONE PART.

OpAcAID s EHe = Ate = 21 Now D measures AB and BC.

A, Let AC be commensurabl with AB. ., Since AC and AB are Since D measures AC and AB, Therefore, AB and BC are
We must prove that AB is , commensurable, some magnitude B it also measures their remainder BC. oo
commensurable with BC. ) Y

AB ~ BC

n

L Dt X
D measures AC and AB. D measures BC.

FROM TWO PARTS TO THE WHOLE | AB ~ BC ._,[ D measures | _ — | Ac~as
SL (st o |PAB IR and AC ~ BC |

OF THE LOGIC

D meswres | _y [ D measures
ACwa B | 7 | BC=4ac-4B

BT M e || e e 4 || = [

_—

2.16 Proposition 16

Statement

If two incommensurable magnitudes are added together then
the whole will also be incommensurable with each of them. And
if the whole is incommensurable with one of them then the orig-
inal magnitudes will also be incommensurable (with one an-
other).

Proof Actions

1. For let the two incommensurable magnitudes AB and BC be laid down
together.

2. 1 say that that the whole AC is also incommensurable with each of AB
and BC.

3. For if CA and AB are not incommensurable then some magnitude will
measure [them].

4. If possible, let it (so) measure (them), and let it be D.
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I1.
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13.

14.

15.

16.

17.
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20.

21.

22.

23.

24.

25.

26.

. Therefore, since D measures (both) CA and AB, it will thus also measure

the remainder BC. And it also measures AB.

Thus, D measures (both) AB and BC.

. Thus, AB and BC are commensurable [Def. 10.1].

But they were also assumed (to be) incommensurable.

The very thing is impossible.

Thus, some magnitude cannot measure (both) CA and AB.

Thus, CA and AB are incommensurable [Def. 10.1].

So, similarly, we can show that AC and CB are also incommensurable.
Thus, AC is incommensurable with each of AB and BC.

And so let AC be incommensurable with one of AB and BC.

So let it, first of all, be incommensurable with AB.

I say that AB and BC are also incommensurable.

For if they are commensurable then some magnitude will measure them.
Let it (so) measure (them), and let it be D.

Therefore, since D measures (both) AB and BC, it will thus also measure
the whole AC. And it also measures AB.

Thus, D measures (both) CA and AB.

Thus, CA and AB are commensurable [Def. 10.1].

But they were also assumed (to be) incommensurable.
The very thing is impossible.

Thus, some magnitude cannot measure (both) AB and BC.
Thus, AB and BC are incommensurable [Def. 10.1].
Thus, if two. . . magnitudes, andsoon. . . .
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27.

28.

29.

30.

31.

32.

Lemma If a parallelogram, falling short by a square figure, is applied to
some straight-line then the applied (parallelogram) is equal (in area) to
the (rectangle contained) by the pieces of the straight-line created via the
application (of the parallelogram).

For let the parallelogram AD, falling short by the square figure DB, have
been applied to the straight-line AB.

I say that AD is equal to the (rectangle contained) by AC and CB.

For since DB is a And it is immediately obvious. square, DC is equal to
CB.

And AD is the (rectangle contained) by AC and CD—that is to say, by
AC and CB.

Thus, if . . . to some straight-line, and soon. . . .

Complete Cinematic Logic

For let the two incommensurable magnitudes AB and BC be laid down
together.

4
’ Thus, CA and AB are incommensurable [Def. 10.1]. ‘

4

’ But they were also assumed (to be) incommensurable. ‘

ll

’ Thus, if . . . to some straight-line, and soon . . . . ‘

4

Conclusion: Proposition 16 established.
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ien the original magnitudes will also be
incommensurable (with one another).

PART 1. IF TWO INCOMMENSURABLE MAGNITUDES ARE ADDED TOGETHER THEN THE WHOLE WILL ALSO BE INCOMMENSURABLE WITH EACH OF THEM.

' Lot D\measiee the @ , Contradiction. ‘ Therefore AC s wa Similarly, AC is

Now D measures incommensural ble with AB. | incommensurable with BC.
Since BC = AC - AB, AB and BC.

Let AB and BC be
ensurable.
lace them consccutively. B 000 B D must aso measure
Let their sum be AC. i X

No magnitude can measure
both AC and AB.

i J
R menuzes AC 2cd ALY Dlmesues B ! Contradiction!

NSURABLE WITH ONE OF THEM THEN THE ORIGINAL MAGNITUDES WILL ALSO BE INCOMMENSURABLE.

% n Suppose, for contradiction, ‘ Let D measure the Contr:
that I

Therefore AB and BC
are not commensurable.

d BC are whole AC. Now D meast
surable. Since AC = AB + BC, |

D, ‘measures both parts, w
0 measures their sum AC.

‘Therefore AC and AB

are commensurable.
But this contradicts
the hypothesis.

magnitude D |

res both AB and BC.

B
D measures AB and BC. | D measures AC. é Contradiction!

> |a=8c| > ?:‘:_’;"m':z;ﬁ; - [ D e 5C | —)[ Contsdicion | —> [ AC # 4B ]—)‘ 4c # 5c |

N Oregcr)
FROM WHOLE TO PARTS | —> [ AC = AB ] =| ‘(‘::‘;m':im 29| > [ 0w ac ] = | Conradicion

[ s o woc

—>[AB¢BCJ
| e

2.17 Proposition 17

Statement

If there are two unequal straight-lines, and a (rectangle) equal
to the fourth part of the (square) on the lesser, falling short by
a square figure, is applied to the greater, and divides it into
(parts which are) commensurable in length, then the square
on the greater will be larger than (the square on) the lesser by
the (square) on (some straight-line) commensurable [in length]
with the greater. And if the square on the greater is larger than
(the square on) the lesser by the (square) on (some straight-line)
commensurable [in length] with the greater, and a (rectangle)
equal to the fourth (part) of the (square) on the lesser, falling
short by a square figure, is applied to the greater, then it divides
it into (parts which are) commensurable in length.

Proof Actions

1. Let A and BC be two unequal straight-lines, of which (let) BC (be) the
greater.
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15.
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17.

18.

And let a (rectangle) equal to the fourth part of the (square) on the lesser,
A—that is, (equal) to the (square) on half of A—falling short by a square
figure, have been applied to BC.

. And let it be the (rectangle contained) by BD and DC [see previous

lemma].

And let BD be commensurable in length with DC.

. I say that that the square on BC is greater than the (square on) A by (the

square on some straight-line) commensurable (in length) with (BC).

. For let BC have been cut in half at the point E [Prop. 1.10].
. And let EF be made equal to DE [Prop. 1.3].
. Thus, the remainder DC is equal to BF.

. And since the straight-line BC has been cut into equal (pieces) at E, and

into unequal (pieces) at D, the rectangle contained by BD and DC, plus
the square on ED, is thus equal to the square on EC [Prop. 2.5].

(The same) also (for) the quadruples.

Thus, four times the (rectangle contained) by BD and DC, plus the
quadruple of the (square) on DE, is equal to four times the square on
EC.

But, the square on A is equal to the quadruple of the (rectangle contained)
by BD and DC, and the square on DF is equal to the quadruple of the
(square) on DE. For DF is double DE.

And the square on BC is equal to the quadruple of the (square) on EC.
For, again, BC is double CE.
Thus, the (sum of the) squares on A and DF is equal to the square on BC.

Hence, the (square) on BC is greater than the (square) on A by the
(square) on DF.

Thus, BC is greater in square than A by DF.
It must also be shown that BC is commensurable (in length) with DF.
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32.
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35.

For since BD is commensurable in length with DC, BC is thus also com-
mensurable in length with CD [Prop. 10.15].

But, CD is commensurable in length with CD plus BF.
For CD is equal to BF [Prop. 10.6].

Thus, BC is also commensurable in length with BF plus CD [Prop.
10.12].

Hence, BC is also commensurable in length with the remainder FD [Prop.
10.15].

Thus, the square on BC is greater than (the square on) A by the (square)
on (some straight-line) commensurable (in length) with (BC).

And so let the square on BC be greater than the (square on) A by the
(square) on (some straight-line) commensurable (in length) with (BC).

And let a (rectangle) equal to the fourth (part) of the (square) on A, falling
short by a square figure, have been applied to BC.

And let it be the (rectangle contained) by BD and DC.
It must be shown that BD is commensurable in length with DC.

For, similarly, by the same construction, we can show that the square on
BC is greater than the (square on) A by the (square) on FD.

And the square on BC is greater than the (square on) A by the (square)
on (some straightline) commensurable (in length) with (BC).

Thus, BC is commensurable in length with FD.

Hence, BC is also commensurable in length with the remaining sum of
BF and DC [Prop. 10.15].

But, the sum of BF and DC is commensurable [in length] with DC [Prop.
10.6].

Hence, BC is also commensurable in length with CD [Prop. 10.12].

Thus, via separation, BD is also commensurable in length with DC [Prop.
10.15].
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36. Thus, if there are two unequal straight-lines, andsoon . . . . p 02 -2 are
commensurable when o -x DC, and § = A) then o and

Complete Cinematic Logic

Let A and BC be two unequal straight-lines, of which (let) BC (be) the
greater.

4

And the square on BC is equal to the quadruple of the (square) on EC. ‘
\

And so let the square on BC be greater than the (square on) A by the
(square) on (some straight-line) commensurable (in length) with (BC).

4

Thus, if there are two unequal straight-lines, andsoon. . .. p a2 -2
are commensurable when a -x DC, and B = A) then a and

4

Conclusion: Proposition 17 established. ‘

zqnl'ahfwrm;nnuhh:lq\manmlm,ﬂ.\mgihm
square figur, is applied to the greater, and divides it into
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2.18 Proposition 18

Statement

If there are two unequal straight-lines, and a (rectangle) equal
to the fourth part of the (square) on the lesser, falling short by a
square figure, is applied to the greater, and divides it into (parts
which are) incommensurable [in length], then the square on
the greater will be larger than the (square on the) lesser by the
(square) on (some straight-line) incommensurable (in length)
with the greater. And if the square on the greater is larger than
the (square on the) lesser by the (square) on (some straight-line)
incommensurable (in length) with the greater, and a (rectangle)
equal to the fourth (part) of the (square) on the lesser, falling
short by a square figure, is applied to the greater, then it divides
it into (parts which are) incommensurable [in length].

Proof Actions

1. Let A and BC be two unequal straight-lines, of which (let) BC (be) the
greater.

2. And let a (rectangle) equal to the fourth [part] of the (square) on the lesser,
A, falling short by a square figure, have been applied to BC.

3. And let it be the (rectangle contained) by BDC.
4. And let BD be incommensurable in length with DC.

5. I say that that the square on BC is greater than the (square on) A by the
(square) on (some straight-line) incommensurable (in length) with (BC).

6. For, similarly, by the same construction as before, we can show that the
square on BC is greater than the (square on) A by the (square) on FD.

7. [Therefore] it must be shown that BC is incommensurable in length with
DF.

8. For since BD is incommensurable in length with DC, BC is thus also
incommensurable in length with CD [Prop. 10.16].

62



Incommensurable Magnitudes Euclid’s Elements — Book X

9.

10.

11.

12.

13.

14.

15.

16.
17.
18.

19.

20.
21.

22.

23.
24.

25.

But, DC is commensurable (in length) with the sum of BF and DC [Prop.
10.6].

And, thus, BC is incommensurable (in length) with the sum of BF and
DC [Prop. 10.13].

Hence, BC is also incommensurable in length with the remainder FD
[Prop. 10.16].

And the square on BC is greater than the (square on) A by the (square)
on FD.

Thus, the square on BC is greater than the (square on) A by the (square)
on (some straight-line) incommensurable (in length) with (BC).

So, again, let the square on BC be greater than the (square on) A by the
(square) on (some straight-line) incommensurable (in length) with (BC).

And let a (rectangle) equal to the fourth [part] of the (square) on A, falling
short by a square figure, have been applied to BC.

And let it be the (rectangle contained) by BD and DC.
It must be shown that BD is incommensurable in length with DC.

For, similarly, by the same construction, we can show that the square on
BC is greater than the (square) on A by the (square) on FD.

But, the square on BC is greater than the (square) on A by the (square)
on (some straight-line) incommensurable (in length) with (BC).

Thus, BC is incommensurable in length with FD.

Hence, BC is also incommensurable (in length) with the remaining sum
of BF and DC [Prop. 10.16].

But, the sum of BF and DC is commensurable in length with DC [Prop.
10.6].

Thus, BC is also incommensurable in length with DC [Prop. 10.13].

Hence, via separation, BD is also incommensurable in length with DC
[Prop. 10.16].

Thus, if there are two . . . straight-lines, and soon. . . . p a2 -B2 are
incommensurable when = DC, and B = A) then a and
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Let A and BC be two unequal straight-lines, of which (let) BC (be) the
greater.
4
But, DC is commensurable (in length) with the sum of BF and DC
[Prop. 10.6].

4

It must be shown that BD is incommensurable in length with DC. ‘

4

Thus, if there are two . . . straight-lines, andsoon . . . . p a2 -B2 are
incommensurable when = DC, and § = A) then o and

4

Conclusion: Proposition 18 established.

STATEMENT: If a rectangle equal to the fourth part o the square on
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J—— PART IS B0 20 (x16) (B85 282,09 x13) J a9 with BC"# "DF
OF THE LOGIC p of the greter
BC? - A - DF* BC # (BF + DC) BC - DC | BD # DC L
I T e i || T * (x.16) T e e P (x.13) (X.16) (i) Incommensurable
e s e == square

- diference.
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2.19 Proposition 19

Statement

The rectangle contained by rational straight-lines (which are)
commensurable in length is rational.

Proof Actions

1. For let the rectangle AC have been enclosed by the rational straight-lines
AB and BC (which are) commensurable in length.

2. Isay that AC is rational.
3. For let the square AD have been described on AB.
4. AD is thus rational [Def. 10.4].

5. And since AB is commensurable in length with BC, and AB is equal to
BD, BD is thus commensurable in length with BC.

6. And as BD is to BC, so DA (is) to AC [Prop. 6.1].

7. Thus, DA is commensurable with AC [Prop. 10.11]. And DA (is) ratio-
nal.

8. Thus, AC is also rational [Def. 10.4].

9. Thus, the . . . by rational straight-lines . . . commensurable, and so on .
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Complete Cinematic Logic

For let the rectangle AC have been enclosed by the rational
straight-lines AB and BC (which are) commensurable in length.

|
AD is thus rational [Def. 10.4]. \

y

Thus, DA is commensurable with AC [Prop. 10.11]. And DA (is)
rational.

4

Thus, the . . . by rational straight-lines . . . commensurable, and so on .

4

Conclusion: Proposition 19 established.

he-l ble in length is rational.

Statement: The rectangle contained by rational straight-lines (which are) J
Take two rational straight-lines |/ Construct the square on AB. EY Since 4B is rational, Since AD is a square,
commensurable in length. i i -
| w g [ Do el D) AD is rational. AB = BD. 1
| Let AB and BC be rational on the straight-line AB. By Definition X.4, Because AD is a square,
straight-lines, and suppose 2 the square on a AB equals the side BD.
:;:el);:reh commensurable rational straight-line Since AB ~ BC in length,
gth. e is a rational area. BD ~ BC in length.
A B c l AD = AB* ]
i
AB ~ BC in length Thersfore,
A 3 AD is rational.
AB ¢
The rectangle contained by
AB and BC is AC. |
e e e N
FJ The squares DA and rectangle AC | Since BD ~ BC and FA since AD is rational and
have the same altitude. | DA:AC=BD:BC, | DA ~ AC, the area AC |
By Proposition VL1 o we have DA ~ AC. is rational. |
¢ {
the square on BD | ‘ By Proposition X.11, By Definition X.4, |
| and the rectangle | if the ratios of two if a magnitude is
on BC (contained by I pairs of with
AB and BC) have the | magnitudes are equal, a rational magnitude,
same altitude. A B A s || the magnitudes then it is rational.

Square DA Rectangle AC are
(base BD) (base BO) || Therefore AC is rational.
— — — — | Therefore DA ~ AC.
Hence DA : AC = BD : BC. | t
AB = BD AC
=> | AD rational | —> = ED BC DA:AC=BD:BC|=—> | DA~ AC | = \\DA rational | =

E Proposition 19 is the first proposition that connects rational straight-lines with the rationality of the area of the rectangle they contain. J
> =

SUMMARY

A Constract
e . — | square AD
OF THE LOGIC (& lznglh) AP

&
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2.20 Proposition 20

Statement

If a rational (area) is applied to a rational (straightline) then
it produces as breadth a (straight-line which is) rational, and
commensurable in length with the (straightline) to which it is
applied.

Proof Actions

10.

11.

. For let the rational (area) AC have been applied to the rational (straight-

line) AB, producing the (straight-line) BC as breadth.

I say that BC is rational, and commensurable in length with BA.

. For let the square AD have been described on AB.

AD is thus rational [Def. 10.4].

. And AC (is) also rational.

DA is thus commensurable with AC.

. And as DA is to AC, so DB (is) to BC [Prop. 6.1].

. Thus, DB is also commensurable (in length) with BC [Prop. 10.11]. And

DB (is) equal to BA.

. Thus, AB (is) also commensurable (in length) with BC. And AB is ratio-

nal.

Thus, BC is also rational, and commensurable in length with AB [Def.
10.3].

Thus, if a rational (area) is applied to a rational (straight-line), and so on
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Complete Cinematic Logic

For let the rational (area) AC have been applied to the rational
(straight-line) AB, producing the (straight-line) BC as breadth.

\
\ AD is thus rational [Def. 10.4]. \

4

Thus, DB is also commensurable (in length) with BC [Prop. 10.11].
And DB (is) equal to BA.

Y

Thus, if a rational (area) is applied to a rational (straight-line), and so
on....

4

Conclusion: Proposition 20 established.

" STATEMENT: If a rational (area) is applied to
EUCLID, ELEMENTS - BOOK A ) e ey
R A R RPN A/(saightine which is) rational, and commensurable
in length with the (straight-line) to which it is applied.
"n The area AC is rational (given),
| and AD is rational.

n Apply a rational area AC
to the rational straight-line AB,
producing BC as breadth.

Construct the square on AB.

Since AB is rational,

Describe the square AD its square AD is rational.

C on the straight-line AB. By Definition X4,
‘ the square on a Therefore the two areas
4C |  rational straight-line L commensurable.
| is a rational area. 5
A B |
|
AC is  rational area. |
AB is a rational straight-line. ‘ \
|

BC is produced as breadth.
Prove: BC is rational and
commensursble in length with AB.

By Proposition VL1,
the ratio of the areas equals AD : AC = DB : BC,

In the square on
DB = AB.

Therefore, since DB ~ BC,

AB is rational and
AB ~ BC in length.

By Definition X.3,

if a straight-line is
Xe  commensurable in length
% with a rational straight-line,
then it is rational.

the ratio of the corresponding
breadths.

C

i Thercfore, BC is rational
and commensurable in
length with AB.

)@Y

SUMMAR £ =
T~ i P,
OF THE LOGIC 3 —'[ TorVis l—» AD rational | = | AD ~ AC | =

s, & cafional arca applied to & rationall siraightline producesas breadth'a rational straight Tine)
i e a2t (s iR o b % 6 Pl

AD: AC =

- = -
DB : BC g B¢

| pB=4B |_, BC rational
| = 4B ~ BC and AB ~ BC
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2.21 Proposition 21

Statement

The rectangle contained by rational straight-lines (which are)
commensurable in square only is irrational, and its square-root
is irrational—let it be called medial.

Proof Actions

10.

I1.

12.

13.

. For let the rectangle AC be contained by the rational straight-lines AB

and BC (which are) commensurable in square only.

. I'say that AC is irrational, and its squareroot is irrational—let it be called

medial.

. For let the square AD have been described on AB.

AD is thus rational [Def. 10.4].

. And since AB is incommensurable in length with BC.

. For they were assumed to be commensurable in square only. And AB

(is) equal to BD.
DB is thus also incommensurable in length with BC.

And as DB is to BC, so AD (is) to AC [Prop. 6.1].

. Thus, DA [is] incommensurable with AC [Prop. 10.11]. And DA (is)

rational.
Thus, AC is irrational [Def. 10.4].

Hence, its square-root [that is to say, the square-root of the square equal
to it] is also irrational [Def. 10.4]—Ilet it be called medial.

(Which is) the very thing it was required to show.

Lemma If there are two straight-lines then as the first is to the second,
so the (square) on the first (is) to the (rectangle contained) by the two
straight-lines.
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14.

15.

16.

17.

18.

19.

20.

Let FE and EG be two straight-lines.

I say that as FE is to EG, so the (square) on FE (is) to the (rectangle
contained) by FE and EG.

For let the square DF have been described on FE.

And let GD have been completed.

Therefore, since as FE is to EG, so FD (is) to DG [Prop. 6.1], and FD is
the (square) on FE, and DG the (rectangle contained) by DE and EG—
that is to say, the (rectangle contained) by FE and EG—thus as FE is to
EG, so the (square) on FE (is) to the (rectangle contained) by FE and EG.

And also, similarly, as the (rectangle contained) by GE and EF is to the
(square on) EF—that is to say, as GD (is) to FD—so GE (is) to EF.

(Which is) the very thing it was required to show.

Complete Cinematic Logic

For let the rectangle AC be contained by the rational straight-lines AB
and BC (which are) commensurable in square only.

ll

‘ DB is thus also incommensurable in length with BC. ‘

4

‘ Let FE and EG be two straight-lines. ‘

ll

‘ (Which is) the very thing it was required to show. ‘

4

Conclusion: Proposition 21 established.
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EUCLID, ELEMENTS — BOOK X » PROPOSITION 21
The rectangle contained by rational stralght-lines commensurable in square only is irrational,
-

Take two rational straight lines
commensurable in square only.

rational straight ines (which are) commensurable
in square only is irrational, and its square-root

STATEMENT: The rectangle contained by
s irrational—let it be called medial.

Construct the square on AB.

Since AB is rational,

its square AD is rational

Since AB and BC are
commensurable in square only,

e s
In the square AD, |
AB = DB.

Let AB and BC be rational Describe the square AD 5
P e G on the straight line AB, G they are incommensursble Therefre,since AB # BC
X‘ they are commensurable - 2 in length. (in length), we have
o o D on a rational straight-line
Poing is a rational area. | pB # BC. |
| et = bl

(4B = Bc
¥ | (in length).

Therefore, r.
fl AD is rational. (TN g, ST

but AB # BC in length.

By Proposition VL1, Since DB # BC and 8] AD s rational, B et o ssighviine M be taken Therefore, the square-root
the ratio of the sides equals DB : BC = AD : AC, but AD # AC. | whose square is equal to AC. of AC is an irrational
the ratio of the areas. by Proposition X.11, Thereftee YiGTannar s = straight-line.
DB : BC = AD : AC | AD # AC beirational Let it be called
: 7 P AC s irrational. S [ MEDIAL yr
D, J D, @ E e Yy its square-root is YT =
¢ also irational.
# | % 3 | n
= . M

| VACs |_ | VAC=M ‘
[ irrational | is MEDIAL J

T Construct ot DB # BC | DB:BC | i | T

Gr T —> |square AD| —> | £28 || sine | =>| AD:AC > | G = | S
4 i mtional |~ | g~ ap | | ) | @) | irrational

| LOGIC ' e J
i
- Thus the rectangle contained by rational straight-lines commensurable in square only is irrational,
and its square-root is an irrational straight-line called medial.

e - )|

2.22 Proposition 22

Statement

The square on a medial (straight-line), being applied to a ratio-
nal (straight-line), produces as breadth a (straight-line which
is) rational, and incommensurable in length with the (straight-
line) to which it is applied.

Proof Actions

1. Let A be a medial (straight-line), and CB a rational (straight-line), and
let the rectangular area BD, equal to the (square) on A, have been applied
to BC, producing CD as breadth.

2. I say that CD is rational, and incommensurable in length with CB.

3. For since A is medial, the square on it is equal to a (rectangular) area
contained by rational (straight-lines which are) commensurable in square
only [Prop. 10.21].

4. Let the square on (A) be equal to GF.

71



Euclid’s Elements — Book X Incommensurable Magnitudes

5. And the square on (A) is also equal to BD. Thus, BD is equal to GF.
6. And (BD) is also equiangular with (GF).

7. And for equal and equiangular parallelograms, the sides about the equal
angles are reciprocally proportional [Prop. 6.14].

8. Thus, proportionally, as BC is to EG, so EF (is) to CD.

9. And, also, as the (square) on BC is to the (square) on EG, so the (square)
on EF (is) to the (square) on CD [Prop. 6.22].

10. And the (square) on CB is commensurable with the (square) on EG.
11. For they are each rational.

12. Thus, the (square) on EF is also commensurable with the (square) on CD
[Prop. 10.11].

13. And the (square) on EF is rational.

14. Thus, the (square) on CD is also rational [Def. 10.4]. Thus, CD is ratio-
nal.

15. And since EF is incommensurable in length with EG.
16. For they are commensurable in square only.

17. And as EF (is) to EG, so the (square) on EF (is) to the (rectangle con-
tained) by FE and EG [see previous lemma].

18. The (square) on EF [is] thus incommensurable with the (rectangle con-
tained) by FE and EG [Prop. 10.11].

19. But, the (square) on CD is commensurable with the (square) on EF.
20. For they are rational in square.

21. And the (rectangle contained) by DC and CB is commensurable with the
(rectangle contained) by FE and EG.

22. For they are (both) equal to the (square) on A.

23. Thus, the (square) on CD is also incommensurable with the (rectangle
contained) by DC and CB [Prop. 10.13].
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24. And as the (square) on CD (is) to the (rectangle contained) by DC and
CB, so DC is to CB [see previous lemma].

25. Thus, DC is incommensurable in length with CB [Prop. 10.11].

26. Thus, CD is rational, and incommensurable in length with CB.

27. (Which is) the very thing it was required to show.

Complete Cinematic Logic

Let A be a medial (straight-line), and CB a rational (straight-line), and
let the rectangular area BD, equal to the (square) on A, have been
applied to BC, producing CD as breadth.

J

’ And the (square) on CB is commensurable with the (square) on EG. ‘

4

’ But, the (square) on CD is commensurable with the (square) on EF. ‘

ll

’ (Which is) the very thing it was required to show. ‘

4

Conclusion: Proposition 22 established.
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Ais medial. CB is rational.

Apply the square on A to BC.
Rectangle BD = A? produces CD as breadth.
To prove: (i) CD is ational.

EUCLID, ELEMENTS - BOOK X » PROPOSITION 22

|
T ‘ The square on a medial (straight-line), being applied to a rational (straight-line),
S I produces as breadth a (straight-line which is) rational, and incommensurable in length

4 with the (straight-line) to which it is applied.
AN y s T2 gt e -
Lay out the given. Represent the square on A. Identify the equal rectangles. Use Prop. VL14. Square the proportions.
Take A medial and CB raional. e el

“The applid rectangle BD.

By Prop. V1.2,
s equal to A%,

Apply the square on A
\, to BC, obiaining rectnge BD.

CB (rational) €D
(b

CD is the breadth. Therefore, BC? : EG? = EF? : CD?
] BD = GF. D
They are also
equiangular. D F
@ ] D
@ D |
T,
BD &

) A% = GF, with EF, EG rationl ‘

Prove: (i) CD rational (i) CD # CB and commensurable in square only. 2 (= A2) B E B G E
Use rationality of BC and EG. Transfer commensurability. 8 Conclude CD is rational. Use “square only” condition. Apply the preceding lemma.
es. From BC? : EG? = EF? : CD? uare EF* EF and EG are commensurable From the lemma before Prop. 22,
g and BC? ~ EG?, Sty
areas and hence commer by Prop. X.11, # X Therefore they are | EF : EG = EF? : (EF - EG) ]
f oAl v by Def. X.4, . incommensurbe in gt e
T G 5
L [ EF? ~ CD Bl e T et Since EF # EG,
F D F co EF # EG by Prop. X.11,
| erefore. (in length). G
BEREE THEEE T Saaan oz
- CD is rational. \ - -
5 Bk G E G 7 5
Relate to the applied rectangle. Transfer incommensurability. Conlven = xehm;n to Conclusion. f SUMMARY OF THE LOGIC |
a A a relation between lines. We have both: " —— .
We have CD? ~ EF? (from step 7). Since EF? # (EF - EG), while g s pigped Il 1 Aopy 42 (0 CB > rcnge 3D with bt .
Also, rectangles BD and GF are equal, CD? ~ EF? and CD - CB ~ EF-EG|| _ 7 the | () CD is rational. B> 2 - P - BG, where EF, EG rotional snd
Do @ o o & by Prop. X.13, CD?*: (CD - CB) = CD : CB. @ D | commensurable in square only.
Hence CD - CB ~ EF - EG. r 3. BD = GF.
2 5 in length vith CB.
- - [0 # - cB) Thus, since the areas are ( u s S e
! o T 5. BC? ~ EG® - EF? ~ CD? — CD rational. Yoo
=] # 1 i cé 6. EF # EG > EF? # EF - EG. »
| CD # CB (in length). NG EE SR &
(© B G 2 S CB (rational CD (rational,
@ e E J but CD # CB) s

2.23 Proposition 23

Statement

A (straight-line) commensurable with a medial (straightline) is
medial.

Proof Actions

1. Let A be a medial (straight-line), and let B be commensurable with A.
2. Isay that B is also a medial (staightline).

3. Let the rational (straight-line) CD be set out, and let the rectangular area
CE, equal to the (square) on A, have been applied to CD, producing ED
as width.

4. ED is thus rational, and incommensurable in length with CD [Prop.
10.22].

5. And let the rectangular area CF, equal to the (square) on B, have been
applied to CD, producing DF as width.
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6.

10.

11.

12.

13.

14.

15.

16.

17.

18.

Therefore, since A is commensurable with B, the (square) on A is also
commensurable with the (square) on B.

But, EC is equal to the (square) on A, and CF is equal to the (square) on
B.

. Thus, EC is commensurable with CF.

. And as EC is to CF, so ED (is) to DF [Prop. 6.1].

Thus, ED is commensurable in length with DF [Prop. 10.11].

And ED is rational, and incommensurable in length with CD.

DF is thus also rational [Def. 10.3], and incommensurable in length with
DC [Prop. 10.13].

Thus, CD and DF are rational, and commensurable in square only.

And the square-root of a (rectangle contained) by rational (straight-lines
which are) commensurable in square only is medial [Prop. 10.21].

Thus, the square-root of the (rectangle contained) by CD and DF is me-
dial.

And the square on B is equal to the (rectangle contained) by CD and DF.

Thus, B is a medial (straight-line).

Corollary And (it is) clear, from this, that an (area) commensurable with
a medial area is medial. a medial area is expressible as k1/2.
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Complete Cinematic Logic

Let A be a medial (straight-line), and let B be commensurable with A. ‘

4

But, EC is equal to the (square) on A, and CF is equal to the (square)
on B.

ll

Thus, CD and DF are rational, and commensurable in square only. ‘

Y

Corollary And (it is) clear, from this, that an (area) commensurable
with a medial area is medial. a medial area is expressible as k1/2.

4

Conclusion: Proposition 23 established.

"« PROPOSITION 23 [y

(straight-line) is medial. Lo prove: B is medial

I Lay out the medial line i Lay out a rational Apply the square on A to CD. n By Prop. X22, Apply the square on B
and a commensurable line. ¥ straight-line CD. to the same CD.
I Let CE be the rectangle since A is medial and
CD is rational, Let CF be the rectangle

Let A be medial and (equal to the square on A)

Take CD to be (equal to the square on B)

B be commensurable o applied to CD, p e
with A. o | producing ED as breadth. |_ED is rational. 1 applied to CD,
straight lne. | = producing DF as breadth.
|A~B E B | | ED is incommensurable
in length with CD.
e S @ :
B C. D
n A ~ B, their sg‘un:s S‘ompa':e d«‘h‘e r;cm:;gé‘es n Transfer rationality. ﬂ Transfer incommensurability.
are commensurable. rough their breadths.

ED is rational and ED is incommensursble
A~B=A~B, oy P YL, E DR D ED ~ DF. in length with CD
Hence CE = A and (e (e = o) 01 By Def. X3, and ED ~ DF.
CF = B are Since CE ~ CF, CE=a CF=R ——— By Prop. X.13,
commensurable: Tt | DF is rationa. i e
Lo AR | A DF is incommensurable
R (2D ~ DF | c] G D P in length with CD.

Classify CD and DF. ] By Prop. X21, Identify that square-root with B.
CD and DF are both rational the square-root of the rectangle 1. But B? = CD - DF. a
stesght lines and are contained by two rational =R e
incommensurable in length. straight-ines commensurable b
Therefore they are in square only is medial - DF B=CDDF | c -
commensursble in square — B
-y Thus, Since this square-root is medial,
€ =iy Y | /D - DF is medial. € ® B is medial
(but CD # DF in length). e . )
[ Amedw, Take rational CD CE= A F-r |
3 2 CD, DF rational /G5 DF |
5 p-4 (BN S| =+, || Gmidec) || £-Fs |, | DFten, | | CODFmied |l gpipp | (g
oy A TN F > ED ~ DF DF # CD 5 i is medial ‘ | mediall
| 5 e ' < i 2
l l Thus a straight-line commensurable with a medial straight-line is medial. y
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2.24 Proposition 24

Statement

A rectangle contained by medial straight-lines (which are) com-
mensurable in length is medial.

Proof Actions

1. For let the rectangle AC be contained by the medial straight-lines AB and
BC (which are) commensurable in length. I say that AC is medial.

2. For let the square AD have been described on AB.

3. AD is thus medial [see previous footnote].

4. And since AB is commensurable in length with BC, and AB (is) equal to
BD, DB is thus also commensurable in length with BC.

5. Hence, DA is also commensurable with AC [Props. 6.1, 10.11]. And DA
(is) medial.

6. Thus, AC (is) also medial [Prop. 10.23 corr.].

7. (Which is) the very thing it was required to show.
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Complete Cinematic Logic

For let the rectangle AC be contained by the medial straight-lines AB
and BC (which are) commensurable in length. I say that AC is medial.

4

‘ AD is thus medial [see previous footnote]. ‘

4

Hence, DA is also commensurable with AC [Props. 6.1, 10.11]. And
DA (is) medial.

J

(Which is) the very thing it was required to show. ‘

4

Conclusion: Proposition 24 established.

EUCLID, ELEMENTS - BOOK X » PROPOSITION 24 G 4 2 il

A rectangle contained by nes (which are) commensurable in length is medial R 5

Lay out two medial straightlines commensurable
in length, and the rectangle contained by them.

Construct the square on AB. Since AB is medial,
its square AD is medial.

D A

AB and BC are medial.
AB ~ BC in length.

| Prove: AC is medial. |

Since DA is medial and DA ~ AC,
by the corollary to Prop. X.23,

By Prop. VL1, for the two areas,
DA : AC = DB : BC.

Indxesq\lzmAD we have AB = BD.
Since AB ~ BC, therefore BD ~ BC.

Since DB ~ BC, AC is medial.
by Prop. X.11, we have DA ~ AC. I c
D A 3
= J
- 1 :EAB H:ac - o : 25 D:c 2 DAl e D s
| an an
| =80~ 5C = DA ~ AC e XET

ight-li e l l
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2.25 Proposition 25

Statement

The rectangle contained by medial straight-lines (which are)
commensurable in square only is either rational or medial.

Proof Actions
1. For let the rectangle AC be contained by the medial straight-lines AB and
BC (which are) commensurable in square only.
2. Isay that AC is either rational or medial.
3. For let the squares AD and BE have been described on (the straight-lines)
AB and BC (respectively).
4. AD and BE are thus each medial.
5. And let the rational (straight-line) FG be laid out.
6. And let the rectangular parallelogram GH, equal to AD, have been ap-
plied to FG, producing FH as breadth.
7. And let the rectangular parallelogram MK, equal to AC, have been ap-
plied to HM, producing HK as breadth.
8. And, finally, let NL, equal to BE, have similarly been applied to KN,
producing KL as breadth.
9. Thus, FH, HK, and KL are in a straight-line.
10. Therefore, since AD and BE are each medial, and AD is equal to GH,
and BE to NL, GH and NL (are) thus each also medial.
11. And they are applied to the rational (straight-line) FG.
12. FH and KL are thus each rational, and incommensurable in length with
FG [Prop. 10.22].
13. And since AD is commensurable with BE, GH is thus also commensu-

rable with NL.
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14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

And as GH is to NL, so FH (is) to KL [Prop. 6.1].
Thus, FH is commensurable in length with KL [Prop. 10.11].

Thus, FH and KL are rational (straight-lines which are) commensurable
in length.

Thus, the (rectangle contained) by FH and KL is rational [Prop. 10.19].

And since DB is equal to BA, and OB to BC, thus as DB is to BC, so AB
(is) to BO.

But, as DB (is) to BC, so DA (is) to AC [Props. 6.1].

And as AB (is) to BO, so AC (is) to CO [Prop. 6.1].

Thus, as DA is to AC, so AC (is) to CO.

And AD is equal to GH, and AC to MK, and CO to NL.

Thus, as GH is to MK, so MK (is) to NL.

Thus, also, as FH is to HK, so HK (is) to KL [Props. 6.1, 5.11].

Thus, the (rectangle contained) by FH and KL is equal to the (square) on
HK [Prop. 6.17].

And the (rectangle contained) by FH and KL (is) rational.
Thus, the (square) on HK is also rational. Thus, HK is rational.

And if it is commensurable in length with FG then HN is rational [Prop.
10.19].

And if it is incommensurable in length with FG then KH and HM are
rational (straight-lines which are) commensurable in square only: thus,
HN is medial [Prop. 10.21].

Thus, HN is either rational or medial. And HN (is) equal to AC.
Thus, AC is either rational or medial.

Thus, the . . . by medial straight-lines (which are) commensurable in
square only, andsoon. . . .
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Complete Cinematic Logic

For let the rectangle AC be contained by the medial straight-lines AB
and BC (which are) commensurable in square only.

4

‘ And they are applied to the rational (straight-line) FG. ‘

4
‘ And AD is equal to GH, and AC to MK, and CO to NL. ‘

4

Thus, the . . . by medial straight-lines (which are) commensurable in
square only, and soon . . . .

4

Conclusion: Proposition 25 established.

D BOO GIVEN:  AB and BC are medial and |
commensurable in square only.
R a 8 TO PROVE: The rectangle AC is ‘
| o b q d cither rational or medial
. Lay out two medial straight-lines Construct the squares on Take a rational n Apply AD (= AB?) to FG, Apply AC to FG, n Apply BE (= BC?) to FG,
straight-line FG. producing FH as breadth. producing HK as breadth. producing KL as breadth.

AB and BC, commensurable in AB and on BC.
square only
Ty e
contained by them.

B
AD = AB®  BE = BC* C b3 ) h 3
A, B, C are such that AB and BC [ Since AB and BC are medial, : = g =
e ol commeneurable AD and BE are medial FG is rational. GH = D, | MK = AC. (-2 ]
it e
By Prop. X2, since GH and NL are [ Since AB and BC are By Prop. VL1, for the equal aress 11 12
a ‘medial areas applicd to the rational a commensurable in square, ncy and NL on the same base FG, mm el KL arelentzmal i @ R R Lantalne ] By Prop. VL17, from
2 . Bc?, commensurable n length. : MK = MK : NL. CHK =
line FG: AB? ~ BC?, T T ble in length GH : MK = MK : NL. FH : HK = HK : KL,
2 [Eaemalt s0 AD ~ BE. Y By Prop. X.19, By ErepRV] 1 aezin
¢ e Since GH ~ NL, Ediia e Mohe, T Gre
FH:HK = HK : KL.

FH is incommensurable Hence GH ~ NL.
by Prop. X.11, | FH - KL is rational.

in length with FG. 2
s FH ~ KL. |
KL is rational and GH NL g I H K L G
KL s incommensurable R Tl
HK is mean proportional A
F HEE K 1 O ETSERE e KB DI A G| (SRS H e kea SO G betwoen FH and KL, X

in length with FG.

[B) b KL e raons Gcp 10) FIRST CASE SECOND CASE
Hence HK? i rational Suppose HK is commensurable Suppose HK is incommensursble g (4
R in length with FG. = N in length with FG. >,
SR ¢ TG i RS at [(HK # Fa. Her g N | BN (= 4035
e mih | Then rectangle HN (= AC) i Then HK snd HM (= FG) | eitber rationsl
contained by rationsl straight lines are rational and commensurable ‘ or medial. | 2
commensurable in length. 1 in square only. [ 1
1 By Prop. X.19, " By Prop. X221, | Thercfore, the rectangle AC
——e . r —
(ETSE ISR TR LG G| HN is rational. Ll L | HN is medial H iz is either rational or medial

AB, BC medial | [ Squares on AB, BC|  [Apply to rational FG:| L (o

commensurable are medial GH = AD, o 3 Case 1: HK ~ FG | _ | Case 2: HK # FG AC e

cam oo B e B 5700 Mt S = AC medial rational o
g5 e FH - KL rational = HK rational = i

AC=4B-BC | | BE=BC NL = BE
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2.26 Proposition 26

Statement

A medial (area) does not exceed a medial (area) by a rational
(area).

Proof Actions

1.

10.

11.

12.

13.

14.

15.

For, if possible, let the medial (area) AB exceed the medial (area) AC by
the rational (area) DB.

. And let the rational (straight-line) EF be laid down.

And let the rectangular parallelogram FH, equal to AB, have been applied
to to EF, producing EH as breadth.

And let FG, equal to AC, have been cut off (from FH).

. Thus, the remainder BD is equal to the remainder KH. And DB is rational.

. Thus, KH is also rational.

Therefore, since AB and AC are each medial, and AB is equal to FH, and
AC to FG, FH and FG are thus each also medial.

. And they are applied to the rational (straight-line) EF.

. Thus, HE and EG are each rational, and incommensurable in length with

EF [Prop. 10.22].

And since DB is rational, and is equal to KH, KH is thus also rational.
And (KH) is applied to the rational (straight-line) EF.

GH is thus rational, and commensurable in length with EF [Prop. 10.20].
But, EG is also rational, and incommensurable in length with EF.

Thus, EG is incommensurable in length with GH [Prop. 10.13].

And as EG is to GH, so the (square) on EG (is) to the (rectangle contained)
by EG and GH [Prop. 10.13 lem.].
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16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

Thus, the (square) on EG is incommensurable with the (rectangle con-
tained) by EG and GH [Prop. 10.11].

But, the (sum of the) squares on EG and GH is commensurable with the
(square) on EG.

For (EG and GH are) both rational.

And twice the (rectangle contained) by EG and GH is commensurable
with the (rectangle contained) by EG and GH [Prop. 10.6].

For (the former) is double the latter.

Thus, the (sum of the squares) on EG and GH is incommensurable with
twice the (rectangle contained) by EG and GH [Prop. 10.13].

And thus the sum of the (squares) on EG and GH plus twice the (rectangle
contained) by EG and GH, that is the (square) on EH [Prop. 2.4], is
incommensurable with the (sum of the squares) on EG and GH [Prop.
10.16].

And the (sum of the squares) on EG and GH (is) rational.

Thus, the (square) on EH is irrational [Def. 10.4].

Thus, EH is irrational [Def. 10.4].

But, (it is) also rational.

The very thing is impossible.

Thus, a medial (area) does not exceed a medial (area) by a rational (area).

(Which is) the very thing it was required to show.
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Complete Cinematic Logic

For, if possible, let the medial (area) AB exceed the medial (area) AC
by the rational (area) DB.

ll

‘ And since DB is rational, and is equal to KH, KH is thus also rational. ‘

4

‘ For (the former) is double the latter. ‘

ll

‘ (Which is) the very thing it was required to show. ‘

4

Conclusion: Proposition 26 established.

EUCLID, ELEMENTS - BOOK X * PRO TON 26 [

To prove: AB does not exceed AC

A medial (area) does not exceed a medial (area) by a rational (area). 0 e,
Assume the impossible. Take a rational straight-line EF. Apply AB to EF. Cut off AC. KH is rational. FH and FG are medial.
Suppose that the medial area AB Apply s rectangle FH, From FH cut off a rectangle Since KH = DB, Since FH = AB and FG = AC,
exceeds e equl to AB, to EF, FG equil o AC. and. DB s rtional, and AB, AC are medial,
Ry - 4, producing EH The remainder KH KH is ratonal FH and FG are media aress.
Y‘ et as breadth. s lef.
i srsightline. E G H (d H G H
o) = R | |
—_— £ . E K F E I3 F E F
AB = AC + DB, E F P FG = AC,
DB is rational. KH = DB,
By Prop. X.22. (3] By Prop. X.20. B 6 incommensurable Convert to areas Add the squares [P Double the rectangle.
Since FH and FG are medial Since KH is a rational area with GH. By the lemma of Prop. X.13, EG and GH are rational, Twice the rectangle
areas applied to the rational appled to the rational line EF, EG s ncommens EG : Gl 2. (EG-GH).  so EG? and GH? al | 2(EG - GH) is commensurable
= line EF, . s breadth GH s atonl with EF, while GH ~ EF. # GH, with EG - GH.
3 EHand EG are % and commensurat ble Therefore, by Prop. X.13, Xa1,
rational, but each r lenxlh with EF. EG is incommensurable EG? # (EG - GH). *,
............ ble G " it G T 0
=5 H-E-me-
b £ K B} F h\_,éx %, 5 D E EG - GH Z(I:G GH)
E— £ KSR EG? GH!  EG+ GH?
T EG G ) EGH 8
GH i rational and GH ~ EF 2 J
Compare sums. ‘Addlthe twicerectangle. EH? is irrational. Therefore EH is irrationl. Contradiction! B conlusion
Since EG? # (K . while By Prop. IL4, By Prop. X.16, adding But by Prop. X.
ECo " ut by Prop. X.22, | The suppositon is fls.
EG! + Gift = £G* and e (e - A A7) P ey EH s rational al
2(EG - GH) ~ (EG - GH), " ol
N by Prop. X.16,

3 rable -
{ EG? + GH? # 2(EG - GH). . . W,m €6+ Gi is irrational
pom-BEgF
D ‘D # | G!  GH?  2EG-GH) 5u= Therefore EH? is irrational. ! S
3 L EH is irrational o
EG?+GH? # 2(EG-GH)  Therefore EH? = EG? + GH® + 2(EG - GH). [E5% s imationa 5 = 4
) [ - gt aar —
i “/“C " oy || Aprly 4B and AC EH, EG rational, L HG#GH= EG*+ GH? (e e o (i || FH imionsl i
E o rational EF. but each # EF. EG? % EGGH. || # 2(EG-GH). |~ | * 2(EG-GH) = but abo rational, | | = Propesiion
(DB rational) | EH? iecational. proved.
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2.27 Proposition 27

Statement

To find (two) medial (straight-lines), containing a rational
(area), (Which are) commensurable in square only.

Proof Actions

1.

10.

I1.

12.

13.

Let the two rational (straight-lines) A and B, (which are) commensurable
in square only, be laid down.

. And let C—the mean proportional (straight-line) to A and B— have been

taken [Prop. 6.13].

. And let it be contrived that as A (is) to B, so C (is) to D [Prop. 6.12].

And since the rational (straight-lines) A and B are commensurable in
square only, the (rectangle contained) by A and B—that is to say, the
(square) on C [Prop. 6.17]—is thus medial [Prop 10.21].

. Thus, C is medial [Prop. 10.21].

And since as A is to B, [so] C (is) to D, and A and B [are] commensurable
in square only, C and D are thus also commensurable in square only [Prop.
10.11]. And C is medial.

Thus, D is also medial [Prop. 10.23].

Thus, C and D are medial (straight-lines which are) commensurable in
square only.

. I say that they also contain a rational (area).

For since as A is to B, so C (is) to D, thus, alternately, as A is to C, so B
(is) to D [Prop. 5.16].

But, as A (is) to C, (so) C (is) to B.
And thus as C (is) to B, so B (is) to D [Prop. 5.11].

Thus, the (rectangle contained) by C and D is equal to the (square) on B
[Prop. 6.17].
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14. And the (square) on B (is) rational.

15. Thus, the (rectangle contained) by C and D [is] also rational.

16. Thus, (two) medial (straight-lines, C and D), containing a rational (area),
(which are) commensurable in square only, have been found.

17. (Which is) the very thing it was required to show. the length of B is k1/2
times that of A.

Complete Cinematic Logic

Let the two rational (straight-lines) A and B, (which are)
commensurable in square only, be laid down.

Y

And since as A is to B, [so] C (is) to D, and A and B [are]
commensurable in square only, C and D are thus also commensurable
in square only [Prop. 10.11]. And C is medial.

\
’ And thus as C (is) to B, so B (is) to D [Prop. 5.11].

4

(Which is) the very thing it was required to show. the length of B is
k1/2 times that of A.

4

Conclusion: Proposition 27 established.
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EUCLID, ELEMENTS - BOOK X o P \ 27 LWWMW‘MW‘@;“"«

C and D such that:

To find (two) medial (straight-lines), containing a rational (area), (which are) commensurable in square only. |NEEECEERECETEN ‘
+ Cand D are nsurable in

| square only.
| - The rectangle C:D is rational.

Take two rational straight-lines Construct C as the mean proportional Construct D as the fourth proportional Because C is mean proportional
1 0B 3 (EpSH 4 prop

commensursble in square only. between A and B. to A, B,and C. between A and B,
Leted,nd Bjbs fuiicnl A:C=C:B A:B=C:D [a:c=c:B
4 straightlines which are 1
commensurable (Prop. VL13) (i VD) By Prop. VLI7,

/ i square only. 4
cG=4-B

A B

B s 4:c=CiBEomagp2.
and A C=B:D (step8).
Therefore, by Prop. V.11,

by Prop. X.11,
S :B=B:D
e e D S
€ and D are commensurable A B g D c D
in square only.
(not in length)

10 From C: B =B:D, Since B is rational,
its square B? is rational. its square B? is rational.
Therefore, from C - D = B,

Therefore, from C - D = B,
C[i : & & i
| |
G e 3
B
&

A:B=C:D ( )
€ medial and
A, B ratons, A:c=c:B - ? rational
(p,v,,vnm (tipgrocciies) @) 4 G g % CiB=B:D cD=F Moy
comm.in | | (mean propotona) | — = Empvn) | o = (emation) | —> = s . TGN
o, Prop. VL13) = Cs medal e = D s medal y e (Pop. V1) (@rop. VLIT) }

/- and the rectangle C-D is rational.

. 2 < ~ C:lb

Construction complete. B

(Brop. X21) oy @) || OoP X2

l ! Hence two medial sraightines C and D, commensurabl in squre only, containing  rationl area C'D, are found. I ‘

8 R -~

2.28 Proposition 28

Statement

To find (two) medial (straight-lines), containing a medial (area),
(which are) commensurable in square only.

Proof Actions

1. Let the [three] rational (straight-lines) A, B, and C, (which are) commen-
surable in square only, be laid down.

2. And let, D, the mean proportional (straight-line) to A and B, have been
taken [Prop. 6.13].

3. And let it be contrived that as B (is) to C, (so) D (is) to E [Prop. 6.12].

4. Since the rational (straight-lines) A and B are commensurable in square
only, the (rectangle contained) by A and B—that is to say, the (square)
on D [Prop. 6.17]— is medial [Prop. 10.21].

5. Thus, D (is) medial [Prop. 10.21].
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6.

10.

I1.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

And since B and C are commensurable in square only, and as B is to C,
(so) D (is) to E, D and E are thus commensurable in square only [Prop.
10.11]. And D (is) medial.

E (is) thus also medial [Prop. 10.23].

Thus, D and E are medial (straight-lines which are) commensurable in
square only.

So, I say that they also enclose a medial (area).

For since as B is to C, (so) D (is) to E, thus, alternately, as B (is) to D,
(so) C (is) to E [Prop. 5.16].

And as B (is) to D, (so) D (is) to A.
And thus as D (is) to A, (so) C (is) to E.

Thus, the (rectangle contained) by A and C is equal to the (rectangle
contained) by D and E [Prop. 6.16].

And the (rectangle contained) by A and C is medial [Prop. 10.21].
Thus, the (rectangle contained) by D and E (is) also medial.

Thus, (two) medial (straight-lines, D and E), containing a medial (area),
(which are) commensurable in square only, have been found.

(Which is) the very thing it was required to show. where the lengths of
B and C are k1/2 and k'1/2 times that of A, Lemma I To find two square
numbers such that the sum of them is also square.

Let the two numbers AB and BC be laid down.
And let them be either (both) even or (both) odd.

And since, if an even (number) is subtracted from an even (number), or if
an odd (number is subtracted) from an odd (number), then the remainder
is even [Props. 9.24, 9.26], the remainder AC is thus even.

Let AC have been cut in half at D.

And let AB and BC also be either similar plane (numbers), or square
(numbers)—which are themselves also similar plane (numbers).
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23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

Thus, the (number created) from (multiplying) AB and BC, plus the
square on CD, is equal to the square on BD [Prop. 2.6].

And the (number created) from (multiplying) AB and BC is square—
inasmuch as it was shown that if two similar plane (numbers) make some
(number) by multiplying one another then the (number so) created is
square [Prop. 9.1].

Thus, two square numbers have been found—(namely,) the (number cre-
ated) from (multiplying) AB and BC, and the (square) on CD—which,
(when) added (together), make the square on BD.

And (it is) clear that two square (numbers) have again been found—
(namely,) the (square) on BD, and the (square) on CD—such that
their difference—(namely,) the (rectangle) contained by AB and BC—
is square whenever AB and BC are similar plane (numbers).

But, when they are not similar plane numbers, two square (numbers) have
been found—(namely,) the (square) on BD, and the (square) on DC—
between which the difference—(namely,) the (rectangle) contained by
AB and BC—is not square.

(Which is) the very thing it was required to show.

Lemma II To find two square numbers such that the sum of them is not
square.

For let the (number created) from (multiplying) AB and BC, as we said,
be square. And (let) CA (be) even.

And let CA have been cut in half at D.

So it is clear that the square (number created) from (multiplying) AB and
BC, plus the square on CD, is equal to the square on BD [see previous
lemma].

Let the unit DE have been subtracted (from BD).

Thus, the (number created) from (multiplying) AB and BC, plus the
(square) on CE, is less than the square on BD.

I say, therefore, that the square (number created) from (multiplying) AB
and BC, plus the (square) on CE, is not square.
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36.

37.

38.

39.

40.

41.

42.

43.

44,

45.

46.

47.
48.
49.
50.
51.

52.

For if it is square, it is either equal to the (square) on BE, or less than the
(square) on BE, but cannot any more be greater (than the square on BE),
lest the unit be divided.

First of all, if possible, let the (number created) from (multiplying) AB
and BC, plus the (square) on CE, be equal to the (square) on BE.

And let GA be double the unit DE.

Therefore, since the whole of AC is double the whole of CD, of which
AG is double DE, the remainder GC is thus double the remainder EC.

Thus, GC has been cut in half at E.

Thus, the (number created) from (multiplying) GB and BC, plus the
(square) on CE, is equal to the square on BE [Prop. 2.6].

But, the (number created) from (multiplying) AB and BC, plus the
(square) on CE, was also assumed (to be) equal to the square on BE.

Thus, the (number created) from (multiplying) GB and BC, plus the
(square) on CE, is equal to the (number created) from (multiplying) AB
and BC, plus the (square) on CE.

And subtracting the (square) on CE from both, AB is inferred (to be)
equal to GB.

The very thing is absurd.

Thus, the (number created) from (multiplying) AB and BC, plus the
(square) on CE, is not equal to the (square) on BE.

So I say that (it is) not less than the (square) on BE either.
For, if possible, let it be equal to the (square) on BF.

And (let) HA (be) double DF.

And it can again be inferred that HC (is) double CF.
Hence, CH has also been cut in half at F.

And, on account of this, the (number created) from (multiplying) HB and
BC, plus the (square) on FC, becomes equal to the (square) on BF [Prop.
2.6].
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53.

54.

55.

56.

57.

58.

59.

And the (number created) from (multiplying) AB and BC, plus the
(square) on CE, was also assumed (to be) equal to the (square) on BF.

Hence, the (number created) from (multiplying) HB and BC, plus the
(square) on CF, will also be equal to the (number created) from (multi-
plying) AB and BC, plus the (square) on CE.

The very thing is absurd.

Thus, the (number created) from (multiplying) AB and BC, plus the
(square) on CE, is not equal to less than the (square) on BE.

And it was shown that (is it) not equal to the (square) on BE either.

Thus, the (number created) from (multiplying) AB and BC, plus the
square on CE, is not square.

(Which is) the very thing it was required to show.

Complete Cinematic Logic

Let the [three] rational (straight-lines) A, B, and C, (which are)
commensurable in square only, be laid down.

4

And since, if an even (number) is subtracted from an even (number), or
if an odd (number is subtracted) from an odd (number), then the
remainder is even [Props. 9.24, 9.26], the remainder AC is thus even.

)
’ Thus, GC has been cut in half at E. ‘

ll

’ (Which is) the very thing it was required to show. ‘

4

Conclusion: Proposition 28 established.
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WE WILL CONSTRUCT
+ D and E are medial.

To ﬁnd (two) medial (straight-lines), containing a medial (area), D YendlE arelcommensablelin]

(which are) commensurable in square only. square only.
K + The rectangle D-E is medial.

Take three rational straight-ines Construct D as the mean Construct E so that Since A:D =D : B,
commensurable in square only. proportional between A and B. B:C=D:E by Prop. VL17,
A B @ A D B D B @ 53 = %
—e ————+— D*=A-B D
A, B, C are rational g
straightlines which are A:D=D:B B:C=D:E 7 B
commensurable in (Prop. VLI3) (Prop. VL12)
square only.
Since/A"and Blare rational and n From B: C =D E, Since D)is medial and n From B: C = D: E,
commensurable in square only, and since B and C are D and E are commensurable B et
by Prop. X.21, the rectangle commensurable in square only,
in square, by Prop. X.23, Fra G,
A Bis medial. by Prop. X.11, P
Hence its square-root D D and E are | B e
is medial. commensurable in
£ square oy,
D is medial. (act in length) Thus D and E are A8 DR e BT
T DI i medial straightlines.
a From A:D =D: B, [ 10 [ m L Gl o ot A ST Hence we have constructed
inversely, B: D = D : A. by Prop. VL16. and commensurable in il stulghk lines D and E such that:
With B: D = C: E, e - D and E are medial.
by Prop. V.11, 3 E okl by Prop. X21, D-E is medial. + D and E are commensurable

in square only.

D:A=C:E A - C is medial « The rectangle D- E is medial. X
' D D 3
A D B C. B E D E

A:D=D:B \
B:C=D:E ( |
o i B:D=C: A-Cis medial
(mean proportional) E Smer N q |- |a-c-p-&| - s
D'=A-B Vi [PDIFASSNCLIE = D-E is medial
= D is medial g 4 L €

containing a medial area D-E, are found.

Thus two medial straight-lines D and E, commensurable in square only, U

4

2.29 Proposition 29

Statement

10 find two rational (straight-lines which are) commensurable
in square only, such that the square on the greater is larger than
the (square on the) lesser by the (square) on (some straight-line
which is) commensurable in length with the greater.

Proof Actions

1. For let some rational (straight-line) AB be laid down, and two square
numbers, CD and DE, such that the difference between them, CE, is not
square [Prop. 10.28 lem. I].

2. And let the semi-circle AFB have been drawn on AB.
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3.

10.

11.

12.

13.

14.

15.

16.

17.

And let it be contrived that as DC (is) to CE, so the square on BA (is) to
the square on AF [Prop. 10.6 corr.].

And let FB have been joined.

. [Therefore,] since as the (square) on BA is to the (square) on AF, so DC

(is) to CE, the (square) on BA thus has to the (square) on AF the ratio
which the number DC (has) to the number CE.

Thus, the (square) on BA is commensurable with the (square) on AF
[Prop. 10.6].

And the (square) on AB (is) rational [Def. 10.4].

. Thus, the (square) on AF (is) also ratioThus, AF (is) also rational.

. And since DC does nal. not have to CE the ratio which (some) square

number (has) to (some) square number, the (square) on BA thus does not
have to the (square) on AF the ratio which (some) square number has to
(some) square number either.

Thus, AB is incommensurable in length with AF [Prop. 10.9].

Thus, the rational (straight-lines) BA and AF are commensurable in
square only.

And since as DC [is] to CE, so the (square) on BA (is) to the (square) on
AF, thus, via conversion, as CD (is) to DE, so the (square) on AB (is) to
the (square) on BF [Props. 5.19 corr., 3.31, 1.47].

And CD has to DE the ratio which (some) square number (has) to (some)
square number.

Thus, the (square) on AB also has to the (square) on BF the ratio which
(some) square number has to (some) square number.

AB is thus commensurable in length with BF [Prop. 10.9].

And the (square) on AB is equal to the (sum of the squares) on AF and
FB [Prop. 1.47].

Thus, the square on AB is greater than (the square on) AF by (the square
on) BF, (which is) commensurable (in length) with (AB).
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18. Thus, two rational (straight-lines), BA and AF, commensurable in square
only, have been found such that the square on the greater, AB, is larger
than (the square on) the lesser, AF, by the (square) on BF, (which is)
commensurable in length with (AB).

19. (Which is) the very thing it was required to show. p where k = DE/CD.

Complete Cinematic Logic

For let some rational (straight-line) AB be laid down, and two square
numbers, CD and DE, such that the difference between them, CE, is
not square [Prop. 10.28 lem. I].

4
And the (square) on AB (is) rational [Def. 10.4]. ‘

Y

And CD has to DE the ratio which (some) square number (has) to
(some) square number.

J
’ (Which is) the very thing it was required to show. p where k = DE/CD. ‘

4

Conclusion: Proposition 29 established.
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EUCLID, ELEMENTS — BOOK X ¢ PROPOSITION 29

To find two rational straight-lines which are commensurable in square only,

such that the square on the greater is larger than the (square on the) lesser
by the (square) on (some straight-line which is) commensurable in length with the greater.

‘WE WILL CONSTRUCT
+ BA and AF are raionl.
+ BA and AF are commensurable
in square only.
* BA? - AP = BF?, where BF ~ BA.

Take a rational straight-line.
Let AB be a rational

(1]
sud
straight-line. is

/i
g C

n Since BA is rational and BA? ~
the square on AF is rational.
Hence AF is rational.

Since BA? : AF? = CD : CE,
by Prop. X.6,
BA? ~ AF%.

)

A
/

i F
The squares on BA

and AF are

commensurable. Both BA and AF

a

From CD : CE = BA? : AF?, CD and DE are square numbers.

by conversion (cor. to V.19, with So CD : DE is square : square.

Take two square numbers CD and DE
CE

h
x, !
CD DE A
D

CD and DE are square numbers,
but CE = CD - DE is not a square nu

are rational straight-lines.

Describe the semicircle AFB Take F on the semicircle
so that CD : CE = BA? : AF2

Join FB.
F

F CD: CE
A o B A o B

having AB as diameter.

mber.

Since BA? : AF2 = CD : CE,
and CD : CE is not square : square,
by Prop. X9,

BA is not commensurable in length
with AF.

CD and DE are square numbers, n
but CE is not.
Thus CD : CE is not the ratio of

a square number to a square number.

AP,

Therefore BA and AF are
commensurable in square only.

Since angle AFB is right (diameter),
by Prop. 11131, and by Prop. L47,

Hence, by Prop. X.9,

is commensurable in length

TIL31 and 147). Therefore AB? : BF? is i F e e
B | square : square. L J
CD: DE = AB? : BF.
: g ﬂ A 0, & e
—0- 2 _ Ap2 - B2
& - L 5 . AB? - AF? = BF® | 4 0 B
We have constructed rational straight-lines BA and AF such that: FINAL CONSTRUCTION g
+ BA and AF are rational. . X i . exceeds the square on the lesser, AF,
* BA and AF are commensurable in square only. by the squaze on B, which is
0 VB = T8 o T ey T o 4 4 2 B commensurable in length
i 2 - AF* = B> and BF ~ BA |

with the greater, BA.

2.30 Proposition 30

Statement

1o find two rational (straight-lines which are) commensurable
in square only, such that the square on the greater is larger than
the (the square on) lesser by the (square) on (some straight-line
which is) incommensurable in length with the greater.

Proof Actions

. Let the rational (straight-line) AB be laid out, and the two square num-
bers, CE and ED, such that the sum of them, CD, is not square [Prop.
10.28 lem. II].

And let the semi-circle AFB have been drawn on AB.

. And let it be contrived that as DC (is) to CE, so the (square) on BA (is)
to the (square) on AF [Prop. 10.6 corr].

And let FB have been joined.
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10.

I1.

12.

. So, similarly to the (proposition) before this, we can show that BA and

AF are rational (straight-lines which are) commensurable in square only.

. And since as DC is to CE, so the (square) on BA (is) to the (square) on

AF, thus, via conversion, as CD (is) to DE, so the (square) on AB (is) to
the (square) on BF [Props. 5.19 corr., 3.31, And CD does not have to DE
the ratio which 1.47].

. (some) square number (has) to (some) square number.

. Thus, the (square) on AB does not have to the (square) on BF the ratio

which (some) square number has to (some) square number either.

Thus, AB is incommensurable in length with BF [Prop. 10.9].

And the square on AB is greater than the (square on) AF by the (square)
on FB [Prop. 1.47], (which is) incommensurable (in length) with (AB).

Thus, AB and AF are rational (straight-lines which are) commensurable
in square only, and the square on AB is greater than (the square on) AF by
the (square) on FB, (which is) incommensurable (in length) with (AB).

(Which is) the very thing it was required to show. p where k = DE/CE.
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Complete Cinematic Logic

Let the rational (straight-line) AB be laid out, and the two square
numbers, CE and ED, such that the sum of them, CD, is not square
[Prop. 10.28 lem. II].

4

So, similarly to the (proposition) before this, we can show that BA and
AF are rational (straight-lines which are) commensurable in square
only.

4

’ Thus, AB is incommensurable in length with BF [Prop. 10.9]. ‘

4
’ (Which is) the very thing it was required to show. p where k = DE/CE. ‘

4

Conclusion: Proposition 30 established.
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EUCLID, ELEMENTS - BOOK X ¢ PROPOSITION 30

To find two rational straight-lines which are commensurable in square only,

such that the square on the greater is larger than the (square on the) lesser

by the (square on some straight-line which is) incommensurable in

in length with the greater.

n Take a rational straight-line.
Let AB be a rational
straight line.

Take two square numbers CE and ED
such that their sum CD is not a
square number.

%I—H—l

n Take F on the semicirele so that

DC : CE = BA® : AF%.
Join FB.
F
[ DC : CE
€ g Al
A (o] B

. €D and DE are square numbers,
but €D is not a square number.
Therefore CD : DE is not

the ratio of a square number

to a square number.

Therefore AB? :

CE and ED are square numbers,

but €D = CE + ED is not square.

Since AB is the diameter,
angle AFB is right (IL31).

i

A o B

But AB is incommensurable in length with BF.

CE and ED are square numbers,

but CD = CE + ED is not a square number.

Then, similarly to Proposition 29,
BA and AF are rational straight-lines

commensurable in square only.

F B

D ——

* BA and AF are rational.
¢ BA and AF are commensurable

in square only (not in length).

Hence AB® : BF? is also not the ratio

of a square number to a square number.
D): 'DE =" AB* NBR&

But CD : DE is not square : square.

BF? is not square : square.

Therefore, by Proposition 1.47,

AF? + BF%.
F

A 0 B

commensurable in square only,

Thus we have constructed two rational straight-lines AB and AF

Describe the semicircle AFB
having AB as diameter

From DC : CE = BA? : AF%,
by conversion (cor. to V.19,

with IIL31 and 147),

@D ¢ ¥ = JNiF R,

By Proposition X.9,
if the squares are not in the ratio of
square number to square number,
the straight-lines are incommensurable.

1%

A 0 B
Therefore AB is incommensurable
in length with BF.

(AB ~ BF)

Hence
| AB* — AF? = BF™.
The square on the greater (BA)

exceeds the square on the lesser (AF)
by the square on BF.

AB ~ BF. such that the square on the greater is larger than
4 i the square on the lesser by the square on some straightline
F incommensurable in length with the greater.
BA and AF Commensurable BF incommensurable
rational in square only AB? — AF? = BF? || in length with BA
2 % B A F B (not in length) (BF ~ BA)
c - Choose CE, ED —
Y AB rational | 3 | square numbers, ] Cokpae [ - [ s
GIC comm. in e
OF THE LOGIC CD - CE + ED owil e B? . BF?  AB _ AF? = BR
S square only

Hence the required straight-lines AB and AF are found.

2.31 Proposition 31

Statement

To find two medial (straight-lines), commensurable in square
only, (and) containing a rational (area), such that the square

98



Incommensurable Magnitudes Euclid’s Elements — Book X

on the greater is larger than the (square on the) lesser by the
(square) on (some straight-line) commensurable in length with
the greater.

Proof Actions

10.

11.

12.

13.

. Let two rational (straight-lines), A and B, commensurable in square only,

be laid out, such that the square on the greater A is larger than the (square
on the) lesser B by the (square) on (some straight-line) commensurable
in length with (A) [Prop. 10.29].

And let the (square) on C be equal to the (rectangle contained) by A and
B.

. And the (rectangle contained by) A and B (is) medial [Prop. 10.21].

. Thus, the (square) on C (is) also medial.

Thus, C (is) also medial [Prop. 10.21].

And let the (rectangle contained) by C and D be equal to the (square) on
B.

And the (square) on B (is) rational.

. Thus, the (rectangle contained) by C and D (is) also rational.

. And since as A is to B, so the (rectangle contained) by A and B (is) to

the (square) on B [Prop. 10.21 lem.], but the (square) on C is equal to
the (rectangle contained) by A and B, and the (rectangle contained) by C
and D to the (square) on B, thus as A (is) to B, so the (square) on C (is)
to the (rectangle contained) by C and D.

And as the (square) on C (is) to the (rectangle contained) by C and D, so
C (is) to D [Prop. 10.21 lem.].

And thus as A (is) to B, so C (is) to D.
And A is commensurable in square only with B.

Thus, C (is) also commensurable in square only with D [Prop. 10.11].
And C is medial.
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14.

15.

16.

17.

18.

Thus, D (is) also medial [Prop. 10.23].

And since as A is to B, (so) C (is) to D, and the square on A is greater than
(the square on) B by the (square) on (some straight-line) commensurable
(in length) with (A), the square on C is thus also greater than (the square
on) D by the (square) on (some straight-line) commensurable (in length)
with (C) [Prop. 10.14].

Thus, two medial (straight-lines), C and D, commensurable in square
only, (and) containing a rational (area), have been found.

And the square on C is greater than (the square on) D by the (square) on
(some straight-line) commensurable in length with (C).

So, similarly, (the proposition) can also be demonstrated for (some
straight-line) incommensurable (in length with C), provided that the
square on A is greater than (the square on B) by the (square) on (some
straight-line) incommensurable (in length) with (A) [Prop. 10.30]. re-
spectively, where k is defined in the footnote to Prop. 10.29. that of A,
respectively, where k is defined in the footnote to Prop. 10.30.
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Complete Cinematic Logic

Let two rational (straight-lines), A and B, commensurable in square
only, be laid out, such that the square on the greater A is larger than the
(square on the) lesser B by the (square) on (some straight-line)
commensurable in length with (A) [Prop. 10.29].

U

‘ And the (square) on B (is) rational. ‘

4

Thus, C (is) also commensurable in square only with D [Prop. 10.11].
And C is medial.

4

So, similarly, (the proposition) can also be demonstrated for (some
straight-line) incommensurable (in length with C), provided that the
square on A is greater than (the square on B) by the (square) on (some
straight-line) incommensurable (in length) with (A) [Prop. 10.30].
respectively, where k is defined in the fo...

4

Conclusion: Proposition 31 established.

EUCLID, ELEMENTS - BOOK X ¢ PROPOSITION 31 T LU TG

: Ffm ; oy : + Cand D are medial
To find two medial (straight-lines), commensurable in square only, containing a rational (area), + Cand D are commensurable

such that the square on the greater is larger than the (square on the) lesser C g et 1
B ¢ @ Myl

by the (square) on some straight-line commensurable in length with the greater. . C*- D? = E?, whee E ~Ci

From Proposition X.29, take two Take a straight-line C such that Since A and B are rational and Therefore C is medial.
rational straight-lines A and B 2 = A-B.
commensurable in square only,

commensurable in square only, i
by Prop. X21, the rectangle C is medial
A - B is medial. e

Therefore C? is medial

with A the greater, such that
A2 - B? = K? where K ~ A.

}

o R
ST A - B is medial c
A B 5
— e
K = \a | € is medial | =
Take D such that By the lemma with Prop. X.21, But A-B = C? and B = C-D. a Again, by the lemma,
kL = B erefore
CAR MR A:B=(4-B): (B). s ¢t (C-D)=C:D
0 5 A:B=C:(C-D) 3
A B Hence
A:B=C:D.
; 4 B oD
Henes C D is rtional. Y |
B Since 4 and B are commensurable Since C is medial and C and D From Prop. X.29, we had Thus we have constructed two medial
in square only, and A : B = C : D, are commensurable in square, A2 - B = ,f: where K ~ A straight-lines C and D such that:
by Prop. X.11, C and D are by Prop. X.23, D is also medial. K + Cand D are medial.
5, commensurable in square only A————— 3 + Cand D are commensurable

+ in square only.
(G =0 o ot € is medisl D is medial 5"{‘_‘; "”f :l_f € l:)' by:— P“’"(‘_X it DTS o)
in square only (ot in length). bl 3 © C?-D? = E%, where E~C.

— . o, @] D
From Prop. X.29: Take C with Take D with e Cand D C medial c-pr=p2
A-pog > | Gean | > cp-g > T g-»szc. (ll;;» > commele | | Ll S v £ C
(K ~ A) = C medial = C- D rational B 'D "(‘Pz";‘]"l‘)y (Prop. X.23) (Prop. X.14)

Hence two medial straight-lines C and D, commensurable in square only, containing a rational area C - D,
and satisfying C? — D? = E* with E ~ C, are found.
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2.32 Proposition 32

Statement

To find two medial (straight-lines), commensurable in square
only, (and) containing a medial (area), such that the square
on the greater is larger than the (square on the) lesser by
the (square) on (some straight-line) commensurable (in length)
with the greater.

Proof Actions

1.

10.

Let three rational (straight-lines), A, B and C, commensurable in square
only, be laid out such that the square on A is greater than (the square
on C) by the (square) on (some straight-line) commensurable (in length)
with (A) [Prop. 10.29].

. And let the (square) on D be equal to the (rectangle contained) by A and

B.

Thus, the (square) on D (is) medial.

. Thus, D is also medial [Prop. 10.21].

. And let the (rectangle contained) by D and E be equal to the (rectangle

contained) by B and C.

And since as the (rectangle contained) by A and B is to the (rectangle
contained) by B and C, so A (is) to C [Prop. 10.21 lem.], but the (square)
on D is equal to the (rectangle contained) by A and B, and the (rectangle
contained) by D and E to the (rectangle contained) by B and C, thus as A
is to C, so the (square) on D (is) to the (rectangle contained) by D and E.

And as the (square) on D (is) to the (rectangle contained) by D and E, so
D (is) to E [Prop. 10.21 lem.].

. And thus as A (is) to C, so D (is) to E.

. And A (is) commensurable in square [only] with C.

Thus, D (is) also commensurable in square only with E [Prop. 10.11].
And D (is) medial.
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I1.

12.

13.
14.

15.

16.

17.

18.

19.

20.

Thus, E (is) also medial [Prop. 10.23].

And since as A is to C, (so) D (is) to E, and the square on A is greater than
(the square on) C by the (square) on (some straight-line) commensurable
(in length) with (A), the square on D will thus also be greater than (the
square on) E by the (square) on (some straight-line) commensurable (in
length) with (D) [Prop. 10.14].

So, I also say that the (rectangle contained) by D and E is medial.

For since the (rectangle contained) by B and C is equal to the (rectangle
contained) by D and E, and the (rectangle contained) by B and C (is) me-
dial [for B and C are rational (straight-lines which are) commensurable
in square only] [Prop. 10.21], the (rectangle contained) by D and E (is)
thus also medial.

Thus, two medial (straight-lines), D and E, commensurable in square
only, (and) containing a medial (area), have been found such that the
square on the greater is larger than the (square on the) lesser by the
(square) on (some straight-line) commensurable (in length) with the
greater..

So, similarly, (the proposition) can again also be demonstrated for (some
straight-line) incommensurable (in length with the greater), provided that
the square on A is greater than (the square on) C by the (square) on (some
straight-line) incommensurable (in length) with (A) [Prop. 10.30]. where
the length of B is k'1/2 times that of A, and k is defined in A, respectively,
where the length of B is k'1/2 times that of A, and k is Lemma Let ABC
be a right-angled triangle having the (angle) A a right-angle.

And let the perpendicular AD have been drawn.

I say that the (rectangle contained) by CBD is equal to the (square) on
BA, and the (rectangle contained) by BCD (is) equal to the (square) on
CA, and the (rectangle contained) by BD and DC (is) equal to the (square)
on AD, and, further, the (rectangle contained) by BC and AD [is] equal
to the (rectangle contained) by BA and AC.

And, first of all, (let us prove) that the (rectangle contained) by CBD [is]
equal to the (square) on BA.

For since AD has been drawn from the right-angle in a right-angled trian-
gle, perpendicular to the base, ABD and ADC are thus triangles (which
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21.

22.

23.

24.

25.

26.

27.

28.

29.

are) similar to the whole, ABC, and to one another [Prop. 6.8].

And since triangle ABC is similar to triangle ABD, thus as CB is to BA,
so BA (is) to BD [Prop. 6.4].

Thus, the (rectangle contained) by CBD is equal to the (square) on AB
[Prop. 6.17].

So, for the same (reasons), the (rectangle contained) by BCD is also equal
to the (square) on AC.

And since if a (straight-line) is drawn from the rightangle in a right-
angled triangle, perpendicular to the base, the (straight-line so) drawn
is the mean proportional to the pieces of the base [Prop. 6.8 corr.], thus
as BD is to DA, so AD (is) to DC.

Thus, the (rectangle contained) by BD and DC is equal to the (square) on
DA [Prop. 6.17].

I also say that the (rectangle contained) by BC and AD is equal to the
(rectangle contained) by BA and AC.

For since, as we said, ABC is similar to ABD, thus as BC is to CA, so
BA (is) to AD [Prop. 6.4].

Thus, the (rectangle contained) by BC and AD is equal to the (rectangle
contained) by BA and AC [Prop. 6.16].

(Which is) the very thing it was required to show.
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Complete Cinematic Logic

Let three rational (straight-lines), A, B and C, commensurable in
square only, be laid out such that the square on A is greater than (the
square on C) by the (square) on (some straight-line) commensurable

(in length) with (A) [Prop. 10.29].

4

Thus, D (is) also commensurable in square only with E [Prop. 10.11].
And D (is) medial.

Y

For since AD has been drawn from the right-angle in a right-angled
triangle, perpendicular to the base, ABD and ADC are thus triangles
(which are) similar to the whole, ABC, and to one another [Prop. 6.8].

J

‘ (Which is) the very thing it was required to show. ‘

4

Conclusion: Proposition 32 established.

EUCLID, ELEMENTS - BOOK X ¢ PROPOSITION 32 B
+ D and E are medial.
To find two medial (straight-lines), commensurable in square only, 0 D) il 2 e e
containing a medial (area), such that the square on the greater is larger in square only.
than the (square on the) lesser by the (square) on (some straight-line) D - E is medial.
commensurable (in length) with the greater. - D? - E* = F?, where F ~ D.

From Proposition X.29, take three Take a straight-line D such that Take a straightline E such that Since (A B): (B-C) = A: C,

rational straight-lines 4, B, C, D= 4A-B. D-E=B-C we have

commensurable in square only,

with A the greater, such that - -y G (A-B): (B:C)=4A:C.
G : = ;
A B @ SR T D EE % B © \
A % Since A and B are rational and =
X S5 | commensurable in square only, 4 - B is Therefore D -E = B - C. = A ©
""" | medial (Prop. X.21). Hence D is medial.
R V0 122 ot o (@ DA T n By the lemma with Prop. X.21, Since A and C are commensurable B Since D is medial and D and E
iz (020 B =D:E in square only, and A : C = D : E, are commensurable in square,
Sy A @e 17 (@ o), S g o by Prop. X.11, by Prop. X.23,
ence af it
D and E are commensurable E is medial.
L€ = Doz in square only (not in length). ‘ o
— o = o D E D E
A Lo D B —————e e e
n From Prop. X.29; A2~ C? = K2, K~ A Since D - E = B - C, and B and C Thecefone) sinee DL EV2'B.C) P]  Thus we have constrcted two medial
R R S are rational and commensurable E straightlines D and E such that:
s in square only, by Prop. X.21, D - E is medial. * D and E are medial
L B 298, < + D and E are commensurable
] T = B - C is medial. ol
D*-E*=F, F~D in square only.
f D - E is media
| D E F \ « D?- E? = F2, where F ~ D
e 0
U B © D) E PR
: : rop. X.11: Prop. X.14: Prop. X.21:
From prop. X29: | _ [ p2_ 4 s R0 E Lemma (€21 Prop. X.1: Prop. X.23: ; ,,
a-c-r2, | ¥ = = R AC= D% ry| ~ |DiEcommenniabis| > [Sypit S| > (NDESESSIESH > [WNDNE
< in square only F~D o
) Hence two medial straightlines D and E, ble in square only,
containing a medial area D - E, and satisfying D? — E> = F* with F ~ D, are found.
@ -
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2.33 Proposition 33

Statement

To find two straight-lines (which are) incommensurable in
square, making the sum of the squares on them rational, and
the (rectangle contained) by them medial.

Proof Actions

10.

. Let the two rational (straight-lines) AB and BC, (which are) commensu-

rable in square only, be laid out such that the square on the greater, AB,
is larger than (the square on) the lesser, BC, by the (square) on (some
straight-line which is) incommensurable (in length) with (AB) [Prop.
10.30].

And let BC have been cut in half at D.

. And let a parallelogram equal to the (square) on ei317 ther of BD or DC,

(and) falling short by a square figure, have been applied to AB [Prop.
6.28], and let it be the (rectangle contained) by AEB.

And let the semi-circle AFB have been drawn on AB.
And let EF have been drawn at right-angles to AB.
And let AF and FB have been joined.

And since AB and BC are [two] unequal straightlines, and the square on
AB is greater than (the square on) BC by the (square) on (some straight-
line which is) incommensurable (in length) with (AB).

. And a parallelogram, equal to one quarter of the (square) on BC— that is

to say, (equal) to the (square) on half of it—(and) falling short by a square
figure, has been applied to AB, and makes the (rectangle contained) by
AEB.

AE is thus incommensurable (in length) with EB [Prop. 10.18].

And as AE is to EB, so the (rectangle contained) by BA and AE (is) to
the (rectangle contained) by AB and BE.
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I1.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

And the (rectangle contained) by BA and AE (is) equal to the (square) on
AF, and the (rectangle contained) by AB and BE to the (square) on BF
[Prop. 10.32 lem.].

The (square) on AF is thus incommensurable with the (square) on FB
[Prop. 10.11].

Thus, AF and FB are incommensurable in square.
And since AB is rational, the (square) on AB is also rational.

Hence, the sum of the (squares) on AF and FB is also rational [Prop.
1.47].

And, again, since the (rectangle contained) by AE and EB is equal to the
(square) on EF, and the (rectangle contained) by AE and EB was assumed
(to be) equal to the (square) on BD, FE is thus equal to BD. Thus, BC is
double FE.

And hence the (rectangle contained) by AB and BC is commensurable
with the (rectangle contained) by AB and EF [Prop. 10.6].

And the (rectangle contained) by AB and BC (is) medial [Prop. 10.21].

Thus, the (rectangle contained) by AB and EF (is) also medial [Prop.
10.23 corr.].

And the (rectangle contained) by AB and EF (is) equal to the (rectangle
contained) by AF and FB [Prop. 10.32 lem.].

Thus, the (rectangle contained) by AF and FB (is) also medial.

And the sum of the squares on them was also shown (to be) rational.
Thus, the two straight-lines, AF and FB, (which are) incommensurable in
square, have been found, making the sum of the squares on them rational,

and the (rectangle contained) by them medial.

(Which is) the very thing it was required to show. + k2)1/2]/2 times that
of AB, respectively, where k is defined in the

107



Euclid’s Elements — Book X Incommensurable Magnitudes

Complete Cinematic Logic

Let the two rational (straight-lines) AB and BC, (which are)
commensurable in square only, be laid out such that the square on the
greater, AB, is larger than (the square on) the lesser, BC, by the
(square) on (some straight-line which is) incommensurable (in length)
with (AB) [Prop. 10.30].

4

‘ AE is thus incommensurable (in length) with EB [Prop. 10.18]. ‘

Y

And hence the (rectangle contained) by AB and BC is commensurable
with the (rectangle contained) by AB and EF [Prop. 10.6].

4

(Which is) the very thing it was required to show. + k2)1/2]/2 times
that of AB, respectively, where k is defined in the

4

‘Conclusion: Proposition 33 established.

WE SHALL CONSTRUCT

EUCLID, ELEMENTS - BOOK X ¢ PROPOSITION 33

To find two straight-lines incommensurable in square,
making the sum of the squares on them rational,
and the rectangle contained by them medial.

Bisect BC at D,

Apply to AB a parallelogram equal
so that BD = DC.

to the C), From

= (BA- AE) : (AB - EB) 7,
E and AB - EB
surable.

BA-AE | : | AB-EB

BA - AE ~ AB-EB

before this proposition,
les BA - AE AB - EB = FB.
Therefor. 147,

[} o e syl 43 - BC
i double the rectngle AB - F.

Hence they are commensurable
AP < FB
AB - BC (incommensurable
T 4 in square)
AB-EF | \
L |
From Prop. X.30: E T ek
2 pc K Bisect BC at D e Semicircle AFB AF < £ AF 4 FB = AB?
AP -BC =K || B, =
A 4 p._e e S and EF 1 AB S atonal)

108

Dra sl AFD on AB.

rect EF L AB,

and join

VAT < FB? hoxmnerm o et
|+ AF? + FB? is rational
« AF - FB is medial

AF and FB

AF-FB |
AP 4 FB s

rational

EF=8D =1 5C AB - BC medal
a > =ar-m
= AB - EF ~ AB- BC o
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2.34 Proposition 34

Statement

To find two straight-lines (which are) incommensurable in
square, making the sum of the squares on them medial, and the
(rectangle contained) by them rational.

Proof Actions

1.

10.

11.

Let the two medial (straight-lines) AB and BC, (which are) commensu-
rable in square only, be laid out having the (rectangle contained) by them
rational, (and) such that the square on AB is greater than (the square on)
BC by the (square) on (some straight-line) incommensurable (in length)
with (AB) [Prop. 10.31].

And let the semi-circle ADB have been drawn on AB.
And let BC have been cut in half at E.

And let a (rectangular) parallelogram equal to the (square) on BE, (and)
falling short by a square figure, have been applied to AB, (and let it be)
the (rectangle contained by) AFB [Prop. 6.28].

. Thus, AF [is] incommensurable in length with FB [Prop. 10.18].
. And let FD have been drawn from F at right-angles to AB.
. And let AD and DB have been joined.

. Since AF is incommensurable (in length) with FB, the (rectangle con-

tained) by BA and AF is thus also incommensurable with the (rectangle
contained) by AB and BF [Prop. 10.11].

. And the (rectangle contained) by BA and AF (is) equal to the (square) on

AD, and the (rectangle contained) by AB and BF to the (square) on DB
[Prop. 10.32 lem.].

Thus, the (square) on AD is also incommensurable with the (square) on
DB.

And since the (square) on AB is medial, the sum of the (squares) on AD
and DB (is) thus also medial [Props. 3.31, 1.47].
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12.

13.

14.

15.

16.

17.

18.

19.

And since BC is double DF [see previous proposition], the (rectangle
contained) by AB and BC (is) thus also double the (rectangle contained)
by AB and FD.

And the (rectangle contained) by AB and BC (is) rational.

Thus, the (rectangle contained) by AB and FD (is) also rational [Prop.
10.6, Def. 10.4].

And the (rectangle contained) by AB and FD (is) equal to the (rectangle
contained) by AD and DB [Prop. 10.32 lem.].

And hence the (rectangle contained) by AD and DB is rational.

Thus, two straight-lines, AD and DB, (which are) incommensurable in
square, have been found, making the sum of the squares on them medial,
and the (rectangle contained) by them rational.

(Which is) the very thing it was required to show.

[(1 +k2)1/2 -k]/[2 (1 + k2)] times that of AB, respectively, where k is

Complete Cinematic Logic

Let the two medial (straight-lines) AB and BC, (which are)
commensurable in square only, be laid out having the (rectangle
contained) by them rational, (and) such that the square on AB is

greater than (the square on) BC by the (square) on (some straight-line)
incommensurable (in length) with (AB) [Prop. 10.31].

4
‘ And let AD and DB have been joined. ‘

4

‘ And the (rectangle contained) by AB and BC (is) rational. ‘

4
‘ [(1 +k2)1/2 -k]/[2 (1 +k2)] times that of AB, respectively, where k is ‘

4

Conclusion: Proposition 34 established.
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EUCLID, ELEMENTS - BOOK X ¢ PROPOSITION 34 WE SHALL CONSTRUCT —\
To find two straight-lines incommensurable in square, making the QDD e rntise
sum of the squares on them medial, and the rectangle contained * AD? + DB? is medial

by themrational) + AD . DB is rational

o

ince the

- IE) o
|
¢ A B
> AF < B
[ 6] From F erect FD L AB Since AF- FB, the recangles ince AF < FB, the B 5t preceding lemma, a Since AB s medial,
to meet the semicircle at D. BA - AF ad AB-FB BA i BA - AF = AD? and AB - FB = DB AB® s 2 medial area
Join AD a a DB, < aod AR, 1. DB, Therefore AD? ~ DB,
ap.48 |- 4Bk 5 . P 3| AB is medil
BA-AF | = | AB.FB
By the lmma used i Pop. 3 DA D) By the precding lemma sgain Thus we have constructed two staight-ines AD and DB such that
BC = 2rD. C s rton ‘A FD'= AD'- DB.

,, \.yp px:m\wx;
AB-FD is rational.

AD - DB

s rational

3

\ 0 AD? + DB
w | AB-FD | = | AD.DB (incommensurable
\ AB.BC| = 2x | AB-FD o i medial
¢ b %
P Thus AD - DB is rational.
BC = 2FD AB - FD is rationa. 23

\
A F B

Stat from
SUMMARY ABybC Semicirle on AB; Apply rectangle equal AF < FB Right triangle ADB: BC = 2D AB-FD = AD - DB
> 0 BE deficient by > - > AD*: DB = B | = oY e

4 square: AF-FB = BE* || AD? ~ DB (medial) AB - FD rational AD - DB rational

OF THE LOGIC

2.35 Proposition 35

Statement

To find two straight-lines (which are) incommensurable in
square, making the sum of the squares on them medial, and the
(rectangle contained) by them medial, and, moreover, incom-
mensurable with the sum of the squares on them.

Proof Actions

1. Let the two medial (straight-lines) AB and BC, (which are) commensu-
rable in square only, be laid out containing a medial (area), such that the
square on AB is greater than (the square on) BC by the (square) on (some
straight-line) incommensurable (in length) with (AB) [Prop. 10.32].

2. And let the semi-circle ADB have been drawn on AB.

3. And let the remainder (of the figure) be generated similarly to the above
(proposition).
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4.

10.

11.
12.

13.

14.

15.

16.

17.
18.

And since AF is incommensurable in length with FB [Prop. 10.18], AD
is also incommensurable in square with DB [Prop. 10.11].

. And since the (square) on AB is medial, the sum of the (squares) on AD

and DB (is) thus also medial [Props. 3.31, 1.47].

And since the (rectangle contained) by AF and FB is equal to the (square)
on each of BE and DF, BE is thus equal to DF. Thus, BC (is) double FD.

And hence the (rectangle contained) by AB and BC is double the (rect-
angle) contained by AB and FD.

. And the (rectangle contained) by AB and BC (is) medial.

. Thus, the (rectangle contained) by AB and FD (is) also medial.

And it is equal to the (rectangle contained) by AD and DB [Prop. 10.32
lem.].

Thus, the (rectangle contained) by AD and DB (is) also medial.

And since AB is incommensurable in length with BC, and CB (is) com-
mensurable (in length) with BE, AB (is) thus also incommensurable in
length with BE And hence the (square) on AB is also [Prop. 10.13].
incommensurable with the (rectangle contained) by AB and BE [Prop.
10.11].

But the (sum of the squares) on AD and DB is equal to the (square) on
AB [Prop. 1.47].

And the (rectangle contained) by AB and FD—that is to say, the (rectan-
gle contained) by AD and DB—is equal to the (rectangle contained) by
AB and BE.

Thus, the sum of the (squares) on AD and DB is incommensurable with
the (rectangle contained) by AD and DB.

Thus, two straight-lines, AD and DB, (which are) incommensurable in
square, have been found, making the sum of the (squares) on them medial,
and the (rectangle contained) by them medial, and, moreover, incommen-
surable with the sum of the squares on them.

(Which is) the very thing it was required to show.
[1 -k/(1 +k2)1/2]/2 times that of AB, respectively, where k and k' are
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Complete Cinematic Logic

Let the two medial (straight-lines) AB and BC, (which are)
commensurable in square only, be laid out containing a medial (area),
such that the square on AB is greater than (the square on) BC by the
(square) on (some straight-line) incommensurable (in length) with
(AB) [Prop. 10.32].

4

And hence the (rectangle contained) by AB and BC is double the
(rectangle) contained by AB and FD.

Y

But the (sum of the squares) on AD and DB is equal to the (square) on
AB [Prop. 1.47].

\
\ [1-k/(1 +k2)1/2]/2 times that of AB, respectively, where k and k' are \

4

Conclusion: Proposition 35 established.

EUCLID, ELEMENTS - BOOK X ¢ PROPOSITION 35

3 "To find two straight-lines incommensurable in square, making the sum of the squares on them me

, and the rectangle contained  {SICENPIES
« AD - DB is medial

« AD? 4 DB* s AD DB

= by them medial, and, moreover, incommensurable with the sum of the squares on them.

11. INCOMMENSURABLE IN SQUARE, SUM OF SQUARES MEDIAL, II1. RECTANGLE MEDIAL AND INCOMMENSURABLE WITH
AND RECTANGLE MEDIAL THE SUM OF SQUARES

I Since BC = 2 DF, we have

AB - BC = 2 (4B - DF), AB-BC
Thus AB - BC and AB - DF e - 2 e
= are commensurable
s . Since AB - BC s medial (given),
(Prop. X.32) 2 the commensurable area AB - DF AB - DF is medial
D e M s also medial
'y Draw the semicircle ADB. \ Therefore AD® ~ DB?. By the preceding lemma,
on AB as dismeter. \ AD AB - DF = AD - DB. AD - DB is medial
A ) B Since AB is media, =
= a 3 AB? is medil = D
AB? is 2 medial area R A A B c
y Bt BCaE, — e AB = BC AB = BC
, sotha BE = EC. B E &
..... is commensurable in length @@
o] s oot .
with BC, by Prop. X.13, E c
Apply to AB a rectangle cqual £ T} AD* & DB* = AB* AB = BE AB ~ BE
y i oy >
o the squs E, | i e VD et AD? 4 DB is medal
z a square. { | By Prop. X.11, from AB »~ BE
! a4 5 we get AB? s AB - BE. AB* | = | AB-BE
; c-20r P £ ¢ But AB? = AD? 4 DB (147)

AD* £ DB*| % | AD-DB

‘

A F e

From F ercct FD L AB A e
to meet the semicircle at D. \\k E Ve hay
Jin AD wnd DB ‘ 3 - (oot n < ant -« pa?

D? + DB? s AD - DB.

~ RESULT OF CONSTRUCTION _
‘We have obtained the two straight lines AD and DB.
Now we prove all the required properties.

« AD? + DB ~ AD - DB

AL, YET INCOMMENSURABLE
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2.36 Proposition 36

Statement

If two rational (straight-lines which are) commensurable in
square only are added together then the whole (straight-line)
is irrational—let it be called a binomial (straight-line).

Proof Actions

1.

10.

For let the two rational (straight-lines), AB and BC, (which are) commen-
surable in square only, be laid down together.

I say that the whole (straight-line), AC, is irrational.

. For since AB is incommensurable in length with BC—for they are com-

mensurable in square only—and as AB (is) to BC, so the (rectangle con-
tained) by ABC (is) to the (square) on BC, the (rectangle contained) by
AB and BC is thus incommensurable with the (square) on BC [Prop.
10.11].

But, twice the (rectangle contained) by AB and BC is commensurable
with the (rectangle contained) by AB and BC [Prop. 10.6].

. And (the sum of) the (squares) on AB and BC is commensurable with

the (square) on BC—for the rational (straight-lines) AB and BC are com-
mensurable in square only [Prop. 10.15].

. Thus, twice the (rectangle contained) by AB and BC is incommensurable

with (the sum of) the (squares) on AB and BC [Prop. 10.13].

. And, via composition, twice the (rectangle contained) by AB and BC,

plus (the sum of) the (squares) on AB and BC—that is to say, the (square)
on AC [Prop. 2.4]—is incommensurable with the sum of the (squares)
on AB and BC [Prop. 10.16].

. And the sum of the (squares) on AB and BC (is) rational.

. Thus, the (square) on AC [is] irrational [Def. 10.4].

Hence, AC is also irrational [Def. 10.4]—Iet it be called a binomial
(straight-line).
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11. (Which is) the very thing it was required to show.

Complete Cinematic Logic

For let the two rational (straight-lines), AB and BC, (which are)
commensurable in square only, be laid down together.

4

But, twice the (rectangle contained) by AB and BC is commensurable
with the (rectangle contained) by AB and BC [Prop. 10.6].

4
‘ And the sum of the (squares) on AB and BC (is) rational. ‘

4

‘ (Which is) the very thing it was required to show. ‘

4

Conclusion: Proposition 36 established.

EUCLID, ELEMENTS - BOOK X + PROPOSITION 36 o

+ AB and BC are rational.
If two rational (straight-lines which are) commensurable in square only *+ AB and BC are commensurable

in square only.

are added together then the whole (straight-line) is irrational— RVic 2Wan "S5

let it be called a binomial (straight-line). TO PROVE: AC is irmational
> 20d is called a binomial stughtlie.
Take two rational straight-hines Since AB andVBCaze)commensurable AB : BC = (AB - BC) : BC2. n 2(AB - BC) is commensurable
AB and BC, commensurable in square only, they are not oo AR B ol with AB - BC, since one is

in square only, and place them commensurable in length. s by Biep! X1 double the other.

end-to-end so that AC = AB + BC.
dEiecy ~ | BC? y AB-BC | = 2 x |2(AB - BC)

AB - BC is incommensurable E
o 2(AB - BC) ~ AB - BC.

AB ~ BC
in square only
= AB # BC in length

AC = AB + BC

AB and BC are rational.

Since AB and BC are rational and a.. ATIoIT) . 155 T By Prop. 114 (the paralllogram law), B
commensurable in square, . " . AB? + BC? + 2AB - BC = AC?
AB? ~ BC? ABS - JBCR ~hBCS MR B i e oo

By Prop. X.15, their sum By Prop. X.13,

is commensurable with BC?.
2(AB - BC) B2 +’EC“‘ |
# |A |
« ) | 4

by Prop. X.16,

after composition,

AC? = AB* + BC%.

AB?| + | BC*| > |AB?+ BC*
= B

AB? + BC? ~ BC?.

AC? = AB® + BC* + 2AB - BC

n AB? and BC? are rational areas AC? =~ AB® + BC?, Since the square on AC Therefore the whole straight line
and are commensurable. VAE B G2 ol e igiont), AC = AB + BC is irmational

Therefore their sum is ratonal. By Definition X4, by Definition X4, ) ltis called a

3
[ap] + [se| » [ap2 45 BINOMIAL
L AC? is irrational. AC s irrational. STRAIGHT-LINE

A x ¢
A I3

AB? + BC? is rational.

AC (binomial straight-line)

AB, BC
rational and AB = BC

~ in length

AC imational | GO
| AC? imational | = (binomial
straight-line)

SUMMARY

OF THE LOGIC square-only
commensurable

24B-BC ~ _ |AC* = AB? + BC? AC* = AB? + BC?

- | AB-BC ~ BC? | - - -
o 3 J AB? + BC? + 24B - BC AB? + BC? rational

(=
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2.37 Proposition 37

Statement

If two medial (straight-lines), commensurable in square only,
which contain a rational (area), are added together then the
whole (straight-line) is irrational—let it be called a first bime-
dial (straight-line).

Proof Actions

1. For let the two medial (straight-lines), AB and BC, commensurable in
square only, (and) containing a rational (area), be laid down together.

2. 1say that the whole (straight-line), AC, is irrational.

3. For since AB is incommensurable in length with BC, (the sum of) the
(squares) on AB and BC is thus also incommensurable with twice the
(rectangle contained) by AB and BC [see previous proposition].

4. And, via composition, (the sum of) the (squares) on AB and BC, plus
twice the (rectangle contained) by AB and BC— that is, the (square) on
AC [Prop. 2.4]—is incommensurable with the (rectangle contained) by
AB and BC [Prop. 10.16].

5. And the (rectangle contained) by AB and BC (is) rational—for AB and
BC were assumed to enclose a rational (area).

6. Thus, the (square) on AC (is) irrational.

7. Thus, AC (is) irrational [Def. 10.4]—let it be called a first bimedial
(straight-line).

8. (Which is) the very thing it was required to show. k3/4.

9. The first bimedial and the corresponding first apotome of a medial, \ k
(1+k)x2+k(1-k)2=0. roots of the quartic x4 -2
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Complete Cinematic Logic

For let the two medial (straight-lines), AB and BC, commensurable in
square only, (and) containing a rational (area), be laid down together.

4

And, via composition, (the sum of) the (squares) on AB and BC, plus
twice the (rectangle contained) by AB and BC— that is, the (square)
on AC [Prop. 2.4]—is incommensurable with the (rectangle contained)
by AB and BC [Prop. 10.16].

4

Thus, AC (is) irrational [Def. 10.4]—let it be called a first bimedial
(straight-line).

4

The first bimedial and the corresponding first apotome of a medial, \ k
(1 +k)x2+k(1-k)2 =0. roots of the quartic x4 -2

4

Conclusion: Proposition 37 established.

GIVEN

+ AB and BC are medial.

* AB and BC are commensurable in
square only.

|+ The rectangle AB - BC is rational.

| TO PROVE: AC = AB + BC is irrational

and is called a first bimedial straight line.

% . EUCLID, ELEMENTS - BOOK X ¢« PROPOSITION 37
"i If two medial (straight-lines), commensurable in square only,

which contain a rational (area), are added together then

L ? the whole (straight-line) is irrational—let it be called

a first bimedial (straight-line).

u Lay out the two medial straight-lines.

‘ Use square-only commensurability. From Prop. 36.
Take AB and BC medil,

s A :':: 'JBC Since AB and BC are From AB # BC (in length),
and such that their rectangle = commensurable in square only, it follows (by Prop. 36) that 48 | + | B
AB - BC is rational. AB .~ BC | they are incommensurable the sum of the squares on them
Place them end-to-end so that (in square only) | in length. . is incommensurable with o v
Y twice their rectangle. AB? + BC’
AC = AB + BC. = 3 il S e
o = ABEIBC AB # BC 2 AB - BC =
e L el rational (in length) | 2amnc
A5 C R : R J
AC = 4B + BC |
4 mpose the two areas reserve incommensurability after composition. se the rational rectangle.
Compose the Pr bility after pos Use the | gl

Add AB® + BC* to 2 AB - BC. Since AB* + BC? is incommensurable

By the hypothesis,
By Prop. IL4 (parallelogram law), with 2 AB - BC, by Prop. X.16, ) l: 5 ": A: e
: 2 4 pe? - At e rectangle AB - BC
JoL A2 Rpock 2 AR BolataC their sum AC? is incommensurable [T, 2 AB - BC
ACt S with AB - BC.
AB*| + | BC?| + | 24B-BC | = | =
7 AC* = AB - BC r 1
AC* = AB® + BC* + 2 AB - BC = AB - BC s rational.
Conclude that AC? is irrational. n Conclude that AC is irrational. Name the new irrational straight-line.
5 Since AC? is incommensurable with

) Y riinaltareV AL 0BG If the square on a straight-line Therefore AC = AB + BC

e R is irrational, then the straight line is irrational. A B c
[ (by Definition X.4). itself is irrational (Def. X.4). It is called T e m_—' J
e ( = IAVFIRSTURTMFDIATE|
AC? is irrational. AC s irrational. l STRAIGHT-LINE ac -
AB, BC medial, e e AB* + BC? act = e ac /@ | acis the %
4B = BC e onh) | -+ [ 510 > - | 4B+ BCt | | ACt % aB-BC| » | C 0 || Gl e | | fne bimedal
AB - BC rational 2AB - BC +2A4B-BC straight line
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2.38 Proposition 38

Statement

If two medial (straight-lines), commensurable in square then
the whole (straight-line) is irrational—let it be called a second
bimedial (straight-line).

Proof Actions

1.

10.
11.

For let the two medial (straight-lines), AB and BC, commensurable in
square only, (and) containing a medial (area), be laid down together [Prop.
10.28].

. I'say that AC is irrational.

. For let the rational (straight-line) DE be laid down, and let (the rectangle)

DF, equal to the (square) on AC, have been applied to DE, making DG
as breadth [Prop. 1.44].

And since the (square) on AC is equal to (the sum of) the (squares) on
AB and BC, plus twice the (rectangle contained) by AB and BC [Prop.
2.4], so let (the rectangle) EH, equal to (the sum of) the squares on AB
and BC, have been applied to DE.

The remainder HF is thus equal to twice the (rectangle contained) by AB
and BC.

And since AB and BC are each medial, (the sum of) the squares on AB
and BC is thus also medial.

. And twice the (rectangle contained) by AB and BC was also assumed (to

be) medial.

And EH is equal to (the sum of) the squares on AB and BC, and FH (is)
equal to twice the (rectangle contained) by AB and BC.

. Thus, EH and HF (are) each medial.

And they were applied to the rational (straight-line) DE.

Thus, DH and HG are each rational, and incommensurable in length with
DE [Prop. 10.22].
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12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

Therefore, since AB is incommensurable in length with BC, and as AB
is to BC, so the (square) on AB (is) to the (rectangle contained) by AB
and BC [Prop. 10.21 lem.], the (square) on AB is thus incommensurable
with the (rectangle contained) by AB and BC [Prop. 10.11].

But, the sum of the squares on AB and BC is commensurable with the
(square) on AB [Prop. 10.15], and twice the (rectangle contained) by AB
and BC is commensurable with the (rectangle contained) by AB and BC
[Prop. 10.6].

Thus, the sum of the (squares) on AB and BC is incommensurable with
twice the (rectangle contained) by AB and BC [Prop. 10.13].

But, EH is equal to (the sum of) the squares on AB and BC, and HF is
equal to twice the (rectangle) contained by AB and BC.

Thus, EH is incommensurable with HF.

Hence, DH is also incommensurable in length with HG [Props. 6.1,
10.11].

Thus, DH and HG are rational (straight-lines which are) commensurable
in square only.

Hence, DG is irrational [Prop. 10.36]. And DE (is) rational.

And the rectangle contained by irrational and rational (straight-lines) is
irrational [Prop. 10.20].

The area DF is thus irrational, and (so) the square-root [of it] is irrational
[Def. 10.4].

And AC is the square-root of DF.

AC is thus irrational—Iet it be called a second bimedial (straight-line).§
(Which is) the very thing it was required to show.

Props. 10.15, 10.23. +k'1/2/k1/4.

The second bimedial and the corresponding second apotome v k ] x2 +
10.75), are the positive roots of the quartic x4 -2 [(k + k')/
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For let the two medial (straight-lines), AB and BC, commensurable in
square only, (and) containing a medial (area), be laid down together
[Prop. 10.28].

4
Thus, EH and HF (are) each medial.

4

Hence, DH is also incommensurable in length with HG [Props. 6.1,
10.11].

Y

The second bimedial and the corresponding second apotome Vk]x2+
10.75), are the positive roots of the quartic x4 -2 [(k +k')/

4

Conclusion: Proposition 38 established.

EUCLID, ELEMENTS - BOOK X « PROPOSITION 38
If two medial (straight-lines), commensurable in square only,
which contain a medial (area), are added together then
the whole (straight-line) is irrational—let it be called
a second bimedial (straight-line).

GIVEN
+ AB and BC are medial.
+ AB and BC are commensurable in square only.
« The rectangle AB - BC is medial.

TO PROVE: AC = AB + BC is irrational
and is called a second bimedial straight-line.

B L o sl rferece e Appy the square on AC to DE.

Apply a rectangle DF to DE
Take a rational straight-line DE. el g P By Prop. 114, Apply to DE a rectangle EH equal
T o AC? = AB? + BC? + 2AB-BC. | to AB?+ BCY. Then HF = 2AB - BC.

(B Docepen th e o thn i |[E] Appy to o o tho v e

A B ¢
A AB BC

|
,: AB? + BC?
AC AB BC 2 E z
C = AB + = D E H F
AB and BC medial. DF = AC?.
AB ~ BC (in square only). DG is the breadth. EH = AB* + BC? HF = 2AB-BC
ABBCis medial.
@ Recognize AB* + BC? as medial. Recognize 2B - BC as medial. 2 e two medial areas [E] Use 4B ~ BC (sqare only). [ Elarge each member by
i le area
Since AB and BC are medial Since AB - BC is medial, Since AB ~ BC (square only).
= e o 2 AB? + BC* ~ AB?
and commensurable in square, twice that rectangle is AB ~ BC (in length).
their squares are medial, also medial.

and 24B - BC ~ AB - BC. base DE,
By the lemma to Prop. X.21,

AB: B

th 3
by Prop. VL1 and Prop. X.11,

% and their sum is medial
iy

AB* : AB - BC. By Prop. X.13,
DH = HG.
rop. X.11, =
AB? + BC? = 2AB - BC.

(248 80 0 it

@ Hence by

AB® + BC? is medial. EH (medial) | HF (i

9 But DH and HG are rational.
Therefore DH and HG are
F

1 rational and ~ in square only.
DH and HG are rationl.

Recall what DF represents. Conclude that AC is irrational.

Ths EH and HF
are both medial arcas.

AB® = AB - BC.
D

Invoke Prop. X.36,
DG = DI + HG,

Nue th new irtoal gt

But DF = AC”. Since the square on AC
OB Fepatt, D ela ool S Theiors the squire S is irraional,
Ll o byl on AC s irrational. and their rectangle is medial.
@ By Prop. X.36, AC s called the
i 1 s irrational. STRAIGHT-LINE | &
& .. e b '
DRI Es & . A
(second imedial strsight line)
. AB, BC medil, 5 EH = AB? + BC* ince AB® 4 BC? = 3 ;
SUMMARY 3 Apply AC? to (medisl) DH, HG SosTAT, EC DG =DH+HG | |pr=pE.DG|_ | DF = AC* Ac AC kit
- AB ~ BC (square only), A - > 24B-BC wege > irrational - - [ ] = second bimedial
OF THE LOGIC [N ration HF = 248 BC rationsl et iecational ierational irmatonal
(medial) = (Prop. X.36)

straight-line.
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2.39 Proposition 39

Statement

If two straight-lines (which are) incommensurable in square,
making the sum of the squares on them rational, and the (rect-
angle contained) by them medial, are added together then
the whole straight-line is irrational—let it be called a major
(straight-line).

Proof Actions

1.

10.

For let the two straight-lines, AB and BC, incommensurable in square,
and fulfilling the prescribed (conditions), be laid down together [Prop.
10.33].

I say that AC is irrational.

. For since the (rectangle contained) by AB and BC is medial, twice the

(rectangle contained) by AB and BC is [thus] also medial [Props. 10.6,
10.23 corr.].

. And the sum of the (squares) on AB and BC (is) rational.

. Thus, twice the (rectangle contained) by AB and BC is incommensurable

with the sum of the (squares) on AB and BC [Def. 10.4].

Hence, (the sum of) the squares on AB and BC, plus twice the (rectangle
contained) by AB and BC—that is, the (square) on AC [Prop. 2.4]—is
also incommensurable with the sum of the (squares) on AB and BC [Prop.
10.16] [and the sum of the (squares) on AB and BC (is) rational].

Thus, the (square) on AC is irrational.

. Hence, AC is also irrational [Def. 10.4]—let it be called a major (straight-

line).

. (Which is) the very thing it was required to show. q k2)1/2]/2 + [1 -k/(1

+k2)1/2]/2.

The major and the corresponding -k/(1 +k2)1/2]/2 (see Prop. 10.76), are
the positive roots of the quartic
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For let the two straight-lines, AB and BC, incommensurable in square,
and fulfilling the prescribed (conditions), be laid down together [Prop.
10.33].

4

‘ And the sum of the (squares) on AB and BC (is) rational. ‘

J

‘ Thus, the (square) on AC is irrational. ‘

4

The major and the corresponding -k/(1 + k2)1/2]/2 (see Prop. 10.76),
are the positive roots of the quartic

4

Conclusion: Proposition 39 established.

EUCLID, ELEMENTS - BOOK X ¢ PROPOSITION 39 GIVEN

B and BC e o o il
If two straight-lines (which are) incommensurable in square, making P
B o of 8 e ol

the sum of the squares on them rational, and the (rectangle contained)
4 AB? + BC? is rational.

by them medial, are added together then the whole straight-line is irrational— Bl i by hecnfit e
let it be called a major (straight-line). AB - BC is medial
BB 1 dowm the cwo special straghtines Recall that their rectangle is medial Double the medial rectangle. Recall that the sam of the squares Compare the medial and
Take AB and BC as in Prop. X.33, By hypothesis, Therefore, by Prop. X.6 and S tiooal e
incommensurable in square, and ; ¥ the corollary to X.23, Al egn b s camn ity
o o G e e By hypothesis, with a rational area (Def. X.4).
R by AB and BC is medil g P k Therefore,
X | Yt | AB? + BC? ‘ e
A 2! ¢ ! s i raonsl. | ‘ 2B BC ~ AB? + BC |
R —
AB BC \ J
AB| AB - BC is medial —¢
AC = AB + BC ]
S A2 | + | Bc2 | =
To prove: AC is irrational. BC 3 I
BC BC 2
B 1 the o picces together Preserve incommensurability [ Use the ratonal rference arca. B p fom the square Name|the newicrational)
after compositon. o the straight-line.
By Prop. L4, S But AB? + BC? is rational bl i Therefore AC = AB + BC s
9 it :
AB? + BC? + 2 AB - BC S ABWECI AR SIRECy Therefore, since AC? is By D X irrational. It s called
= ac by Prop. X.16, incommensurable with a Pt nadtrdn - —
4 P is irrational, then the straght-line AMAJOR |
[ AC? ~ AB? + BC2 ) itself is irrational STRAIGHT-LINE |
2 = [ aca ( J R ]
b g m e AC? is irrational. AC s irrational. 3
2 B c
2 A B c 2 e :
— A+ o
= 2 AB?+ BC? |
ac | =
S e @l () |
Ac
SUMMARY 4 o 2 2 AB- BC 2AB-BC » AC? = AB? + BC? AC? » AB? + BC? Ac? AC AC is the
S 4B+ BC? ol | > | 288 OE > | 20T T > e | N o N - - MAJOR
J G ; i + + 2 ration iraton irrational
OF THE LOGIC | 4B BC medil g i 5 STRAIGHT-LINE
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2.40 Proposition 40

Statement

If two straight-lines (which are) incommensurable in square,
making the sum of the squares on them medial, and the (rect-
angle contained) by them rational, are added together then the
whole straight-line is irrational—let it be called the square-root
of a rational plus a medial (area).

Proof Actions

1. For let the two straight-lines, AB and BC, incommensurable in square,
(and) fulfilling the prescribed (conditions), be laid down together [Prop.
10.34].

2. Isay that AC is irrational.

3. For since the sum of the (squares) on AB and BC is medial, and twice the
(rectangle contained) by AB and BC (is) rational, the sum of the (squares)
on AB and BC is thus incommensurable with twice the (rectangle con-
tained) by AB and BC.

4. Hence, the (square) on AC is also incommensurable with twice the (rect-
angle contained) by AB and BC [Prop. 10.16].

5. And twice the (rectangle contained) by AB and BC (is) rational.
6. The (square) on AC (is) thus irrational.

7. Thus, AC (is) irrational [Def. 10.4]—Ilet it be called the square-root of a
rational plus a medial (area).

8. (Which is) the very thing it was required to show. q q [(1 +k2)1/2 +k]/[2
(1+k2)]+[(1 +k2)1/2 -k)/[2 (1 +k2)]. asqq[(1 +k2)1/2+Kk)/[2 (1 +
k2)]- [(1 + k2)1/2 -k]/[2 (1 +k2)] expressible as x2 +k2/(1 + k2)2 = 0.
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For let the two straight-lines, AB and BC, incommensurable in square,
(and) fulfilling the prescribed (conditions), be laid down together
[Prop. 10.34].

4

For since the sum of the (squares) on AB and BC is medial, and twice
the (rectangle contained) by AB and BC (is) rational, the sum of the
(squares) on AB and BC is thus incommensurable with twice the
(rectangle contained) by AB and BC.

ii

‘ The (square) on AC (is) thus irrational. ‘

\

(Which is) the very thing it was required to show. q q [(1 + k2)1/2 +
k)/[2 (1 +k2)]+ [(1 +k2)1/2 -k]/[2 (1 +k2)]. asq q [(1 +k2)1/2 +
kI/[2 (1 +k2)]- [(1 +k2)1/2 -k]/[2 (1 + k2)] expressible as x2 + k2/(1 +
k2)2 = 0.

4

‘ Conclusion: Proposition 40 established.

EUCLID, ELEMENTS - BOOK X « PROPOSITION 40 GIVEN

If two straight-lines (which are) incommensurable in square,

+ AB and BC are incommensurable in square:

AB® = BC2.

making the sum of the squares on them medial,

and the (rectangle contained) by them rational,
are added together then the whole straight-line is irrational—

* The sum of the squares is medial:
AB? + BC? is medial.
« The rectangle contained by them is rational:

let it be called the square-root of a rational plus a medial (area).

Lay down the two special straight-lines. Recall that the sum of the squares

Take AB and BC as in Prop. X.34, is medial.

Recall that the rectangle
contained by them is rational.

- incommensurable in square, i By hypothesis,
R and place them together. By hypothesis, AB - BC is rational.
); Let AC = AB + BC. AB? + BC? is medial. Therefore twice this rectangle

is also rational
A B @
L

AB BC
AC = AB + BC

i,«w’ +| BC? |=|AB*+BC*

(medial)

; 5 [ 248 BC
‘J‘e prove: AC s imational. | \ is rational.
Form the square on the whole AC.
By Prop. IL4,
AC? = AB? + BC? + 2AB - BC.

I
- BC? | 24B-BC | = | AC?

E Preserve incommensurability

Use the rational reference area.
after composition.

But 24B - BC is rational.
‘Therefore, since AC?

Since AB> + BC> = 2AB - BC,
G s incommensursble with

by Prop. X.16,

¢ @ rational area,

AC? = 2AB - BC AC? is irrational. |

AB - BC is rational.

Compare the mediall and zational aress

A medial area is incommensurable
with a rational area (Def. X.4).
Therefore,

AB? + BC? (medial)

=

| 24B - BC (rational).

B Pass from the square

to the straight-line.

By Definition X.4,
if the square on a straight-line
is irrational, then the
straight-line itself s irrational.

AC is irrational.

G B
C——C ] Il A B @
A AB - BC c ——eo—o
G o, e = ¢ 3 AB BC
AC (AR .. =
2AB - BC is rational i
n Name the new irrational straight-line. - ~ [ —~
= 5 d AP BC
Therefore AC = fw + BC is irrational. : = BC & AB? + BC? AB . BC i AC
e izicalled % is medial is rational e
THE SQUARE-ROOT OF i (AC = AB + BC)
A RATIONAL PLUS A MEDIAL AREA. d
SUMMARY AB? = BC? AB® + BC? AC is the
el AB? + BC™ 24B-BC | (medial) AC* = AB* + BC* | | 2 . jap.BC | - 2 4c SQUARE-ROOT OF
OF THE LOGIC ] Bl ~ 24B-BC 4 24B - BC irrational irrational A RATIONAL PLUS
AB - BC rational (ational) A
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2.41 Proposition 41

Statement

If two straight-lines (which are) incommensurable in square,
making the sum of the squares on them medial, and the (rect-
angle contained) by them medial, and, moreover, incommensu-
rable with the sum of the squares on them, are added together
then the whole straight-line is irrational—let it be called the
square-root of (the sum of) two medial (areas).

Proof Actions

1. For let the two straight-lines, AB and BC, incommensurable in square,
(and) fulfilling the prescribed (conditions), be laid down together [Prop.
10.35].

2. I'say that AC is irrational.

3. Let the rational (straight-line) DE be laid out, and let (the rectangle) DF,
equal to (the sum of) the (squares) on AB and BC, and (the rectangle)
GH, equal to twice the (rectangle contained) by AB and BC, have been
applied to DE.

4. Thus, the whole of DH is equal to the square on AC [Prop. 2.4].

5. And since the sum of the (squares) on AB and BC is medial, and is equal
to DF, DF is thus also medial.

6. And it is applied to the rational (straight-line) DE.

7. Thus, DG is rational, and incommen325 surable in length with DE [Prop.
10.22].

8. So, for the same (reasons), GK is also rational, and incommensurable in
length with GF—that is to say, DE.

9. And since (the sum of) the (squares) on AB and BC is incommensurable
with twice the (rectangle contained) by AB and BC, DF is incommensu-
rable with GH.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

Hence, DG is also incommensurable (in length) with GK [Props. 6.1,
10.11]. And they are rational.

Thus, DG and GK are rational (straight-lines which are) commensurable
in square only.

Thus, DK is irrational, and that (straight-line which is) And DE (is) ratio-
nal. called binomial [Prop. 10.36].

Thus, DH is irrational, and its square-root is irrational [Def. 10.4].
And AC (is) the square-root of HD.

Thus, AC is irrational—let it be called the square-root of (the sum of)
two medial (areas).

(Which is) the very thing it was required to show. «,,q qas k'1/4 [1 +
k/(1 +k2)1/2]/2 + [1 -k/(1 + k2)1/2]/2 . «,,q q expressible as k'1/4 [1 +
k/(1 +k2)1/2)/2 - [1 -k/(1 + k2)1/2]/2 + k' k2/(1 + k2) = 0.

Lemma We will now demonstrate that the aforementioned irrational
(straight-lines) are uniquely divided into the straight-lines of which they
are the sum, and which produce the prescribed types, (after) setting forth
the following lemma.

Let the straight-line AB be laid out, and let the whole (straight-line) have
been cut into unequal parts at each of the (points) C and D.

And let AC be assumed (to be) greater than DB.

I say that (the sum of) the (squares) on AC and CB is greater than (the
sum of) the (squares) on AD and DB.

For let AB have been cut in half at E.
And since AC is greater than DB, let DC have been subtracted from both.

Thus, the remainder AD is greater than the remainder CB. And AE (is)
equal to EB.

Thus, DE (is) less than EC.

Thus, points C and D are not equally far from the point of bisection.
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26.

27.

28.

29.

30.

31.

And since the (rectangle contained) by AC and CB, plus the (square)
on EC, is equal to the (square) on EB [Prop. 2.5], but, moreover, the
(rectangle contained) by AD and DB, plus the (square) on DE, is also
equal to the (square) on EB [Prop. 2.5], the (rectangle contained) by AC
and CB, plus the (square) on EC, is thus equal to the (rectangle contained)
by AD and DB, plus the (square) on DE.

And, of these, the (square) on DE is less than the (square) on EC.

And, thus, the remaining (rectangle contained) by AC and CB is less than
the (rectangle contained) by AD and DB.

And, hence, twice the (rectangle contained) by AC and CB is less than
twice the (rectangle contained) by AD and DB.

And thus the remaining sum of the (squares) on AC and CB is greater
than the sum of the (squares) on AD and DB.

(Which is) the very thing it was required to show. 2.

Complete Cinematic Logic

For let the two straight-lines, AB and BC, incommensurable in square,
(and) fulfilling the prescribed (conditions), be laid down together
[Prop. 10.35].

4

Thus, DG and GK are rational (straight-lines which are)
commensurable in square only.

4

’ For let AB have been cut in half at E. ‘

4
’ (Which is) the very thing it was required to show. 2. ‘

4

Conclusion: Proposition 41 established.
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If two straight-lines (which are) incommensurab!
the sum of the sq n them medial, and the

them medial, and, moreover, incommensurable with tl
on them, are added together then the whole straight
let it be called the square-root of the sum of two meduI areas.

Apply the sum of the squares to DE. Apply twice the rectangle to the same base.
Construct a rectangle DF equal to . Construct a rectangle GH equal to

2 AB - BC.

, its breadth GK i
= , incommensurble in k,,sm with DE.
& o K
GK is rational and GK ~ DE.

b DE, by Poop, VL1
and Prop. X.11,
DG ~ GK.

Ldentify DH with the square on AC.

sQUARE !mvr %
THE SUM OF T
MEDIAL AREAS

DF, GH medial DF ~ GH. DG, GK rational DK = DG + GK DH = AC AC is the
- o beadths | > - - le > (bioomal) > DHimational oL By STl orennn

DI Bc e =N 4 irrational THE SUM OF TWO.

i A in 450 A e | DG, GK ratoml DG = GK. = irratonal AC irational 'MEDIAL AREAS

2.42 Proposition 42

Statement

A binomial (straight-line) can be divided into its (component)
terms at one point only.

Proof Actions

1. Let AB be a binomial (straight-line) which has been divided into its (com-
ponent) terms at C.

2. AC and CB are thus rational (straight-lines which are) commensurable
in square only [Prop. 10.36].

3. Isay that AB cannot be divided at another point into two rational (straight-
lines which are) commensurable in square only.

4. For, if possible, let it also have been divided at D, such that AD and DB
are also rational (straight-lines which are) commensurable in square only.

5. So, (it is) clear that AC is not the same as DB.
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11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

For, if possible, let it be (the same).

. So, AD will also be the same as CB.

. And as AC will be to CB, so BD (will be) to DA.

And AB will (thus) also be divided at D in the same (manner) as the
division at C.

The very opposite was assumed.
Thus, AC is not the same as DB.

So, on account of this, points C and D are not equally far from the point
of bisection.

Thus, by whatever (amount the sum of) the (squares) on AC and CB
differs from (the sum of) the (squares) on AD and DB, twice the (rect-
angle contained) by AD and DB also differs from twice the (rectangle
contained) by AC and CB by this (same amount)—on account of both
(the sum of) the (squares) on AC and CB, plus twice the (rectangle con-
tained) by AC and CB, and (the sum of) the (squares) on AD and DB,
plus twice the (rectangle contained) by AD and DB, being equal to the
(square) on AB [Prop. 2.4].

But, (the sum of) the (squares) on AC and CB differs from (the sum of)
the (squares) on AD and DB by a rational (area).

For (they are) both rational Thus, twice the (rectangle contained) by AD
(areas). and DB also differs from twice the (rectangle contained) by
AC and CB by a rational (area, despite both) being medial (areas) [Prop.
10.21].

The very thing is absurd.

For a medial (area) cannot exceed a medial (area) by a rational (area)
[Prop. 10.26].

Thus, a binomial (straight-line) cannot be divided (into its component
terms) at different points.

Thus, (it can be so divided) at one point only.
(Which is) the very thing it was required to show. k" =k and k"' =k'.
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21. Likewise, k1/2 + k'1/2 =k"1/2 + k"’1/2 has only k"' = k).

Complete Cinematic Logic

Let AB be a binomial (straight-line) which has been divided into its
(component) terms at C.

\
‘ And as AC will be to CB, so BD (will be) to DA. ‘

4

For (they are) both rational Thus, twice the (rectangle contained) by

AD (areas). and DB also differs from twice the (rectangle contained)

by AC and CB by a rational (area, despite both) being medial (areas)
[Prop. 10.21].

4
\ Likewise, k1/2 +k'1/2 =k"1/2 + k""1/2 has only k"’ = k). \

4

‘ Conclusion: Proposition 42 established.

GIVEN

« AB is a binomial straight line.

« AB = AC + CB, where AC and CB are
rational and commensurable in square only.

« Suppose also AB = AD + DB with

AD and DB rational and square-only

commensurable.

EUCLID, ELEMENTS - BOOK X

A binomial (straight-line) can be divided into
its (component) terms at one point only.

Start with the genuine decomposition. Assume a second decomposition exists. Show that AC # DB. Conclude C and D are unequally
from the midpoint.
Let AB be a binomial sraight line Suppose another point D also divides AB I AC = DB, then AD = CB, e kot
divided at C. into two rational straght ines commensurable 50 the second division would Since the two divisions are
i’ in square only. 3, ot be different. diffrent,
A c B = i 1; 3
S e Tt 4 S . Therefore, C and D are not equally
8 CE o) P — distant from the midpoint
of AB.
AC and CB are rational X AR,
and commensurable in ) | We have two different divisions at A © o B 5
square only. Cand D,  ———+——
Compare the two sums of squares. Use the identity for the square on AB. Transfer the difference. B} Recomnize both sums of squares as ratonal.
By the preceding lemma, since the P e 250 e o Since both expressions equal AB, Each pair consists of ratonal straight ines
g  divisions are unequal with respect whatever separates AC? + CB? ., commensurable in square only.
i to the midpoint, AB? = AC? + CB? AB® = AD* + DB? | from AD? + DB? must be exactly ‘Therefore each sum of squares is rational.
+ 2(AC - CB). +2(4p-0p)._ | what separates 24D - DB from Hence thei difference i  rational area
AC?+ CB? # AD?+ DB? = — 24C - CB.
e Ac?+cB! | _|AD?+DB? | _ | (rational
5 Both expressions equal the same AB” (rational) (eationa) | = | area)
B reciore the double rectangles difer Recognize both rectangles as medial Reach the contradiction. 12 Conclude uniqueness.
oy il e P Since each pair s raional and From Step 9 we have concluded Therefore a binomial straight-line
From Step 7, the same rational difference ¥ commensurable in square only, that one medial area exceeds cannot be divided into its
must occur between the double rectangles. by Prop. X.21 the rectangles another medial area by a component terms at two.

rational arca. different points.
But by Prop. X.26,

AC - CB and AD + DB are medial.
Their doubles are also medial.

24c.c | _| 24D DB | _ | (rational [ A binomial has exactly
(medial) (mediah) | area) 24C . CB and 24D - DB | ‘ B e one point of division into
are medial areas. rational area. CONTRADICTION! its component terms.

Two different _, | Unequal with respect | AC? + CB? | AB? = (squares) + 2rectangle) | __ Difference of squares 2 Double rectangles are _,| Contradiction | __
divisions at C, D to midpoint # AD? + DB? for both divisions. e el Ly (Prop. X.26)
double rectangles a rational area [ ik )
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2.43 Proposition 43

Statement

A first bimedial (straight-line) can be divided (into its compo-
nent terms) at one point only.

Proof Actions

10.

11.

. Let AB be a first bimedial (straight-line) which has been divided at

C, such that AC and CB are medial (straight-lines), commensurable in
square only, (and) containing a rational (area) [Prop. 10.37].

. I'say that AB cannot be (so) divided at another point.

For, if possible, let it also have been divided at D, such that AD and
DB are also medial (straight-lines), commensurable in square only, (and)
containing a rational (area).

Since, therefore, by whatever (amount) twice the (rectangle contained)
by AD and DB differs from twice the (rectangle contained) by AC and
CB, (the sum of) the (squares) on AC and CB differs from (the sum of)
the (squares) on AD and DB by this (same amount) [Prop. 10.41 lem.].

. And twice the (rectangle contained) by AD and DB differs from twice

the (rectangle contained) by AC and CB by a rational (area).
For (they are) both rational (areas).

(The sum of) the (squares) on AC and CB thus differs from (the sum
of) the (squares) on AD and DB by a rational (area, despite both) being
medial (areas).

. The very thing is absurd [Prop. 10.26].

. Thus, a first bimedial (straight-line) cannot be divided into its (compo-

nent) terms at different points.
Thus, (it can be so divided) at one point only.

(Which is) the very thing it was required to show. i.e., k' =k.
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Complete Cinematic Logic

Let AB be a first bimedial (straight-line) which has been divided at C,
such that AC and CB are medial (straight-lines), commensurable in
square only, (and) containing a rational (area) [Prop. 10.37].

Y

Since, therefore, by whatever (amount) twice the (rectangle contained)
by AD and DB differs from twice the (rectangle contained) by AC and
CB, (the sum of) the (squares) on AC and CB differs from (the sum of)
the (squares) on AD and DB by this (same amount) [Prop. 10.41 lem.].

4
‘ The very thing is absurd [Prop. 10.26]. ‘

J

‘ (Which is) the very thing it was required to show. i.e., k' =k. ‘

4

Conclusion: Proposition 43 established.

A first bimedial (straight-line) can be divided

(into its component terms) at one point only.

first bimedial type.

e s e e e e

| Since AC - CB is rationa, Since AD - DB is rational,
+ CB* + 2(AC - CB) ]

[[wa ] [ won
AB® = AD® + DB? + 2(AD - DB) )

this double recangle is rational. | this double rectangl is ational

AC and CB are medial,
commensurable in square only,
and AC - CB is rational.

AD and DB are also medial,
commensurable in square only,
and AD - DB is rational.

Thercfore, whtever separats the two

et Sl e Hence both 2AC - CB and 24D - DB

are rational areas.

b | separates the two sums of squares.

Recogaize both sums of squares as medial ﬂ Reach the contradiction.

[ 6 R
cums of

ince AC and CB are ince AD and DB are
From Step 3, the sar S acE C & o )y a rational ar
medial and commensurable | medil and commensurable
in square only, in square only.

] rational
— 7 i medial area | — | medil area | = | "

A + cB? & AD? + DB?
is medial. | 4, is medial.

But by Proposition X.26,
So one double rctange excoeds the other a medial area cannot exceed a
by a ratonal area il

Both sums of squares are medial areas.

ﬂ Conclude uniqueness The only valid division Any other paint gives a contradicion
Therefore the assumed second division at D) A first bimedial straight line A (9 B A D B
is impossible. can be divided into its component T i
AC (medial) | CB (medial) AD (medial) | DB (medial)

terms at one point only.

AC - CB is rational. AD - DB is rational.
ROl 7o dccomposiions | Difl e | B dble e of doue | 1;""“‘* ‘:“k'“‘“ | Both sums o squars || Mol - Mol
OF THE LOGIC [N T rechngles e et i rional sums o Suaces o el e
of sumalof squares T is rational. rational (Prop. X.26).
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2.44 Proposition 44

Statement

A second bimedial (straight-line) can be divided (into its com-
ponent terms) at one point only.

Proof Actions

L.

10.

11.

Let AB be a second bimedial (straight-line) which has been divided at C,
so that AC and BC are medial (straight-lines), commensurable in square
only, (and) containing a medial (area) [Prop. 10.38].

So, (it is) clear that C is not (located) at the point of bisection, since (AC
and BC) are not commensurable in length.

. I say that AB cannot be (so) divided at another point.

. For, if possible, let it also have been (so) divided at D, so that AC is not

the same as DB, but AC (is), by hypothesis, greater.

. So, (it is) clear that (the sum of) the (squares) on AD and DB is also less

than (the sum of) the (squares) on AC and CB, as we showed above [Prop.
10.41 lem.].

And AD and DB are medial (straight-lines), commensurable in square
only, (and) containing a medial (area).

And let the rational (straightline) EF be laid down.

. And let the rectangular parallelogram EK, equal to the (square) on AB,

have been applied to EF.

. And let EG, equal to (the sum of) the (squares) on AC and CB, have been

cut off (from EK).

Thus, the remainder, HK, is equal to twice the (rectangle contained) by
AC and CB [Prop. 2.4].

So, again, let EL, equal to (the sum of) the (squares) on AD and DB—
which was shown (to be) less than (the sum of) the (squares) on AC and
CB—have been cut off (from EK).
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12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

And, thus, the remainder, MK, (is) equal to twice the (rectangle con-
tained) by AD and DB.

And since (the sum of) the (squares) on AC and CB is medial, EG (is)
thus [also] medial.

And it is applied to the rational (straight-line) EF.

Thus, EH is rational, and incommensurable in length with EF [Prop.
10.22].

So, for the same (reasons), HN is also rational, and incommensurable in
length with EF.

And since AC and CB are medial (straight-lines which are) commensu-
rable in square And as AC (is) to CB, so the (square) on AC (is) to the
(rectangle contained) by AC and CB [Prop. 10.21 lem.].

Thus, the (square) on AC is incommensurable with the (rectangle con-
tained) by AC and CB [Prop. 10.11].

But, (the sum of) the (squares) on AC and CB is commensurable with the
(square) on AC.

For, AC and CB are commensurable in square [Prop. 10.15].

And twice the (rectangle contained) by AC and CB is commensurable
with the (rectangle contained) by AC and CB [Prop. 10.6].

And thus (the sum of) the squares on AC and CB is incommensurable
with twice the (rectangle contained) by AC and CB [Prop. 10.13].

But, EG is equal to (the sum of) the (squares) on AC and CB, and HK
equal to twice the (rectangle contained) by AC and CB.

Thus, EG is incommensurable with HK.

Hence, EH is also incom329 mensurable in length with HN [Props. 6.1,
10.11].

And (they are) rational (straight-lines).

Thus, EH and HN are rational (straight-lines which are) commensurable
in square only.
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28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

And if two rational (straight-lines which are) commensurable in square
only are added together then the whole (straight-line) is that irrational
called binomial [Prop. 10.36].

Thus, EN is a binomial (straightline) which has been divided (into its
component terms) at H.

So, according to the same (reasoning), EM and MN can be shown (to be)
rational (straight-lines which are) commensurable in square only.

And EN will (thus) be a binomial (straight-line) which has been divided
(into its component terms) at the different (points) H and M (which is
absurd [Prop. 10.42]).

And EH is not the same as MN, since (the sum of) the (squares) on AC
and CB is greater than (the sum of) the (squares) on AD and DB.

But, (the sum of) the (squares) on AD and DB is greater than twice the
(rectangle contained) by AD and DB [Prop. 10.59 lem.].

Thus, (the sum of) the (squares) on AC and CB—that is to say, EG—is
also much greater than twice the (rectangle contained) by AD and DB—
that is to say, MK.

Hence, EH is also greater than MN [Prop. 6.1].

Thus, EH is not the same as MN.

(Which is) the very thing it was required to show. one solution: i.e., k"
=kand k" =k
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Let AB be a second bimedial (straight-line) which has been divided at
C, so that AC and BC are medial (straight-lines), commensurable in
square only, (and) containing a medial (area) [Prop. 10.38].

4
And since (the sum of) the (squares) on AC and CB is medial, EG (is)
thus [also] medial.

4

Hence, EH is also incom329 mensurable in length with HN [Props.
6.1, 10.11].

4

(Which is) the very thing it was required to show. one solution: i.e., k"’
=kand k"' =K'

4

Conclusion: Proposition 44 established.

EUCLID, ELEMENTS - BOOK X « PROPOSITION 44

A second bimedial (straight-line) can be divided
(into its component terms) at one point only.

GIVEN
« 4B is a second bimedial straight-line.

« AB = AC + CB, where AC and CB are medial,
ble in square only, and AC - CB is

« Suppose aleo AB = AD + DB of the same
b cccond bimedial type.

Assume a second division exists.
Suppose another point D also divides AB
AB = AD + DB.
A D B The points C and D le differently
P W with respect to the midpoint.
AD DB

Distinguish

Compare their sums of squares.
By the preeog .

AD? + DB? < AC? + CB.

(The sum of squares in the first
AD and DB are medial, division is larger)
commensurable i square only,

AC > DB |
[l o)

B E L K

! L 1 1

EG = AC* + CB*  HK = 2AC-CB EL = AD? + DB* MK = 24D - DB EG is medial.
= e S e o

for AD and DB Since AC? + CB? > AD? + DB?,

« AC? + CB? ~ 24C - CB.
Thus EG = HK, and 0 EH = HN.

EH and HN are rational but
e

(5N o, dvidd a1 .

y ﬂmre!ort rhe assurkued second
Therefore the assumed second

’ 2
*
g division at D is impossible. o i
division at D is impossible. ¢ = ]
No second point D exists. T setali il
2 unique division poiat.

is a contradiction!

Diffrent postions
SUMMARY e s Apply areas to EH, HN ratonal ok o Therelre oy
o showmidpoim gE: | —» | fand - - - | one division 3
(ORI BIOCN  of A5 (st C nd D) = AC* + CB? Y o s binomial at H binomial at M N e S o QE.D.
S  HK, EL, commensurable N e
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2.45 Proposition 45

Statement

A major (straight-line) can only be divided (into its component
terms) at the same point.

Proof Actions

L.

10.
11.

Let AB be a major (straight-line) which has been divided at C, so that AC
and CB are incommensurable in square, making the sum of the squares
on AC and CB rational, and the (rectangle contained) by AC and CD
medial [Prop. 10.39].

. I say that AB cannot be (so) divided at another point.

. For, if possible, let it also have been divided at D, such that AD and DB

are also incommensurable in square, making the sum of the (squares) on
AD and DB rational, and the (rectangle contained) by them medial.

And since, by whatever (amount the sum of) the (squares) on AC and CB
differs from (the sum of) the (squares) on AD and DB, twice the (rect-
angle contained) by AD and DB also differs from twice the (rectangle
contained) by AC and CB by this (same amount).

. But, (the sum of) the (squares) on AC and CB exceeds (the sum of) the

(squares) on AD and DB by a rational (area).

For (they are) both rational (areas).

. Thus, twice the (rectangle contained) by AD and DB also exceeds twice

the (rectangle contained) by AC and CB by a rational (area), (despite
both) being medial (areas).

. The very thing is impossible [Prop. 10.26].

Thus, a major (straight-line) cannot be divided (into its component terms)
at different points.

Thus, it can only be (so) divided at the same (point).

(Which is) the very thing it was required to show. q q [1 + k'/(1 +
k'2)1/2]/2 + [1 -kK'/(1 + k"2)1/2]/2 has only one =
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Let AB be a major (straight-line) which has been divided at C, so that
AC and CB are incommensurable in square, making the sum of the
squares on AC and CB rational, and the (rectangle contained) by AC
and CD medial [Prop. 10.39].

4

And since, by whatever (amount the sum of) the (squares) on AC and
CB differs from (the sum of) the (squares) on AD and DB, twice the
(rectangle contained) by AD and DB also differs from twice the
(rectangle contained) by AC and CB by this (same amount).

I
\ The very thing is impossible [Prop. 10.26]. \

4

(Which is) the very thing it was required to show. q q [1 + k'/(1 +
k'2)1/2]/2 + [1 -k'/(1 + k'2)1/2]/2 has only one =

4

Conclusion: Proposition 45 established.

EUCLID, ELEMENTS - BOOK X < PROPOSITION 45 |SSsyiN

is 2 major straight ine.

. + CB, where AC B |
A major (straight-line) can onlybe divided ST i
(into its component terms) at the same point. B s o e
o the same major ype.

B with e g don 1 . FacEtTeE S o e e

Let AB be a major straightline
divided at C.

Suppose, if possible, that AB can also
be divided at D.

Gt i N 4B AD gDk [ = act + cB 4 2ac - cm) l
> |

Both AC? + CB? and AD? + DB*
Since both divisions make up the same whole AB, .

iffers from the other
rational area.

AD DB | 482 = ap? + DB? + 2(4D - DB) ‘

IS AC nd CB are incommensurable in square, | |
_— AC* + CB? is rational,
and AC - CB is medial,

AD? + DB is rational,
and AD - DB is medial.

E Recogize bott double  recianglestae medial

Since AC - CB is medial and AD - DB
is medial, their doubles are also medial.

e occurs
between the double rectangles.

#

2(AD - DB)
2(AC - CB) 2(AD - DB)

T
> But by Proposition X.26,
 medial area cannot exceed another
medial area by a rational area.
CONTRADICTION!

medial area [ medial area | B

[ s

> | Medial -~ Medial
SUMMARY - Hence difference of But both double
LET - [EECaaEi B o Y g o [RY  cily
OF THE LOGIC + 2(double rectangle) o L g
\ for both. J (Prop. X.26).
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2.46 Proposition 46

Statement

The square-root of a rational plus a medial (area) can be di-
vided (into its component terms) at one point only.

Proof Actions

L.

10.

Let AB be the square-root of a rational plus a medial (area) which has
been divided at C, so that AC and CB are incommensurable in square,
making the sum of the (squares) on AC and CB medial, and twice the
(rectangle contained) by AC and CB rational [Prop. 10.40].

. I say that AB cannot be (so) divided at another point.

. For, if possible, let it also have been divided at D, so that AD and DB

are also incommensurable in square, making the sum of the (squares) on
AD and DB medial, and twice the (rectangle contained) by AD and DB
rational.

Therefore, since by whatever (amount) twice the (rectangle contained)
by AC and CB differs from twice the (rectangle contained) by AD and
DB, (the sum of) the (squares) on AD and DB also differs from (the sum
of) the (squares) on AC and CB by this (same amount).

. And twice the (rectangle contained) by AC and CB exceeds twice the

(rectangle contained) by AD and DB by a rational (area).

. (The sum of) the (squares) on AD and DB thus also exceeds (the sum

of) the (squares) on AC and CB by a rational (area), (despite both) being
medial (areas).

The very thing is impossible [Prop. 10.26].

Thus, the square-root of a rational plus a medial (area) cannot be divided
(into its component terms) at different points.

. Thus, it can be (so) divided at one point (only).

(Which is) the very thing it was required to show. q (1 + k2)] =[(1 +
k'2)1/2 +k'1/[2 (1 +k'2)]
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Let AB be the square-root of a rational plus a medial (area) which has

been divided at C, so that AC and CB are incommensurable in square,

making the sum of the (squares) on AC and CB medial, and twice the
(rectangle contained) by AC and CB rational [Prop. 10.40].

4

Therefore, since by whatever (amount) twice the (rectangle contained)
by AC and CB differs from twice the (rectangle contained) by AD and
DB, (the sum of) the (squares) on AD and DB also differs from (the
sum of) the (squares) on AC and CB by this (same amount).

y
| The very thing is impossible [Prop. 10.26]. \

4

(Which is) the very thing it was required to show. q (1 + k2)] =[(1 +
k'2)1/2 +kK')/[2 (1 +Kk'2)]

4

‘ Conclusion: Proposition 46 established.

EUCLID, ELEMENTS - BOOK X « PROPOSITION 46

The square-root of a rational plus a medial (area) can be
divided (into its component terms) at one point only.

n Begin with the gemine decomposition at C. 2 Assume a sccond decomposition at D. Compare the two expansions of ABY.

Let AB = AC + CB. Suppose AB = AD + DB. From the division at C,

/) D B AB? = AC? + CB? + 2AC - CB
— .

AD DB

From the division at D,
AB? = AD? + DB? + 2AD - DB

2AC-CB | | 24D-DB
(rational) | (rational)
b i

If one exceeds the other,
the difference is rational

AD and DB are incommensurabe n square,

AC? + CB? is medial,
and 2AC - CB is rational.

AD? + DB is medial, Since both equal AB?, whatever separates
and 2AD - DB s rational. the two double rectangles must also separate
the two sums of squares (in opposite sense).

[ [ ——— T

From the first division,  From the second division. Bl e,

= 2 2 2 2
: e e y | AC? + CB AD? + DB
| (medial) ¢ | s medial is medial.
=22 =) ¢ J 1
1 f
[ e e
¥ ‘Thus one medial area exceeds another M DT
Difference is rational. medial area by a rational area.

Contradiction!

Medial ~ Medial cannot
differ by a rational area | —>
(Prop. X.26)

Equal totals: Double rectangles
SUMMARY oo it AB? = (sums of squares) u ’ £
. > - > d
OF THE LOGIC of the same AB. + 2(double rectangles) ence
for both. is ratic
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2.47 Proposition 47

Statement

The square-root of (the sum of) two medial (areas) can be di-
vided (into its component terms) at one point only.

Proof Actions

L.

10.

11.

Let AB be [the square-root of (the sum of) two medial (areas)] which has
been divided at C, such that AC and CB are incommensurable in square,
making the sum of the (squares) on AC and CB medial, and the (rectangle
contained) by AC and CB medial, and, moreover, incommensurable with
the sum of the (squares) on (AC and CB) [Prop. 10.41].

I say that AB cannot be divided at another point fulfilling the prescribed
(conditions).

. For, if possible, let it have been divided at D, such that AC is again man-

ifestly not the same as DB, but AC (is), by hypothesis, greater.

And let the rational (straight-line) EF be laid down.

. And let EG, equal to (the sum of) the (squares) on AC and CB, and HK,

equal to twice the (rectangle contained) by AC and CB, have been applied
to EF.

Thus, the whole of EK is equal to the square on AB [Prop. 2.4].

So, again, let EL, equal to (the sum of) the (squares) on AD and DB, have
been applied to EF.

. Thus, the remainder—twice the (rectangle contained) by AD and DB—is

equal to the remainder, MK.

And since the sum of the (squares) on AC and CB was assumed (to be)
medial, EG is also medial.

And it is applied to the rational (straight-line) EF.

HE is thus rational, and incommensurable in length with EF [Prop.
10.22].
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12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

So, for the same (reasons), HN is also rational, and incommensurable in
length with EF.

And since the sum of the (squares) on AC and CB is incommensurable
with twice the (rectangle contained) by AC and CB, EG is thus also in-
commensurable with GN.

Hence, EH is also incommensurable with HN [Props. 6.1, 10.11].
And they are (both) rational (straight-lines).

Thus, EH and HN are rational (straight-lines which are) commensurable
in square only.

Thus, EN is a binomial (straightline) which has been divided (into its
component terms) at H [Prop. 10.36].

So, similarly, we can show that it has also been (so) divided at M.
And EH is not the same as MN.

Thus, a binomial (straight-line) has been divided (into its component
terms) at different points.

The very thing is absurd [Prop. 10.42].

Thus, the square-root of (the sum of) two medial (areas) cannot be di-
vided (into its component terms) at different points.

Thus, it can be (so) divided at one [point] only. q k2)1/2]/2=k""1/4[1 +
k"/(1 +k"2)1/2]/2 and k""" = k'. Definitions II 5.

Given a rational (straight-line), and a binomial (straight-line) which has
been divided into its (component) terms, of which the square on the
greater term is larger than (the square on) the lesser by the (square) on
(some straight-line) commensurable in length with (the greater) then, if
the greater term is commensurable in length with the rational (straight-
line previously) laid out, let [the whole] (straight-line) be called a first
binomial (straight-line). 6.

And if the lesser term is commensurable in length with the rational
(straight-line previously) laid out then let (the whole straight-line) be
called a second binomial (straight-line). 7.
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26. And if neither of the terms is commensurable in length with the ratio-
nal (straight-line previously) laid out then let (the whole straight-line) be
called a third binomial (straight-line). 8.

27. So, again, if the square on the greater term is larger than (the square on)
[the lesser] by the (square) on (some straight-line) incommensurable in
length with (the greater) then, if the greater term is commensurable in
length with the rational (straight-line previously) laid out, let (the whole
straight-line) be called a fourth binomial (straight-line). 9.

28. And ifthe lesser (term is commensurable), a fifth (binomial straight-line).
10.

29. And if neither (term is commensurable), a sixth (binomial straight-line).

Complete Cinematic Logic

Let AB be [the square-root of (the sum of) two medial (areas)] which
has been divided at C, such that AC and CB are incommensurable in
square, making the sum of the (squares) on AC and CB medial, and the
(rectangle contained) by AC and CB medial, and, moreover,
incommensurable with the sum of the (squares) on (AC an...

J

‘ And it is applied to the rational (straight-line) EF.

4

Thus, a binomial (straight-line) has been divided (into its component
terms) at different points.

ll

And if neither (term is commensurable), a sixth (binomial straight—line).‘

4

Conclusion: Proposition 47 established.
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EUCLID, ELEMENTS - BOOK X « PROPOSITION 47

The square-root of (the sum of) two medial (areas)
can be divided (into its component terms) at one point only.

Lay out a rational refer

Take a rational straightline. EF.

Apply twice the first rectangle.
Apply HK = 24C - CB.

AD? 4 DB? is medial
AD - DB is medial.
AD* + DB # AD - DB.

AC* +CB* » AC - CB.

Appy the sum of squaes from [y r———
the b deo i “The remainder MK = 2AD - DB.
_ Apply EL AD? + DB,

and incommensarabe in length with EF.

(by Prop. X22).
H G

E F

[

EL is & rectangle equal to
AD? + DB? (medial).

E

]

o

MK is a rectangle equal to
24D - DB (medi).

Applying the same ressoning
(Prop. VL1 and X.1 with AD and DB, the same

EH # HN.

ding breadths satcly
EH # MN.

L £ H MEL N R
i R e S
A
EH # MN.
Hence the two divisions are disine.

EH and HN s raional
square only.

‘This is impossible!
Contradiction!

2.48 Proposition 48

Statement

1o find a first binomial (straight-line).

Proof Actions

1. Let two numbers AC and CB be laid down such that their sum AB has to
BC the ratio which (some) square number (has) to (some) square number,
and does not have to CA the ratio which (some) square number (has) to
(some) square number [Prop. 10.28 lem. I].

2. And let some rational (straight-line) D be laid down.
3. And let EF be commensurable in length with D.
4. EF is thus also rational [Def. 10.3].

5. And let it have been contrived that as the number BA (is) to AC, so the
(square) on EF (is) to the (square) on FG [Prop. 10.6 corr.].
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And AB has to AC the ratio which (some) number (has) to (some)
num333 ber.

Thus, the (square) on EF also has to the (square) on FG the ratio which
(some) number (has) to (some) number.

. Hence, the (square) on EF is commensurable with the (square) on FG

[Prop. 10.6]. And EF is rational.
Thus, FG (is) also rational.

And since BA does not have to AC the ratio which (some) square number
(has) to (some) square number, thus the (square) on EF does not have to
the (square) on FG the ratio which (some) square number (has) to (some)
square number either.

Thus, EF is incommensurable in length with FG [Prop 10.9].

EF and FG are thus rational (straight-lines which are) commensurable in
square only.

Thus, EG is a binomial (straight-line) [Prop. 10.36].
I say that (it is) also a first (binomial straight-line).

For since as the number BA is to AC, so the (square) on EF (is) to the
(square) on FG, and BA (is) greater than AC, the (square) on EF (is) thus
also greater than the (square) on FG [Prop. 5.14].

Therefore, let (the sum of) the (squares) on FG and H be equal to the
(square) on EF.

And since as BA is to AC, so the (square) on EF (is) to the (square) on
FG, thus, via conversion, as AB is to BC, so the (square) on EF (is) to
the (square) on H [Prop. 5.19 corr.].

And AB has to BC the ratio which (some) square number (has) to (some)
square number.

Thus, the (square) on EF also has to the (square) on H the ratio which
(some) square number (has) to (some) square number.

Thus, EF is commensurable in length with H [Prop. 10.9].
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21. Thus, the square on EF is greater than (the square on) FG by the (square)
on (some straight-line) commensurable (in length) with (EF).

22. And EF and FG are rational (straight-lines).

23. And EF (is) commensurable in length with D.

24. Thus, EG is a first binomial (straight-line) [Def. 10.5].

25. (Which is) the very thing it was required to show. V 1 -k’ 2.

26. This, and the first apotome, whose straight-line is k + k k' 2 = 0.

Complete Cinematic Logic

Let two numbers AC and CB be laid down such that their sum AB has
to BC the ratio which (some) square number (has) to (some) square
number, and does not have to CA the ratio which (some) square
number (has) to (some) square number [Prop. 10.28 lem. I].

4

Thus, FG (is) also rational. ‘

Y

And AB has to BC the ratio which (some) square number (has) to
(some) square number.

ll

This, and the first apotome, whose straight-line is k + k k' 2 = 0. ‘

4

Conclusion: Proposition 48 established.
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EUCLID, ELEMENTS - BOOK X e MSNGIVEN
+ PROPOSITION 48 « it
To find a first binomial (straight-line). o W0 i ms:gm{.: .

« Construct EG = EF + FG.
+ Goal: Show that EG is a first binomial.

Construct FG so that Since BA : AC s a ratio of numbers, EF ie ratiooal and EF® ~ FG?
EF? : FG? is also a ratio,

BA : AC = EF? : FG2. Therefore FG is rational.
/ but AB : AC # square : square. & Fis o —
square : square. (By the corollary to Prop. X.6.)

A @ B

AN F G E F G
AC CB 24 L —————— N ~ (WEGE o e
(By the first lemma of Prop. X.28.) =" D is rational and EF ~ D. = 5
a Since BA : AC is not  ratio By Prop. X9, a a Since BA > AC and M omstruct o srigheline H soch thar
of square numbers, > - S
- E rable in BA: AC = EP: FG?, EF® = FG? + H2.
EF? : FG? is also not ~

a ratio of square numbers. by Prop. V.14,
EF? > FG?.

#

M roososc-mmore, B owm:scmammut T e Vi
by conversion, the ratio of square numbers. + EF and FG are rational
+ EF and FG are commensurable in

] S
=+1H’\
F G H
——

EF is commensurable in length [Er~b.

AB:BC = EF? 12 e TP with H

EF of the

square only.
« EF? > FG? and EF? ~ FG? = H?

is a raio of square numbers. ensursble
G B = = Thus EF? - FG? = HY, with H ~ EF
e R and H ~ EF.
EF? ] Ira Ey : |RH F G H
L ———

ST Choose numbers: [ e i — EF > FG%. Since AB: BC = 0: 10, Hence, by Def. X5,
AB:BC=0:0,| > - - > | LB =G 4B | > wegnEF~H | > 2
OF THE LOGIC and EF ~ D. s binomia.
AB:AC#0:0L = AB: BC = EF? : HY. Also EF ~ D. FIRST BINOMIAL.

2.49 Proposition 49

Statement

1o find a second binomial (straight-line).

Proof Actions

1. Let the two numbers AC and CB be laid down such that their sum AB
has to BC the ratio which (some) square number (has) to (some) square
number, and does not have to AC the ratio which (some) square number
(has) to (some) square number [Prop. 10.28 lem. I].

2. And let the rational (straight-line) D be laid down.
3. And let EF be commensurable in length with D.
4. EF is thus a rational (straight-line).

5. So, let it also have been contrived that as the number CA (is) to AB, so
the (square) on EF (is) to the (square) on FG [Prop. 10.6 corr.].
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Thus, the (square) on EF is commensurable with the (square) on FG [Prop.
10.6].

Thus, FG is also a rational (straightline).

. And since the number CA does not have to AB the ratio which (some)

square number (has) to (some) square number, the (square) on EF does
not have to the (square) on FG the ratio which (some) square number
(has) to (some) square number either.

. Thus, EF is incommensurable in length with FG [Prop. 10.9].

EF and FG are thus rational (straight-lines which are) commensurable in
square only.

Thus, EG is a binomial (straightline) [Prop. 10.36].
So, we must show that (it is) also a second (binomial straight-line).

For since, inversely, as the number BA is to AC, so the (square) on GF
(is) to the (square) on FE [Prop. 5.7 corr.], and BA (is) greater than AC,
the (square) on GF (is) thus [also] greater than the (square) on FE [Prop.
5.14].

Let (the sum of) the (squares) on EF and H be equal to the (square) on
GF.

Thus, via conversion, as AB is to BC, so the (square) on FG (is) to the
(square) on H [Prop. 5.19 corr.].

But, AB has to BC the ratio which (some) square number (has) to (some)
square number.

Thus, the (square) on FG also has to the (square) on H the ratio which
(some) square number (has) to (some) square number.

Thus, FG is commensurable in length with H [Prop. 10.9].

Hence, the square on FG is greater than (the square on) FE by the (square)
on (some straight-line) commensurable in length with (FG).

And FG and FE are rational (straight-lines which are) commensurable in
square only.
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21. And the lesser term EF is commensurable in length with the rational
(straightline) D (previously) laid down.

22. Thus, EG is a second binomial (straight-line) [Def. 10.6].

23. (Which is) the very thing it was required to show. V 1 -k’ 2 + k.

24. This, and the second apotome, binomial straight-line is k/ \' 1 -k’ 2) x +
k2 [k'2/(1 -k'2)]=0. k/

Complete Cinematic Logic

Let the two numbers AC and CB be laid down such that their sum AB
has to BC the ratio which (some) square number (has) to (some) square
number, and does not have to AC the ratio which (some) square
number (has) to (some) square number [Prop. 10.28 lem. I].

U

’ Thus, EF is incommensurable in length with FG [Prop. 10.9]. ‘

4

Thus, the (square) on FG also has to the (square) on H the ratio which
(some) square number (has) to (some) square number.

4

This, and the second apotome, binomial straight-line is k/ V 1 -k’ 2) x +
k2 [k'2/(1 -k'2)]=0. k/

4

Conclusion: Proposition 49 established.
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EUCLID, ELEMENTS - BOOK X
« PROPOSITION 49 -

To find a SECOND BINOMIAL straight-line.
’ o~ <

CONSTRUCT THE BINOM EG = EF + FG 1. SHOW THE EXCESS OF SQUARES | IIl. SHOW IT IS A SECOND BINOMIAL

and CB 50 that theie sum AB . sis B From CA: 4B = EF? : FG2, ke imendy From constructon in Step 2,

u i A N
o e > BA : AC = FG? : FE2. | EF~D. |
but AB : AC # square : square TR

@ Since BA > AC, by Prop. V.14, FG? E F
@ L ——

— ——— . = i
ac 5 > | L. el
D

Take a rational ssghtline D.
[ ke a straight-line H such that

Chosse EF commensurale in lenth with . = Collecting all the properties:

E F e FG? = EF? + H2. ™)
-~ o lence EF - N
is rational. F E He G | v EF and FG are rational /
o nsurable in square only
Construct FG so that  CA : AB = EF? ; FG2. ¢ e e ARy
(Corolay to Prop. X.6) E F G [ om BA: AC = FG? : FE2, 3
C—— L
Since CA ¢ AB is 2 ratio of numbers, by conversion, ’ ,
EF? : FG? is al rati Ty Eﬁi < Fer. AB : BC = FG? : H?
EF is rational and EF? ~ FG2. | Therefore FG is rational. A B c
B s A AB S o DT Demets o By Defiiton X6,

EF? : FG? is not the Fhe o

e [ 76 is a SECOND BINOMIAL straightline. |
L a ratio of square L ! #

By Prop. X.9,

So far: EG is binomial, composed of two rational 1l
srsghtlines commensursbl in square only
Now we prove it is a SECOND BINOMIAL

Hence we have constructed EG = EF + FG,
a binomial whose lesser term is commensurable
with D and whose greater term exceeds the

lesser in square by the square on a line
commensurable with it.  Q.E.D.

2.50 Proposition 50

Statement

1o find a third binomial (straight-line).

Proof Actions

1. Let the two numbers AC and CB be laid down such that their sum AB
has to BC the ratio which (some) square number (has) to (some) square
number, and does not have to AC the ratio which (some) square number
(has) to (some) square number.

2. And let some other nonsquare number D also be laid down, and let it not
have to each of BA and AC the ratio which (some) square number (has)
to (some) square number.

3. And let some rational straight-line E be laid down, and let it have been
contrived that as D (is) to AB, so the (square) on E (is) to the (square) on
FG [Prop. 10.6 corr.].
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Thus, the (square) on E is commensurable with the (square) on FG [Prop.
10.6].

. And E is a rational (straight-line).

Thus, FG is also a rational (straight-line).

And since D does not have to AB the ratio which (some) square num-
ber has to (some) square number, the (square) on E does not have to the
(square) on FG the ratio which (some) square number (has) to (some)
square number E is thus incommensurable in length with FG either.
[Prop. 10.9].

So, again, let it have been contrived that as the number BA (is) to AC, so
the (square) on FG (is) to the (square) on GH [Prop. 10.6 corr.].

Thus, the (square) on FG is commensurable with the (square) on GH
[Prop. 10.6].

And FG (is) a rational (straight-line).
Thus, GH (is) also a rational (straight-line).

And since BA does not have to AC the ratio which (some) square number
(has) to (some) square number, the (square) on FG does not have to the
(square) on HG the ratio which (some) square number (has) to (some)
square number either.

Thus, FG is incommensurable in length with GH FG and GH are thus ra-
tional (straight- [Prop. 10.9]. lines which are) commensurable in square
only.

Thus, FH is a binomial (straight-line) [Prop. 10.36].
So, I say that (it is) also a third (binomial straight-line).

For since as D is to AB, so the (square) on E (is) to the (square) on FG,
and as BA (is) to AC, so the (square) on FG (is) to the (square) on GH,
thus, via equality, as D (is) to AC, so the (square) on E (is) to the (square)
on GH [Prop. 5.22].

And D does not have to AC the ratio which (some) square number (has)
Thus, the (square) on E to (some) square number. does not have to the
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(square) on GH the ratio which (some) square number (has) to (some)
square number either.

Thus, E is incommensurable in length with GH [Prop. 10.9].

And since as BA is to AC, so the (square) on FG (is) to the (square) on
GH, the (square) on FG (is) thus greater than the (square) on GH [Prop.
5.14].

Therefore, let (the sum of) the (squares) on GH and K be equal to the
(square) on FG.

Thus, via conversion, as AB [is] to BC, so the (square) on FG (is) to the
(square) on K [Prop. 5.19 corr.].

And AB has to BC the ratio which (some) square number (has) to (some)
square number.

Thus, the (square) on FG also has to the (square) on K the ratio which
(some) square number (has) to (some) square number.

Thus, FG [is] commensurable in length with K [Prop. 10.9].

Thus, the square on FG is greater than (the square on) GH by the (square)
on (some straight-line) commensurable (in length) with (FG).

And FG and GH are rational (straight-lines which are) commensurable
in square only, and neither of them is commensurable in length with E.

Thus, FH is a third binomial (straight-line) [Def. 10.7].

(Which is) the very thing it was required to show. Y binomial straight-line
isk1/2 (1 +1-k'2).

This, and the third apotome, -2 k1/2 x + kk'2 =0.
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Complete Cinematic Logic

Let the two numbers AC and CB be laid down such that their sum AB
has to BC the ratio which (some) square number (has) to (some) square
number, and does not have to AC the ratio which (some) square
number (has) to (some) square number.

4
And FG (is) a rational (straight-line). ‘

4

Therefore, let (the sum of) the (squares) on GH and K be equal to the
(square) on FG.

U
This, and the third apotome, -2 k1/2 x + kk'2 =0.

4

Conclusion: Proposition 50 established.

~ EUCLID, ELEMENTS - BOOK X - PROPOSITION 50 '
TO FIND A THIRD BINOMIAL (STRAIGHT-LINE).

1. CONSTRUCT THE BINOMIAL FH = FG + GH

BB Choose numbers AC and CB
5o that their sum AB satisfes:

II. PROVE THE REQUIRED RELATIONS IIl. CONCLUDE IT IS A THIRD BINOMIAL

B} From D: 4B = E*: FG? and BA : AC = FG? : GH?,
by equality of ratios, we get

AB : BC = square : square, D : AC = E? : GH?

but AB : AC # square : square.

Collecting all the properties of FH = FG + GH:

Given by construction Proved above

D:AC = E*: GH? | v FG and GH are rational. v E # FG.
4 S 2 ) v G ~ GH (in square ash). | v E.w GH.

v FG? > GH?

s = D £ AC s oot square o + B ; GHY s o

e By Prop. X9, E is incommensurable in length with GH. | Neither component term

B Choose another number D so that T — | v FG? - GH? = K? is commensurable in length
neither D : BA nor D : AC is not related by E # GH ‘
|

=P Z v FC~ K. with the rational line E.
2 ratio of square numbers. a square ratio
|| to BA or AC. [ From BA : AC = FG? : GH? and BA > AC, r

Take a rational straight ine E. E = 4 by Prop. V.14, FG* > GH2. | Thus FH fits the definition of a |

e | THIRD BINOMIAL (Def. X.7). J

2 2
Construct FG so that D : AB = E? : FG? i > (S @
E F G

B Construct a straightline K such that
FG? = GH? + K2.

E is rational = FG is rational (since E? ~ FG?). oo
But D : AB is not a square ratio = E? : FG? is not. F G H K ‘

By Prop. X.9, E is incommensurable in length with FG. *

BY DEFINITION X.7

E # FG A third binomial is composed of two rational

(B From BA : AC = FG? : GH?, by conversion, |
AB : BC = FG? : K?

straight lines which are commensurable in
y . AC = FG? : GH?
Consl;llct GH so that BA /:;L = FG? : GH?, T e

ctond the srare o the leee by the aoee S

|
\

H

AB : BC = FG? : K2

FG? ~ GH? = GH is rational. a 5 c
But BA : AC is not a squire ratio = FG # GH.

‘Thus FG and GH are rational and commensurable

in square only.

[ But 4B : BC is a ratio of square numbers

FG ~ GH (n square on) | FG # GH | THaresoesbF G2 oK alto Vet re eatio

By Prop. X9, FG ~ K. Hence we have constructed

FH = FG + GH,

B 7 the o s
FH = FG + GH. R~k |
By Prop. X36, FH i a BINOMIAL e
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2.51 Proposition 51

Statement

To find a fourth binomial (straight-line).

Proof Actions

I.

10.

I1.

12.

Let the two numbers AC and CB be laid down such that AB does not
have to BC, or to AC either, the ratio which (some) square number (has)
to (some) square number [Prop. 10.28 lem. I].

. And let the rational (straight-line) D be laid down.

. And let EF be commensurable in length with D.

Thus, EF is also a rational (straight-line).

. And let it have been contrived that as the number BA (is) to AC, so the

(square) on EF (is) to the (square) on FG [Prop. 10.6 corr.].

. Thus, the (square) on EF is commensurable with the (square) on FG [Prop.

10.6].

Thus, FG is also a rational (straightline).

. And since BA does not have to AC the ratio which (some) square number

(has) to (some) square number, the (square) on EF does not have to the
(square) on FG the ratio which (some) square number (has) to (some)
Thus, EF is incommensurable square number either. in length with FG
[Prop. 10.9].

Thus, EF and FG are rational (straight-lines which are) commensurable
in square only.

Hence, EG is a binomial (straight-line) [Prop. 10.36].
So, I say that (it is) also a fourth (binomial straight-line).

For since as BA is to AC, so the (square) on EF (is) to the (square) on FG
[and BA (is) greater than AC], the (square) on EF (is) thus greater than
the (square) on FG [Prop. 5.14].
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Therefore, let (the sum of) the squares on FG and H be equal to the
(square) on EF.

Thus, via conversion, as the number AB (is) to BC, so the (square) on EF
(is) to the (square) on H [Prop. 5.19 corr.].

And AB does not have to BC the ratio which (some) square number (has)
to (some) square number.

Thus, the (square) on EF does not have to the (square) on H the ratio
which (some) square number (has) to (some) square number either.

Thus, EF is incommensurable in length with H [Prop. 10.9].

Thus, the square on EF is greater than (the square on) GF by the (square)
on (some straight-line) incommensurable (in length) with (EF).

And EF and FG are rational (straight-lines which are) commensurable in
square only.

And EF is commensurable in length with D.

Thus, EG is a fourth binomial (straight-line) [Def. 10.8].

(Which is) the very thing it was required to show. binomial straight-line
isk (1+ 1N1+K').

This, and the fourth apotome, k x + k2 k'/(1 + k') = 0.
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Complete Cinematic Logic

Let the two numbers AC and CB be laid down such that AB does not
have to BC, or to AC either, the ratio which (some) square number
(has) to (some) square number [Prop. 10.28 lem. I].

J

And since BA does not have to AC the ratio which (some) square
number (has) to (some) square number, the (square) on EF does not
have to the (square) on FG the ratio which (some) square number (has)
to (some) Thus, EF is incommensurable square number either. in
length with FG [Prop. 10.9].

4

Thus, the (square) on EF does not have to the (square) on H the ratio
which (some) square number (has) to (some) square number either.

4
‘ This, and the fourth apotome, k x + k2 k'/(1 + k') = 0.

4

Conclusion: Proposition 51 established.

EUCLID, ELEMENTS - BOOK X ¢ PROPOSITION 51

TO FIND A FOURTH BINOMIAL (STRAIG!

B Consrct FG o thc
BA : AC = EF? : FG*.
(Corllay t Prop. X6)

B s 5 ac - £ F
and BA > AC, by Prop. V.14,

EF? > FG?. EF? = FG? + H?.

AL L
= &
o 5 b il

UDE THAT EG IS A FOURTH BINOMIAL

DEFINITION X.8
omposed of two rationsl

onal.
quare only) and EF % FC.
v EF? - FG? =
 The grester

~ D (a rational srightline)

These are exactly the conditions in
Definition X.8 for a FOURTH BINOMIAL.




Incommensurable Magnitudes Euclid’s Elements — Book X

2.52 Proposition 52

Statement

To find a fifth binomial straight-line.

Proof Actions

1.

10.

11.

12.

13.

Let the two numbers AC and CB be laid down such that AB does not have
to either of them the ratio which (some) square number (has) to (some)
square number [Prop. 10.38 lem.].

. And let some rational straight-line D be laid down.

. And let EF be commensurable [in length] with D.

Thus, EF (is) a rational (straightline).

And let it have been contrived that as CA (is) to AB, so the (square) on
EF (is) to the (square) on FG [Prop. 10.6 corr.].

And CA does not have to AB the ra338 tio which (some) square number
(has) to (some) square number.

Thus, the (square) on EF does not have to the (square) on FG the ratio
which (some) square number Thus, EF and (has) to (some) square number
either.

. FG are rational (straight-lines which are) commensurable in square only

[Prop. 10.9].
Thus, EG is a binomial (straight-line) [Prop. 10.36].
So, I say that (it is) also a fifth (binomial straight-line).

For since as CA is to AB, so the (square) on EF (is) to the (square) on
FG, inversely, as BA (is) to AC, so the (square) on FG (is) to the (square)
on FE [Prop. 5.7 corr.].

Thus, the (square) on GF (is) greater than the (square) on FE [Prop. 5.14].

Therefore, let (the sum of) the (squares) on EF and H be equal to the
(square) on GF.
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Thus, via conversion, as the number AB is to BC, so the (square) on GF
(is) to the (square) on H [Prop. 5.19 corr.].

And AB does not have to BC the ratio which (some) square number (has)
to (some) square number.

Thus, the (square) on FG does not have to the (square) on H the ratio
which (some) square number (has) to (some) square number either.

Thus, FG is incommensurable in length with H [Prop. 10.9].

Hence, the square on FG is greater than (the square on) FE by the (square)
on (some straight-line) incommensurable (in length) with (FG).

And GF and FE are rational (straight-lines which are) commensurable in
square only.

And the lesser term EF is commensurable in length with the rational
(straight-line previously) laid down, D.

Thus, EG is a fifth binomial (straight-line).

(Which is) the very thing it was required to show. straight-line is k (V1 +
k'+1).

This, and the fifth apotome, whose k' x + k2 k' = 0.
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Complete Cinematic Logic

Let the two numbers AC and CB be laid down such that AB does not
have to either of them the ratio which (some) square number (has) to
(some) square number [Prop. 10.38 lem.].

4

FG are rational (straight-lines which are) commensurable in square
only [Prop. 10.9].

Y

Thus, the (square) on FG does not have to the (square) on H the ratio
which (some) square number (has) to (some) square number either.

\
‘ This, and the fifth apotome, whose k' x + k2 k' = 0.

4

Conclusion: Proposition 52 established.

EUCLID, ELEMENTS - BOOK X » PROPOSITION 52
TO FIND A FIFTH BINOMIAL STRAIGHT-LINE.
[ oo e monn o o

putne 5. B o 16 w0t B s cranimsmio B s n i

of square numbers, neither is
EF? : FG?

CA : AB = EF? : FG?.

(Corollay 10 Prop. X.6)

s
by Prp. V34, e
= [ AT ol Rl C

THAT EG IS A FIFTH BINOMIAL Therefore
[ Colec all the popeis

DEFINITION X.9
From Step 2,

EF ~ D.

EG is a FIFTH BINOMIAL ‘
stsightlne.

A b binomial s composed of two rational
e i

bt in Definition X..9 for a
FIFTH BINOMIAL.
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2.53 Proposition 53

Statement

To find a sixth binomial (straight-line).

Proof Actions

1.

10.

I1.

Let the two numbers AC and CB be laid down such that AB does not have
to each of them the ratio which (some) square number (has) to (some)
square number.

And let D also be another number, which is not square, and does not
have to each of BA and AC the ratio which (some) square number (has)
to (some) square number either [Prop. 10.28 lem. I].

. And let some rational straightline E be laid down.

And let it have been contrived that as D (is) to AB, so the (square) on E
(is) to the (square) on FG [Prop. 10.6 corr.].

. Thus, the (square) on E (is) commensurable with the (square) on FG

[Prop. 10.6]. And E is rational.

. Thus, FG (is) also rational.

And since D does not have to AB the ratio which (some) square number
(has) to (some) square number, the (square) on E thus does not have to
the (square) on FG the ratio which (some) square number (has) to (some)
square number either.

. Thus, E (is) incommensurable in length with FG [Prop. 10.9].

. So, again, let it have be contrived that as BA (is) to AC, so the (square)

on FG (is) to the (square) on GH [Prop. 10.6 corr.].

The (square) on FG (is) thus commensurable with the (square) on HG The
(square) on HG (is) thus rational. [Prop. 10.6]. Thus, HG (is) rational.

And since BA does not have to AC the ratio which (some) square number
(has) to (some) square number, the (square) on FG does not have to the
(square) on GH the ratio which (some) square number (has) to (some)
square number either.
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12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

Thus, FG is incommensurable in length with GH [Prop. 10.9].

Thus, FG and GH are rational (straight-lines which are) commensurable
in square only.

Thus, FH is a binomial (straight-line) [Prop. 10.36].
So, we must show that (it is) also a sixth (binomial straight-line).

For since as D is to AB, so the (square) on E (is) to the (square) on FG,
and also as BA is to AC, so the (square) on FG (is) to the (square) on GH,
thus, via equality, as D is to AC, so the (square) on E (is) to the (square)
on GH [Prop. 5.22].

And D does not have to AC the ratio which (some) square number (has)
Thus, the (square) on E to (some) square number. does not have to the
(square) on GH the ratio which (some) square number (has) to (some)
square number either.

E is thus incommensurable in length with GH [Prop. 10.9].
And (E) was also shown (to be) incommensurable (in length) with FG.
Thus, FG and GH are each incommensurable in length with E.

And since as BA is to AC, so the (square) on FG (is) to the (square) on
GH, the (square) on FG (is) thus greater than the (square) on GH [Prop.
5.14].

Therefore, let (the sum of) the (squares) on GH and K be equal to the
(square) on FG.

Thus, via conversion, as AB (is) to BC, so the (square) on FG (is) to the
(square) on K [Prop. 5.19 corr.].

And AB does not have to BC the ratio which (some) square number (has)
to (some) square number.

Hence, the (square) on FG does not have to the (square) on K the ratio
which (some) square number (has) to (some) square number either.

Thus, FG is incommensurable in length with K [Prop. 10.9].
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27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

The square on FG is thus greater than (the square on) GH by the (square)
on (some straight-line which is) incom340 mensurable (in length) with
(FG).

And FG and GH are rational (straight-lines which are) commensurable
in square only, and neither of them is commensurable in length with the
rational (straight-line) E (previously) laid down.

Thus, FH is a sixth binomial (straight-line) [Def. 10.10].
(Which is) the very thing it was required to show. v V k'.
This, and the sixth apotome, whose binomial straight-line is k += 0.

Lemma Let AB and BC be two squares, and let them be laid down such
that DB is straight-on to BE.

FB is, thus, also straight-on to BG.

And let the parallelogram AC I say that AC is a square, and have been
completed. that DG is the mean proportional to AB and BC, and, more-
over, DC is the mean proportional to AC and CB.

For since DB is equal to BF, and BE to BG, the whole of DE is thus equal
to the whole of FG.

But DE is equal to each of AH and KC, and FG is equal to each of AK
and HC [Prop. 1.34].

Thus, AH and KC are also equal to AK and HC, respectively.
Thus, the parallelogram AC is equilateral.
And (it is) also right-angled. Thus, AC is a square.

And since as FB is to BG, so DB (is) to BE, but as FB (is) to BG, so AB
(is) to DG, and as DB (is) to BE, so DG (is) to BC [Prop. 6.1], thus also
as AB (is) to DG, so DG (is) to BC [Prop. 5.11].

Thus, DG is the mean proportional to AB and BC.
So I also say that DC [is] the mean proportional to AC and CB.
For since as AD is to DK, so KG (is) to GC.
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44,

45.

46.

47.

48.

49.

For [they are] respectively equal.

And, via composition, as AK (is) to KD, so KC (is) to CG [Prop. 5.18].

But as AK (is) to KD, so AC (is) to CD, and as KC (is) to CG, so DC (is)
to CB [Prop. 6.1].

Thus, also, as AC (is) to DC, so DC (is) to BC [Prop. 5.11].

Thus, DC is the mean proportional to AC and CB.

Which (is the very thing) it was prescribed to show.

Complete Cinematic Logic

Let the two numbers AC and CB be laid down such that AB does not
have to each of them the ratio which (some) square number (has) to
(some) square number.

4

And D does not have to AC the ratio which (some) square number
(has) Thus, the (square) on E to (some) square number. does not have
to the (square) on GH the ratio which (some) square number (has) to

(some) square number either.

4

’ FB is, thus, also straight-on to BG. ‘

4
’ Which (is the very thing) it was prescribed to show. ‘

4

Conclusion: Proposition 53 established.
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EUCLID, ELEMENTS - BOOK X ¢ PROPOSITION 53
TO FIND A SIXTH BINOMIAL STRAIGHT-LINE.

L. CONSTRUCT THE BINOMIAL FH = FG + GH

BB Choose numbers AC and CB so tht o mumber D oo i Comstrut FG so that B D
AB = AC + CB, and neither BA nor D : AC is D:AB = E* : FG? 3 of square
TDals o Hence B : F
ratio of im D:AB = E: FG? such a ratio.
s o of s e = — B

sq
D : AC # square : square

\
D s oeotoes [ Fom poan= 57t 0]

FH = FG + GH. BA: AC = FG* : GH*, by

Construct GH so that
BA : AC = FG? : GH?.

= - By Prop. X9, FG % GH.
BA : AC = FG* : GH' (i P b
FG # GH
S ¢ H (in length)
— o
Thus FG and GH are rational | | By Prop. X.36, the sum of two By Prop. X9, E # GH.

E# GH
G engeh)

Thus E # FG and E # GH.

Chubeta um eyt | () oot

From BA AC = FG? : G and Constrct a sighline K
© G o Gt e .

BA > AC, by Prop. V.14, such that ool e =
2 2 FG? = GH + K* SIXTH BINOMIAL
i G o = ‘straight-line.
FG K
F G RlEa B c (i length)
3 F G H
*—o—o
i
FG? - GH? = K2. initi FH
SIXTH BINOMIAL.
n Hence we have constructed a binomial straight-line FH = FG + GH which is a SIXTH BINOMIAL straight-line.

2.54 Proposition 54

Statement

If an area is contained by a rational (straight-line) and a first
binomial (straight-line) then the square-root of the area is the
irrational (straight-line which is) called binomial.

Proof Actions

1. For let the area AC be contained by the rational (straight-line) AB and
by the first binomial (straightline) AD.

2. I say that square-root of area AC is the irrational (straight-line which is)
called binomial.

3. For since AD is a first binomial (straight-line), let it have been divided
into its (component) terms at E, and let AE be the greater term.

4. So, (it is) clear that AE and ED are rational (straight-lines which are)
commensurable in square only, and that the square on AE is greater than
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10.

I1.

12.

13.

14.

15.

16.

17.

18.

19.

(the square on) ED by the (square) on (some straight-line) commensu-
rable (in length) with (AE), and that AE is commensurable (in length)
with the rational (straight-line) AB (first) laid out [Def. 10.5].

So, let ED have been cut in half at point F.

And since the square on AE is greater than (the square on) ED by the
(square) on (some straight-line) commensurable (in length) with (AE),
thus if a (rectangle) equal to the fourth part of the (square) on the lesser
(term)—that is to say, the (square) on EF—falling short by a square fig-
ure, is applied to the greater (term) AE, then it divides it into (terms which
are) commensurable (in length) [Prop 10.17].

Therefore, let the (rectangle contained) by AG and GE, equal to the
(square) on EF, have been applied to AE.

. AG is thus commensurable in length with EG.

. And let GH, EK, and FL have been drawn from (points) G, E, and F

(respectively), parallel to either of AB or CD.

And let the square SN, equal to the parallelogram AH, have been con-
structed, and (the square) NQ, equal to (the parallelogram) GK [Prop.
2.14].

And let MN be laid down so as to be straight-on to NO.
RN is thus also straight-on to NP.

And let the parallelogram SQ have been completed.

SQ is thus a square [Prop. 10.53 lem.].

And since the (rectangle contained) by AG and GE is equal to the (square)
on EF, thus as AG is to EF, so FE (is) to EG [Prop. 6.17].

And thus as AH (is) to EL, (so) EL (is) to KG [Prop. 6.1].
Thus, EL is the mean proportional to AH and GK.

But, AH is equal to SN, and GK (is) equal to NQ.

EL is thus the mean proportional to SN and NQ.
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20.

21.
22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

And MR is also the mean proportional to the same— (namely), SN and
NQ [Prop. 10.53 lem.]. EL is thus equal to MR.

Hence, it is also equal to PO [Prop. 1.43].
And AH plus GK is equal to SN plus NQ.

Thus, the whole of AC is equal to the whole of SQ—that is to say, to the
square on MO.

Thus, MO (is) the square-root of (area) AC.
I say that MO is a binomial (straight-line).

For since AG is commensurable (in length) with GE, AE is also commen-
surable (in length) with each of AG and GE [Prop. 10.15].

And AE was also assumed (to be) commensurable (in length) with AB.

Thus, AG and GE are also commensurable (in length) with AB And AB
is rational.

AG and GE are [Prop. 10.12].

Thus, AH and GK are each thus each also rational. rational (areas), and
AH is commensurable with GK [Prop. 10.19].

But, AH is equal to SN, and GK to NQ.

SN and NQ—that is to say, the (squares) on MN and NO (respectively)—
are thus also rational and commenAnd since AE is incommensurable in
length surable. with ED, but AE is commensurable (in length) with AG,
and DE (is) commensurable (in length) with EF, AG (is) thus also incom-
mensurable (in length) with EF [Prop. 10.13].

Hence, AH is also incommensurable with EL [Props. 6.1, 10.11].
But, AH is equal to SN, and EL to MR.
Thus, SN is also incommensurable with MR.

But, as SN (is) to MR, (so) PN (is) to NR PN is thus incommensurable
(in length) [Prop. 6.1]. with NR [Prop. 10.11].

And PN (is) equal to MN, and NR to NO.
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38. Thus, MN is incommensurable (in length) with NO.

39. And the (square) on MN is commensurable with the (square) on NO, and
each (is) rational.

40. MN and NO are thus rational (straight-lines which are) commensurable
in square only.

41. Thus, MO is (both) a binomial (straight-line) [Prop. 10.36], and the
square-root of AC.

42. (Which is) the very thing it was required to show. that the square-root
of a first binomial straight-line is a binomial straightp vk (1 +k')/2 and
k'), where p = square-root can be written p (1 + Prop. 10.36), since p is
rational.

Complete Cinematic Logic

For let the area AC be contained by the rational (straight-line) AB and
by the first binomial (straightline) AD.

Y

And since the (rectangle contained) by AG and GE is equal to the
(square) on EF, thus as AG is to EF, so FE (is) to EG [Prop. 6.17].

\
‘ AG and GE are [Prop. 10.12]. ‘

4

(Which is) the very thing it was required to show. that the square-root
of a first binomial straight-line is a binomial straightp \ k (1 + k’)/2
and k"), where p = square-root can be written p (1 + Prop. 10.36),
since p is rational.

4

Conclusion: Proposition 54 established.
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AG-GE. Thus AG-GE = EF?.
By Prop. X.17, AG ~ GE. |
A E F D

TGE H

e e e e

EL is slso the mean proporti
between SN and NQ.

B 5o A ~ 45 it A5 5 rions. | [[J Tt e i A1t G| (1] 5
DT o G e e ety o

MO? = AC
and that MO [
P N P

mensurable

in square only is BINOMIAL.

Thus MO = MN + NO
is a BINOMIAL

Therefore the b is
BINOMIAL.

straghtine.

[ Hence if an area is contained by a rational straightine and a first binomial straightline, -
the square-root of the area is the irrational straight-line called BINOMIAL. QE.D.

2.55 Proposition 55

Statement

If an area is contained by a rational (straight-line) and a second
binomial (straight-line) then the square-root of the area is the
irrational (straight-line which is) called first bimedial.

Proof Actions

1. For let the area ABCD be contained by the rational (straight-line) AB and
by the second binomial (straightline) AD.

2. Isay that the square-root of area AC is a first bimedial (straight-line).

3. Forsince AD is a second binomial (straight-line), let it have been divided
into its (component) terms at E, such that AE is the greater term.

4. Thus, AE and ED are rational (straight-lines which are) commensurable
in square on) ED by the (square) on (some straight-line) commensurable
(in length) with (AE), and the lesser term ED is commensurable in length
with AB [Def. 10.6].
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10.
11.

12.

13.
14.

15.

16.

17.

18.

19.

20.

. Let ED have been cut in half at F.

And let the (rectangle contained) by AGE, equal to the (square) on EF,
have been applied to AE, falling short by a square figAG (is) thus com-
mensurable in length with GE ure.

And let GH, EK, and FL have been [Prop. 10.17]. drawn through (points)
G, E, and F (respectively), parallel to AB and CD.

. And let the square SN, equal to the parallelogram AH, have been con-

structed, and the square NQ, equal to GK.

And let MN be laid down so as to be straight-on to NO.
Thus, RN [is] also straight-on to NP.

And let the square SQ have been completed.

So, (it is) clear from what has been previously demonstrated [Prop. 10.53
lem.] that MR is the mean proportional to SN and NQ, and (is) equal to
EL, and that MO is the square-root of the area AC.

So, we must show that MO is a first bimedial (straight-line).

Since AE is incommensurable in length with ED, and ED (is) commensu-
rable (in length) with AB, AE (is) thus incommensurable (in length) with
AB And since AG is commensurable (in [Prop. 10.13]. length) with EG,
AE is also commensurable (in length) with each of AG and GE [Prop.
10.15].

But, AE is incommensurable in length with AB.

Thus, AG and GE are also (both) incommensurable (in length) with AB
[Prop. 10.13].

Thus, BA, AG, and (BA, and) GE are (pairs of) rational (straight-lines
which are) commensurable in square only.

And, hence, each of AH and GK Hence, each of SN is a medial (area)
[Prop. 10.21]. and NQ is also a medial (area).

Thus, MN and NO are medial (straight-lines).

And since AG (is) commensurable in length with GE, AH is also com-
mensurable with GK—that is to say, SN with NQ—that is to say, the
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21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

(square) on MN with the (square) on NO [hence, MN and NO are com-
mensurable in square] [Props. 6.1, 10.11].

And since AE is incommensurable in length with ED, but AE is commen-
surable (in length) with AG, and ED commensurable (in length) with EF,
AG (is) thus incommensurable (in length) with EF [Prop. 10.13].

Hence, AH is also incommensurable with EL—that is to say, SN with
MR—that is to say, PN with NR—that is to say, MN is incommensurable
in length with NO [Props. 6.1, 10.11].

But MN and NO have also been shown to be medial (straight-lines) which
are commensurable in square.

Thus, MN and NO are medial (straightlines which are) commensurable
in square only.

So, I say that they also contain a rational (area).

For since DE was assumed (to be) commensurable (in length) with each
of AB and EF, EF (is) thus also commensurable with EK [Prop. 10.12].

And they (are) each rational.

Thus, EL— that is to say, MR—(is) rational [Prop. 10.19].

And MR is the (rectangle contained) by MNO.

And if two medial (straight-lines), commensurable in square only, which
contain a rational (area), are added together, then the whole is (that) irra-
tional (straight-line which is) called first bimedial [Prop. 10.37].

Thus, MO is a first bimedial (straight-line).

(Which is) the very thing it was required to show. that the square-root of
a second binomial straight-line is a first bimedial -k’ 2 + k whose square-

root can be written p (k"1/4 + k"’3/4), where length of a first bimedial
straight-line (see Prop. 10.37), since p is rational.
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Complete Cinematic Logic

For let the area ABCD be contained by the rational (straight-line) AB
and by the second binomial (straightline) AD.
4

And let the square SQ have been completed. ‘

Y

Hence, AH is also incommensurable with EL—that is to say, SN with
MR—that is to say, PN with NR—that is to say, MN is
incommensurable in length with NO [Props. 6.1, 10.11].

4

(Which is) the very thing it was required to show. that the square-root
of a second binomial straight-line is a first bimedial -k’ 2 + k whose
square-root can be written p (k"'1/4 + k'"3/4), where length of a first

bimedial straight-line (see Prop. 10.37), since p is rational.

4

Conclusion: Proposition 55 established.

EUCLID, ELEMENTS - BOOK X « PROPOSITION 55
If an area is contained by a rational (straightline) and a second binomial (straight-line)
then the square-root of the area is the irrational (straightine) which is called FIRST BIMEDIAL.

« AE, ED rational

« AE, ED commensurable in square only.

« AE? > ED? by a square on a line
commensurable with AE.

7S] ED ~ AB (AB rational)

Since AD is a second binomial, Bisect the lesser term ED. Apply to AE a rectangle equal Through G, E, and F draw.
B = sl GH, K, FL. 5
parallels GH, EK, FL to the

H

Lt the aen ABCD be
contained by the raional at F. Hence EF = FD. to EF?, deficient by a square.
straightline AB and the | Let AG - GE = EF%. sides of the area
second binomial AD. ByProp. X17,AG~GE. | A E F D
To shows VAC is RSk ariap
first bimedial. A R

R G SO .
A D ED ~ AB. ]
A6/ i
@
B 5 5

e [ S 4 - G
AE ~ AG and AE  GE.

(5 oy
But AF # AB.

and complete

H and
GK are MEDIAL (Prop. X.21). MN and NO are

in lengih A e | i &
= T Hence if an area is contained by a rational straight-line and a second binomial straight-line,

E the square-root of the area is the irrational straightline called FIRST BIMEDIAL. ~ Q-E-D-

=

SECOND BINOMIAL AD = AE + ED

the square Q. i . equals the squre
By the preceding Thus SQ is the square But ED ~ AB. Therefore AG # AB.
e and GE # AB. “Therefore the squares SN MEDIAL.
= and NQ are MEDIAL.
A E D ) -
= ~o. % 2 ) o :
and MR = EL. oA b ¥ M N o anc
o [ surs
A G E Hd -
‘ N i
g e -
[ sice A £, [ @ s p ana N0 Since ED ~ AB and ED ~ EF, | ([ Since EF ~ EK, the recangle | [ MR is the rciangle By Prop. X7, I
ED are MEDIAL, h  ~ AB. EL is rational. contained by the straight lines if two MEDIAL Since MO? = AC,
g commensurable MN and NO. straightlines are e o
Therefore AH # EL, in square only. e TR TR commensurable: 2
| 2 e e Ay VAC = MO
thus PN # NR, A h EF and EK are is a RATIONAL arca. <
and finally MN # NO. 4 rational straight-lines. .
Ay G are MEDIAL . L 2 FIRST BIMEDIAL
and square-only A E F D 1 M N o
o, S
| R \
T Therfors MO = MN + NO
e K - : - NO <k | | & ST DAL
8 o, S 2 o e
s @ @ @ < £8y] M N
Therefore MN and NO H i N
ar incommensurble
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2.56 Proposition 56

Statement

If an area is contained by a rational (straight-line) and a third
binomial (straight-line) then the square-root of the area is the
irrational (straight-line which is) called second bimedial.

Proof Actions

1.

10.

For let the area ABCD be contained by the rational (straight-line) AB and
by the third binomial (straightline) AD, which has been divided into its
(component) terms at E, of which AE is the greater.

. I say that the square-root of area AC is the irrational (straight-line which

is) called second bimedial.

. For let the same construction be made as previously.

And since AD is a third binomial (straight-line), AE and ED are thus
rational (straight-lines which are) commensurable in square only, and the
square on AE is greater than (the square on) ED by the (square) on (some
straight-line) commensurable (in length) with (AE), and neither of AE
and ED [is] commensurable in length with AB [Def. 10.7].

. So, similarly to that which has been previously demonstrated, we can

show that MO is the square-root of area AC, and MN and NO are medial
(straight-lines which are) commensurable in square only. Hence, MO is
bimedial.

. So, we must show that (it is) also second (bimedial).

[And] since DE is incommensurable in length with AB—that is to say,
with EK—and DE (is) commensurable (in length) with EF, EF is thus
incommensurable in length with EK [Prop. 10.13].

. And they are (both) rational (straight-lines).

. Thus, FE and EK are rational (straight-lines which are) commensurable

in square only.
EL—that is to say, MR—is] thus medial [Prop. 10.21].
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11. And it is contained by MNO.

12. Thus, the (rectangle contained) by MNO is medial.

13. Thus, MO is a second bimedial (straight-line) [Prop. 10.38].

14. (Which is) the very thing it was required to show. that the square-root of
a third binomial straight-line is a second bimedial 1 -k’ 2) whose square-
root can be written p (k1/4 +k''1/2/k1/4), where second bimedial straight-
line (see Prop. 10.38), since p is rational.

Complete Cinematic Logic

For let the area ABCD be contained by the rational (straight-line) AB
and by the third binomial (straightline) AD, which has been divided
into its (component) terms at E, of which AE is the greater.

4

So, similarly to that which has been previously demonstrated, we can
show that MO is the square-root of area AC, and MN and NO are
medial (straight-lines which are) commensurable in square only.
Hence, MO is bimedial.

4
‘ EL—that is to say, MR—Tis] thus medial [Prop. 10.21]. ‘

4

(Which is) the very thing it was required to show. that the square-root
of a third binomial straight-line is a second bimedial 1 -k’ 2) whose
square-root can be written p (k1/4 +k"1/2/k1/4), where second
bimedial straight-line (see Prop. 10.38), since p is rational.

4

Conclusion: Proposition 56 established.
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EUCLID, ELEMENTS - BOOK X « PROPOSITION 56  |[Corsrameraes

If an area is contained by a rational (straight-line) and a third binomial (straight-line)

NQ equal to parallelogram GK. 2 Mo - & contained by MN and NO (ie. MR)
SN = AH, NQ = GK. is MEDIAL.

s
[, 5@
‘ [:] - = <
| o S z . Also, from the construction,
| MN and NO are MEDIAL
G2 straight. ble
B H L c ,:] s o Therefore MO is some kin O
Q < = Y of BIMEDIAL.
Since ED # AB and EK ~ AB, By Prop. X.21, the rectangle EL We have:
D # EK. N B2 D contained by EF and EK 5 Q
~ EF. is MEDIAL. 7
by Prop. X.13,
i ¢ K But EL = MR only. R
EF # EK. tangle MN - NO is MEDIAL.
Therefore MR is MEDIAL.
EF and EK are rationa, Therefore, by Prop. X.38,
hence they are commensurable B a 7 g
s 4 Hence MN - NO MO S Nl M o |8
B F is MEDIAL is 4 SECOND BIMEDIAL ~ &—————= we have proved that
EF ~, e EK but EF # EK. straight-line. VAC = MO
Ee K 2 s
SECOND BIMEDIAL.
Hence if an area is contained by a rational straight-line and a third binomial straight-line, QED. P
the square-root of the area is the irrational straight-line called SECOND BIMEDIAL. g

2.57 Proposition 57

Statement

If an area is contained by a rational (straight-line) and a fourth
binomial (straight-line) then the square-root of the area is the
irrational (straight-line which is) called major.

Proof Actions

1. For let the area AC be contained by the rational (straight-line) AB and
the fourth binomial (straight-line) AD, which has been divided into its
(component) terms at E, of which let AE be the greater.

2. I say that the squareroot of AC is the irrational (straight-line which is)
called major.

3. For since AD is a fourth binomial (straight-line), AE and ED are thus
rational (straight-lines which are) com346 mensurable in square only, and
the square on AE is greater than (the square on) ED by the (square) on
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13.
14.

15.

16.
17.
18.
19.

(some straight-line) incommensurable (in length) with (AE), and AE [is]
commensurable in length with AB [Def. 10.8].

Let DE have been cut in half at F, and let the parallelogram (contained by)
AG and GE, equal to the (square) on EF, (and falling short by a square
figure) have been applied to AE.

. AG is thus incommensurable in length with GE [Prop. 10.18].

Let GH, EK, and FL have been drawn parallel to AB, and let the rest (of
the construction) have been made the same as the (proposition) before
this.

. So, it is clear that MO is the square-root of areca AC.

. So, we must show that MO is the irrational (straight-line which is) called

major.

Since AG is incommensurable in length with EG, AH is also incommen-
surable with GK—that is to say, SN with NQ [Props. 6.1, 10.11].

Thus, MN and NO are incommensurable in square.

And since AE is commensurable in length with AB, AK is rational [Prop.
10.19].

And it is equal to the (sum of the squares) on MN and NO.
Thus, the sum of the (squares) on MN and NO [is] also rational.

And since DE [is] incommensurable in length with AB [Prop. 10.13]—
that is to say, with EK—but DE is commensurable (in length) with EF,
EF (is) thus incommensurable in length with EK [Prop. 10.13].

Thus, EK and EF are rational (straightlines which are) commensurable
in square only.

LE— that is to say, MR—(is) thus medial [Prop. 10.21].
And it is contained by MN and NO.
The (rectangle contained) by MN and NO is thus medial.

And the [sum] of the (squares) on MN and NO (is) rational, and MN and
NO are incommensurable in square.
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20. And if two straightlines (which are) incommensurable in square, making
the sum of the squares on them rational, and the (rectangle contained) by
them medial, are added together, then the whole is the irrational (straight-
line which is) called major [Prop. 10.39].

21.

22.

Thus, MO is the irrational (straight-line which is) And (it is) the square-
root of area AC. called major.

(Which is) the very thing it was required to show. that the square-root of
a fourth binomial straight-line is a major straightq [1 +k"/(1 + k" 2)1/2]/2
+ + k') whose square-root can be written p length of a major straight-line
(see Prop. 10.39), since p is rational.

Complete Cinematic Logic

For let the area AC be contained by the rational (straight-line) AB and
the fourth binomial (straight-line) AD, which has been divided into its
(component) terms at E, of which let AE be the greater.

4

So, we must show that MO is the irrational (straight-line which is)
called major.

4

Thus, EK and EF are rational (straightlines which are) commensurable
in square only.

4

(Which is) the very thing it was required to show. that the square-root
of a fourth binomial straight-line is a major straightq [1 + k"/(1 + k"
2)1/2]/2 + + k') whose square-root can be written p length of a major

straight-line (see Prop. 10.39), since p is rational.

4

Conclusion: Proposition 57 established.
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EUCLID, ELEMENTS - BOOK X * PROPOSITION 57 ST e
If an area is contained by a rational (straight-line) and a fourth binomial (straight-line) - o

then the square-root of the area is the irs ] (straight-line) which is called MAJOR.

© AE ~ AB (AB rational).

m o BT
L o o parallclogram AH, and
e area Q equil o
ivide :, . G ~ GE. parallelogram GK.
s ble
A E 2 2 s L
| N
: E D P 1 1 D
B @ G :
L B c GE RIS e | s =an,
/i 3 H L
Goal: prove VVAC is MAJOR. : . NQ = GK. Q
[k T Since AE ~ 4B and 4B 10 e 45 i £D 0 e DE # EK wnd DE ~ 5.
showen and the m.@ulx nd GK rational, the area AK is rational in square only, | by Prop. X.13, EF » EK.
square SQ. are But AK equals the sum of the AE # ED
Both EF and EK are rational
Hence SN # NQ. squares on MN and NO. But AE ~ AB. ‘
s L ® Therefore MN? = NO?. Therefore MN* + NO* Thersfore DE # AB.
Thus MN and NO SPRATIGNATS And AB ~ EK. |
v are incommensurable a E F D Hence DE # EK.
o in square.
R i AR o
5 R = C £
BN > SN NQ
9 M N o B i c
EF ~uure EK but EF # EK.
MO MN NO
B P ot e g | [ o e i, B MR is the recangle comaned | [ We have sablshed: By Prop X.39, @ s 410° - 4
tained by EF and EK EL = MR. by the sraightlines MN and NO. ||\ o0 1o, if two stsighelin we have proved that
s MEDIAL Hence MR is MEDIAL.
« MN? + NO® is RATIONAL | VAC = MO
E F 3 b Thus MR = MN - NO. |
' « MN - NO is MEDIAL s the irrational
JEE 'S straightiline called
t ® M N o e
H 7 R — JOR.
X These are the conditions of
Therefore EL is MEDIAL. N 0 Therore MN - NO Proposition X.39
MR = EL is MEDIAL is MEDIAL.
Hence if an area is contained by a rational straightline and a fourth binomial straightline,
the square-root of the area is the irrational straightline called MAJOR.

2.58 Proposition 58

Statement

If an area is contained by a rational (straight-line) and a fifth
binomial (straight-line) then the square-root of the area is the
irrational (straight-line which is) called the square-root of a
rational plus a medial (area).

Proof Actions

1. For letthe area AC be contained by the rational (straight-line) AB and the
fifth binomial (straight-line) AD, which has been divided into its (com-
ponent) terms at E, such that AE is the greater term.

2. [So] I say that the square-root of area AC is the irrational (straight-line
which is) called the square-root of a rational plus a medial (area).

3. For let the same construction be made as that shown previously.
4. So, (it is) clear that MO is the square-root of area AC.
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11.

12.
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14.

15.

16.

17.

So, we must show that MO is the square-root of a rational plus a medial
(area).

For since AG is incommensurable (in length) with GE [Prop. 10.18],
AH is thus also incommensurable with HE—that is to say, the (square)

on MN with the (square) on NO [Props. 6.1, 10.11].

Thus, MN and NO are incommensurable in square.

. And since AD is a fifth binomial (straight-line), and ED [is] its lesser

segment, ED (is) thus commensurable in length with AB But, AE is in-
commensurable (in length) [Def. 10.9]. with ED.

Thus, AB is also incommensurable in length with AE [BA and AE are
rational (straight-lines which are) commensurable in square only] [Prop.
10.13].

Thus, AK—that is to say, the sum of the (squares) on MN and NO—is
medial [Prop. 10.21].

And since DE is commensurable in length with AB—that is to say, with
EK—but, DE is commensurable (in length) with EF, EF is thus also com-
mensurable (in length) with EK [Prop. 10.12]. And EK (is) rational.

Thus, EL—that is to say, MR—that is to say, the (rectangle contained)
by MNO—(is) also rational [Prop. 10.19].

MN and NO are thus (straight-lines which are) incommensurable in
square, making the sum of the squares on them medial, and the (rectangle
contained) by them rational.

Thus, MO is the square-root of a rational plus a medial (area) [Prop.
10.40].

And (it is) the square-root of area AC.

(Which is) the very thing it was required to show. that the square-root of
a fifth binomial straight-line is the square root of k (V1 + k' + 1) whose
square-root can be written p k (1 +k” 2) and k" 2 =k'.

This is the length of (1 + k" 2)], where p = p is rational.
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Complete Cinematic Logic

For let the area AC be contained by the rational (straight-line) AB and
the fifth binomial (straight-line) AD, which has been divided into its
(component) terms at E, such that AE is the greater term.

4

For since AG is incommensurable (in length) with GE [Prop. 10.18],
AH is thus also incommensurable with HE—that is to say, the (square)
on MN with the (square) on NO [Props. 6.1, 10.11].

4

Thus, EL—that is to say, MR—that is to say, the (rectangle contained)
by MNO—(is) also rational [Prop. 10.19].

4
This is the length of (1 + k" 2)], where p = p is rational. ‘

4

Conclusion: Proposition 58 established.

EUCLID, ELEMENTS - BOOK X ¢ PROPOSITION 58
If an area is contained by a rational (straight-line) and a fifth binomial (straight-line)
then the square-root of the area is the irrational (straight-line)
which is called the square-root of a rational plus a medial (area).

o ED

~ AB (AB rational).

Repeat the construction of
the preceding propositions

Lot te e AC be coed
byt el il AB
e s el AD.
Diide AD £,
oo

Since AD is 6fth binomial, the excess
square is on a line
with AE. By Prop. X.18,
AG # GE.

ED ~ AB (AB
and AE

[ Since 4G # GE, the rectangles si mal),
bl

AH and GK
Henc
are i able.

Therefore MN? # NO?.

incommensurable

and ED are incommensurable

in length, we have AE # AB,

Both are rational straight-lines.

Thus MN and NO are

of a rational plus a medial area.

Goal: prove VAC is the square-root

|~

MO

incommensursble in square.
m- R
SN NQ

M N o

MN

fBY
[l

NO

commensurable in square only.

Prop. X.21, the arca AK is MEDIAL.
But AK cquals the sum of the squares
| on MN and NO.

Therefore MN? + NO? is MEDIAL.

(since EF = FD)

By Prop. X.19, the rectangle EL

[ Hence MR is RATIONAL. |

O

by the straightlines MN and NO.

e
o MN? # NO? (incommensurable in square)

contained by them is RATIONAL. s L Q | © 8+ N0t MEDIAL
AmR,Q,; EF ~ ,.,E B . f = Therefore MN - NO is RATIONAL. |, a/n . NO is RATIONAL
. ! o M N o 25 e
A e == <Ok These are the three conditions
H L - 5 Therefore MN - NO of Proposition X.40.
Al @ is RATIONAL.
| 5 H L @ Therefore EL is RATIONAL.

THE SQUARE-ROOT OF A
RATIONAL PLUS A MEDIAL AREA.

T, s o
| Mo =mn+nNo Since MO? = AC, & = Therefore VAC is
s the square-root of e e ~ o
‘ a rational plus e e THE SQUARE-ROOT OF | f
a medial area. Sa1SC R || A RATIONAL PLUS A | |

M N o
[ —

MO

MEDIAL AREA.

N

0

X |

Hence if an area is contained by a rational straight-line and a fifth binomial straightline,

the square-root of the area is the irrational straightline called

THE SQUARE-ROOT OF A RATIONAL PLUS A MEDIAL AREA.
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2.59 Proposition 59

Statement

If an area is contained by a rational (straight-line) and a sixth
binomial (straight-line) then the square-root of the area is the
irrational (straight-line which is) called the square-root of (the
sum of) two medial (areas).

Proof Actions

10.

. For let the area ABCD be contained by the rational (straight-line) AB

and the sixth binomial (straight-line) AD, which has been divided into
its (component) terms at E, such that AE is the greater term.

So, I say that the square-root of AC is the square-root of (the sum of) two
medial (areas).

. [For] let the same construction be made as that shown previously.

So, (it is) clear that MO is the square-root of AC, and that MN is incom-
mensurable in square with NO.

. And since EA is incommensurable in length with AB [Def. 10.10], EA

and AB are thus rational (straightlines which are) commensurable in
square only.

. Thus, AK—that is to say, the sum of the (squares) on MN and NO—is

medial [Prop. 10.21].

. Again, since ED is incommensurable in length with AB [Def. 10.10], FE

is thus also incommensurable (in length) with EK [Prop. 10.13].

. Thus, FE and EK are rational (straightlines which are) commensurable

in square only.

. Thus, EL—that is to say, MR—that is to say, the (rectangle contained)

by MNO—is medial [Prop. 10.21].

And since AE is incommensurable (in length) with EF, AK is also incom-
mensurable with EL [Props. 6.1, 10.11].
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But, AK is the sum of the (squares) on MN and NO, and EL is the (rect-
angle contained) by MNO.

Thus, the sum of the (squares) on MNO is incommensurable with the
(rectangle contained) by MNO.

And each of them is medial.
And MN and NO are incommensurable in square.

Thus, MO is the square-root of (the sum of) two medial (areas) [Prop.
10.41].

And (it is) the square-root of AC.

(Which is) the very thing it was required to show. that the square-root of a
sixth binomial straight-line is the square root of ¥ ¥ k’ whose square-root
can be written k + k"' 2 = (k -k’)/k’.

This is the length of the square-root of the sum of Lemma If a straight-
line is cut unequally then (the sum of) the squares on the unequal (parts)
is greater than twice the rectangle contained by the unequal (parts).

Let AB be a straight-line, and let it have been cut unequally at C, and let
AC be greater (than CB).

I say that (the sum of) the (squares) on AC and CB is greater than twice
the (rectangle contained) by AC and CB.

For let AB have been cut in half at D.

Therefore, since a straight-line has been cut into equal (parts) at D, and
into unequal (parts) at C, the (rectangle contained) by AC and CB, plus
the (square) on CD, is thus equal to the (square) on AD [Prop. 2.5].

Hence, the (rectangle contained) by AC and CB is less than the (square)
on AD.

Thus, twice the (rectangle contained) by AC and CB is less than double
the (square) on AD.

But, (the sum of) the (squares) on AC and CB [is] double (the sum of)
the (squares) on AD and DC [Prop. 2.9].
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26. Thus, (the sum of) the (squares) on AC and CB is greater than twice the
(rectangle contained) by AC and CB.

27. (Which is) the very thing it was required to show.

Complete Cinematic Logic

For let the area ABCD be contained by the rational (straight-line) AB
and the sixth binomial (straight-line) AD, which has been divided into
its (component) terms at E, such that AE is the greater term.

4

And since AE is incommensurable (in length) with EF, AK is also
incommensurable with EL [Props. 6.1, 10.11].

4

Let AB be a straight-line, and let it have been cut unequally at C, and
let AC be greater (than CB).

ll

(Which is) the very thing it was required to show.

4

Conclusion: Proposition 59 established.
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EUCLID, ELEMENTS - BOOK X SIXTH BINOMIAL AD - AE + £D
PROPOSITION 59

If an area is containe ht-line) and a sixth binomial (straight-line)
onal (straight-line)
JM OF TWO MEDIAL AREAS.

surable in square only.

Also MN and NO are

in square.
By Pt} Therefore MN - NO is MEDIAL.
| g e e s DAL |
AP . 4 F D g g
B c = H M R
Cote G s N 0 ‘e ] I:I = .
of the sum of two medial areas N 2 L 0

B c EL is MEDIAL. MN - NO is MEDIAL.

@ £p ~ 4B (AB rationa).
Since EF ~ ED and
EK

) From e consruction,
I, the rectngle EL EL - M.
i< RATIONAL (Prop. X.19). T MR is RATIONAL.

AK # EL.

I » - Therefore MN - NO 5
> bt e is RATIONAL. But AK = MN? + NO?
8 and EL = MN - NO.
"""" .k & R M N o
2R Therefore.
& & it b MN® + NO® # MN - NO.
N o
EL is RATIONAL. MR is RATIONAL. MN - NO is RATIONAL. NP s NP T R

B tetor

THE SQUARE-ROOT OF
THE AREA IS THE
IRRATIONAL STRAIGHT-LINE
CALLED THE SQUARE-ROOT
OF THE SUM OF
TWO MEDIAL AREAS.

) We have cstablished: By P
* MN? # NO? (incommensurable in square)
o MN? + NO? is MEDIAL

© MN - NO is MEDIAL

« MN? ¢ NO* » MN - NO

Hence if an area is contained by a rational straight-line and a sixth binomial straight-line, QED.
the square-root of the area is the irrational straight-line called THE SQUARE-ROOT OF THE SUM OF TWO MEDIAL AREAS. 4

2.60 Proposition 60

Statement

The square on a binomial (straight-line) applied to a rational
(straight-line) produces as breadth a first binomial (straight-
line).

Proof Actions

1. Let AB be a binomial (straight-line), having been divided into its (com-
ponent) terms at C, such that AC is the greater term.

2. And let the rational (straight-line) DE be laid down.

3. And let the (rectangle) DEFG, equal to the (square) on AB, have been
applied to DE, producing DG as breadth.

4. 1say that DG is a first binomial (straightline).

5. For let DH, equal to the (square) on AC, and KL, equal to the (square)
on BC, have been applied to DE.
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Thus, the remaining twice the (rectangle contained) by AC and CB is
equal to MF [Prop. 2.4].

. Let MG have been cut in half at N, and let NO have been drawn parallel

[to each of ML and GF].

MO and NF are thus each equal to once the (rectangle contained) by
ACB.

And since AB is a binomial (straight-line), having been divided into
its (component) terms at C, AC and CB are thus rational (straight-lines
which are) commensurable in square only [Prop. 10.36].

Thus, the (squares) on AC and CB are rational, and commensurable with
one another.

And hence the sum of the (squares) on AC and CB (is rational) [Prop.
10.15], and is equal to DL. Thus, DL is rational.

And it is applied to the rational (straightline) DE.
DM is thus rational, and commensurable in length with DE [Prop. 10.20].

Again, since AC and CB are rational (straight-lines which are) commen-
surable in square only, twice the (rectangle contained) by AC and CB—
that is to say, MF—is thus medial [Prop. 10.21].

And it is applied to the rational (straight-line) ML.

MG is thus also rational, and incommensurable in length with ML—that
is to say, with DE [Prop. 10.22].

And MD is also rational, and commensurable in length with DE.

Thus, DM is incommensurable in length with MG [Prop. 10.13]. And
they are rational.

DM and MG are thus rational (straight-lines which are) commensurable
Thus, DG is a binomial (straight-line) in square only. [Prop. 10.36].

So, we must show that (it is) also a first (binomial straight-line).

Since the (rectangle contained) by ACB is the mean proportional to the
squares on AC and CB [Prop. 10.53 lem.], MO is thus also the mean
proportional to DH and KL.
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Thus, as DH is to MO, so MO (is) to KL—that is to say, as DK (is) to
MN, (so) MN (is) to MK [Prop. 6.1].

Thus, the (rectangle contained) by DK and KM is equal to the (square)
on MN [Prop. 6.17].

And since the (square) on AC is commensurable with the (square) on CB,
DH is also commensurable with KL.

Hence, DK is also commensurable with KM [Props. 6.1, 10.11].

And since (the sum of) the squares on AC and CB is greater than twice
the (rectangle contained) by AC and CB [Prop. 10.59 lem.], DL (is) thus
also greater than MF.

Hence, DM is also greater than MG [Props. 6.1, 5.14].

And the (rectangle contained) by DK and KM is equal to the (square) on
MN—that is to say, to one quarter the (square) on MG.

And DK (is) commensurable (in length) with KM.

And if there are two unequal straight-lines, and a (rectangle) equal to the
fourth part of the (square) on the lesser, falling short by a square figure,
is applied to the greater, and divides it into (parts which are) commensu-
rable (in length), then the square on the greater is larger than (the square
on) the lesser by the (square) on (some straight-line) commensurable (in
length) with the greater [Prop. 10.17].

Thus, the square on DM is greater than (the square on) MG by the (square)
on (some straightline) commensurable (in length) with (DM).

And DM and MG are rational.

And DM, which is the greater term, is commensurable in length with the
(previously) laid down rational (straight-line) DE.

Thus, DG is a first binomial (straight-line) [Def. 10.5].

(Which is) the very thing it was required to show. 10.54.
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Complete Cinematic Logic

Let AB be a binomial (straight-line), having been divided into its
(component) terms at C, such that AC is the greater term.

il

‘ And it is applied to the rational (straightline) DE. ‘

4

And since the (square) on AC is commensurable with the (square) on
CB, DH is also commensurable with KL.

4

‘ (Which is) the very thing it was required to show. 10.54. ‘

4

Conclusion: Proposition 60 established.

"‘ k” EUCLID, ELEMENTS - BOOK X ¢ PROPOSITION 60 |y,

The square on a binomial (straight-line) applied to a rational (straight-line) produces T
8 & « DE is raton

as breadth a FIRST BINOMIAL (straight-line). NOrBun e AN BRI

~ &Y =3 A 3
I 1t 4B be a binomial ssightline DE By 1L AB? = AC? + CB? + 24C-CB. [} The remaining areal MF
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Apply t0 DE a part DH equal 10 AC? o
s B D
A w cB?.
AC and CB are rational, Then DE - DG = AB? P i
[ er=ia The resulting breadth is DG. G
e
[ a ¢ B . s A -
AC cB’ act | cB? | 2accB act | cw N
‘ AC CB
o
‘ AB = 4C + CB DE b " L SR U B | R %
o Mot ni L o Dl | [l =
it commensle i squre ooy oy applicd to the raional DE, T e 3 ‘o ML (= DE, raional).
AC and CB? are rational and by Prop. X.20, DM is rational ther rectangle AC-CB is MEDIAL By Prop. X.22, MG s rational
(Area DL is applcd t0 DE)
commensurable. and DM ~ DE Hence 2AC-CB is MEDIAL but MG # DE. -
Therefore AC? + CB? DL G G But MF = 2AC-CB.
P e e :
| E =
| DR 7 E DE b " PR e
e T | i e | [ e et |1 it e
ocalind O between AC? and CB. T T the arcas DH and KL
X3 NOMIAL The correponaing ares give MO mean O ey
We must now show it is FIRST BINOMIAL proportional betwsen DI and KL G g Hence DK ~ KM.
X Rl I I o et
D DM g MG E =7 | . N breadhs are
DG G + SR | DR X E
[ From the temma befre Prop. 60, Since N bisects MG, @ By prop. x17,
AC? + CB? > 2AC-CB. MN? = L MG since DM > MG and ) :
P 3T VT P DK-KM = 4 MG DM ~ DE (rational).

is applied to DM,

Hence DM > MG.

Therofore DK-KM = - MG?,

deficient by a square,

with DK ~ KM. and DK ~ KM,
we have
" Hence the square on a binomial (straight-line) applied to a rational (straightline) o =
produces as breadth a FIRST BINOMIAL (straight-line). QED.
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2.61 Proposition 61

Statement

The square on a first bimedial (straight-line) applied to a ra-
tional (straight-line) produces as breadth a second binomial
(straight-line).

Proof Actions

1.

10.

11.

12.

Let AB be a first bimedial (straight-line) having been divided into its
(component) medial (straight-lines) at C, of which AC (is) the greater.

. And let the rational (straight-line) DE be laid down.

. And let the parallelogram DF, equal to the (square) on AB, have been

applied to DE, producing DG as breadth.
I say that DG is a second binomial (straight-line).

For let the same construction have been made as And since AB is a in
the (proposition) before this. first bimedial (straight-line), having been
divided at C, AC and CB are thus medial (straight-lines) commensurable
in square only, and containing a rational (area) Hence, the (squares) on
AC and CB [Prop. 10.37].

. Thus, DL is medial are also medial [Prop. 10.21].

[Props. 10.15, 10.23 corr.].

. And it has been applied to the rational (straight-line) DE.

MD is thus rational, and incommensurable in length with DE [Prop.
10.22].

Again, since twice the (rectangle contained) by AC and CB is rational,
MF is also rational.

And it is applied to the rational (straight-line) ML.

Thus, MG [is] also rational, and commensurable in length with ML—that
is to say, with DE [Prop. 10.20].
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13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

DM is thus incommensurable in length with MG [Prop. 10.13]. And they
are rational.

DM and MG are thus rational, and commensu352 rable in square only.

DG is thus a binomial (straight-line) [Prop. 10.36].

So, we must show that (it is) also a second (binomial straight-line).

For since (the sum of) the squares on AC and CB is greater than twice
the (rectangle contained) by AC and CB [Prop. 10.59], DL (is) thus also
greater than MF.

Hence, DM (is) also (greater) than MG [Prop. 6.1].

And since the (square) on AC is commensurable with the (square) on CB,
DH is also commensurable with KL.

Hence, DK is also commensurable (in length) with KM [Props. 6.1,
10.11].

And the (rectangle contained) by DKM is equal to the (square) on MN.

Thus, the square on DM is greater than (the square on) MG by the
(square) on (some straight-line) commensurable (in length) with (DM)
[Prop. 10.17].

And MG is commensurable in length with DE.

Thus, DG is a second binomial (straight-line) [Def. 10.6]. Prop. 10.55.
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Complete Cinematic Logic

Let AB be a first bimedial (straight-line) having been divided into its
(component) medial (straight-lines) at C, of which AC (is) the greater.

4

MD is thus rational, and incommensurable in length with DE [Prop.

10.22].

4

For since (the sum of) the squares on AC and CB is greater than twice
the (rectangle contained) by AC and CB [Prop. 10.59], DL (is) thus

also greater than MF.

J

‘ Thus, DG is a second binomial (straight-line) [Def. 10.6]. Prop. 10.55.‘

B8 e A8 be s mveoiAL,
dnided 5 C, with AC

AB = AC + CB

DM is rational,
but DM # DE.

R From the lemma before Prop. 61,
AC? + CB? > 2AC-CB.
Hence DL > MF.

Therctore DM > MG

D M G

4

Conclusion: Proposition 61 established.

EUCLID, ELEMENTS - BOOK X « PROPOSITION 61 |
The square on a FIRST BIMEDIAL (st

ght-line) applied
to a rational (straight-line) produc breadth
a SECOND BINOMIAL (straight-line).

Since AC and CB are medial,
AC? and CB? are medial
Therefore AC* + CB*

B Tike the ronal siight-ne DE:
el HecasBheral

Make the same consiructon
25 in the preceding propasition (60).
Decompose AB? ‘

to the square on AB.

© AB is FIRST BIMEDIAL, divided 2t C (AC > CB)
ble i square only.

ight i
App £ a rectangle equal to AB%;
the breadth produced is DG,

B oo cwis ac + o
Hence DL is MEDIAL.

(Area DL is applied to DE)

DE - DG = AB* Bty lSOE is MEDIAL
The breadth produced is DG. DTS 40k T D
MF = 24C CB.
= G G DL G
D S 1 L7 — ?
T
DE D H 7 E D K L E D H L E

@ ov = DE b MG ~ DE
Thersore DM = MG.

[ R ——
By Prop. X.20, MG s ruional

Since AC-CB i o
24-CB b eional
o AT

and MG ~ ML ~ DE. Both are rational, hence

Hence MF is RATIONAL. i g
Y @ o & and commensurable
3 ] L3 Y in square only.
l I I T l l l T I T l D M G E
| | I | A el
| i I\
D H K E D H X oL" M® B DG = DM + MG

[ Hence ther comrsponing breadths
DK and KM are commensuraie.
Thes DK ~ KM.

B Since ac? ~ cB?
(both media), the aress
DH and KL sre
commensucabl.

D I3 7 E b T T B

B 5 Prop. .17, v B B From (9), the sqare o DM | [] T DG bae two il e
oo sl il N et e
7 s 154 e on's Tnd cmmmenbl .
o, DM | MG ks e with DM
LESSER term
of DG. is
MG ooy etonal line DE.

Therefore the square on a FIRST BIMEDIAL (straight-line) applied to a RATIONAL (straight-line)
PRODUCES AS BREADTH A SECOND BINOMIAL (straight-linc).

rable parts
All conditions of Prop. X.17
are satisfied.

B By Definition X.6,
DG is a
SECOND BINOMIAL

straightline.

] QED.
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2.62 Proposition 62

Statement

The square on a second bimedial (straight-line) applied to a
rational (straight-line) produces as breadth a third binomial
(straight-line).

Proof Actions

10.

11.

. Let AB be a second bimedial (straight-line) having been divided into

its (component) medial (straight-lines) at C, such that AC is the greater
segment.

And let DE be some rational (straight-line).

. And let the parallelogram DF, equal to the (square) on AB, have been

applied to DE, producing DG as breadth.

I say that DG is a third binomial (straight-line).

. Let the same construction be made as that shown preAnd since AB is a

second bimedial (straightviously. line), having been divided at C, AC
and CB are thus medial (straight-lines) commensurable in square only,
and containing a medial (area) [Prop. 10.38].

Hence, the sum of the (squares) on AC and CB is also medial [Props.
10.15, 10.23 corr.]. And it is equal to DL.

Thus, DL (is) also medial.

. And it is applied to the rational (straight-line) DE.

MD is thus also rational, and in353 commensurable in length with DE
[Prop. 10.22].

So, for the same (reasons), MG is also rational, and incommensurable in
length with ML—that is to say, with DE.

Thus, DM and MG are each rational, and incommensurable in length
with DE.
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12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

And since AC is incommensurable in length with CB, and as AC (is)
to CB, so the (square) on AC (is) to the (rectangle contained) by ACB
[Prop. 10.21 lem.], the (square) on AC (is) also incommensurable with
the (rectangle contained) by ACB [Prop. 10.11].

And hence the sum of the (squares) on AC and CB is incommensurable
with twice the (rectangle contained) by ACB—that is to say, DL with MF
[Props. 10.12, 10.13].

Hence, DM is also incommensurable (in length) with MG [Props. 6.1,
10.11]. And they are rational.

DG is thus a binomial (straight-line) [Prop. 10.36].

[So] we must show that (it is) also a third (binomial straight-line).

So, similarly to the previous (propositions), we can conclude that DM is
greater than MG, and DK (is) commensurable (in length) with KM.

And the (rectangle contained) by DKM is equal to the (square) on MN.

Thus, the square on DM is greater than (the square on) MG by the
(square) on (some straight-line) commensurable (in length) with (DM)
[Prop. 10.17].

And neither of DM and MG is commensurable in length with DE.

Thus, DG is a third binomial (straight-line) [Def. 10.7].

(Which is) the very thing it was required to show. Prop. 10.56.
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Let AB be a second bimedial (straight-line) having been divided into
its (component) medial (straight-lines) at C, such that AC is the greater
segment.

4

‘ And it is applied to the rational (straight-line) DE. ‘

4
‘ DG is thus a binomial (straight-line) [Prop. 10.36]. ‘

4
‘ (Which is) the very thing it was required to show. Prop. 10.56. ‘

4

Conclusion: Proposition 62 established.

DATA

EUCLID, ELEMENTS - BOOK X + PROPOSITION 62 e e
The square on a SECOND BIMEDIAL (straight-line) applied e 2 =

to a rational (straight-line) produces as breadth © DE is a rationl straight-line.
 Apply to DE a rectangle equal to AB%

a THIRD BINOMIAL (straight-line). the breadth produced is DG.

T Since AC a0 CB are medis, B s it centis wppid

| s s
AC? and CB? are medial. to a rational straight-line (DE),

divided at C, with AC Apply to it a parallclogram
the greater term. equal to the square on AB. (60-61). Decompose AB? Therefore AC? + CB? by Prop. X.22, DM s rational
AC and CB are medial DE - DG = AB?. AB? = AC* + CB? + 2AC - CB. is MEDIAL. but DM # DE.
and o b tuced is DG. Apply to DE the parts shown.
“The breadth produced is DG \Pply T Hence DL is MEDIAL.
in square M G
Their rectangle AC - CI G G DL G
is MEDIAL. D
2 @ B Ac? CB* | 24C-CB
o ———e
AB = AC + CB 2 & 3
b DE E —_—
2] DE
b = B I I L 5
@ since AC - cB i MEDIAL, MF is applied to ML (= DE, raional). | [] Since AC # CB,snd AC: € = ac? s ac B, [ By Prop. X.36, the sum of [ s <hown in the preceding
| 24c - cB is MEDIAL, By Prop. X.22, MG is rational il A CH fiecounnauini bk two rational straightlines propositions (60-61),
with AC - CB; hence AC* + CB? commensurable in square onl
Hence MF (= 2AC - CB) but MG # DE. = - v DM > MG.
is BINOMIAL.
is MEDIAL. :
G M G Therefore DG is BINOMIAL.
‘ DI 4 : - - ; = - . :
3 D H i M E Vo i |
D H L E DG = DM + MG DM is the greater term.
ML (= DE) MG DM and MG are rational but incommensurable
ot S N i MG, b P, 17 - P——
DK ~ KM. 5 and is
DK ~ KM and
Also DK - KM = MN?. e T
(From the mean proportional et 2 DM DM
DM? - MG?
| = square on s line MG?
| Vo MG Therefore, by Definition X.7,
DG is THIRD BINOMIAL
[ straightline.
Therefore the square on a SECOND BIMEDIAL (straight-line) applied to a RATIONAL (straight-line)
PRODUCES AS BREADTH A THIRD BINOMIAL (straightline).
i
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2.63 Proposition 63

Statement

The square on a major (straight-line) applied to a rational
(straight-line) produces as breadth a fourth binomial (straight-
line).

Proof Actions

L.

10.

Let AB be a major (straight-line) having been divided at C, such that AC
is greater than CB, and (let) DE (be) a rational (straight-line).

And let the parallelogram DF, equal to the (square) on AB, have been
applied to DE, producing DG as breadth.

. Isay that DG is a fourth binomial (straight-line).

Let the same construction be made as that shown pre354 And since AB
is a major (straight-line), havviously. ing been divided at C, AC and CB
are incommensurable in square, making the sum of the squares on them
rational, and the (rectangle contained) by them medial [Prop. 10.39].

. Therefore, since the sum of the (squares) on AC and CB is rational, DL

is thus rational.

. Thus, DM (is) also rational, and commensurable in length with DE [Prop.

10.20].

Again, since twice the (rectangle contained) by AC and CB—that is to
say, MF—is medial, and is (applied to) the rational (straight-line) ML,
MG is thus also rational, and incommensurable in length with DE [Prop.
10.22].

. DM is thus also incommensurable in length with MG [Prop. 10.13].

DM and MG are thus rational (straight-lines which are) commensurable
Thus, DG is a binomial (straight-line) in square only. [Prop. 10.36].

[So] we must show that (it is) also a fourth (binomial straight-line).
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I1.

12.

13.

14.

15.

16.

17.

18.

19.

So, similarly to the previous (propositions), we can show that DM is
greater than MG, and that the (rectangle contained) by DKM is equal to
the (square) on MN.

Therefore, since the (square) on AC is incommensurable with the (square)
on CB, DH is also incommensurable with KL.

Hence, DK is also incommensurable with KM [Props. 6.1, 10.11].

And if there are two unequal straight-lines, and a parallelogram equal
to the fourth part of the (square) on the lesser, falling short by a square
figure, is applied to the greater, and divides it into (parts which are) in-
commensurable (in length), then the square on the greater will be larger
than (the square on) the lesser by the (square) on (some straight-line) in-
commensurable in length with the greater [Prop. 10.18].

Thus, the square on DM is greater than (the square on) MG by the (square)
on (some straight-line) incommensurable (in length) with (DM).

And DM and MG are rational (straight-lines which are) commensurable
in square only.

And DM is commensurable (in length) with the (previously) laid down
rational (straight-line) DE.

Thus, DG is a fourth binomial (straight-line) [Def. 10.8].

(Which is) the very thing it was required to show. 10.57.
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Let AB be a major (straight-line) having been divided at C, such that
AC is greater than CB, and (let) DE (be) a rational (straight-line).

4

Again, since twice the (rectangle contained) by AC and CB—that is to
say, MF—is medial, and is (applied to) the rational (straight-line) ML,
MG is thus also rational, and incommensurable in length with DE
[Prop. 10.22].

\
‘ Hence, DK is also incommensurable with KM [Props. 6.1, 10.11]. ‘

4
‘ (Which is) the very thing it was required to show. 10.57. ‘

4

Conclusion: Proposition 63 established.

EUCLID, ELEMENTS - BOOK X ¢ PROPOSITION 63

The square on a MAJOR (straight-line) applied to a rational (straight-line)
produces as breadth a FOURTH BINOMIAL (straight-line).

Apply to DE a parallclogram cqual to AB%;
the breadth producs

Let AB be MAJOR, divided Take the rational straight line DE. | [ Make the same construction @ ac® + cs? is raTIONAL. T 1 i e o
mo A Arry 10 it 2 parslidogram, 2 i the prceding propositions. e S
e L’ e to the square on iy ompose. i e

cql o the pore n A, | Decompone AR [ s
DE - DG = AB* AB? = AC? + CB® + 2AC - CB.
The breadth produced s DG Apply to DE the parts shown.
I G
AC - CB is MEDIAL. c G
a @ B D |
— ¢ o 2 2 |
Ac cB | 2accn
AC CB 2S;
5 e )
AB = AC + CB, AC > CB DE D H Fe E DM T
B = ac - co w o, PP R [ Ve T e e ey
C - CB is MEDIAL ‘0 ML (= DE, raiona. Therefore DM # MG, BINOMIAL it follows that DM > MG.
Heoes ME (= 24C - CB) By Prop. X2, MG is ratonal Both are rational, hence Therefore DG s BINOMIAL
is MEDIAL. but MG # DE. they are incommensural ible ‘We must show it is FOURTH.
G = o in length (DM % MG).
il 1 b MERC e D MG 5
I— 8% | 1 D M E
i oa U
(S A,
(5 ey e g, g e
e 1 T L BTl ;M@ ook e
ML=DB Mo
[t B s 4C% wna co? e Theesore DI nd KM are

DK - KM = MN?.

(From the proportionl relations.)

DM® — MG? = (1

with DM.

We have established:
Therefore, by Definition X.8,

« DM and MG are rational Dt - e
[ o om> | DG b1
DM and MG are incommenaurable i lngth, FOURTH BINOMIAL
| e e 2N
" Therefore the square on a SECOND BIMEDIAL (straight-line) applied to a RATIONAL (straightline)
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2.64 Proposition 64

Statement

The square on the square-root of a rational plus a medial (area)
applied to a rational (straight-line) produces as breadth a fifth
binomial (straight-line).

Proof Actions

L.

10.
I1.

12.

Let AB be the square-root of a rational plus a medial (area) having been
divided into its (component) straightlines at C, such that AC is greater.

And let the rational (straight-line) DE be laid down.

. And let the (parallelogram) DF, equal to the (square) on AB, have been

ap355 plied to DE, producing DG as breadth.

I say that DG is a fifth binomial straight-line.

. Let the same construction be made as in the (propositions) before this.

Therefore, since AB is the square-root of a rational plus a medial (area),
having been divided at C, AC and CB are thus incommensurable in
square, making the sum of the squares on them medial, and the (rectangle
contained) by them rational [Prop. 10.40].

. Therefore, since the sum of the (squares) on AC and CB is medial, DL is

thus medial.

. Hence, DM is rational and incommensurable in length with DE [Prop.

10.22].

Again, since twice the (rectangle contained) by ACB— that is to say,
MF—is rational, MG (is) thus rational and commensurable (in length)
with DE [Prop. 10.20].

DM (is) thus incommensurable (in length) with MG [Prop. 10.13].

Thus, DM and MG are rational (straightlines which are) commensurable
in square only.

Thus, DG is a binomial (straight-line) [Prop. 10.36].
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13. So, I say that (it is) also a fifth (binomial straight-line).

14. For, similarly (to the previous propositions), it can be shown that the
(rectangle contained) by DKM is equal to the (square) on MN, and DK
(is) incommensurable in length with KM.

15. Thus, the square on DM is greater than (the square on) MG by the (square)
on (some straight-line) incommensurable (in length) with (DM) [Prop.
10.18].

16. And DM and MG are [rational] (straight-lines which are) commensurable
in square only, and the lesser MG is commensurable in length with DE.

17. Thus, DG is a fifth binomial (straight-line) [Def. 10.9].

18. (Which is) the very thing it was required to show. is a fifth binomial. See
Prop. 10.58.

Complete Cinematic Logic

Let AB be the square-root of a rational plus a medial (area) having been
divided into its (component) straightlines at C, such that AC is greater.

Y

Therefore, since the sum of the (squares) on AC and CB is medial, DL
is thus medial.

U

\ So, I say that (it is) also a fifth (binomial straight-line). \

4

(Which is) the very thing it was required to show. is a fifth binomial.
See Prop. 10.58.

4

Conclusion: Proposition 64 established.
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EUCLID, ELEMENTS - BOOK X ¢ PROPOSITION 64
The square on the SQUARE-ROOT of a RATIONAL plus a MEDIAL (area)

applied to a RATIONAL (straight-line) produces as brea

aight-line).

aightli i C? 4 CB? is MEDIAL,

DE. Apply to it a parallelogram DL is MEDIAL

DE,
equal to the squars on AB. AB® = AC? + CB? + 24C - CB. (Area DL is applied to DE) by Prop. X.22, DM is RATIONAL

e but DM # DE
DERIDC Si4E, Apply to DE the parts shown.
The breadth produced is DG = o
G DL G
G — ’
2 |
DG AC CB’ 2AC-CB i
h T
o
DE E D H L E D H L E =
DM DE
[ sinee AC - CB is RATIONAL, MF is applied to ML (= DE, [0} DM # DE, but MG ~ DE As in the preceding propesitions,
B RATIONAL) z -
MF (= 2AC - CB) is thercfore By Prop. X.20, MG is RATIONAL pLeSl S Vs
RATIONAL and MG ~ DE
G = -
l J % |
| [ 1 | |
D & I T M E
| =5
ML (= DE) MG
Since N bisects MG, MG s the LESSER term of DG,
MN? = MG? Qe D (T Therefore, by Definition X.9,
With DK - KM = MN?, SUMMARY (Definition X.9) DG is a
(P e e e . .
i we have & * DG has two rational terms, FIFTH BINOMIAL
| DK - KM = 3 MG?,
i
|

with DK # KM. N
T "

DK kv~ & mG?

Therefore the square on the SQUARE-ROOT of a RATIONAL plus a MEDIAL (area) |
applied to a RATIONAL (straightline) PRODUCES AS BREADTH A FIFTH BINOMIAL (straightling). QEDR

2.65 Proposition 65

Statement

The square on the square-root of (the sum of) two medial (areas)
applied to a rational (straight-line) produces as breadth a sixth
binomial (straight-line).

Proof Actions

1. Let AB be the square-root of (the sum of) two medial (areas), having
been divided at C.

2. And let DE be a rational (straight-line).

3. And let the (parallelogram) DF, equal to the (square) on AB, have been
applied to DE, producing DG as breadth.

4. 1say that DG is a sixth binomial (straight-line).

5. For let the same construction be made as in the preAnd since AB is the
square-root vious (propositions). of (the sum of) two medial (areas), hav-
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10.

11.

12.

13.

14.

15.

16.

17.

ing been divided at C, AC and CB are thus incommensurable in square,
making the sum of the squares on them medial, and the (rectangle con-
tained) by them medial, and, moreover, the sum of the squares on them
incommensurable with the (rectangle contained) by them [Prop. 10.41].

. Hence, according to what has been previously demonstrated, DL and MF

are each medial.
And they are applied to the rational (straight-line) DE.

Thus, DM and MG are each rational, and incommensurable in length
with DE [Prop. 10.22].

And since the sum of the (squares) on AC and CB is incommensurable
with twice the (rectangle contained) by AC and CB, DL is thus incom-
mensurable with MF.

Thus, DM (is) also incommensurable (in length) with MG [Props. 6.1,
10.11].

DM and MG are thus rational (straight-lines which are) commensurable
Thus, DG is a binomial (straight-line) in square only. [Prop. 10.36].

So, I say that (it is) also a sixth (binomial straight-line).

So, similarly (to the previous propositions), we can again show that the
(rectangle contained) by DKM is equal to the (square) on MN, and that
DK is incommensurable in length with KM.

And so, for the same (reasons), the square on DM is greater than (the
square on) MG by the (square) on (some straight-line) incommensurable
in length with (DM) [Prop. 10.18].

And neither of DM and MG is commensurable in length with the (previ-
ously) laid down rational (straight-line) DE.

Thus, DG is a sixth binomial (straight-line) [Def. 10.10].

(Which is) the very thing it was required to show. binomial. See Prop.
10.59.
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Complete Cinematic Logic

Let AB be the square-root of (the sum of) two medial (areas), having
been divided at C.

4

Hence, according to what has been previously demonstrated, DL and
MF are each medial.

4
‘ So, I say that (it is) also a sixth (binomial straight-line). ‘

4

(Which is) the very thing it was required to show. binomial. See Prop.
10.59.

4

Conclusion: Proposition 65 established.

EUCLID, ELEMENTS - BOOK X ¢ PROPOSITION 65
The square on the SQUARE-ROOT of the sum of two MEDIAL areas

applied to a RATIONAL (straight-line) produces as breadth
a SIXTH BINOMIAL (.\(ruight—lim‘).

B s 4c” + 57 s sz
by Prop. X22, DA i RATIONAL

] ke the same comstction
i the precading

[ 5vce Ac? + G MEDIAL,
DL i MEDIAL

Tk the RATIONAL s
e

line DE.

Let AB be the square-root of the
sum of two MEDIAL arcas, divided
at G, with AC the greater term

propositions (60-64).

e o e T e P b DM 4 DE.
c’> ca) X D AR [ & J
E R Ny AB? = AC? + CB® + 24C - CB. 3
The bresdth produced i DG. e = p m G
I gtV o

G I

b T |

| |

. .
DG AC CB’ 2AC-CB 1 :
! D H L E
O
= 2l p T E | D 1 E— = P

B e AC - B s MEDIAL, ME s spplid 10 ML (= DE, [ ¥ # DF b MG ~ DE. [ 5y Prop- X.36, he sum of two T o o

TN Lt aionsl) Therefore DM # MG. such straight ines is BINOMIAL 00 T
e By Prop. X22, MG is RATIONAL Boi heace Therefore DG is BINOMIAL.
MEDIAL. but MG # DE. ‘We must show it is SIXTH.

G G
M
| 1 i
| | I iN ! s ] 5 il i G E
| i s
I
E D H L M E e e e ) ~ J
‘ o 2 2 e ol DM MG DG = DM + MG
ML (= DE) e 4

D Agin o before, ¢ follows thac

‘ DK # KM.
G
B N
‘ s
| i T
o s

DK and KM are incommensurable.

) |

[ Since ¥ bisees G,
My = MG,
With DK - KM = MN?,
we have DK - KM = § M2,
G

DK - KM = + MG*

Therefore the square on the SQUARE-ROOT of the sum of two MEDIAL (areas)

By Prop. X.18 (since DK # KM),
the square on the greater (DM)
n the lesser (MG)

incommensurable with DM.
DM? - MG?
= square on a line
incommensurable
with DM.

m From above, neither term is
commensurable wi
DM # DE and MG

# DE.

© DM and MG are rational.
DM and MG sre commensurable
in square only.

© The square on the greater (DM)
exceeds the square on the lesser (MG)
by the square on a line incommensurable.

Thersiors, by Defiaion .10,

DG is a
SIXTH BINOMIAL

straight-line.

-8

applied to a RATIONAL (straight-line) PRODUCES AS BREADTH A SIXTH BINOMIAL (straight-line
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2.66 Proposition 66

Statement

A (straight-line) commensurable in length with a binomial
(straight-line) is itself also binomial, and the same in order.

Proof Actions

L.

10.

11.

12.

13.

Let AB be a binomial (straight-line), and let CD be commensurable in
length with AB.

. I say that CD is a binomial (straight-line), and (is) the same in order as

AB.

. For since AB is a binomial (straight-line), let it have been divided into

its (component) terms at E, and let AE be the greater term.

AE and EB are thus rational (straight-lines which are) commensurable in
square only [Prop. 10.36].

. Let it have been contrived that as AB (is) to CD, so AE (is) to CF [Prop.

6.12].

Thus, the remainder EB is also to the remainder FD, as AB (is) to CD
[Props. 6.16, 5.19 corr.].

And AB (is) commensurable in length with CD.

. Thus, AE is also commensurable (in length) with CF, and EB with FD

[Prop. 10.11].
And AE and EB are rational.
Thus, CF and FD are also rational.

And as AE is to CF, (so) EB (is) to FD Thus, alternately, as AE is to EB,
(so) [Prop. 5.11].

CF (is) to FD [Prop. 5.16].
And AE and EB [are] commensurable in square only.
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14.

15.
16.

17.

18.

19.

20.

21.

22.
23.

24.

25.

Thus, CF and FD are also commensurable in square only [Prop. 10.11].
And they are rational.

CD is thus a binomial (straight-line) [Prop. 10.36].
So, I say that it is the same in order as AB.

For the square on AE is greater than (the square on) EB by the (square)
on (some straight-line) either commensurable or incommensurable (in
length) with (AE).

Therefore, if the square on AE is greater than (the square on) EB by the
(square) on (some straight-line) commensurable (in length) with (AE)
then the square on CF will also be greater than (the square on) FD by
the (square) on (some straight-line) commensurable (in length) with (CF)
[Prop. 10.14].

And if AE is commensurable (in length) with (some previously) laid
down rational (straight-line) then CF will also be commensurable (in
length) with it [Prop. 10.12].

And, on account of this, AB and CD are each first binomial (straightlines)
[Def. 10.5]—that is to say, the same in order.

And if EB is commensurable (in length) with the (previously) laid down
rational (straight-line) then FD is also commensurable (in length) with it
[Prop. 10.12], and, again, on account of this, (CD) will be the same in
order as AB.

For each of them will be second binomial (straightlines) [Def. 10.6].

And if neither of AE and EB is commensurable (in length) with the (pre-
viously) laid down rational (straight-line) then neither of CF and FD will
be commensurable (in length) with it [Prop. 10.13], and each (of AB and
CD) is a third (binomial straight-line) And if the square on AE is greater
than [Def. 10.7].

(the square on) EB by the (square) on (some straightline) incommensu-
rable (in length) with (AE) then the square on CF is also greater than (the
square on) FD by the (square) on (some straight-line) incommensurable
(in length) with (CF) [Prop. 10.14].

And if AE is commensurable (in length) with the (previously) laid down
rational (straight-line) then CF is also commensurable (in length) with it
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26.

27.

28.

29.

[Prop. 10.12], and each (of AB and CD) is a fourth (binomial straight-
line) [Def. 10.8].

And if EB (is commensurable in length with the previously laid down
rational straight-line) then FD (is) also (commensurable in length with
it), and each (of AB and CD) will be a fifth (binomial straight-line) [ Def.
10.9].

And if neither of AE and EB (is commensurable in length with the pre-
viously laid down rational straight-line) then also neither of CF and FD
is commensurable (in length) with the laid down rational (straight-line),
and each (of AB and CD) will be a sixth (binomial straight-line) [Def.
10.10].

Hence, a (straight-line) commensurable in length with a binomial
(straight-line) is a binomial (straightline), and the same in order.

(Which is) the very thing it was required to show.

Complete Cinematic Logic

Let AB be a binomial (straight-line), and let CD be commensurable in
length with AB.

4

’ Thus, CF and FD are also rational.

4

And, on account of this, AB and CD are each first binomial
(straightlines) [Def. 10.5]—that is to say, the same in order.

ll

’ (Which is) the very thing it was required to show.

4

Conclusion: Proposition 66 established.
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DATA
NOMIAL, divided st E (AE > EB).
nsurable in length with AB.

is itself also BINOMIAL, and the same in order. e ORDF;‘Z’(:T“ Sl

EUCLID, ELEMENTS - BOOK X « PROPOSITION 66

A (straight-line) commensurable in length with a BINOMIAL (straight-line) .cC

6 i w7 0 e
AB: D= AB:CE : e T i

Then slso

AB:CD = EB: FD. therefore CF and FD. S -
Hence CD = CF + D, 4 3 D A E B CD s BINOMIAL
A E B| A E B 5
> e | (LR Dl Bic F @ F p|c F D|c ER DRI NC F D
c b AE B S "
i cF D

AE, EB rational and. CF, FD commensurable:
AB~cD AE ~ CF, EB ~FD CF, FD are rational AE : EB = CF : FD 2 S CD is BINOMIAL.
commensursble in square only. in square only.
Now we show that CD is of the SAME ORDER as AB.

1. THE EXCESS SQUARE IS ON A LINE COMMENSURABLE WITH AE. II. THE EXCESS SQUARE IS ON A LINE INCOMMENSURABLE WITH AE.

Suppose AE? — EB? is the square on a straight line commensurable with AE. Suppose AE? — EB? s the square on a straight |
By Prop. X.14, CF? — FD? is the square ightline ith CF. By Prop. X.14, CF — FD? is the square on

[ s s
e

Therefore AB and CD Therefore AB and CD Therefore AB and CD Therefore AB and CD. Therefore AB and CD Therefore AB and CD.
are both SECOND BINOMIALS. | are both THIRD BINOMIALS, are both FOURTH BINOMIALS. are both FIFTH BINOMIALS. are both SIXTH BINOMIALS.
(second —» secon ) (third > third) (fourth > fourth) (6fth —» fifth) (s xth)

In every case, CD is BINOMIAL and of the SAME ORDER as AB.
QED.

Therefore: A straight-line commensurable in length with a BINOMIAL (straight-line)
s

is itself also BINOMIAL, and the SAME in ORDER.

2.67 Proposition 67

Statement

A (straight-line) commensurable in length with a bimedial
(straight-line) is itself also bimedial, and the same in order.

Proof Actions

1. Let AB be a bimedial (straight-line), and let CD be commensurable in
length with AB.

2. I say that CD is bimedial, and the same in order as AB.

3. For since AB is a bimedial (straight-line), let it have been divided into its
(component) medial (straight-lines) at E.

4. Thus, AE and EB are medial (straight-lines which are) commensurable
in square only [Props. 10.37, 10.38].

5. And let it have been contrived that as AB (is) to CD, (so) AE (is) to CF
[Prop. 6.12].
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6.

10.
11.

12.
13.
14.

15.

16.

17.

18.

19.

20.
21.

And thus as the remainder EB is to the remainder FD, so AB (is) to CD
[Props. 5.19 corr., 6.16].

. And AB (is) commensurable in length with CD.

. Thus, AE and EB are also commensurable (in length) with CF and FD,

respectively [Prop. 10.11].
And AE and EB (are) medial.
Thus, CF and FD (are) also medial [Prop. 10.23].

And since as AE is to EB, (so) CF (is) to FD, and AE and EB are com-
mensurable in square only, CF and FD are [thus] also commensurable in
square only [Prop. 10.11].

And they were also shown (to be) medial.
Thus, CD is a bimedial (straight-line).
So, I say that it is also the same in order as AB.

For since as AE is to EB, (so) CF (is) to FD, thus also as the (square) on
AE (is) to the (rectangle contained) by AEB, so the (square) on CF (is)
to the (rectangle contained) by CFD [Prop. 10.21 lem.].

Alternately, as the (square) on AE (is) to the (square) on CF, so the (rect-
angle contained) by AEB (is) to the (rectangle contained) by CFD [Prop.
5.16].

And the (square) on AE (is) commensurable with the (square) on CF.

Thus, the (rectangle contained) by AEB (is) also commensurable with
the (rectangle contained) by CFD [Prop. 10.11].

Therefore, either the (rectangle contained) by AEB is rational, and the
(rectangle contained) by CFD is rational [and, on account of this, (AE
and CD) are first bimedial (straight-lines)], or (the rectangle contained
by AEB is) medial, and (the rectangle contained by CFD is) medial, and
(AB and CD) are each second (bimedial straight-lines) [Props. 10.23,
10.37, 10.38].

And, on account of this, CD will be the same in order as AB.
(Which is) the very thing it was required to show.
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Complete Cinematic Logic

Let AB be a bimedial (straight-line), and let CD be commensurable in
length with AB.

Y

Thus, AE and EB are also commensurable (in length) with CF and FD,
respectively [Prop. 10.11].

4

For since as AE is to EB, (so) CF (is) to FD, thus also as the (square)
on AE (is) to the (rectangle contained) by AEB, so the (square) on CF
(is) to the (rectangle contained) by CFD [Prop. 10.21 lem.].

4

‘ (Which is) the very thing it was required to show. ‘

4

Conclusion: Proposition 67 established.

EUCLID, ELEMENTS - BOOK X ¢ PROPOSITION 67 BIMEDIAL STRAIGHT-LINE

A straight-line is BIMEDIAL when its

A (straight-line) commensurable in length with a BIMEDIAL (straight-line)
. = .+ component terms are both MEDIAL |

is itself also BIMEDIAL, and the same in order.

and commensurable in square only

Let AB be BIMEDIAL, and Divide AB at , Divide CD at F o that From 4B~ CD and [ Since aE wa B8 [ Feomar:cr- i, [ e AEand D are [ Thercore €0 = F 4 1,
let CD be commensorable in with AE the greater term. AB:CD = AE: CF the proportions are MEDIAL, and (aternation), commensursble in
length ith AB. Since AB is BIMEDIAL = AE ~ CF and CF ~ AE, FD ~ BB, | AE:EB = CF:FD. square onl,
o prove: CD is BIMEDIAL AE and EB are MEDIAL e P N B ~ . by Prop. X2, e follows that
and of the same onder as AB. and commensurable in " # CF and FD are CF and FD are By Prop. X.38,
Hence CD = CF + FD. A E B E
square only. also MEDIAL 4 E B commensurable in CD is BIMEDIAL
e — ——
A E B n E B square only.
SN e o
C F D
G ~ b T T | —e—— ¢ F DHNC] F Dh|¥c F D G F D
) — o o
e CF, FD are
AR ED sx i i . commensurable in
AB ~ cD and commensarsble AE ~ CF, EB~FD | | CF,FD are MEDIAL | | AE: EB = CF: FD. - CD is BIMEDIAL
in squure only. square only.

s Er—— [0 - Soce A ~ . — —i

by compositon of AF: CF = (AE - EB) : (CF - FD). a8 ~ cP Ths the product of the
component terms of AB
A E B A E B is commensurable in

square with the product

of the corresponding

| g

‘ AF*: (AE - EB) = CF: (CF - FD).
|

[ terms of CD.

AE? : (AE - EB) = CF*: (CF - FD) AE* : CF* = (AE - EB) : (CF - FD) (AE - EB) ~ (CF - FD) e

r N [0 s . 59w onia CONCLISION (ST ORDER) ey —— Concausion| oo onoen)) || TR

| P Both AB and CD are Both AB and CD are e

‘ Since (AE - EB) ~ (CF - FD), BIMEDIAL, and the Since (AE - EB) ~ (CF - FD), | BIMEDIAL, and the |

\ < ¥ L3 it follows that (CF - FD) is also RATIONAL. product of their component it follows that (CF - FD) is also MEDIAL. product of their component | &3 F D

| terms is RATIONAL terms is MEDIAL. = =
A g In & BIMEDIAL straight.line, if the In a BIMEDIAL strsight line, if the v | St
Rt o e product of the component terms is Therefore CD is a product of the component terms is Therefore CD is a | s

| product RATIONAL. RATIONAL, the line is of the FIRST BIMEDIAL, the MEDIAL, the line is of the SECOND BIMEDIAL, the | product MEDIAL. |

- & FIRST ORDER. SAME ORDER as AB. SECOND ORDER. SAME ORDER as AB. e S

E ) ! In every case, CD is BIMEDIAL and of the SAME ORDER as AB. } T QED | Z
[l |
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2.68 Proposition 68

Statement

A (straight-line) commensurable (in length) with a major
(straight-line) is itself also major.

Proof Actions

L.

10.

11.

Let AB be a major (straight-line), and let CD be commensurable (in
length) with AB.

I say that CD is a major (straight-line).

. Let AB have been divided (into its component terms) at E.

AE and EB are thus incommensurable in square, making the sum of the
squares on them rational, and the (rectangle contained) by them medial
[Prop. 10.39].

. And let (the) same (things) have been contrived as in the previous (propo-

sitions).

. And since as AB is to CD, so AE (is) to CF and EB to FD, thus also as

AE (is) to CF, so EB (is) to FD [Prop. 5.11].

And AB (is) commensurable (in length) with CD.

. Thus, AE and EB (are) also commensurable (in length) with CF and FD,

respectively [Prop. 10.11].

And since as AE is to CF, so EB (is) to FD, also, alternately, as AE (is)
to EB, so CF (is) to FD [Prop. 5.16], and thus, via composition, as AB is
to BE, so CD (is) to DF [Prop. 5.18].

And thus as the (square) on AB (is) to the (square) on BE, so the (square)
on CD (is) to the (square) on DF [Prop. 6.20].

So, similarly, we can also show that as the (square) on AB (is) to the
(square) on AE, so the (square) on CD (is) to the (square) on CF.
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12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

And thus as the (square) on AB (is) to (the sum of) the (squares) on AE
and EB, so the (square) on CD (is) to (the sum of) the (squares) on CF
and FD.

And thus, alternately, as the (square) on AB is to the (square) on CD, so
(the sum of) the (squares) on AE and EB (is) to (the sum of) the (squares)
on CF and FD [Prop. 5.16].

And the (square) on AB (is) commensurable with the (square) on CD.

Thus, (the sum of) the (squares) on AE and EB (is) also commensurable
with (the sum of) the (squares) on CF and FD [Prop. 10.11].

And the (squares) on AE and EB (added) together are rational.

The (squares) on CF and FD (added) together (are) thus also rational.

So, similarly, twice the (rectangle contained) by AE and EB is also com-
mensurable with twice the (rectangle contained) by CF and FD.

And twice the (rectangle contained) by AE and EB is medial.

Therefore, twice the (rectangle contained) by CF and FD (is) also medial
[Prop. 10.23 corr.].

CF and FD are thus (straight-lines which are) incommensurable in square
[Prop 10.13], simultaneously making the sum of the squares on them
rational, and twice the (rectangle contained) by them medial.

The whole, CD, is thus that irrational (straight-line) called major [Prop.
10.39].

Thus, a (straight-line) commensurable (in length) with a major (straight-
line) is major.

(Which is) the very thing it was required to show.
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Complete Cinematic Logic

Let AB be a major (straight-line), and let CD be commensurable (in
length) with AB.

4

And since as AE is to CF, so EB (is) to FD, also, alternately, as AE (is)
to EB, so CF (is) to FD [Prop. 5.16], and thus, via composition, as AB
is to BE, so CD (is) to DF [Prop. 5.18].

!

‘ The (squares) on CF and FD (added) together (are) thus also rational. ‘

U

‘ (Which is) the very thing it was required to show. ‘

4

Conclusion: Proposition 68 established.

DATA

EUCLID, ELEMENTS - BOOK X < PROPOSITION 68
A (straight-line) commensurable in length with a MAJOR (straight-line)
is itself also MAJOR.

© AB is MAJOR.
© CD is commensurable in length with AB.

© Prove: CD is MAJOR.

Let AB be MAJOR, and divide it
at E.

[ P —
leogh it 43

B ovise 0w 7 o e

e T
L8 &

Since AB is MAJOR,
AE* # EB® (incommensurable).

AE® + EB? is RATIONAL.
AE - EB is MEDIAL
| a 5 B
-— . .
‘ AE EB

| [45% + B5% radoml. 45 - 58 modil.

B o composiion,
B BB - Cp - D,
Squaring,

AB? : BE? = CD? : DF?

Since CF? + FD? s RATIONAL

| = and 2cF - FD s MEDIAL,

‘ it follows (as in the case of
MAJOR in Prop. X.39) that

\ e prrme
(incommensurable in squarc)

| CF? # FD2.

‘ e £

e D 5 %
|

Jx E_

Then also
AB : CD = EB : FD.
Hence CD = CF + FD.

AB ~ CD.

— B ssies o o i,
AB? : AE? =

= cp?* : CF AB? : (AE® + EB?) =
A E B cD? : (CF? + FD?)
o By alternation,
G & o AB? : CD? =
ek (AE® + EB?) : (CF? + FD?)

AB? : AE? = CD? : CF?.

R Sy
© CF? # FD? (incommensurable in squarc).
* CF? + FD? is RATIONAL.
+cr - FD s MEDIAL
(tnce. 2CF - FD ia el

Al three conditions hold.

CF . FD I

of a MAJOR straight-line. E.
So CD is MAJOR
D c F D
—_—
MEDIAL (recangle). = o)

By Prop. X9,
if two. stsightlnes have

their sum is the
IRRATIONAL straight-line
called MAJOR.

| o Sum of squares
L * Rectangle is MEDIAL

AE ~ CF and EB ~ FD.

E

g

B
D

AE ~ CF,

B s 42 ~ co,

AB? ~ CD?

EB ~ FD.

Therefore

AE? 4 EB® ~ CF® + FD*

AE? + EB? is rational.
Hence CF? + FD? is RATIONAL.

CD = CF + FD

these three propertics, @ o »

—_—
CF D

Hows D st ey e g g £ yon oy x| [

AJOR when
o
in square.

RATIONAL. |

il

Therefore, if a straight-ine

s commensursble in length &

with 2 MAJOR (stright-inc),
it is itself also MAJOR.

2AE - EB is MEDIAL.
Hence 2CF - FD is MEDIAL.




Euclid’s Elements — Book X Incommensurable Magnitudes

2.69 Proposition 69

Statement

A (straight-line) commensurable (in length) with the square-
root of a rational plus a medial (area) is [itself also] the square-
root of a rational plus a medial (area).

Proof Actions

1. Let AB be the square-root of a rational plus a medial (area), and let CD
be commensurable (in length) with AB.

2. We must show that CD is also the square-root of a rational plus a medial
(area).

3. Let AB have been divided into its (component) straight-lines at E.

4. AE and EB are thus incommensurable in square, making the sum of the
squares on them medial, and the (rectangle contained) by them rational
[Prop. 10.40].

5. And let the same construction have been made as in the previous (propo-
sitions).

6. So, similarly, we can show that CF and FD are also incommensurable
in square, and that the sum of the (squares) on AE and EB (is) commen-
surable with the sum of the (squares) on CF and FD, and the (rectangle
contained) by AE and EB with the (rectangle contained) by CF and FD.

7. And hence the sum of the squares on CF and FD is medial, and the (rect-
angle contained) by CF and FD (is) rational.

8. Thus, CD is the square-root of a rational plus a medial (area) [Prop.
10.40].

9. (Which is) the very thing it was required to show.
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Complete Cinematic Logic

Let AB be the square-root of a rational plus a medial (area), and let CD
be commensurable (in length) with AB.

Y

AE and EB are thus incommensurable in square, making the sum of
the squares on them medial, and the (rectangle contained) by them
rational [Prop. 10.40].

Y

And hence the sum of the squares on CF and FD is medial, and the
(rectangle contained) by CF and FD (is) rational.

4

(Which is) the very thing it was required to show.

4

Conclusion: Proposition 69 established.

EUCLID, ELEMENTS - BOOK X - PROPOSITION 69 DATA about AB
o AB s the st of 4 RATIONAL
s MEDIAL ().
SQUARE-ROOT of a RATIONAL plus a MEDIAL (area) ° AE? + EB i MEDIAL
« AE - EB is RATIONAL

is [itself also] the SQUARE-ROOT of a RATIONAL plus a MEDIAL (area). © AE and EB are incommensursble in square.

A (straight-line) commensurable (in length) with the

..um e

B 1< o be commonnraiic n | [ Do D a F 0 b i

A ATIORAL ) length wit the same ratios are obtained: construction as

Divide AB at E. Peoes: LOYAE;

I arco AB:CD = AE: CF = EB: FD. AE ~ CF and EB ~ FD. o o e
ence CD = CI g erefore CF? N
Hesee CD = CF + FD. Tt 6P 4 100 xS
‘ " : . S - il
‘ @ B S
O
- ot

CF* # FD? u

We will divide CD proportionally

A e T CF ED (incommensurable in square) is MEDIAL.
| L
| s meviar s RATIONAL.
[ PP We bave shown for CF snd FD, [ s ot e A [ et s 0 = 0 |
| But AE - EB is RATIONAL © CF* # FD? (incommensurable in square). given in Proposition X.40: and CF, FD satsfy the three |
Therefore CF - FD is RATIONAL. * CF? + FD? is MEDIAL e conditions above, ‘
|  CF - FD is RATIONAL. by Proposition X.40,
(1) their squ \commensurable,
| Rectngle ares Surm of squares (2) their sum of squares MEDIAL, @D T
(3) their rectangle RATIONAL, St ] o |
cr - || o2 \ ) [ || O SOUAREROO L7
(o e e RATIONAL plus a |
| is RATIONAL. s MEDIAL. is RATIONAL. of a RATIONAL plus a MEDIAL area, MEDIAL arca.
[ Sy o r the tra 3
m AB = - I
Conclusion C 3 D
[ Fomas Trafersd  CD e SR D
AE* 4 EB? cr* % 2 A straight-line commensurable in length with & = /5
L £ the SQUARE-ROOT of a RATIONAL plus a MEDIAL area and hence
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2.70 Proposition 70

Statement

A (straight-line) commensurable (in length) with the square-
root of (the sum of) two medial (areas) is (itself also) the square-
root of (the sum of) two medial (areas).

Proof Actions

1. Let AB be the square-root of (the sum of) two medial (areas), and (let)
CD (be) commensurable (in length) with AB.

2. We must show that CD is also the square-root of (the sum of) two medial
(areas).

3. For since AB is the square-root of (the sum of) two medial (areas), let it
have been divided into its (component) straight-lines at E.

4. Thus, AE and EB are incommensurable in square, making the sum of the
[squares] on them medial, and the (rectangle contained) by them medial,
and, moreover, the sum of the (squares) on AE and EB incommensurable
with the (rectangle) contained by AE and EB [Prop. 10.41].

5. And let the same construction have been made as in the previous (propo-
sitions).

6. So, similarly, we can show that CF and FD are also incommensurable in
square, and (that) the sum of the (squares) on AE and EB (is) commen-
surable with the sum of the (squares) on CF and FD, and the (rectangle
contained) by AE and EB with the (rectangle contained) by CF and FD.

7. Hence, the sum of the squares on CF and FD is also medial, and the
(rectangle contained) by CF and FD (is) medial, and, moreover, the sum
of the squares on CF and FD (is) incommensurable with the (rectangle
contained) by CF and FD.

8. Thus, CD is the square-root of (the sum of) two medial (areas) [Prop.
10.41].

9. (Which is) the very thing it was required to show.
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Complete Cinematic Logic

Let AB be the square-root of (the sum of) two medial (areas), and (let)
CD (be) commensurable (in length) with AB.

4

Thus, AE and EB are incommensurable in square, making the sum of
the [squares] on them medial, and the (rectangle contained) by them
medial, and, moreover, the sum of the (squares) on AE and EB
incommensurable with the (rectangle) contained by AE and EB [Prop.
10.41].

4

Hence, the sum of the squares on CF and FD is also medial, and the
(rectangle contained) by CF and FD (is) medial, and, moreover, the
sum of the squares on CF and FD (is) incommensurable with the
(rectangle contained) by CF and FD.

ll

‘ (Which is) the very thing it was required to show.

4

Conclusion: Proposition 70 established.

DATA about AB
s the square-root of the sum of two.
MEDIAL (read
© AE? # EB? (incommensurabe in squarc)
© AE? 4 EB?is MEDIAL.
© AE - EB is MEDIAL.
© AE® + EB® # AE - EB.

EUCLID, ELEMENTS - BOOK X ¢ PROPOSITION 70
A (straight-line) commensurable (in length) with the
SQUARE-ROOT of the SUM of TWO MEDIAL (areas)

is (itself also) the SQUARE-ROOT of the SUM of TWO MEDIAL (areas).
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ensurable in square.
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(incommensurable in square). | ® CF* # FD* | their sum is the (S, TS and hence
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MEDIAL
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| is (itself also) the SQUARE-ROOT of the SUM of TWO MEDIAL (areas).
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2.71 Proposition 71

Statement

When a rational and a medial (area) are added together, four
irrational (straight-lines) arise (as the squareroots of the total
area)—either a binomial, or a first bi362 medial, or a major, or
the square-root of a rational plus a medial (area).

Proof Actions

10.

11.

12.

13.

. Let AB be a rational (area), and CD a medial (area).

. I'say that the square-root of area AD is either binomial, or first bimedial,

or major, or the square-root of a rational plus a medial (area).
For AB is either greater or less than CD.

Let it, first of all, be greater.

. And let the rational (straight-line) EF be laid down.

. And let (the rectangle) EG, equal to AB, have been applied to EF, pro-

ducing EH as breadth.

And let (the recatangle) HI, equal to DC, have been applied to EF, pro-
ducing HK as breadth.

. And since AB is rational, and is equal to EG, EG is thus also rational.

. And it has been applied to the [rational] (straight-line) EF, producing EH

as breadth.
EH is thus rational, and commensurable in length with EF [Prop. 10.20].
Again, since CD is medial, and is equal to HI, HI is thus also medial.

And it is applied to the rational (straight-line) EF, producing HK as
breadth.

HK is thus rational, and incommensurable in length with EF [Prop.
10.22].
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14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

And since CD is medial, and AB rational, AB is thus incommensurable
with CD.

Hence, EG is also incommensurable with HI.
And as EG (is) to HI, so EH is to HK [Prop. 6.1].
Thus, EH is also incommensurable in length with HK [Prop. 10.11].

And they are both raThus, EH and HK are rational (straight-lines tional.
which are) commensurable in square only.

EK is thus a binomial (straight-line), having been divided (into its com-
ponent terms) at H [Prop. 10.36].

And since AB is greater than CD, and AB (is) equal to EG, and CD to
HI, EG (is) thus also greater than HI.

Thus, EH is also greater than HK [Prop. 5.14].

Therefore, the square on EH is greater than (the square on) HK either by
the (square) on (some straight-line) commensurable in length with (EH),
or by the (square) on (some straightline) incommensurable (in length with
EH).

Let it, first of all, be greater by the (square) on (some straight-line) com-
mensurable (in length with EH).

And the greater (of the two components of EK) HE is commensurable (in
length) with the (previously) laid down (straightline) EF.

EK is thus a first binomial (straight-line) [Def. 10.5]. And EF (is) ratio-
nal.

And if an area is contained by a rational (straight-line) and a first binomial
(straight-line) then the square-root of the area is a binomial (straight-line)
[Prop. 10.54].

Thus, the square-root of EI is a binomial (straight-line).
Hence the squareroot of AD is also a binomial (straight-line).

And, so, let the square on EH be greater than (the square on) HK by the
(square) on (some straight-line) incommensurable (in length) with (EH).
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30.

31.

32.

33.

34.

35.

36.
37.

38.

39.

40.

41.

42.

43.
44,

45.

And the greater (of the two components of EK) EH is commensurable in
length with the (previously) laid down rational (straight-line) EF.

Thus, EK is a fourth binomial (straight-line) [Def. 10.8]. And EF (is)
rational.

And if an area is contained by a rational (straight-line) and a fourth bi-
nomial (straight-line) then the square-root of the area is the irrational
(straight-line) called major [Prop. 10.57].

Thus, the square-root of area EI is a major (straight-line).
Hence, the square-root of AD is also major.

And so, let AB be less than CD.

Thus, EG is also less than HI.

Hence, EH is also less than HK [Props. 6.1, And the square on HK is
greater than (the 5.14]. square on) EH either by the (square) on (some
straightline) commensurable (in length) with (HK), or by the (square) on
(some straight-line) incommensurable (in length) with (HK).

Let it, first of all, be greater by the square on (some straight-line) com-
mensurable in length with (HK).

And the lesser (of the two components of EK) EH is commensurable in
length with the (previously) laid down rational (straight-line) EF.

Thus, EK is a second binomial (straight-line) [Def. 10.6]. And EF (is)
rational.

And if an area is contained by a rational (straight-line) and a second bi-
nomial (straight-line) then the square-root of the area is a first bimedial
(straightline) [Prop. 10.55].

Thus, the square-root of area EI is a first bimedial (straight-line).
Hence, the square-root of AD is also a first bimedial (straight-line).

And so, let the square on HK be greater than (the square on) HE by the
(square) on (some straight-line) incommensurable (in length) with (HK).

And the lesser (of the two components of EK) EH is commensurable (in
length) with the (previously) laid down rational (straight-line) EF.
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46.

47.

48.

49.

50.

51.

Thus, EK is a fifth binomial (straight-line) [Def. 10.9]. And EF (is)
rational.

And if an area is contained by a rational (straight-line) and a fifth bino-
mial (straight-line) then the square-root of the area is the square-root of
a rational plus a medial (area) [Prop. 10.58].

Thus, the square-root of area EI is the square-root of a rational plus a
medial (area).

Hence, the square-root of area AD is also the square-root of a rational
plus a medial (area).

Thus, when a rational and a medial area are added together, four irra-
tional (straight-lines) arise (as the squareroots of the total area)—either a
binomial, or a first bimedial, or a major, or the square-root of a rational
plus a medial (area).

(Which is) the very thing it was required to show.

Complete Cinematic Logic

Let AB be a rational (area), and CD a medial (area). ‘

4

And they are both raThus, EH and HK are rational (straight-lines
tional. which are) commensurable in square only.

)
’ And so, let AB be less than CD. ‘

ll

’ (Which is) the very thing it was required to show. ‘

4

Conclusion: Proposition 71 established.
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EUCLID, ELEMENTS - BOOK X ¢ PROPOSITION 71 DATA
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2.72 Proposition 72

Statement

When two medial (areas which are) incommensurable with
one another are added together, the remaining two irrational
(straight-lines) arise (as the square-roots of the total area)—
either a second bimedial, or the squareroot of (the sum of) two
medial (areas).

Proof Actions

1. For let the two medial (areas) AB and CD, (which are) incommensurable
with one another, have been added together.

2. I say that the square-root of area AD is either a second bimedial, or the
square-root of (the sum of) two medial (areas).

3. For AB is either greater than or less than CD.
4. By chance, let AB, first of all, be greater than CD.
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10.

I1.

12.

13.

14.

15.

16.

17.

18.

19.

. And let the rational (straight-line) EF be laid down.

And let EG, equal to AB, have been applied to EF, producing EH as
breadth, and HI, equal to CD, producing HK as breadth.

. And since AB and CD are each medial, EG and HI (are) thus also each

medial.

. And they are applied to the rational straight-line FE, producing EH and

HK (respectively) as breadth.

. Thus, EH and HK are each rational (straight-lines which are) incommen-

surable in length with EF [Prop. 10.22].

And since AB is incommensurable with CD, and AB is equal to EG, and
CD to HI, EG is thus also incommensurable with HI.

And as EG (is) to HI, so EH is to HK [Prop. 6.1].
EH is thus incommensurable in length with HK [Prop. 10.11].

Thus, EH and HK are rational (straight-lines which are) commensurable
in square only.

EK is thus a binomial (straight-line) [Prop. 10.36].

And the square on EH is greater than (the square on) HK either by the
(square) on (some straight-line) commensurable (in length) with (EH), or
by the (square) on (some straight-line) incommensurable (in length with
EH).

Let it, first of all, be greater by the square on (some straight-line) com-
mensurable in length with (EH).

And neither of EH or HK is commensurable in length with the (previ-
ously) laid down rational (straight-line) EF.

Thus, EK is a third binomial (straight-line) [Def. 10.7]. And EF (is)
rational.

And if an area is contained by a rational (straight-line) and a third bino-
mial (straight-line) then the square-root of the area is a second bimedial
(straight-line) [Prop. 10.56].
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20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

Thus, the square-root of EI—that is to say, of AD— And so, let the square
on EH is a second bimedial. be greater than (the square) on HK by the
(square) on (some straight-line) incommensurable in length with (EH).

And EH and HK are each incommensurable in length with EF.
Thus, EK is a sixth binomial (straightline) [Def. 10.10].

And if an area is contained by a rational (straight-line) and a sixth bino-
mial (straight-line) then the square-root of the area is the square-root of
(the sum of) two medial (areas) [Prop. 10.59].

Hence, the square-root of area AD is also the square-root of (the sum of)
two medial (areas).

[So, similarly, we can show that, even if AB is less than CD, the square-
root of area AD is either a second bimedial or the square-root of (the sum
of) two medial (areas).] Thus, when two medial (areas which are) incom-
mensurable with one another are added together, the remaining two irra-
tional (straight-lines) arise (as the squareroots of the total area)—either
a second bimedial, or the square-root of (the sum of) two medial (areas).

A binomial (straight-line), and the (other) irrational (straight-lines) after
it, are neither the same as a medial (straight-line) nor (the same) as one
another.

For the (square) on a medial (straight-line), applied to a rational (straight-
line), produces as breadth a rational (straightline which is) also incom-
mensurable in length with (the straight-line) to which it is applied [Prop.
10.22].

And the (square) on a binomial (straight-line), applied to a rational
(straight-line), produces as breadth a first binomial [Prop. 10.60].

And the (square) on a first bimedial (straight-line), applied to a rational
(straight-line), produces as breadth a second binomial [Prop. 10.61].

And the (square) on a second bimedial (straight-line), applied to a rational
(straight-line), produces as breadth a third binomial [Prop. 10.62].

And the (square) on a major (straight-line), applied to a rational (straight-
line), produces as breadth a fourth binomial [Prop. 10.63].
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32. And the (square) on the square-root of a rational plus a medial (area),
applied to a rational (straight-line), produces as breadth a fifth binomial
[Prop. 10.64].

33. And the (square) on the square-root of (the sum of) two medial (areas),
applied to a rational (straight-line), produces as breadth a sixth binomial
[Prop. 10.65].

34. And the aforementioned breadths differ from the first (breadth), and from
one another—from the first, because it is rational—and from one another,
because they are not the same in order.

35. Hence, the (previously mentioned) irrational (straightlines) themselves
also differ from one another.

Complete Cinematic Logic

For let the two medial (areas) AB and CD, (which are)
incommensurable with one another, have been added together.

J

EH is thus incommensurable in length with HK [Prop. 10.11]. ‘

4

Hence, the square-root of area AD is also the square-root of (the sum
of) two medial (areas).

4

Hence, the (previously mentioned) irrational (straightlines) themselves
also differ from one another.

4

Conclusion: Proposition 72 established.
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EUCLID, ELEMENTS - BOOK X + PROPOSITION 72 -
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2.73 Proposition 73

Statement

If a rational (straight-line), which is commensurable in square
only with the whole, is subtracted from a(nother) rational
(straight-line) then the remainder is an irrational (straight-
line). Let it be called an apotome.

Proof Actions

1. For let the rational (straight-line) BC, which commensurable in square
only with the whole, have been subtracted from the rational (straight-
line) AB.

2. Isay that the remainder AC is that irrational (straight-line) called an apo-
tome.

3. For since AB is incommensurable in length with BC, and as AB is to BC,
so the (square) on AB (is) to the (rectangle contained) by AB and BC

222



Incommensurable Magnitudes Euclid’s Elements — Book X

[Prop. 10.21 lem.], the (square) on AB is thus incommensurable with
the (rectangle contained) by AB and BC [Prop. 10.11].

4. But, the (sum of the) squares on AB and BC is commensurable with the
(square) on AB [Prop. 10.15], and twice the (rectangle contained) by AB
and BC is commensurable with the (rectangle contained) by AB and BC
[Prop. 10.6].

5. And, inasmuch as the (sum of the squares) on AB and BC is equal to
twice the (rectangle contained) by AB and BC plus the (square) on CA
[Prop. 2.7], the (sum of the squares) on AB and BC is thus also incom-
mensurable with the remaining (square) on AC [Props. 10.13, 10.16].

6. And the (sum of the squares) on AB and BC is rational.
7. AC is thus an irrational (straight-line) [Def. 10.4].
8. And let it be called an apotome.

9. (Which is) the very thing it was required to show.

Complete Cinematic Logic

For let the rational (straight-line) BC, which commensurable in square
only with the whole, have been subtracted from the rational
(straight-line) AB.

4

But, the (sum of the) squares on AB and BC is commensurable with
the (square) on AB [Prop. 10.15], and twice the (rectangle contained)
by AB and BC is commensurable with the (rectangle contained) by AB
and BC [Prop. 10.6].

4

‘ AC is thus an irrational (straight-line) [Def. 10.4]. ‘

ll

‘ (Which is) the very thing it was required to show. ‘

4

Conclusion: Proposition 73 established.
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¢ PROPOSITION 73 DATA
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2.74 Proposition 74

Statement

If a medial (straight-line), which is commensurable in square
only with the whole, and which contains a rational (area) with
the whole, is subtracted from a(nother) medial (straight-line)
then the remainder is an irrational (straight-line). Let it be
called a first apotome of a medial (straight-line).

Proof Actions

1. For let the medial (straight-line) BC, which is commensurable in square
only with AB, and which makes with AB the rational (rectangle con-
tained) by AB and BC, have been subtracted from the medial (straight-
line) AB [Prop. 10.27].

2. Isay that the remainder AC is an irrational (straight-line).

3. Let it be called the first apotome of a medial (straight-line).
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4.

10.

11.

For since AB and BC are medial (straight-lines), the (sum of the squares)
on AB and BC is also medial.

. And twice the (rectangle contained) by AB and BC (is) rational.

The (sum of the squares) on AB and BC (is) thus incommensurable with
twice the (rectangle contained) by AB and BC.

Thus, twice the (rectangle contained) by AB and BC is also incommensu-
rable with the remaining (square) on AC [Prop. 2.7], since if the whole is
incommensurable with one of the (constituent magnitudes) then the orig-
inal magnitudes will also be incommensurable (with one another) [Prop.
10.16].

. And twice the (rectangle contained) by AB and BC (is) rational.

Thus, the (square) on AC is irrational.
Thus, AC is an irrational (straight-line) [Def. 10.4].

Let it be called a first apotome of a medial (straight-line).

Complete Cinematic Logic

For let the medial (straight-line) BC, which is commensurable in
square only with AB, and which makes with AB the rational (rectangle
contained) by AB and BC, have been subtracted from the medial
(straight-line) AB [Prop. 10.27].

Y

For since AB and BC are medial (straight-lines), the (sum of the
squares) on AB and BC is also medial.

4

‘ And twice the (rectangle contained) by AB and BC (is) rational. ‘

ll

‘ Let it be called a first apotome of a medial (straight-line). ‘

4

Conclusion: Proposition 74 established.
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Incommensurable Magnitudes

DATA / HYPOTHESES
o AB is MEDIAL.
e BC is MEDIAL.

ble in square only
area) with the whole,

(straight-line)
n IRRATIONAL (strai

N T —
From it subtract the MEDIAL
g 5.

T reminder & AC,

A c B | aB # BC.

— 3

N b e L) A s
Ac BC - . .
AB = AC + CB. AB ~quure BC,

We must show AC is IRRATIONAL. but AB # BC.

a By Proposition IL7, since AB = AC + CB,

AB? + BC* = 2AB - BC + AC%. ‘

B o s 3 45 + 5C? i DAL
From step 4, 2AB - BC is RATIONAL.

A MEDIAL area and a RATIONAL area

D 5 bypothesis, he rectangle contained |
by AB and BC is RATIONAL. [

A B

|
|

C;

hey are commensurable in
square, their sum is MEDIAL.

AB? + BC?

(MEDIAL)
|
Therefore  AB - BC is RATIONAL. [
Hence AB? + BC? is a MEDIAL area. Hence 2AB - BC is also RATIONAL.

Since AB® + BC? is

MEDIAL,

Since
AB? + BC? = 2AB - BC + AC?,

and AB® + BC? is incommensurable

are incommensurable. with 24B - BC,
EC by Propositions X.13 and X.16
Ths
AB e s et Ao the remainder AC? is also
1248- B| # | |  incommensural ble with AB? + BC?.
(AB* + BC?) (MEDIAL) (RATIONAL)
- 248 BC. _— — _— g
f AC? # AB® + BC™. AC lafthe
AB Hence (AB? + BC?) # 2AB - BC. _ __ _ FIRST APOTOME OF A MEDIAL.

CONCLUSION
If from & MEDIAL strsight line AB
we subtract a MEDIAL straight-ine BC
which is commer nsurable i square only

r

| ||| with AB and whose rectangle is RATIONAL,
‘ b then the remainder AC is IRRATIONAL.

o medial Sum of squares
Conmensurable

i - [ T > AB? + BC* ||

AB and BC "] | i mepia

2.75 Proposition 75

Statement

SUMMARY OF THE LOGIC

pr—

P e
mp-pC || AG || FmT AroTOME
OF A MEDIAL

is RATIONAL IRRATIONAL |

If a medial (straight-line), which is commensurable in square
only with the whole, and which contains a medial (area) with
the whole, is subtracted from a(nother) medial (straight-line)
then the remainder is an irrational (straight-line). Let it be
called a second apotome of a medial (straight-line).

Proof Actions

1. For let the medial (straight-line) CB, which is commensurable in square
only with the whole, AB, and which contains with the whole, AB, the
medial (rectangle contained) by AB and BC, have been subtracted from
the medial (straight-line) AB [Prop. 10.28].

I say that the remainder AC is an irrational (straight-line).

3. Let it be called a second apotome of a medial (straight-line).

For let the rational (straight-line) DI be laid down.
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5.

10.

11.

12.

13.

14.

15.

16.

17.

18.

And let DE, equal to the (sum of the squares) on AB and BC, have been
applied to DI, producing DG as breadth.

. And let DH, equal to twice the (rectangle contained) by AB and BC, have

been applied to DI, producing DF as breadth.

. The remainder FE is thus equal to the (square) on AC [Prop. 2.7].

. And since the (squares) on AB and BC are medial and commensurable

(with one another), DE (is) thus also medial [Props. 10.15, 10.23 corr.].

And it is applied to the rational (straightline) DI, producing DG as
breadth.

Thus, DG is rational, and incommensurable in length with DI [Prop.
10.22].

Again, since the (rectangle contained) by AB and BC is medial, twice
the (rectangle contained) by AB and BC is thus also medial [Prop. 10.23
cort.]. And it is equal to DH. Thus, DH is also medial.

And it has been applied to the rational (straight-line) DI, producing DF
as breadth.

DF is thus rational, and incommensurable in length with DI [Prop.
10.22].

And since AB and BC are commensurable in square only, AB is thus
incommensurable in length with BC.

Thus, the square on AB (is) also incommensurable with the (rectangle
contained) by AB and BC [Props. 10.21 lem., 10.11].

But, the (sum of the squares) on AB and BC is commensurable with the
(square) on AB [Prop. 10.15], and twice the (rectangle contained) by AB
and BC is commensurable with the (rectangle contained) by AB and BC
[Prop. 10.6].

Thus, twice the (rectangle contained) by AB and BC is incommensurable
with the (sum of the squares) on AB and BC [Prop. 10.13].

And DE is equal to the (sum of the squares) on AB and BC, and DH to
twice the (rectangle contained) by AB and BC.
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19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

Thus, DE [is] incommensurable with DH.

And as DE (is) to DH, so GD (is) to DF [Prop. 6.1].
Thus, GD is incommensurable with DF [Prop. 10.11].
And they are both rational (straight-lines).

Thus, GD and DF are rational (straight-lines which are) commensurable
in square only.

Thus, FG is an apotome [Prop. 10.73]. And DI (is) rational.

And the (area) contained by a rational and an irrational (straight-line) is
irrational [Prop. 10.20], and its square-root is irrational.

And AC is the square-root of FE.
Thus, AC is an irrational (straight-line) [Def. 10.4].
And let it be called the second apotome of a medial (straight-line).

(Which is) the very thing it was required to show.

Complete Cinematic Logic

For let the medial (straight-line) CB, which is commensurable in
square only with the whole, AB, and which contains with the whole,
AB, the medial (rectangle contained) by AB and BC, have been
subtracted from the medial (straight-line) AB [Prop. 10.28].

Y

Thus, DG is rational, and incommensurable in length with DI [Prop.
10.22].

\
’ And as DE (is) to DH, so GD (is) to DF [Prop. 6.1]. ‘

ll

’ (Which is) the very thing it was required to show. ‘

4

Conclusion: Proposition 75 established.
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DATA / HYPOTHESES
 AB is MEDIAL.

EUCLID, ELEMENTS BOOK X ¢ PROPOSITION 75

nmensurable in square only with the whole,

If a MEDIAL

er is an IRRATIONAL
TOME OF A MEDIAL.

is MEDIAL.
© AC = AB - BC (the remainder).

[ Consruct o+ RATIONAL
aighline DI [

0 st e[ Bt 17, i 8 < 4C 4 D,
e A5 1
MEDIAL. Thereore

AB? + BC* = 24B - BC + AC.

is also MEDIAL.

A G, B n c £y | [ +Bc‘=2ABHL‘+AC“ ) gl
AB? 4 BC* “’ BC | ) [ —
(Ml.DIAI_) — - DI (RATIONAL) |

oo

o

e e g A8 |+ | BC? | = S
AC BC | (MEDIAL) AB*1 BC? e Yoo s

|

AB # BC.
248 5C (MEDIAL) Hence AC* = (AB® + BC?) — 24B - BC.

Thus AB = AC + CB. ‘
B8 Aroy e sr 248 5C 0 01| (] T remindee FE is the aven Thus, by Propositon X.73,
cotsined by DI ad FG, vhen s RATIONAL susghclne |

Apply the

Construct DE Construct DH = 24B + BC,
producing the breadth DG. producing the breadth DF. is SUBTRACTED from another
E G H r G RATIONAL straight line
D e e ST o Thus AB # AB- BC. 5
ac DG and DF are both
(MEDIAL) (MEDIAL) (MEDIAL) 3 |
5 2 P .’ Therefore AB? + BC?, EXS B, B
b T which is commensurable with AB?,  INCOMMENSURABLE in |
By Prop. X.22, since DE is MEDIAL | | By Prop. X.22, since DH is MEDIAL e RRICOMMBNSURARLE o Therefore FG = DG — DF
and DI is RATIONAL, and DI is RATIONAL, By IL7 sbove, FE = AC. R 2AREBC ] is an APOTOME.
DG is RATIONAL and DG # DI. DF is RATIONAL snd DG # DI SQUARE ONLY.
The area FE is contained by the Therefore AC i Consoquently, when & MEDIAL WE CALL IT
RATIONAL straightline DI Bat FE = AC, an IRRATIONAL SSIF 4
and the IRRATIONAL straight- 4 straight-line. THE SECOND APOTOME
line FG (an apotome). 4 Hence AC? is IRRATIONAL OF A MEDIAL.
o e AC s IRRATIONAL.
=5 (MEDIAL)
Therefore FE is G % AC* is IRRATIONAL.
IRRATIONAL.
b — A G D
L ——
FG (spotome)
NS, S i
DI (RATIONAL) e ROV
T SECOND APOTOME
OF A MEDIAL

2.76 Proposition 76

Statement

If a straight-line, which is incommensurable in square with the
whole, and with the whole makes the (squares) on them (added)
together rational, and the (rectangle contained) by them medial,
is subtracted from a(nother) straight-line then the remainder is
an irrational (straightline). Let it be called a minor (straight-

line).

Proof Actions

1. For let the straight-line BC, which is incommensurable in square with
the whole, and fulfils the (other) prescribed (conditions), have been sub-
tracted from the straight-line AB [Prop. 10.33].

2. Isay that the remainder AC is that irrational (straight-line) called minor.

3. For since the sum of the squares on AB and BC is rational, and twice the
(rectangle contained) by AB and BC (is) medial, the (sum of the squares)
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on AB and BC is thus incommensurable with twice the (rectangle con-
tained) by AB and BC.

4. And, via conversion, the (sum of the squares) on AB and BC is incom-
mensurable with the remaining (square) on AC [Props. 2.7, 10.16].

5. And the (sum of the squares) on AB and BC (is) rational.

6. The (square) on AC (is) thus irrational.

7. Thus, AC (is) an irrational (straight-line) [Def. 10.4].

8. Let it be called a minor (straight-line).

9. (Which is) the very thing it was required to show.

Complete Cinematic Logic

For let the straight-line BC, which is incommensurable in square with
the whole, and fulfils the (other) prescribed (conditions), have been
subtracted from the straight-line AB [Prop. 10.33].

Y

And, via conversion, the (sum of the squares) on AB and BC is
incommensurable with the remaining (square) on AC [Props. 2.7,
10.16].

)
\ Thus, AC (is) an irrational (straight-line) [Def. 10.4]. \

ll

‘ (Which is) the very thing it was required to show. ‘

4

Conclusion: Proposition 76 established.
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EUCLID, ELEMENTS - BOOK X « PROPOSITION 76 # DATA / HYPOTHESES
square with the whole, o L& Lo i o g

(added) together RATIONAL,

y is from

(straight-line).

is MEDIAL.

AB? # BC% AB? + BC? is RATIONAL.

. . A » |
|
A c B AB . BC AB? + BC? # 24B - BC.
- -
Il (MEDIAL)
e, SR, |
. 2 | 2 i
ac BC AB # | BC e - Rl - D E
Therefore twice it is also MEDIAL AB*+BC* | # | 24B.BC

We must show that AC is
an IRRATIONAL straight-line. They are not commensurable in square. (RATIONAL area) 24B - BC is MEDIAL

B 5 Proosion 17, snee 45 = AC + c, o sp 5, 4B% 4 BC? i

AB? + BC? = 24B-BC + AC. it 245, BC

By Proposition X.16, it is

incommensurable with the 2, IRRATIONAL. it is IRRATIONAL.
avt | -BR-E
AB? + BC? # AC2. AC? is IRRATIONAL.
AC is an A c B
AB? 4 BC? 24B-BC + AC? 5 IRRATIONAL =~ &———o———
. 8 e
AB? + BC? Ac? RATIONAL area AC? straight-line. _
Thus AC? is the remainder when we subtract 7 # < ac BC
|
24B - BC from AB* + BCZ. S et
Therefore the remainder AC = AB — BC SUMMARY OF THE LOGIC
| s an IRRATIONAL strsightline. T e ol ) = —
; : pra wvnct | [ annc | [ awnnc | fantner| | fant s nc
| AC is the MINOR. A
A c B L
— . AC i the s A% + BC act is Ack A8 + BC?
- - - - -
ey MINOR e |= mu).w.‘ mramionaL | ¥ | RRATIONAL  act
Ac BC

2.77 Proposition 77

Statement

If a straight-line, which is incommensurable in square with the
whole, and with the whole makes the sum of the squares on them
medial, and twice the (rectangle contained) by them rational, is
subtracted from a(nother) straight-line then the remainder is an
irrational (straightline). Let it be called that which makes with
a rational (area) a medial whole.

Proof Actions

1. For let the straight-line BC, which is incommensurable in square with
AB, and fulfils the (other) prescribed (conditions), have been subtracted
from the straight-line AB [Prop. 10.34].

2. I say that the remainder AC is the aforementioned irrational (straight-
line).

3. For since the sum of the squares on AB and BC is medial, and twice the

231



Euclid’s Elements — Book X Incommensurable Magnitudes

(rectangle contained) by AB and BC rational, the (sum of the squares) on
AB and BC is thus incommensurable with twice the (rectangle contained)
by AB and BC.

4. Thus, the remaining (square) on AC is also incommensurable with twice
the (rectangle contained) by AB and BC [Props. 2.7, 10.16].

5. And twice the (rectangle contained) by AB and BC is rational.

6. Thus, the (square) on AC is irrational.

7. Thus, AC is an irrational (straight-line) [Def. 10.4].

8. And let it be called that which makes with a rational (area) a medial
whole.

9. (Which is) the very thing it was required to show.

Complete Cinematic Logic

For let the straight-line BC, which is incommensurable in square with
AB, and fulfils the (other) prescribed (conditions), have been
subtracted from the straight-line AB [Prop. 10.34].

Y

Thus, the remaining (square) on AC is also incommensurable with
twice the (rectangle contained) by AB and BC [Props. 2.7, 10.16].

4

] Thus, AC is an irrational (straight-line) [Def. 10.4]. \

ll

’ (Which is) the very thing it was required to show. ‘

4

Conclusion: Proposition 77 established.
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EUCLID, ELEMENTS - BOOK X ¢ PROPOSITION 77 DATA / HYPOTHESES

If a straight-line, which is incommensurable in square with the whole, o BC is subtracted from AB.

and with the whole the sum of the squares on them MEDIAL, o Remainder is AC = AB — BC.
and twice the ctangle © ed) by them RATIONAL,

) © AB? is INCOVIMENSURABLE with BC?
is subtracted from a(noth st e then the rem s an

@ AB? + BC? is MEDIAL.

straight-line. it be called that which makes with P
© 24B - BC is RATIONAL.

a 10 area a M whole.
B < 5 te bacicd fom 48, B The sum of the squares B e the rectangle contained [ A MEDIAL area ana raTiONAL [ By Propesiion 17, since 4B = aC + cB,
The remainder is AC. on AB and BC is MEDIAL. by AB and BC is RATIONAL. area are incommensurable.
2 2 _ 2
¥ = A (e AB? + BC? = 24B - BC + AC2.

AB* + BC*

. B o e AB* + BC* # 24B - BC.
s Y :
] - | o> |+ (e
O )
Ac BC ‘ il 2 z
We want to show that AB? | + = |oMEPAE 24B - BC
e area
AC is an TRRATIONAL is RATIONAL.

straight-line.

MEDIAL | _, | RATIONAL
area

area Hence AC? is the remainder when
2AB - BC is subtracted from AB* + BC?.

B 5ot i his stmighetine

that which makes with | -
a RATIONAL area a 2

AC? is IRRATIONAL. MEDIAL whole. A

Therefore AC is an

IRRATIONAL straight-line. e

Ac? A c B
ac? # | RATIONAL | # [RRATONAL e e of IRRATIONAL
(IRRATIONAL) area ; pis
== e, T e roposition p
- " - pos

BC

SUMMARY OF THE LOGIC
- THE NEW NAME
ac =

. = 3 3 That which makes
MEDIAL ara ac s . 3
AB? BC? AB? 4+ BC? 2AB - BC AC? that which makes ) #
s . - S S IRRATIONAL 3 o ONAL ¢ " vith a RATIONAL area
(in square) is MEDIAL e R O . i ) . . o MEDIAL whole.
area 2 MEDIAL
whole. = (A new kind of

irrational straight-line)

2.78 Proposition 78

Statement

If a straight-line, which is incommensurable in square with the
whole, and with the whole makes the sum of the squares on them
medial, and twice the (rectangle contained) by them medial,
and, moreover, the (sum of the) squares on them incommen-
surable with twice the (rectangle contained) by them, is sub-
tracted from a(nother) straight-line then the remainder is an
irrational (straightline). Let it be called that which makes with
a medial (area) a medial whole.

Proof Actions

1. For let the straight-line BC, which is incommensurable in square AB, and
fulfils the (other) prescribed (conditions), have been subtracted from the
(straightline) AB [Prop. 10.35].

2. I say that the remainder AC is the irrational (straight-line) called that
which makes with a medial (area) a medial whole.
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3.

4,

10.

11.

12.

13.

14.

15.

16.

17.

18.
19.

For let the rational (straight-line) DI be laid down.

And let DE, equal to the (sum of the squares) on AB and BC, have been
applied to DI, producing DG as breadth.

And let DH, equal to twice the (rectangle contained) by AB and BC, have
been subtracted (from DE) [producing DF as breadth].

. Thus, the remainder FE is equal to the (square) on AC [Prop. 2.7].

Hence, AC is the square-root of FE.

And since the sum of the squares on AB and BC is medial, and is equal
to DE, DE [is] thus medial.

. And it is applied to the rational (straight-line) DI, producing DG as

breadth.

Thus, DG is rational, and incommensurable in length with DI [Prop
10.22].

Again, since twice the (rectangle contained) by AB and BC is medial,
and is equal to DH, DH is thus medial.

And it is applied to the rational (straight-line) DI, producing DF as
breadth.

Thus, DF is also rational, and incommensurable in length with DI [Prop.
10.22].

And since the (sum of the squares) on AB and BC is incommensurable
with twice the (rectangle contained) by AB and BC, DE (is) also incom-
mensurable with DH.

And as DE (is) to DH, so DG also is to DF [Prop. 6.1].
Thus, DG (is) incommensurable (in length) with DF [Prop. 10.11].

And Thus, GD and DF are ratiothey are both rational. nal (straight-lines
which are) commensurable in square only.

Thus, FG is an apotome [Prop. 10.73]. And FH (is) rational.

And the [rectangle] contained by a rational (straight-line) and an apotome
is irrational [Prop. 10.20], and its square-root is irrational.
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20. And AC is the squareroot of FE. Thus, AC is irrational.

21. Let it be called that which makes with a medial (area) a medial whole.

22. (Which is) the very thing it was required to show.

Complete Cinematic Logic

For let the straight-line BC, which is incommensurable in square AB,
and fulfils the (other) prescribed (conditions), have been subtracted
from the (straightline) AB [Prop. 10.35].

4

And since the sum of the squares on AB and BC is medial, and is equal
to DE, DE [is] thus medial.

\
’ And as DE (is) to DH, so DG also is to DF [Prop. 6.1]. ‘

ll

’ (Which is) the very thing it was required to show. ‘

4

Conclusion: Proposition 78 established.
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PROPOSITION 78 DATA / HYPOTHESES
quare with the whole, . acted fiom AB.
the sum of the squares on them MEDIAI . i AC = AB - BC
gle contained) by EDIAL, (COMMENSURABLE with BC?.
and, moreover, the (sum) of the squ: ensurable
with twie ar ) b
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" F
1 !
¥ ay AB? + BC 248-BC |
ac BC . | | 2455
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A L (MEDIAL) AB? + BC?
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DE s MEDIAL DH is MEDIAL. > 3
S By Prop. X22 By Prop. X22 b i
=Y DG is RATIONAL and DG # DI DF is RATIONAL and DF # DL. nce FE = AC
Since 2B - BC is MEDIAL, B 5o by byponess, B s vt s arcon e [ Thus 06 and DF are both By Proposition X.73, FHH is RATIONAL
DH s MEDIAL AB? + BC? is INCOMMENSURABLE same base DI, = . inel
Applied to DI (RATIONAL), with 2AB - BC. DE#DH = DG # DF.
DF is RATIONAL
i Therefore DE # DH. D 3
" F DG (RATIONAL)
248 BC | 25 # DH ) # I DG and DF are RATIONAL
ey | (MEDIAL) (MEDIAL) and in
P = DF (RATIONAL) SQUARE ONLY.
5
But FE = AC”.
] —
Therefore AC? is IRRATIONAL ot ac =
e 2 MEDIAL area that which makes A MEDIAL AREA
a MEDIAL whole.  with a MEDIAL area A MEDIAL WHOLE.
=  MEDIAL whole. b Lindlix
T, | imational straight-line)
s — e

Ac

FG = DG - DF

s an APOTOME IRRATIONAL

= ; Apply 10 DI 2

sumary [ IR 5 e sl [P
o - = = = = =

g e P g B O s

e tocic [JEKGRES S

2.79 Proposition 79

Statement

[Only] one rational straight-line, which is commensurable in
square only with the whole, can be attached to an apotome.

Proof Actions

1. Let AB be an apotome, with BC (so) attached to it.

2. AC and CB are thus rational (straight-lines which are) commensurable
in square only [Prop. 10.73].

3. 1 say that another rational (straight-line), which is commensurable in
square only with the whole, cannot be attached to AB.

4. For, if possible, let BD be (so) attached (to AB).

5. Thus, AD and DB are also rational (straight-lines which are) commensu-
rable in square only [Prop. 10.73].
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6.

10.

I1.

12.

13.

14.

15.

16.

And since by whatever (area) the (sum of the squares) on AD and DB
exceeds twice the (rectangle contained) by AD and DB, the (sum of the
squares) on AC and CB also exceeds twice the (rectangle contained) by
AC and CB by this (same area).

. Forboth exceed by the same (area)— (namely), the (square) on AB [Prop.

2.7].

. Thus, alternately, by whatever (area) the (sum of the squares) on AD and

DB exceeds the (sum of the squares) on AC and CB, twice the (rectangle
contained) by AD and DB [also] exceeds twice the (rectangle contained)
by AC and CB by this (same area).

And the (sum of the squares) on AD and DB exceeds the (sum of the
squares) on AC and CB by a rational (area).

For both (are) rational (areas).

Thus, twice the (rectangle contained) by AD and DB also exceeds twice
the (rectangle contained) by AC and CB by a rational (area).

The very thing is impossible.

For both are medial (areas) [Prop. 10.21], and a medial (area) cannot
exceed a(nother) medial (area) by a rational (area) [Prop. 10.26].

Thus, another rational (straight-line), which is commensurable in square
only with the whole, cannot be attached to AB.

Thus, only one rational (straight-line), which is commensurable in square
only with the whole, can be attached to an apotome.

(Which is) the very thing it was required to show. of plus signs.
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Complete Cinematic Logic

‘ Let AB be an apotome, with BC (so) attached to it. ‘

4

And since by whatever (area) the (sum of the squares) on AD and DB
exceeds twice the (rectangle contained) by AD and DB, the (sum of the
squares) on AC and CB also exceeds twice the (rectangle contained)
by AC and CB by this (same area).

Y

Thus, twice the (rectangle contained) by AD and DB also exceeds
twice the (rectangle contained) by AC and CB by a rational (area).

il

‘ (Which is) the very thing it was required to show. of plus signs. ‘

4

Conclusion: Proposition 79 established.

EUCLID, ELEMENTS - BOOK X ¢ PROPOSITION 79 i" DATA / HYPOTHESES

© AB is an APOTOME
Only one RATIONAL straight-line, which is  BC is RATIONAL

commensurable in square only with the whole, commensurable in

can be attached to an APOTOME. s e o

B et 17 et - e[y st 7 st 0 < 400 v [ o (3 and (4, subract the

RATIONAL So both double rectangles are MEDIAL.

| tralghtline. BC. a AC? + CB* = 2 AC- CB + AB? AD® + DB* = 2 AD- DB + AB’ two equalities.
‘ Then AC = AB + BC. be attached to AB.
Hence Hence
Then AD = AB + BD.
| B c A 5 ) (AC? + CBY) - 2 AC- CB = AB? (AD® 4 DB?) - 2 AD DB = AB® (AD? + DB?) — (AC? + CB%)
| " > - = 24AD-DB - 24AC. CB
a5 > 3 5 |
| (APOTOME) (RATIONAL) (apoTOME) (RATIONAL) 2 DE |
o ) s 2 2
| AC AC AD{ AD’
AC (whole) AD (whole) Thus, the difference of the |
|
| - - 24C-CB 24D-DB sums of squares equals the
By Prop. X.73, AC and CB are both By the same condition, AD and DB are L e S .
RATIONAL and commensursble in RATIONAL and commensursble in o < y s S
SQUARE ONLY. SQUARE ONLY. AcC B AD B S |
| |
ince AD and DB are RATIONAL, the By step 5, this difference cquals B By Proposition X.21, since the pairs y 3 c on tha |
AD and DB? are RATIONAL. 24D DB - 2 AC - CB. (AD, DB) and (AC, CB) are commensursble |
Hence AD? + DB? is RATIONAL. in square only, io
Therefore one of the double ‘
- R eI RATIONALS rectangles exceeds the other
SiniibafAGEaIiCE: FATIOHAL | a - Hence no second RATIONAL
therefore AC® + CB? is RATIONAL by a RATIONAL area. 2AD - DB 2AC - CB _ B
straight-line commensurable
B o o N 1 HE bk IEMEDRIC in square only with the whole
sexciore the ference 2AD - DB A\ 2AC-CB
. A Noepeld arca by a RATIONAL area. can be adtached to the
(0 s D) — (e - @) APOTOME AB.

is a RATIONAL area.

This is IMPOSSIBLE.

THE UNIQUE ATTACHMENT NO OTHER ATTACHMENT EXISTS
[ A » c A »

b

CONCLUSION T‘
|

Given an APOTOME AB,

there is exactly one E # | Only one RATIONAL straightine, |
o a5 5 s w ey v

RATIONAL straight-line roTown  ®ATIONAL) arotoME)  RATIONAL) which is commensurable in |

commensurable in S ' . g square only with the whole, | |

can be attached to an ‘
|

APOTOME. |

AD (vhl)

square only with the whole
that can be attached to it.
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2.80 Proposition 80

Statement

Only one medial straight-line, which is commensurable in
square only with the whole, and contains a rational (area)
with the whole, can be attached to a first apotome of a medial
(straight-line).

Proof Actions

1. For let AB be a first apotome of a medial (straightline), and let BC be
(so) attached to AB.

2. Thus, AC and CB are medial (straight-lines which are) commensurable
in square only, containing a rational (area)— (namely, that contained) by
AC and CB [Prop. 10.74].

3. I say that a(nother) medial (straight-line), which is commensurable in
square only with the whole, and contains a rational (area) with the whole,
cannot be attached to AB.

4. For, if possible, let DB also be (so) attached to AB.

5. Thus, AD and DB are medial (straight-lines which are) commensurable
in square only, containing a rational (area)—(namely, that) contained by
AD and DB [Prop. 10.74].

6. And since by whatever (area) the (sum of the squares) on AD and DB
exceeds twice the (rectangle contained) by AD and DB, the (sum of the
squares) on AC and CB also exceeds twice the (rectangle contained) by
AC and CB by this (same area).

7. For [again] both exceed by the same (area)—(namely), the (square) on
AB [Prop. 2.7].

8. Thus, alternately, by whatever (area) the (sum of the squares) on AD and
DB exceeds the (sum of the squares) on AC and CB, twice the (rectangle
contained) by AD and DB also exceeds twice the (rectangle contained)
by AC and CB by this (same area).
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10.

11.

12.

13.

14.

15.

And twice the (rectangle contained) by AD and DB exceeds twice the
(rectangle contained) by AC and CB by a rational (area).

For both (are) rational (areas).

Thus, the (sum of the squares) on AD and DB also exceeds the (sum of
the) [squares] on AC and CB by a rational (area).

The very thing is impossible.

For both are medial (areas) [Props. 10.15, 10.23 corr.], and a medial
(area) cannot exceed a(nother) medial (area) by a rational (area) [Prop.
10.26].

Thus, only one medial (straight-line), which is commensurable in square
only with the whole, and contains a rational (area) with the whole, can

be attached to a first apotome of a medial (straight-line).

(Which is) the very thing it was required to show. of plus signs.

Complete Cinematic Logic

For let AB be a first apotome of a medial (straightline), and let BC be
(so) attached to AB.

Y

And since by whatever (area) the (sum of the squares) on AD and DB
exceeds twice the (rectangle contained) by AD and DB, the (sum of the
squares) on AC and CB also exceeds twice the (rectangle contained)
by AC and CB by this (same area).

4

Thus, the (sum of the squares) on AD and DB also exceeds the (sum of
the) [squares] on AC and CB by a rational (area).

ll

‘ (Which is) the very thing it was required to show. of plus signs. ‘

4

Conclusion: Proposition 80 established.
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EUCLID, ELEMENTS - BOOK X ¢ PROPOSITION 80 DATA / HYPOTHESES

 ABisa FIRST APOTOME OF A MEDIAL

Only one MEDIAL straight-line, which is commensurable in

square only with the whole, and contains a RATIONAL area
with the whole, can be attached to a FIRST APOTOME OF A MEDIAL.

BB 1 A1 e FRST AROTOME OF A MEDIAL
| Atach the MEDIAL sightiine BC.
| Then AC = AB + BC.

B b reopsiion 17 aptcd 0 B roposicon 17
AC = AB + CB, we have AD = AB + DB, »

A ——

two equalities.

AC* 4 CB? = 2. AC-CB + AB® AD? + DB* = 2. AD . DB + AB®

(AD? + DB?) - (AC? + CB?)

DB? = 2AD - DB - 2AC - CB
AD AD
= o a——— So the difference of the sums of
AC cB AD D squares equals the difference of
Hence Hence the double rectangles.
(AC? + CB?) — 2AC - CB = AB. (AD? + DB?) — 2AD - DB = AB.
[ since 4D - DB is RATIONAL and From (5), the difference of the A s DB are MEDIAL and B 5y Proposicon X26,
one MEDIAL ot

AC - CB s also RATIONAL, sums of squares is also RATIONAL.
ir doubles are RATIONAL

(AD? + DB?) - (AC* + CB?)

24D - DB - 24C - CB is RATIONAL.
is RATIONAL. o s
Therefore one sum of squares exceeds another MEDIAL sum

Thus one double rectangle

RATIONAL a

of squares by a RATIONAL area. y
This is IMPOSSIBLE. can be attached to AB.

exceeds the other by a

RATIONAL area.

[l THE UNIQUE ATTACHMENT WHY NO OTHER ATTACHMENT IS POSSIBLE

Given a FIRST APOTOME Finst attschment Second attachment? Comparie
7 A B

CONCLUSION

Only one MEDIAL straight-line,
which is commensurable

in square only with the whole,

and contains a RATIONAL area

with the whole, can be attached
t0 a FIRST APOTOME

OF A MEDIAL.

8D
(medial)

2.81 Proposition 81

Statement

Only one medial straight-line, which is commensurable in
square only with the whole, and contains a medial (area) with
the whole, can be attached to a second apotome of a medial
(straight-line).

Proof Actions

1. Let AB be a second apotome of a medial (straightline), with BC (so)
attached to AB.

2. Thus, AC and CB are medial (straight-lines which are) commensurable
in square only, containing a medial (area)—(namely, that contained) by
AC and CB [Prop. 10.75].

3. I say that a(nother) medial straight-line, which is commensurable in
square only with the whole, and contains a medial (area) with the whole,
cannot be attached to AB.
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4.

S.

10.

I1.

12.

13.

14.

15.

16.

17.

18.

19.

For, if possible, let BD be (so) attached.

Thus, AD and DB are also medial (straight-lines which are) commen-
surable in square only, containing a medial (area)— (namely, that con-
tained) by AD and DB [Prop. 10.75].

And let the rational (straight-line) EF be laid down.

And let EG, equal to the (sum of the squares) on AC and CB, have been
applied to EF, producing EM as breadth.

. And let HG, equal to twice the (rectangle contained) by AC and CB, have

been subtracted (from EG), producing HM as breadth.
The remainder EL is thus equal to the (square) on AB [Prop. 2.7].
Hence, AB is the square-root of EL.

So, again, let EI, equal to the (sum of the squares) on AD and DB have
been applied to EF, producing EN as breadth.

And EL is also equal to the square on AB.

Thus, the remainder HI is equal to twice the (rectangle contained) by AD
and DB [Prop. 2.7].

And since AC and CB are (both) medial (straight-lines), the (sum of the
squares) on AC and CB is also medial. And it is equal to EG.

Thus, EG is also medial [Props. 10.15, 10.23 corr.].

And it is applied to the rational (straight-line) EF, producing EM as
breadth.

Thus, EM is rational, and incommensurable in length with EF [Prop.
10.22].

Again, since the (rectangle contained) by AC and CB is medial, twice the
(rectangle contained) by AC and CB is also medial [Prop. 10.23 corr.].
And it is equal to HG. Thus, HG is also medial.

And it is applied to the rational (straight-line) EF, producing HM as
breadth.
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20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

Thus, HM is also rational, and incommensurable in length with EF [Prop.
10.22].

And since AC and CB are commensurable in square only, AC is thus
incommensurable in length with CB.

And as AC (is) to CB, so the (square) on AC is to the (rectangle contained)
by AC and CB [Prop. 10.21 corr.].

Thus, the (square) on AC is incommensurable with the (rectangle con-
tained) by AC and CB [Prop. 10.11].

But, the (sum of the squares) on AC and CB is commensurable with
the (square) on AC, and twice the (rectangle contained) by AC and CB
is commensurable with the (rectangle contained) by AC and CB [Prop.
10.6].

Thus, the (sum of the squares) on AC and CB is incommensurable with
twice the (rectangle contained) by AC and CB [Prop. 10.13].

And EG is equal to the (sum of the squares) on AC and CB.

And GH is equal to twice the (rectangle contained) by AC and CB.
Thus, EG is incommensurable with HG.

And as EG (is) to HG, so EM is to HM [Prop. 6.1].

Thus, EM is incommensurable in length with MH [Prop. 10.11].
And they are both rational (straight-lines).

Thus, EM and MH are rational (straight-lines which are) commensurable
in square only.

Thus, EH is an apotome [Prop. 10.73], and HM (is) attached to it.

So, similarly, we can show that HN (is) also (commensurable in square
only with EN and is) attached to (EH).

Thus, different straight-lines, which are commensurable in square only
with the whole, are attached to an apotome.

The very thing is impossible [Prop. 10.79].

243



Euclid’s Elements — Book X Incommensurable Magnitudes

37. Thus, only one medial straight-line, which is commensurable in square
only with the whole, and contains a medial (area) with the whole, can be
attached to a second apotome of a medial (straight-line).

38. (Which is) the very thing it was required to show. of plus signs.

Complete Cinematic Logic

Let AB be a second apotome of a medial (straightline), with BC (so)
attached to AB.

4

Thus, the remainder HI is equal to twice the (rectangle contained) by
AD and DB [Prop. 2.7].

4

’ And EG is equal to the (sum of the squares) on AC and CB. ‘

ll

’ (Which is) the very thing it was required to show. of plus signs. ‘

4

Conclusion: Proposition 81 established.
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EUCLID, ELEMENTS - BOOK X « PROPOSITION 81 (iSRS
AB s 2 SECOND APOTOME OF A MEDIAL.

Only one MEDIAL straight-line, which is commensurable in i

square only with the whole, and contains a MEDIAL area
with the whole, can be attached to a

B iy im0 o .| [ Ay A + 2% w0 5, | () Prom £ mien 16 = 240~ m, | B}

A
EG = AC? + CBY, producing becadth HM. Cor

MEDIAL straight-line. BC
. : G " M
Then AC = AB + BC
3 G M .
A B c| a B D 1 5
= — ) (S ) E F EG = AC* + CB! el G
AB BC D ME)
— (MEDIAL)
(20 apotome (medial) (medial) 4 g e SRR
of a medial) EF (rational) : [T
E Pl B F
AC (whole)
EG s MEDIAL 3
By Prop. 117, AC? + CB*— 24C - CB = A%, E H F
By Prop. X22, EM is RATIONAL .
Honce the remaining arca EL = AB Ths EI = AD? + DB

and EM # EF.

B s vt o v venov . B D s vepist on e ramonas 2. @)
) A Ca W AT | (7 MECAL om the RATINAL
By Frop. X22, EM is RATIONAL s oy e o y Prop. X2, HM is RATIONS
o T wd HM % B
£ 5 Thus HG is MEDIAL. 8 " 0w

AC and CB

EM (rational)

EG = AC* + CB® and EM and HM are both RATIONAL,

HG = 24C - CB.

Hence EG # HG.

1, 8 ", v
P
MEDIAL | 2C . CB > ruionst smd >

MEDIAL & an APOTOME

e oy (il ) | e oy

2.82 Proposition 82

Statement

Only one straight-line, which is incommensurable in square
with the whole, and (together) with the whole makes the (sum
of the) squares on them rational, and twice the (rectangle con-
tained) by them medial, can be attached to a minor (straight-
line).

Proof Actions

1. Let AB be a minor (straight-line), and let BC be (so) attached to AB.

2. Thus, AC and CB are (straight-lines which are) incommensurable in
square, making the sum of the squares on them rational, and twice the
(rectangle contained) by them medial [Prop. 10.76].

3. I say that another another straight-line fulfilling the same (conditions)
cannot be attached to AB.

4. For, if possible, let BD be (so) attached (to AB).
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5.

10.

11.

12.

13.

Thus, AD and DB are also (straight-lines which are) incommensurable in
square, fulfilling the (other) aforementioned (conditions) [Prop. 10.76].

And since by whatever (area) the (sum of the squares) on AD and DB
exceeds the (sum of the squares) on AC and CB, twice the (rectangle
contained) by AD and DB also exceeds twice the (rectangle contained)
by AC and CB by this (same area) [Prop. 2.7].

And the (sum of the) squares on AD and DB exceeds the (sum of the)
squares on AC and CB by a rational (area).

. For both are rational (areas).

Thus, twice the (rectangle contained) by AD and DB also exceeds twice
the (rectangle contained) by AC and CB by a rational (area).

The very thing is impossible.

For both are medial (areas) [Prop. 10.26].

Thus, only one straight-line, which is incommensurable in square with
the whole, and (with the whole) makes the squares on them (added) to-
gether rational, and twice the (rectangle contained) by them medial, can
be attached to a minor (straight-line).

(Which is) the very thing it was required to show. of plus signs.
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Complete Cinematic Logic

Let AB be a minor (straight-line), and let BC be (so) attached to AB. ‘
I

Thus, AD and DB are also (straight-lines which are) incommensurable
in square, fulfilling the (other) aforementioned (conditions) [Prop.
10.76].

Y

Thus, twice the (rectangle contained) by AD and DB also exceeds
twice the (rectangle contained) by AC and CB by a rational (area).

4

‘ (Which is) the very thing it was required to show. of plus signs. ‘

4

Conclusion: Proposition 82 established.

DATA / HYPOTHESES
« AB is a MINOR straight-ine.
* BC is attached o it.
+ AC = AB + BC (whole).
 AC* # BC* (incommensurable in square).
 AC? + BC' is RATIONAL
 2AC - BC is MEDIAL

EUCLID, ELEMENTS — BOOK X ¢ PROPOSITION 82

Only one straight-line, which is

with the whole, and (together) with the whole makes the
, and TWICE THE RECTANGLE

CONTAINED BY THEM MEDIAL, can be attached to a

BB 1t 4B be a MINOR swaighetine. (B}
Attach the straightcline. BC to it
Then AC = AB + BC.

A B @

AB BC
(minor) (attached)
AC (whole)

By Proposition X.76:

AC* # BC? (in square);
AC? + BC? is RATIONAL;

24C - BC is MEDIAL.

B b bopotess, 40° + D8 s
RATIONAL and AC? + BC? is
oA

Therefore their difference
is a RATIONAL arca.

line which is

M mherctore oty one suraigh
. incommensurable in square with the whole,

+ makes the sum of the squares on them RATIONAL,

+ and twice the rectangle contained by them

can be attached to a MINOR.

Suppose, for contradiction, that
another straight-line BD can also
be attached to AB.

Then AD = AB + BD.

a B D

— o+ o

BD
(attached)

AD (whole)
By the same conditions:
AD? # DB (in square);
AD? + DB is RATIONAL;
24D - DB is MEDIAL

Therefore, from (5),
24D - DB - 24C - BC
is also a RATIONAL area.

So one double rectangle exceeds
the other by a RATIONAL arca.

THE ATTACHMENT | |
TO A MINOR IS

MEDIAL,
MEDIAL UNIQUE.

B e

AC* + BC? = 24C - BC + AB®

Hence

(AC? + BC?) = 24C - BC = AB.

)
B e by inpotens,
24D - DB s MEDIAL

and 24C - BC is MEDIAL.

So one MEDIAL area exceeds

B

AD? 4 DB® = 24D - DB + AB?

Hence

(AD* + DB?) - 24D - DB = AB*
@

B 5 Propesiion x26,

One MEDIAL area cannot
exceed another MEDIAL arca
by a RATIONAL area.

v
This is IMPOSSIBLE.

SUMMARY OF THE LOGIC

@ e et
equal the same arca AB, we have
(AD* + DB?) — (AC* + BC?)

= 24D - DB - 24C - BC.

Whatever the one sum of squares

exceeds the other, the

the one double rectangle exceeds
the other.

supposition that a sccond

BD exists leads to a

Therefore no such second straight-line.
can be attached to the minor AB
with the stated properties.

Ja——

., sachment 5D

—| 2c-BC=am &

Use 117 owies
(4G + BC) -

0 + o) -
24D DB = A"

RATIONAL

& RATIONAL
IMPOSSIBLE

Contradiction => No second attachment exists = The attachment is UNIQUE.

CONCLUSION

cctang]
can be attached to a MINOR.

Only one straight-line, which is incommensurable in square with the whole,
and (together) with the whole makes the sum of the squares on them RATIONAL,
i le contained by them MEDIAL,
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2.83 Proposition 83

Statement

Only one straight-line, which is incommensurable in square
with the whole, and (together) with the whole makes the sum
of the squares on them medial, and twice the (rectangle con-
tained) by them rational, can be attached to that (straight-line)
which with a rational (area) makes a medial whole.

Proof Actions

10.

. Let AB be a (straight-line) which with a rational (area) makes a medial

whole, and let BC be (so) attached to AB.

Thus, AC and CB are (straight-lines which are) incommensurable in
square, fulfilling the (other) proscribed (conditions) [Prop. 10.77].

. I say that another (straight-line) fulfilling the same (conditions) cannot

be attached to AB.

For, if possible, let BD be (so) attached (to AB).

. Thus, AD and DB are also straight-lines (which are) incommensurable

in square, fulfilling the (other) prescribed (conditions) [Prop. 10.77].

Therefore, analogously to the (propositions) before this, since by what-
ever (area) the (sum of the squares) on AD and DB exceeds the (sum of
the squares) on AC and CB, twice the (rectangle contained) by AD and
DB also exceeds twice the (rectangle contained) by AC and CB by this
(same area).

And twice the (rectangle contained) by AD and DB exceeds twice the
(rectangle contained) by AC and CB by a rational (area).

. For they are (both) rational (areas).

Thus, the (sum of the squares) on AD and DB also exceeds the (sum of
the squares) on AC and CB by a rational (area).

The very thing is impossible.
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11. For both are medial (areas) [Prop. 10.26].

12. Thus, another straight-line cannot be attached to AB, which is incommen-
surable in square with the whole, and fulfills the (other) aforementioned
(conditions) with the whole.

13. Thus, only one (such straight-line) can be (so) attached.

14. (Which is) the very thing it was required to show. of plus signs.

Complete Cinematic Logic

Let AB be a (straight-line) which with a rational (area) makes a medial
whole, and let BC be (so) attached to AB.

4

Thus, AD and DB are also straight-lines (which are) incommensurable
in square, fulfilling the (other) prescribed (conditions) [Prop. 10.77].

4

’ The very thing is impossible. ‘

ll

’ (Which is) the very thing it was required to show. of plus signs. ‘

4

Conclusion: Proposition 83 established.
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EUCLID, ELEMENTS - BOOK X ¢ PROPOSITION 83 | DATA / HYPOTHESES

3 WA ith 2 RATIONAL area
Only one straight-line, which is ; e

with the whole, and (together) with the whole makes the SUM OF

ON THEM MEDIAL, and TWICE THE RECTANGL
RATIO! , can be attached to that which
whole.

T
s e« MEDIAL e At
BC to k. Toom AC = AB 4 BC.

|
AD? 4 DB* = 2AD - DB + AB’

A B c Hence |
< (AD? + DB?) - 24D - DB = AR, (4D? + DB?) — (AC* + CB?) | |
B BC AB BD
(ireationsl) (attached) (ieraionsl) (attached) ’, = 24D - DB - 24C - CB.
AC (whole) AD (whole) B DB
AC Ac AD{ AD?
By Prop. X.77 for AC, CB: By the same conditions for AD, DB:
. ac X - ap? quarc). 24¢-cB | 24D - DB
. EDIAL,  AD? + DB is MEDIAL, L
. i 2 : e
is 24D - DB is RATIONAL. AT ) " T

B 5 s 240 8 and 246 3 [ e, o 5, the it o e [0 B by e, e s of s [B] By Propusion 26,

are both RATIONAL. sums of squares s also RATIONAL. are MEDIAL.
One MEDIAL area cannot
24D - DB 21 cB (AD? + DB?) — (AC? + CB?) AD? ¢ DB Ac + cm? exceed another MEDIAL arca
RATIONAL RATIONAL is RATIONAL. MEDIAL MEDIAL by a RATIONAL area.

'

This is IMPOSSIBLE.

Therefore their difference
is a RATIONAL area.

SUMMARY OF THE LOGIC

Atach BC:
©AC £ B Avme another ;“““ e
o [ D attachment BD i)
> = double rectangles: >
MEDIAL with the same.
.
+ 24c.CB threo properties.

RATIONAL.
RATIONAL

a MEDIAL whole.

2.84 Proposition 84

Statement

Only one straight-line, which is incommensurable in square
with the whole, and (together) with the whole makes the sum of
the squares on them medial, and twice the (rectangle contained)
by them medial, and, moreover, incommensurable with the sum
of the (squares) on them, can be attached to that (straight-line)
which with a medial (area) makes a medial whole.

Proof Actions

1. Let AB be a (straight-line) which with a medial (area) makes a medial
whole, BC being (so) attached Thus, AC and CB are incommensurable
in to it. square, fulfilling the (other) aforementioned (conditions) [Prop.
10.78].

2. I say that a(nother) (straight-line) fulfilling the aforementioned (condi-
tions) cannot be attached to AB.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

. For, if possible, let BD be (so) attached.

Hence, AD and DB are also (straight-lines which are) incommensurable
in square, making the squares on AD and DB (added) together medial,
and twice the (rectangle contained) by AD and DB medial, and, moreover,
the (sum of the squares) on AD and DB incommensurable with twice the
(rectangle contained) by AD and DB [Prop. 10.78].

. And let the rational (straight-line) EF be laid down.

And let EG, equal to the (sum of the squares) on AC and CB, have been
applied to EF, producing EM as breadth.

And let HG, equal to twice the (rectangle contained) by AC and CB, have
been applied to EF, producing HM as breadth.

. Thus, the remaining (square) on AB is equal to EL [Prop. 2.7].

Thus, AB is the squareroot of EL.

Again, let EI, equal to the (sum of the squares) on AD and DB, have been
applied to EF, producing EN as breadth.

And the (square) on AB is also equal to EL.

Thus, the remaining twice the (rectangle contained) by AD and DB [is]
equal to HI [Prop. 2.7].

And since the sum of the (squares) on AC and CB is medial, and is equal
to EG, EG is thus also medial.

And it is applied to the rational (straight-line) EF, producing EM as
breadth.

EM is thus rational, and incommensurable in length with EF [Prop.
10.22].

Again, since twice the (rectangle contained) by AC and CB is medial,
and is equal to HG, HG is thus also medial.

And it is applied to the rational (straight-line) EF, producing HM as
breadth.

HM is thus rational, and incommensurable in length with EF [Prop.
10.22].
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19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

And since the (sum of the squares) on AC and CB is incommensurable
with twice the (rectangle contained) by AC and CB, EG is also incom-
mensurable with HG.

Thus, EM is also incommensurable in length with MH [Props. 6.1,
10.11].

And they are both rational (straight-lines).

Thus, EM and MH are rational (straight-lines which are) comThus, EH
is an apotome mensurable in square only.

[Prop. 10.73], with HM attached to it.

So, similarly, we can show that EH is again an apotome, with HN at-
tached to it.

Thus, different rational (straight-lines), which are commensurable in
square only with the whole, are attached to an apotome.

The very thing was shown (to be) impossible [Prop. 10.79].
Thus, another straightline cannot be (so) attached to AB.

Thus, only one straight-line, which is incommensurable in square with
the whole, and (together) with the whole makes the squares on them
(added) together medial, and twice the (rectangle contained) by them me-
dial, and, moreover, the (sum of the) squares on them incommensurable
with the (rectangle contained) by them, can be attached to AB.

(Which is) the very thing it was required to show. of plus signs. Defini-
tions I 11.

Given a rational (straight-line) and an apotome, if the square on the whole
is greater than the (square on a straight-line) attached (to the apotome) by
the (square) on (some straight-line) commensurable in length with (the
whole), and the whole is commensurable in length with the (previously)
laid down rational (straight-line), then let the (apotome) be called a first
apotome. 12.

And if the attached (straight-line) is commensurable in length with the
(previously) laid down rational (straight-line), and the square on the
whole is greater than (the square on) the attached (straight-line) by the
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32.

33.

34.

35.

(square) on (some straight-line) commensurable (in length) with (the
whole), then let the (apotome) be called a second apotome. 13.

And if neither of (the whole or the attached straight-line) is commensu-
rable in length with the (previously) laid down rational (straight-line),
and the square on the whole is greater than (the square on) the attached
(straight-line) by the (square) on (some straight-line) commensurable (in
length) with (the whole), then let the (apotome) be called a third apotome.
14.

Again, if the square on the whole is greater than (the square on) the at-
tached (straight-line) by the (square) on (some straight-line) incommen-
surable [in length] with (the whole), and the whole is commensurable in
length with the (previously) laid down rational (straight-line), then let the
(apotome) be called a fourth apotome. 15.

And if the attached (straight-line is commensurable), a fifth (apotome).
16.

And if neither (the whole nor the attached straight-line is commensu-
rable), a sixth (apotome).
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Let AB be a (straight-line) which with a medial (area) makes a medial

whole, BC being (so) attached Thus, AC and CB are incommensurable

in to it. square, fulfilling the (other) aforementioned (conditions) [Prop.
10.78].

y

Thus, the remaining twice the (rectangle contained) by AD and DB [is]
equal to HI [Prop. 2.7].

4

So, similarly, we can show that EH is again an apotome, with HN
attached to it.

4

And if neither (the whole nor the attached straight-line is
commensurable), a sixth (apotome).

4

Conclusion: Proposition 84 established.

EUCLID, ELEMENTS - BOOK X « PROPOSITION 84 DATA / HYPOTHESES

Only one ht-line, which is
with the whole, and (together) with the whole makes the SUM OF
THE SQUARES ON THEM MEDIAL, and TWICE THE RECTANGLE
CONTAINED BY THEM {EDIAL, and moreover
with the sum of the (squares) on them, can be attached to that which
with a area makes a whole.
[ L p— g v B i RanoaL stz @] Aeety AC 4 o £ [ Aomly 24C 1 o B
arca makes a MEDIAL whole. Attach e o o Construct EG = AC* + CB?, Cao HG = 2AC
BC to . Then AC = AB + BC. prodociog breadth EM.
: G M
A B R B » . : G H M e = i
AB BC AB BD EF (rational) EG = AC* + CB* - -
(irrational) (attached) (irrational) (attached) Bes 2GSl AD? + 24D - DB
(MEDIAL) (MEDIAL) (MEDIAL)
AC (whole) AD (whole) N
By Prop. X78 for AC, G the same condiions for AD, DB: E FlE F
. AC # CB. E H F
* AC? + CB? is MEDIAL MEDIAL. EF (rational)
AC - CB i MEDIAL. * 24D - DB i MEDIAL
+ (AC' + CB?) is incommensurable + (AD?+ CB?) is incommensurable
with 2AC - CB. with 24D - CB.
B 6 . vEpiaL Appica 0 B i omonan apica e [ By hypotheals, I e 26 ot 116 wand o[ EM st H s st RATIONAL, By Prop. X7, the iffiremce
RATIONAL by Prop. X.22, RATIONAL EF, by Prop. X.22, AC? + CB? is incommensurable me bees EF, HM s an
E HM s with 24C - CB. EG : HG - EM : HM. Therehore they are commensursble
i Therefore EG is incommensurable in SQUARE only.
with EF. Thercore
i with HG. o oo oo
R " M F EM s incommensurable T —
C AR and commensurable -
EM is RATIONAL, HM is RATIONAL, EG # HG. 5 r i HM
EM # EF. HM # EF. EM % HM. in SQUARE ONLY. (APOTOME)  (attached)

CONCLUSION
The attachment is UNIQUE.

veo
ONLY ONE such tachment. This is IMPOSSIBLE.

EM, HM ol

suMMARY OF (SRR EREEE : .
THE LOGIC [, necs - = o ety | _ MmN o8
MEDIAL ek e P = o «
actscm g 2ac - B T

R stk w0 EH.
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2.85 Proposition 85

Statement

1o find a first apotome.

Proof Actions

10.

I1.

12.

13.

14.

. Let the rational (straight-line) A be laid down.

And let BG be commensurable in length with A.
BG is thus also a rational (straight-line).

And let two square numbers DE and EF be laid down, and let their dif-
ference FD be not square [Prop. 10.28 lem. IJ.

Thus, ED does not have to DF the ratio which (some) square number
(has) to (some) square number.

And let it have been contrived that as ED (is) to DF, so the square on BG
(is) to the square on GC [Prop. 10.6. corr.].

. Thus, the (square) on BG is commensurable with the (square) on GC

[Prop. 10.6].

. And the (square) on BG (is) rational.

. Thus, the (square) on GC (is) also rational.

Thus, GC is also rational.

And since ED does not have to DF the ratio which (some) square number
(has) to (some) square number, the (square) on BG thus does not have to
the (square) on GC the ratio which (some) square number (has) to (some)
square number either.

Thus, BG is incommensurable in length with GC [Prop. 10.9].
And they are both rational (straight-lines).

Thus, BG and GC are rational (straight-lines which are) commensurable
in square only.
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15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

Thus, BC is an apotome [Prop. 10.73].

So, I say that (it is) also a first (apotome).

Let the (square) on H be that (area) by which the (square) on BG is greater
than the (square) on GC [Prop. 10.13 lem.].

And since as ED is to FD, so the (square) on BG (is) to the (square) on
GC, thus, via conversion, as DE is to EF, so the (square) on GB (is) to
the (square) on H [Prop. 5.19 corr.].

And DE has to EF the ratio which (some) square-number (has) to (some)
square-number.

For each is a square (number).

Thus, the (square) on GB also has to the (square) on H the ratio which
(some) square number (has) to (some) square number.

Thus, BG is commensurable in length with H [Prop. 10.9].

And the square on BG is greater than (the square on) GC by the (square)
on H.

Thus, the square on BG is greater than (the square on) GC by the (square)
on (some straight-line) commensurable in length with (BG).

And the whole, BG, is commensurable in length with the (previously)
laid down rational (straight-line) A.

Thus, BC is a first apotome [Def. 10.11].

Thus, the first apotome BC has been found.

(Which is) the very thing it was required to find.
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‘ Let the rational (straight-line) A be laid down. ‘

J

‘ Thus, GC is also rational. ‘

4

And DE has to EF the ratio which (some) square-number (has) to
(some) square-number.

4
(Which is) the very thing it was required to find. ‘

4

Conclusion: Proposition 85 established.

2. SHOW THAT THE EXCESS SQUARE HAS A §
CCOMMENSURABLE WITH THE WHOLE BG.

B Let 4 be a RATIONAL ssighelioe. And by construction BG ~ A, where A is the
Take BG commensurable in length with A. B Let the square on H be equal to the amount by which RATIONAL straight line we laid down.
A » G the square on BG exceeds the square on GC. e
-3 A 2 ¢
(ational) BG ~ A (BG is rational) =
B Tuke DE and EF to be SQUARE NUMBERS G2 e
- ¥ 2
Bachitiat il Miltessuc FDISINO T Staqtare L By DEFINITION X.11, a straight-ine is a FIRST APOTOME
» e e if it is the remainder of two rational straight-lines
- == —— commensurable in square only, and the square on the whole
DE = (square) EF = (square) BGj exceeds the square on the subtrahend by the square on a line
BG? - GC* = H* commensurable in length with the whole, where the whole is
FD is not a square number = e G e ot ¥
[ From DE : DF = BG? : GC?, by conversion we get Jengthwith,the asignedimicional,tne
B Arrange DE : DF = BG? : GC2. DE : EF = BG? : H2.
B G G » 5 . DE : EF BGaed) GC arg)icoalland
— = E 2 commensurable in square only. v/
BG o k: = % 59 e g
(square) (square) BG? : H B c G BC =BG - GC is an apotome. v/
[ Since DE : DF is a rational ratio, BG? ~ GC2. BG? - GC? = HP. v
B Since BG is rational, GC? is rational — GC is rational. Since DE and EF are square numbers, H ~ BG. Y
B But DE : DF is not the ratio of two squares, is the ratio of two square numbers e () Y
therefore BG # GC (Prop. X.9). G2 : H is also the ratio of two square numbers.
Hence BG and GC are RATIONAL and [Pa iy ¥
COMMENSURABLE IN SQUARE ONLY.
| B G " H Therefore BC statisfies all the conditions of
| & DEFINITION X.11.
B Thercfore the remainder BC = BG ~ GC. = e T OME
s an APOTOME (Prop. X.73). . 5 B Hence BG* - GC* = A2, and H ~ BG. e e oToME
B c G > 5
‘ ————o—— So the excess square is on a line commensurable S d,
in length with BG. v —————————
BC = BG - GC
Thus the T IME has been found.
l ) FIRST APOTO]
- 8\
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2.86 Proposition 86

Statement

1o find a second apotome.

Proof Actions

I.

10.

I1.

12.

13.

14.

Let the rational (straight-line) A, and GC (which is) commensurable in
length with A, be laid down.

Thus, GC is a rational (straight-line).

And let the two square numbers DE and EF be laid down, and let their
difference DF be not square [Prop. 10.28 lem. I].

. And let it have been contrived that as FD (is) to DE, so the square on CG

(is) to the square on GB [Prop. 10.6 corr.].

. Thus, the square on CG is commensurable with the square on GB [Prop.

10.6].

. And the (square) on CG (is) rational.
. Thus, the (square) on GB [is] also rational.
. Thus, BG is a rational (straight-line).

. And since the square on GC does not have to the (square) on GB the

ratio which (some) square number (has) to (some) square number, CG is
incommensurable in length with GB [Prop. 10.9].

And they are both rational (straight-lines).

Thus, CG and GB are rational (straight-lines which are) commensurable
in square only.

Thus, BC is an apotome [Prop. 10.73].
So, I say that it is also a second (apotome).

For let the (square) on H be that (area) by which the (square) on BG is
greater than the (square) on GC [Prop. 10.13 lem.].
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15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

Therefore, since as the (square) on BG is to the (square) on GC, so the
number ED (is) to the number DF, thus, also, via conversion, as the
(square) on BG is to the (square) on H, so DE (is) to EF [Prop. 5.19
corr.].

And DE and EF are each square (numbers).

Thus, the (square) on BG has to the (square) on H the ratio which (some)
square number (has) to (some) square number.

Thus, BG is commensurable in length with H [Prop. 10.9].

And the square on BG is greater than (the square on) GC by the (square)
on H.

Thus, the square on BG is greater than (the square on) GC by the (square)
on (some straight-line) commensurable in length with (BG).

And the attachment CG is commensurable (in length) with the (pre-
vously) laid down rational (straight-line) A.

Thus, BC is a second apotome [Def. 10.12].

Thus, the second apotome BC has been found.

(Which is) the very thing it was required to show.
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Let the rational (straight-line) A, and GC (which is) commensurable in
length with A, be laid down.

Y

And since the square on GC does not have to the (square) on GB the
ratio which (some) square number (has) to (some) square number, CG
is incommensurable in length with GB [Prop. 10.9].

Y

Thus, the (square) on BG has to the (square) on H the ratio which
(some) square number (has) to (some) square number.

4

‘ (Which is) the very thing it was required to show.

4

Conclusion: Proposition 86 established.

EUCLID, ELEMENTS — BOOK X « PROPOSITION 86
V TO FIND A SECOND APOTOME. |’

We shall construct BC as a SECOND APOTOME.

3. CONCLUSION — BC IS A SECOND APOTOME.

1. CONSTRUCTING BC AS AN APOTOME

[D et A be a RATIONAL straightline.
s COcmmamnlE Dbt RATIONAL straight-line laid down.
A G €}
= 1 Lt the square cn H be el the armocmnt by which i o 5
(rational) GC ~ A (GC is rational) the square on BG exceeds the square on GC. ~
(rational) GC ~ A (rational)
“Take DE and EF to be SQUARE NUMBERS
such that their difference DF is NOT a square. B
D E F | BG? Gc? w [ By DEFINITION X.12, a straightine is a SECOND APOTOME if
it is the remainder of two rational straight lines commensurable
e R e \ ;
in square only,
DF is not 4 square number BG® - GC? - H? « and the square on the whole exceeds that on the subtrahend
B Arange FD : DE = GC* : GB2. by the square on a line commensurable in length with the whole,
. = . From FD : DE = GC? : GB, by conversion we get « and the subtrahend is commensurable in length
Hatls apiCus i, WG 15 - 0 - ; £ e
Ge? cB? D E P BG? : H?
5 For BC = BG — GC we have:
g :mu :’1; : DE is :1 n:oc.;al ratio, :c :, :an. i (square) (square) DE : EF | A o 7
ince GC is rational, GC? is rational = GB? is ration: |
J and commensurable in square only. v/
Hence GB is rational. [ Since DE and EF are square numbers, b G S 4
N BG? - GC? = H?, with H~BG. v
@ But GC* : GB* is not the ratio of two squares, DE : EF is the ratio of two squares. Py 7
therefore GC # GB (Prop. X.9). Hence BG? : H? is also the ratio of two squares. (RS fa ko
Thus GC an:l 6B are MTK?NAL straight-lines, Therefore BG ~ H  (Prop. X9). 13
. u I @ o o Therefore BC satisfies all the conditions of
B Therefore the remainder BC = BG - GC ~ DEFINITION X.12.
is an APOTOME (Prop. X.73). g Hence BC is a SECOND APOTOME.
BC is the segment below. + [ 2 o 2
3 - @ Thus BG? - GC* = H? and H ~ BG. y
"% We have shown | So the excess square is on a line — ————
= e BC is an apotome. | commensurable in length with the whole BG. Thus the SECOND APOTOME has been found.
(APOTOME) o — —— o du 4 |
& I\ — JA\ v
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2.87 Proposition 87

Statement

1o find a third apotome.

Proof Actions

10.

I1.

12.

. Let the rational (straight-line) A be laid down.

And let the three numbers, E, BC, and CD, not having to one another the
ratio which (some) square number (has) to (some) square number, be laid
down.

. And let CB have to BD the ratio which (some) square number (has) to

(some) square number.

. And let it have been contrived that as E (is) to BC, so the square on A

(is) to the square on FG, and as BC (is) to CD, so the square on FG (is)
to the (square) on GH [Prop. 10.6 corr.].

. Therefore, since as E is to BC, so the square on A (is) to the square on

FG, the square on A is thus commensurable with the square on FG [Prop.
10.6].

And the square on A (is) rational.

. Thus, the (square) on FG (is) also rational.

Thus, FG is a rational (straight-line).

And since E does not have to BC the ratio which (some) square number
(has) to (some) square number, the square on A thus does not have to
the [square] on FG the ratio which (some) square number (has) to (some)
square number either.

Thus, A is incommensurable in length with FG [Prop. 10.9].

Again, since as BC is to CD, so the square on FG is to the (square) on
GH, the square on FG is thus commensurable with the (square) on GH
[Prop. 10.6].

And the (square) on FG (is) rational.
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13.
14.

15.

16.
17.

18.

19.
20.

21.

22.

23.

24.
25.

26.

27.

28.

Thus, the (square) on GH (is) also rational.
Thus, GH is a rational (straightline).

And since BC does not have to CD the ratio which (some) square number
(has) to (some) square number, the (square) on FG thus does not have to
the (square) on GH the ratio which (some) square number (has) to (some)
square number either.

Thus, FG is incommensurable in length with GH [Prop. 10.9].
And both are rational (straight-lines).

FG and GH are thus rational (straight-lines which are) commensurable
in square only.

Thus, FH is an apotome [Prop. 10.73].
So, I say that (it is) also a third (apotome).

For since as E is to BC, so the square on A (is) to the (square) on FG, and
as BC (is) to CD, so the (square) on FG (is) to the (square) on HG, thus,
via equality, as E is to CD, so the (square) on A (is) to the (square) on
HG [Prop. 5.22].

And E does not have to CD the ratio which (some) square number (has)
to (some) square number.

Thus, the (square) on A does not have to the (square) on GH the ratio
which (some) square number (has) to (some) square number either.

A (is) thus incommensurable in length with GH [Prop. 10.9].

Thus, neither of FG and GH is commensurable in length with the (previ-
ously) laid down rational (straight-line) A.

Therefore, let the (square) on K be that (area) by which the (square) on
FG is greater than the (square) on GH [Prop. 10.13 lem.].

Therefore, since as BC is to CD, so the (square) on FG (is) to the (square)
on GH, thus, via conversion, as BC is to BD, so the square on FG (is) to
the square on K [Prop. 5.19 corr.].

And BC has to BD the ratio which (some) square number (has) to (some)
square number.
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29. Thus, the (square) on FG also has to the (square) on K the ratio which
(some) square number FG is thus commen- (has) to (some) square num-
ber. surable in length with K [Prop. 10.9].

30. And the square on FG is (thus) greater than (the square on) GH by the
(square) on (some straight-line) commensurable (in length) with (FG).

31. And neither of FG and GH is commensurable in length with the (previ-
ously) laid down rational (straight-line) A.

32. Thus, FH is a third apotome [Def. 10.13].

33. Thus, the third apotome FH has been found.

34. (Which is) very thing it was required to show.

Complete Cinematic Logic

’ Let the rational (straight-line) A be laid down. ‘

4
’ And the (square) on FG (is) rational. ‘

4

Thus, the (square) on A does not have to the (square) on GH the ratio
which (some) square number (has) to (some) square number either.

ll

’ (Which is) very thing it was required to show.

4

Conclusion: Proposition 87 established.
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1. CONSTRUCTING FH AS AN APOTOME ~ EUCLID, ELEMENTS - BOOK X ¢ PRQPOSITION 87
TO FIND A THIRD APOTOME.

. CONCLUDING THAT FH IS A THIRD APOTOME.

From (2) and (5) by equality of ratios:
E:CD = A% : GH?

4 CB: BD B 1et the square on K be equal to the amount by which
o) - the square on FG exceeds the square on GH.
cB BD | square : square
Arrange E : BC = A” : FG?. ;
FG 2
E B F G @ X2
E: BC G
Since A is rational, FG? is rational = FG is rational. FG? - GH? = K?

Because E : BC is not bers, [0 Feom BC: CD = FG? : GH® by
A5 PG i ot ch 2 o > A = FG (Fro. X9) BC : BD = FG? : K2,
B Amange BC : CD = FG? : GH™. & I D) [Bc:mp |
c B D F G H Ce—r—-o-=——75 =
(square) (square) square : square |

BC : CD = FG? : GH?*
] Sioce CB : BD is the raio of square numbers to square musbers,
FG? : K? is also such a ratio.

in length with the assigned rational line,
B Therclore FG ~ K (Prop. X9).
F G K K Therefore FH satisfies all the conditions of
i DEFINITION X.13.
Hence FH is a THIRD APOTOME.

[ Thercfore FH = FG — GH is an APOTOME (Prop. X.73).

B Hence FG? - GH? = K2 and K ~ FG.
F G H

il 12
——— ( R So the square on the whole (FG) exceeds the square
— — e on the attached term (GH) by the square on a straight- Thus the THIRD APOTOME — FH —|
FH = FG - GH L e | line commensurable in length with the whole (FG). has been found.

2.88 Proposition 88

Statement

1o find a fourth apotome.

Proof Actions

1. Let the rational (straight-line) A, and BG (which is) commensurable in
length with A, be laid down.

2. Thus, BG is also a rational (straight-line).

3. And let the two numbers DF and FE be laid down such that the whole,
DE, does not have to each of DF and EF the ratio which (some) square
number (has) to (some) square number.

4. And let it have been contrived that as DE (is) to EF, so the square on BG
(is) to the (square) on GC The (square) on BG is thus com- [Prop. 10.6
cort.]. mensurable with the (square) on GC [Prop. 10.6].

5. And the (square) on BG (is) rational.
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10.
11.

12.
13.

14.

15.

16.
17.

18.

19.

20.
21.
22.

Thus, the (square) on GC (is) also rational.

Thus, GC (is) a rational (straightline).

. And since DE does not have to EF the ratio which (some) square number

(has) to (some) square number, the (square) on BG thus does not have to
the (square) on GC the ratio which (some) square number (has) to (some)
square number either.

. Thus, BG is incommensurable in length with GC [Prop. 10.9].

And they are both rational (straight-lines).

Thus, BG and GC are rational (straight-lines which are) commensurable
in square only.

Thus, BC is an apotome [Prop. 10.73].

[So, I say that (it is) also a fourth (apotome).] Now, let the (square) on H
be that (area) by which the (square) on BG is greater than the (square) on
GC Therefore, since as DE is to EF, [Prop. 10.13 lem.]. so the (square)
on BG (is) to the (square) on GC, thus, also, via conversion, as ED is to
DF, so the (square) on GB (is) to the (square) on H [Prop. 5.19 corr.].

And ED does not have to DF the ratio which (some) square number (has)
to (some) square number.

Thus, the (square) on GB does not have to the (square) on H the ratio
which (some) square number (has) to (some) square number either.

Thus, BG is incommensurable in length with H [Prop. 10.9].

And the square on BG is greater than (the square on) GC by the (square)
on H.

Thus, the square on BG is greater than (the square) on GC by the (square)
on (some straight-line) incommensurable (in length) with (BG).

And the whole, BG, is commensurable in length with the the (previously)
laid down rational (straightline) A.

Thus, BC is a fourth apotome [Def. 10.14].
Thus, a fourth apotome has been found.
(Which is) the very thing it was required to show.
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Let the rational (straight-line) A, and BG (which is) commensurable in
length with A, be laid down.

Y

And since DE does not have to EF the ratio which (some) square
number (has) to (some) square number, the (square) on BG thus does
not have to the (square) on GC the ratio which (some) square number

(has) to (some) square number either.

Y

Thus, the (square) on GB does not have to the (square) on H the ratio
which (some) square number (has) to (some) square number either.

ll

‘ (Which is) the very thing it was required to show.

4

Conclusion: Proposition 88 established.

EUCLID, ELEMENTS — BOOK X ¢ PROPOSITION 88
I TO FIND A FOURTH APOTOME.

3. CONCLUSION — BC IS A FOURTH APOTOME

1. CONSTRUCTING BC AS AN APOTOME

We shall construct BC as a FOURTH APOTOME.

) et A be a RATIONAL
Take BG commensurabl

Let us collect the properties.

= 5 e BG and GC are rationsl. 7
- B Lot the e o H b ol s amoons by which » ¢ o (A e o
(rtional) BG ~ A (BG is rational) the square on BG cxceeds the square on GC. = e
B Choose two numbers DF and FE whose whole is DE, R BC = BG - GC BG? - G H2. v
such that DE : DF and T are NOT ratios of | H i incommensursble with BG. v/
2
square numbers to square 5. BG Ge? w” BG ~ A (rational line). v
D E
o = B From the beginning, BG ~ A, where A is the
o BG? - GC? = H? RATIONAL straight-line lid down.
DE : DF uare : square A 2 G
o [ From DE : EF = BG? : GC2, by conversion we get ~
DE : EF # square : square (rational) BG ~ A

B Arrange DE : EF = BG? : GC*
B G G

BG? Ge?

Since BG? is rational, GC? is rational = GC is rational.

Because DE : EF is not the ratio of square numbers,
BG? : GC? is not such a ratio = BG # GC (Prop. X.9).

@ Hence BG and GC are rational straight-lines
commensurable in square ONLY.

Therefore BC = BG - GC is an APOTOME (Prop. X.73).
B c 6 g—
o BC

BC = BG - GC e

ED : DF = BG? : HP.

i o o ED : DF

— e o =
ED DF BG? : H? N

[ By DEFINITION X.14, a sghtline is « FOURTH APOTOME
i

the remainder of two rational straight-lines commensurable
square only,

« and the square on the whole exceeds that on the subtrahend

@ By hypothesis, ED : DF is NOT the ratio of square numbers
to square numbers.
Therefore BG? : H? is NOT such a ratio cither.

[ Hence BG # H (Prop. X.9).
B G " " 8
#

Therefore BG? — GC? = HZ,
where H is a straight-line INCOMMENSURABLE
in length with BG.
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by the square on a line INCOMMENSURABLE in length
with the whole,

+ and the whole is commensurable in length with the

assigned rational line.
{
Therefore BC satisfies all the conditions of
DEFINITION X.14.
Hence BC is a FOURTH APOTOME.

v

Thus a FOURTH APOTOME — BC —
has been found.
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2.89 Proposition 89

Statement

1o find a fifth apotome.

Proof Actions

I.

10.
11.

12.

13.

14.

Let the rational (straight-line) A be laid down, and let CG be commensu-
rable in length with A.

Thus, CG [is] a rational (straight-line).

And let the two numbers DF and FE be laid down such that DE again does
not have to each of DF and FE the ratio which (some) square number (has)
to (some) square number.

. And let it have been contrived that as FE (is) to ED, so the (square) on

CG (is) to the (square) on GB.

. Thus, the (square) on GB (is) also rational [Prop. 10.6].
. Thus, BG is also rational.

. And since as DE is to EF, so the (square) on BG (is) to the (square) on

GC.

. And DE does not have to EF the ratio which (some) square number (has)

to (some) square number.

The (square) on BG thus does not have to the (square) on GC the ratio
which (some) square number (has) to (some) square number either.

Thus, BG is incommensurable in length with GC [Prop. 10.9].
And they are both rational (straight-lines).

BG and GC are thus rational (straight-lines which are) commensurable
in square only.

Thus, BC is an apotome [Prop. 10.73].
So, I say that (it is) also a fifth (apotome).
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15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

For, let the (square) on H be that (area) by which the (square) on BG is
greater than the (square) on GC [Prop. 10.13 lem.].

Therefore, since as the (square) on BG (is) to the (square) on GC, so DE
(is) to EF, thus, via conversion, as ED is to DF, so the (square) on BG (is)
to the (square) on H [Prop. 5.19 corr.].

And ED does not have to DF the ratio which (some) square number (has)
to (some) square number.

Thus, the (square) on BG does not have to the (square) on H the ratio
which (some) square number (has) to (some) square number either.

Thus, BG is incommensurable in length with H [Prop. 10.9].

And the square on BG is greater than (the square on) GC by the (square)
on H.

Thus, the square on GB is greater than (the square on) GC by the (square)
on (some straight-line) incommensurable in length with (GB).

And the attachment CG is commensurable in length with the (previously)
laid down rational (straightline) A.

Thus, BC is a fifth apotome [Def. 10.15].

Thus, the fifth apotome BC has been found.

(Which is) the very thing it was required to show.
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Complete Cinematic Logic

Let the rational (straight-line) A be laid down, and let CG be
commensurable in length with A.

Y

The (square) on BG thus does not have to the (square) on GC the ratio
which (some) square number (has) to (some) square number either.

4

And ED does not have to DF the ratio which (some) square number
(has) to (some) square number.

U

(Which is) the very thing it was required to show.

4

Conclusion: Proposition 89 established.

EUCLID, ELEMENTS - BOOK X ¢ PROPOSITION 89

l TO FIND A FIFTH APOTOME. l

5 Let us collect the properties.

Let the square on H be equal to the amount by which

; BG and GC are rational.

4 the square on BG exceeds the square on GC. e sadIGe . 7
BG and GC are commensurable v/

[~ P in square ONLY.
BG? Ge? e
| .

(rational) CG ~ A (CG is rational)

Choose two numbers DF and FE whose whole is DE, BC = BG - GC BC = BG - GC is an apotome. v/

such that DE : DF and DE : EF are NOT ratios of BG? - GC* = HA. v
square numbers o square numbers. H is INCOMMENSURABLE v/
g % 5 BG? - GC? = H? with BG.

e — CG ~ A (rational line). v

DE
DE : DF # square : square
DE : EF # square : square
Amange FE : ED = CG* : GB.
@ G F B

o6
B Hence GB? is rati
B Eaquivalendy, D}
@ Since DE : EF is not the ratio of square numbers,
BG? : GC? is not such a ratio = BG # GC (Prop. X.9).

Hence BG and GC are rational and
commensurable in square ONLY.

Therefore BC = BG - GC is an APOTOME (Prop. X.73).

[ Feom DE : EF = BG? : GC?, by comversion we get
e T gy o B From the beginning, CG ~ A, where A is the

RATIONAL straightline laid down.

BG : 1?
£ o L o] A G G
S = =
ED DF ED : DF (rational) G~ A
[ By hypothesis, ED : DF is NOT the ratio of @ By DEFINITION X.15, a straight-line is a FIFTH APOTOME.
square numbers to square numbers. if it s the remainder of two rational straight-lines
Therefore BG® : H? is NOT such a ratio cither. commensurable in square only,
« and the sq whole exceeds that on the subtrahend
[ Hence BG # H (Prop. X.9). by the squar line INCOMMENSURABLE in length
5 - e I with the whole,
# « and the subtrahend is commensurable in length with
the assigned rational line.
2
B Therefore BG* - GC* = H?, (5] Therefore BC all the conditions of
where H is a straight-line INCOMMENSURABLE DE] ON X.15.
in length with BG. Hence BC is a FIFTH APOTOME.
B G H H
—— Aol .

3
Thus the FIFTH APOTOME — BC —
has been found.
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2.90 Proposition 90

Statement

To find a sixth apotome.

Proof Actions

1.

10.

I1.

Let the rational (straight-line) A, and the three numbers E, BC, and CD,
not having to one another the ratio which (some) square number (has) to
(some) square number, be laid down.

. Furthermore, let CB also not have to BD the ratio which (some) square

number (has) to (some) square number.

. And let it have been contrived that as E (is) to BC, so the (square) on A

(is) to the (square) on FG, and as BC (is) to CD, so the (square) on FG
(is) to the (square) on GH [Prop. 10.6 corr.].

Therefore, since as E is to BC, so the (square) on A (is) to the (square)
on FG, the (square) on A (is) thus commensurable with the (square) on
FG [Prop. 10.6].

. And the (square) on A (is) rational.

Thus, the (square) on FG (is) also rational.

. Thus, FG is also a rational (straight-line).

. And since E does not have to BC the ratio which (some) square number

(has) to (some) square number, the (square) on A thus does not have to
the (square) on FG the ratio which (some) square number Thus, A is in-
(has) to (some) square number either. commensurable in length with FG
[Prop. 10.9].

Again, since as BC is to CD, so the (square) on FG (is) to the (square)
on GH, the (square) on FG (is) thus commensurable with the (square) on
GH [Prop. 10.6].

And the (square) on FG (is) rational.
Thus, the (square) on GH (is) also rational.
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12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

Thus, GH (is) also rational.

And since BC does not have to CD the ratio which (some) square number
(has) to (some) square number, the (square) on FG thus does not have to
the (square) on GH the ratio which (some) square (number) has to (some)
square (number) either.

Thus, FG is incommensurable in length with GH [Prop. 10.9].

And both are rational (straightThus, FG and GH are rational (straight-
lines lines). which are) commensurable in square only.

Thus, FH is an apotome [Prop. 10.73].
So, I say that (it is) also a sixth (apotome).

For since as E is to BC, so the (square) on A (is) to the (square) on FG,
and as BC (is) to CD, so the (square) on FG (is) to the (square) on GH,
thus, via equality, as E is to CD, so the (square) on A (is) to the (square)
on GH [Prop. 5.22].

And E does not have to CD the ratio which (some) square number (has)
to (some) square number.

Thus, the (square) on A does not have to the (square) GH the ratio which
(some) square number (has) to (some) square number either.

A is thus incommensurable in length with GH [Prop. 10.9].

Thus, neither of FG and GH is commensurable in length with the rational
(straight-line) A.

Therefore, let the (square) on K be that (area) by which the (square) on
FG is greater than the (square) on GH [Prop. 10.13 lem.].

Therefore, since as BC is to CD, so the (square) on FG (is) to the (square)
on GH, thus, via conversion, as CB is to BD, so the (square) on FG (is)
to the (square) on K [Prop. 5.19 corr.].

And CB does not have to BD the ratio which (some) square number (has)
to (some) square number.

Thus, the (square) on FG does not have to the (square) on K the ratio
which (some) square number (has) to (some) square number either.
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27.

28.

29.

30.

31.

32.

33.

FG is thus incommensurable in length with K [Prop. 10.9].

And the square on FG is greater than (the square on) GH by the (square)
on K.

Thus, the square on FG is greater than (the square on) GH by the (square)
on (some straightline) incommensurable in length with (FG).

And neither of FG and GH is commensurable in length with the (previ-
ously) laid down rational (straight-line) A.

Thus, FH is a sixth apotome [Def. 10.16].

Thus, the sixth apotome FH has been found.

(Which is) the very thing it was required to show.

Complete Cinematic Logic

Let the rational (straight-line) A, and the three numbers E, BC, and
CD, not having to one another the ratio which (some) square number
(has) to (some) square number, be laid down.

Y
Thus, GH (is) also rational. ‘

4

Therefore, let the (square) on K be that (area) by which the (square) on
FG is greater than the (square) on GH [Prop. 10.13 lem.].

ll

(Which is) the very thing it was required to show. ‘

4

Conclusion: Proposition 90 established.
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1. CONSTRUCTING FH AS AN APOTOME.

TO FIND A SIXTH APOTOME.

EUCLID, ELEMENTS — BOOK X ¢ PROPOSITION 90

= h‘ ct FH as a SIXTH APOTOME.

B et the square on K be equal to the amount by which
the square on FG exceeds the square on GH.

GH? K2

FG* - GH® = K*

B From BC : CD = FG? : GH?, by conversion we get
CB:BD = FG* : K*
& 5 3 CB : BD

Hence FG # K (Prop. X.9).

F G K K
#

of square numbers,
o = FG # GH (Prop. X.9)

Therefore FG? — GH? = K?,
where K is a straight-line INCOMMENSURABLE.
in length with FG.

F G K K
#

2.91 Proposition 91

Statement

cB BD FG? : K2

3. CONCLUDING THAT FH IS A SIXTH APOTOME.

@ From (2) and (3) by equality of ratios:

E:CD = A? : GH? A
Since E : CD is not the ratio of square numbers, (rational)
A% : GH? i not such a ratio = A # GH (Prop. X9). #

Thus GH is incommensurable in length with A.

[B By DEFINITION X.16, a stightine is a SIXTH APOTOME
i it is the remainder of two rational straight-lines

+ and the square on the whole exceeds that on the subtrahend
by the square on a line INCOMMENSURABLE in length
with the whle,

+ and neither the whole nor the subtrahend is commensurable
in length with the assigned rational line.

v
Therefore FH satisfies all the conditions of
DEFINITION X.16.
Hence FH is a SIXTH APOTOME.

i e — -
Thus the SIXTH APOTOME — FH —
has been found.

@

If an area is contained by a rational (straight-line) and a first
apotome then the square-root of the area is an apotome.

Proof Actions

1. For let the area AB have been contained by the rational (straight-line) AC

and the first apotome AD.

2. I say that the square-root of area AB is an apotome.

3. For since AD is a first apotome, let DG be its attachment.

4. Thus, AG and DG are rational (straight-lines which are) commensurable

in square only [Prop. 10.73].

5. And the whole, AG, is commensurable (in length) with the (previously)
laid down rational (straight-line) AC, and the square on AG is greater
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10.
11.

12.

13.
14.

15.
16.
17.
18.

19.

20.
21.

22.

than (the square on) GD by the (square) on (some straight-line) commen-
surable in length with (AG) [Def. 10.11].

Thus, if (an area) equal to the fourth part of the (square) on DG is applied
to AG, falling short by a square figure, then it divides (AG) into (parts
which are) commensurable (in length) [Prop. 10.17].

Let DG have been cut in half at E.

And let (an area) equal to the (square) on EG have been applied to AG,
falling short by a square figure.

And let it be the (rectangle contained) by AF and FG.
AF is thus commensurable (in length) with FG.

And let EH, FI, and GK have been drawn through points E, F, and G
(respectively), parallel to AC.

And since AF is commensurable in length with FG, AG is thus also com-
mensurable in length with each of AF and FG [Prop. 10.15].

But AG is commensurable (in length) with AC.

Thus, each of AF and FG is also commensurable in length with AC [Prop.
10.12].

And AC is a rational (straight-line).
Thus, AF and FG (are) each also rational (straight-lines).
Hence, Al and FK are also each rational (areas) [Prop. 10.19].

And since DE is commensurable in length with EG, DG is thus also com-
mensurable in length with each of DE and EG And DG (is) rational, and
incommen- [Prop. 10.15]. surable in length with AC.

DE and EG (are) thus each rational, and incommensurable in length with
AC [Prop. 10.13].

Thus, DH and EK are each medial (areas) [Prop. 10.21].
So let the square LM, equal to Al, be laid down.

And let the square NO, equal to FK, have been sub387 tracted (from LM),
having with it the common angle LPM.
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23.

24.

25.

26.

27.

28.
29.
30.
31.
32.
33.
34.
35.
36.
37.
38.

39.
40.

41.

Thus, the squares LM and NO are about the Let PR be their (comsame
diagonal [Prop. 6.26]. mon) diagonal, and let the (rest of the) figure have
been drawn.

Therefore, since the rectangle contained by AF and FG is equal to the
square EG, thus as AF is to EG, so EG (is) to FG [Prop. 6.17].

But, as AF (is) to EG, so Al (is) to EK, and as EG (is) to FG, so EK is to
KF [Prop. 6.1].

Thus, EK is the mean proportional to Al and KF [Prop. 5.11].

And MN is also the mean proportional to LM and NO, as shown before
[Prop. 10.53 lem.].

And Al is equal to the square LM, and KF to NO.

Thus, MN is also equal to EK.

But, EK is equal to DH, and MN to LO [Prop. 1.43].

Thus, DK is equal to the gnomon UV W and NO.

And AK is also equal to (the sum of) the squares LM and NO.
Thus, the remainder AB is equal to ST .

And ST is the square on LN.

Thus, the square on LN is equal to AB.

Thus, LN is the square-root of AB.

So, I say that LN is an apotome.

For since Al and FK are each rational (areas), and are equal to LM and
NO (respectively), thus LM and NO—that is to say, the (squares) on each
of LP and PN (respectively)—are also each rational (areas).

Thus, LP and PN are also each rational (straight-lines).

Again, since DH is a medial (area), and is equal to LO, LO Therefore,
since LO is is thus also a medial (area). medial, and NO rational, LO is
thus incommensurable with NO.

And as LO (is) to NO, so LP is to PN [Prop. 6.1].
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42.

43.

44,

45.

46.

47.

LP is thus incommensurable in length with PN [Prop. 10.11].

And they are both rational (straightThus, LP and PN are rational (straight-
lines lines). which are) commensurable in square only.

Thus, LN is an apotome [Prop. 10.73].

And it is the square-root of area AB.

Thus, the square-root of area AB is an apotome.

Thus, if an area is contained by a rational (straightline), and soon. . . .

Complete Cinematic Logic

For let the area AB have been contained by the rational (straight-line)
AC and the first apotome AD.

ll

’ Thus, AF and FG (are) each also rational (straight-lines). ‘

\
’ And AK is also equal to (the sum of) the squares LM and NO. ‘

ll

’ Thus, if an area is contained by a rational (straightline), and soon . . . ‘

4

Conclusion: Proposition 91 established.
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EUCLID, ELEMENTS - BOOK X ¢ PROPOSITION 91

IF AN AREA IS CONTAINED BY A RATIONAL ANDA FIRST APOTOME
THEN THE SQUARE-ROOT OF THE AREAIS AN APOTOME.

| B Avtach the term DG to AD. | B8 Bisect DG and form a rectangle. | Draw parattels w0 AC.

4G a0d DG e sl and commensrste ) Cut DG at E so that DE = EG Through E, F, G deaw EH,
by the ratonal sraight-ine AC in squars cnly Ao, AG ~ AC (mional, ‘ Apply 1 AG, deficien by a square EG%, A L
and the it spotome AD. | e the s on 4G canned thet o DG A"
T e by the sqare on 3 line commensusble Let the resubing rectngle be AF - FG. 1 I =
o with AG (frt apotome property). ‘Then by Prop. X.17, AF ~ FG. o e e
@
AG bG? |
e e AF FG
4 » G |
A o
D E G )
Ap DG s A F DIRNERRG
4G ~ AC AD DE - £G
B D5t 56 are raons [ Y ——

Construct square LM oqual to area AL
From it subtract sare NO el to
arca FK, having a common angle.
The two squares lie about

the same diagonal.

(At 2% = - k)

[ 17 and PN e ration.
Since the squares on LP and PN

(B 17 and P are incommensaie.
The arn 10 i o while NO i
ol Theos L0 s e
i NO.

In the square construction, MN s the
mean proportional between LM and NO.
Since LM = Al and NO = KF,

it follows that MN = EK.

‘ e MN MN = EK

L

only, by Prop. X.73, LN i an spotome.
p PN

T g ST, LY f T i
/ ]j is an APOTOME.

i N

B Thercfore the square-root of the arca is an spotome.
Since LN? = AB, the squarc-root of the given arca AB ar Therefore

b LP £ PN LN = LP - PN

2.92 Proposition 92

Statement

If an area is contained by a rational (straight-line) and a second
apotome then the square-root of the area is a first apotome of a
medial (straight-line).

Proof Actions

1. For let the area AB have been contained by the rational (straight-line) AC
and the second apotome AD.

2. I say that the square-root of area AB is the first apotome of a medial
(straight-line).

3. For let DG be an attachment to AD.

4. Thus, AG and GD are rational (straight-lines which are) commensurable
in square only [Prop. 10.73], and the attachment DG is commensurable
(in length) with the (previously) laid down rational (straight-line) AC,
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

and the square on the whole, AG, is greater than (the square on) the at-
tachment, GD, by the (square) on (some straight-line) commensurable in
length with (AG) [Def. 10.12].

. Therefore, since the square on AG is greater than (the square on) GD

by the (square) on (some straight-line) commensurable (in length) with
(AG), thus if (an area) equal to the fourth part of the (square) on GD is
applied to AG, falling short by a square figure, then it divides (AG) into
(parts which are) commensurable (in length) [Prop. 10.17].

. Therefore, let DG have been cut in half at E.

And let (an area) equal to the (square) on EG have been applied to AG,
falling short by a square figure.

And let it be the (rectangle contained) by AF and FG.

. Thus, AF is commensurable in length with FG.

AG is thus also commensurable in length with each of AF and FG [Prop.
10.15].

And AG (is) a rational (straight-line), and incommensurable in length
with AC.

AF and FG are thus also each rational (straight-lines), and incommensu-
rable in length with AC [Prop. 10.13].

Thus, Al and FK are each medial (areas) [Prop. 10.21].

Again, since DE is commensurable (in length) with EG, thus DG is also
commensurable (in length) with each of DE and EG [Prop. 10.15].

But, DG is commensurable in length with AC [thus, DE and EG are also
each rational, and commensurable in length with AC].

Thus, DH and EK are each rational (areas) [Prop. 10.19].
Therefore, let the square LM, equal to Al, have been constructed.

And let NO, equal to FK, which is about the same angle LPM as LM,
have been subtracted (from LM).

Thus, the squares LM and NO are about the same diagonal [Prop. 6.26].
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20.

21.

22.

23.

24.
25.
26.

27.

28.
29.
30.
31.
32.

33.
34.
35.
36.
37.

38.

Let PR be their (common) diagonal, and let the (rest of the) figure have
been drawn.

Therefore, since Al and FK are medial (areas), and are equal to the
(squares) on LP and PN (respectively), [thus] the (squares) on LP and
PN are also medial.

Thus, LP and PN are also medial (straight-lines which are) commensu-
rable in square only.

And since the (rectangle contained) by AF and FG is equal to the (square)
on EG, thus as AF is to EG, so EG (is) to FG [Prop. 10.17].

But, as AF (is) to EG, so Al (is) to EK.
And as EG (is) to FG, so EK [is] to FK [Prop. 6.1].
Thus, EK is the mean proportional to Al and FK [Prop. 5.11].

And MN is also the mean proportional to the squares LM and NO [Prop.
10.53 lem.].

And Al is equal to LM, and FK to NO.

Thus, MN is also equal to EK.

But, DH [is] equal to EK, and LO equal to MN [Prop. 1.43].
Thus, the whole (of) DK is equal to the gnomon UV W and NO.

Therefore, since the whole (of) AK is equal to LM and NO, of which DK
is equal to the gnomon UV W and NO, the remainder AB is thus equal
toTS.

And T S is the (square) on LN.

Thus, the (square) on LN is equal to the area AB.

LN is thus the square-root of area AB.

[So], I say that LN is the first apotome of a medial (straight-line).

For since EK is a rational (area), and is equal to LO, LO—that is to say,
the (rectangle contained) by LP and PN—is thus a rational (area).

And NO was shown (to be) a medial (area).
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Thus, LO is incommensurable with NO.

And as LO (is) to NO, so LP is to PN Thus, LP and PN are incommensu-
rable [Prop. 6.1].

LP and PN are thus medial in length [Prop. 10.11].

(straight-lines which are) commensurable in square only, and which con-
tain a rational (area).

Thus, LN is the first apotome of a medial (straight-line) [Prop. 10.74].
And it is the square-root of area AB.

Thus, the square root of area AB is the first apotome of a medial (straight-
line).

(Which is) the very thing it was required to show.

P N are commensurable in square, rather than in square only, since LP

Complete Cinematic Logic

For let the area AB have been contained by the rational (straight-line)
AC and the second apotome AD.

4

Thus, DH and EK are each rational (areas) [Prop. 10.19]. ‘

Y

Therefore, since the whole (of) AK is equal to LM and NO, of which
DK is equal to the gnomon UV W and NO, the remainder AB is thus
equalto T S.

ll

P N are commensurable in square, rather than in square only, since LP

4

Conclusion: Proposition 92 established.
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EUCLID, ELEMENTS — BOOK X ¢ PROPOSITION 92

IF AN AREA IS CONTAINED BY A RATIONAL AND A SECOND APOTOME
THEN THE SQUARE-ROOT OF THE AREA IS A FIRST APOTOME OF A MEDIAL.

D Thoush £, . G dew EH, FI, GK
paralll 0 AC

Then by Prop. X.17, AF ~ FG.

¢ AG?-GD = k?
* ~ AG) 4 D E G A F DEFVEIG

Hence the rectangles DH and EK
are RATIONAL arcas.
1 H K

Al | EK | FK
(medisl)

(cuona | (mecin)
(rational) | (rational) i N A F E

At oK = e )

RATIONAL. M
A 7
RATIONAL. A< o

Therefore
VAB = LN
is a FIRST APOTOME
OF A MEDIAL.

FIRST APOTOME

FIRS ME
OF A MEDIAL OF A MEDIAL.

2.93 Proposition 93

Statement

If an area is contained by a rational (straight-line) and a third
apotome then the square-root of the area is a second apotome
of a medial (straight-line).

Proof Actions

1. For let the area AB have been contained by the rational (straight-line) AC
and the third apotome AD.

2. I say that the square-root of area AB is the second apotome of a medial
(straight-line).

3. For let DG be an attachment to AD.

4. Thus, AG and GD are rational (straight-lines which are) commensurable
in square only [Prop. 10.73], and neither of AG and GD is commensu-
rable in length with the (previ390 ously) laid down rational (straight-line)
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15.

16.

17.
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19.

AC, and the square on the whole, AG, is greater than (the square on) the
attachment, DG, by the (square) on (some straightline) commensurable
(in length) with (AG) [Def. 10.13].

. Therefore, since the square on AG is greater than (the square on) GD

by the (square) on (some straight-line) commensurable (in length) with
(AG), thus if (an area) equal to the fourth part of the square on DG is
applied to AG, falling short by a square figure, then it divides (AG) into
(parts which are) commensurable (in length) [Prop. 10.17].

Therefore, let DG have been cut in half at E.

And let (an area) equal to the (square) on EG have been applied to AG,
falling short by a square figure.

And let it be the (rectangle contained) by AF and FG.

. And let EH, FI, and GK have been drawn through points E, F, and G

(respectively), parallel to AC.
Thus, AF and FG are commensurable (in length).
Al (is) thus also commensurable with FK [Props. 6.1, 10.11].

And since AF and FG are commensurable in length, AG is thus also com-
mensurable in length with each of AF and FG [Prop. 10.15].

And AG (is) rational, and incommensurable in length with AC.

Hence, AF and FG (are) also (rational, and incommensurable in length
with AC) [Prop. 10.13].

Thus, Al and FK are each medial (areas) [Prop. 10.21].

Again, since DE is commensurable in length with EG, DG is also com-
mensurable in length with each of DE and EG [Prop. 10.15].

And GD (is) rational, and incommensurable in length with AC.

Thus, DE and EG (are) each also rational, and incommensurable in length
with AC [Prop. 10.13].

DH and EK are thus each medial (areas) [Prop. 10.21].
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And since AG and GD are commensurable in square only, AG is thus
incommensurable in length with GD.

But, AG is commensurable in length with AF, and DG with EG.
Thus, AF is incommensurable in length with EG [Prop. 10.13].
And as AF (is) to EG, so Al is to EK [Prop. 6.1].

Thus, Al is incommensurable with EK [Prop. 10.11].

Therefore, let the square LM, equal to Al, have been constructed.

And let NO, equal to FK, which is about the same angle as LM, have
been subtracted (from LM).

Thus, LM and NO are about the same diagonal [Prop. 6.26].

Let PR be their (common) diagonal, and let the (rest of the) figure have
been drawn.

Therefore, since the (rectangle contained) by AF and FG is equal to the
(square) on EG, thus as AF is to EG, so EG (is) to FG [Prop. 6.17].

But, as AF (is) to EG, so Al is to EK [Prop. 6.1].
And as EG (is) to FG, so EK is to FK [Prop. 6.1].
And thus as Al (is) to EK, so EK (is) to FK [Prop. 5.11].
Thus, EK is the mean proportional to Al and FK.

And MN is also the mean proportional to the squares LM and NO [Prop.
10.53 lem.].

And Al is equal to LM, and FK to NO.

Thus, EK is also equal to MN.

But, MN is equal to LO, and EK [is] equal to DH [Prop. 1.43].
And thus the whole of DK is equal to the gnomon UV W and NO.
And AK (is) also equal to LM and NO.

Thus, the remainder AB is equal to ST —that is to say, to the square on
LN.
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Thus, LN is the square-root of area AB.

I say that LN is the second apotome of a medial (straight-line).

For since Al and FK were shown (to be) medial (areas), and are equal to
the (squares) on LP and PN (respectively), the (squares) on each of LP

and PN (are) thus also medial.

Thus, LP and PN (are) each medial And since Al is commensurable with
(straight-lines).

FK [Props. 6.1, 10.11], the (square) on LP (is) thus also commensurable
with the (square) on PN.

Again, since Al was shown (to be) incommensurable with EK, LM is
thus also incommensurable with MN—that is to say, the (square) on LP

with the (rectangle contained) by LP and PN.

Hence, LP is also incommensurable in length with PN [Props. 6.1,
10.11].

Thus, LP and PN are medial (straight-lines which are) commensurable in
square only.

So, I say that they also contain a medial (area).
For since EK was shown (to be) a medial (area), and is equal to the (rect-
angle contained) by LP and PN, the (rectangle contained) by LP and PN

is thus also medial.

Hence, LP and PN are medial (straight-lines which are) commensurable
in square only, and which contain a medial (area).

Thus, LN is the second apotome of a medial (straight-line) [Prop. 10.75].
And it is the square-root of area AB.

Thus, the square-root of area AB is the second apotome of a medial
(straight-line).

(Which is) the very thing it was required to show.
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Complete Cinematic Logic

For let the area AB have been contained by the rational (straight-line)
AC and the third apotome AD.

4

‘ DH and EK are thus each medial (areas) [Prop. 10.21]. ‘

\
‘ But, MN is equal to LO, and EK [is] equal to DH [Prop. 1.43]. ‘

U

‘ (Which is) the very thing it was required to show. ‘

4

Conclusion: Proposition 93 established.

EUCLID, ELEMENTS — BOOK X ¢ PROPOSITION 93 " 8.0
) - i = i
LX §
IF AN AREA IS CONTAINED BY A RATIONAL AND A THIRD APOTOME \}
THEN THE SQUARE-ROOT OF THE AREA IS A u.’ f »
SECOND APOTOME OF A MEDIAL. T =
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2.94 Proposition 94

Statement

If an area is contained by a rational (straight-line) and a fourth
apotome then the square-root of the area is a minor (straight-
line).

Proof Actions

1.

For let the area AB have been contained by the rational (straight-line) AC
and the fourth apotome AD.

I say that the square-root of area AB is a minor (straight392 line).
For let DG be an attachment to AD.

Thus, AG and DG are rational (straight-lines which are) commensurable
in square only [Prop. 10.73], and AG is commensurable in length with
the (previously) laid down rational (straight-line) AC, and the square on
the whole, AG, is greater than (the square on) the attachment, DG, by
the square on (some straight-line) incommensurable in length with (AG)
[Def. 10.14].

. Therefore, since the square on AG is greater than (the square on) GD

by the (square) on (some straight-line) incommensurable in length with
(AG), thus if (some area), equal to the fourth part of the (square) on DG,
is applied to AG, falling short by a square figure, then it divides (AG)
into (parts which are) incommensurable (in length) [Prop. 10.18].

. Therefore, let DG have been cut in half at E, and let (some area), equal

to the (square) on EG, have been applied to AG, falling short by a square
figure, and let it be the (rectangle contained) by AF and FG.

Thus, AF is incommensurable in length with FG.

Therefore, let EH, FI, and GK have been drawn through E, F, and G
(respectively), parallel to AC and BD.

Therefore, since AG is rational, and commensurable in length with AC,
the whole (area) AK is thus rational [Prop. 10.19].
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Again, since DG is incommensurable in length with AC, and both are
rational (straight-lines), DK is thus a medial (area) [Prop. 10.21].

Again, since AF is incommensurable in length with FG, Al (is) thus also
incommensurable with FK [Props. 6.1, 10.11].

Therefore, let the square LM, equal to Al, have been constructed.

And let NO, equal to FK, (and) about the same angle, LPM, have been
subtracted (from LM).

Thus, the squares LM and NO are about the same diagonal [Prop. 6.26].

Let PR be their (common) diagonal, and let the (rest of the) figure have
been drawn.

Therefore, since the (rectangle contained) by AF and FG is equal to the
(square) on EG, thus, proportionally, as AF is to EG, so EG (is) to FG
[Prop. 6.17].

But, as AF (is) to EG, so Al is to EK, and as EG (is) to FG, so EK is to
FK [Prop. 6.1].

Thus, EK is the mean proportional to Al and FK [Prop. 5.11].

And MN is also the mean proportional to the squares LM and NO [Prop.
10.13 lem.], and Al is equal to LM, and FK to NO.

EK is thus also equal to MN.
But, DH is equal to EK, and LO is equal to MN [Prop. 1.43].
Thus, the whole of DK is equal to the gnomon UV W and NO.

Therefore, since the whole of AK is equal to the (sum of the) squares LM
and NO, of which DK is equal to the gnomon UV W and the square NO,
the remainder AB is thus equal to ST —that is to say, to the square on
LN.

Thus, LN is the square-root of area AB.
I say that LN is the irrational (straight-line which is) called minor.

For since AK is rational, and is equal to the (sum of the) squares LP and
PN, the sum of the (squares) on LP and PN is thus rational.
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Again, since DK is medial, and DK is equal to twice the (rectangle con-
tained) by LP and PN, thus twice the (rectangle contained) by LP and PN
is medial.

And since Al was shown (to be) incommensurable with FK, the square
on LP (is) thus also incommensurable with the square on PN.

Thus, LP and PN are (straight-lines which are) incommensurable in
square, making the sum of the squares on them rational, and twice the
(rectangle contained) by them medial.

LN is thus the irrational (straight-line) called minor [Prop. 10.76].
And it is the square-root of area AB.
Thus, the square-root of area AB is a minor (straightline).

(Which is) the very thing it was required to show.

Complete Cinematic Logic

For let the area AB have been contained by the rational (straight-line)
AC and the fourth apotome AD.

U

Therefore, let the square LM, equal to Al, have been constructed. ‘

4

Therefore, since the whole of AK is equal to the (sum of the) squares
LM and NO, of which DK is equal to the gnomon UV W and the
square NO, the remainder AB is thus equal to ST —that is to say, to
the square on LN.

ll

(Which is) the very thing it was required to show.

4

Conclusion: Proposition 94 established.
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EUCLID, ELEMENTS - BOOK X ¢ PROPOSITION 94

IF AN AREA IS CONTAINED BY A RATIONAL AND A FOURTH APOTOME
THEN THE SQUARE-ROOT OF THE AREA IS A MINOR.

B Draw parallels to AC.
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AD DE

s
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G is rational but incommensursble
in length with AC, the rectangle DK is i

1
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D T the squarerooe of the gven aren [ P
M Since AK i equals
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> P__l, | LP'+ PN'is RATIONAL
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] L ;
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Thereore, by Prop. X76, / >,

LP — PN is the MINOR. L

2.95 Proposition 95

Statement

If an area is contained by a rational (straight-line) and a fifth
apotome then the square-root of the area is that (straight-line)
which with a rational (area) makes a medial whole.

Proof Actions

1. For let the area AB have been contained by the rational (straight-line)
AC and the fifth apotome AD. say that the square-root of area AB is that
(straight-line) which with a rational (area) makes a medial whole.

2. For let DG be an attachment to AD.

3. Thus, AG and DG are rational (straight-lines which are) commensurable
in square only [Prop. 10.73], and the attachment GD is commensurable in
length the the (previously) laid down rational (straight-line) AC, and the
square on the whole, AG, is greater than (the square on) the attachment,
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DG, by the (square) on (some straight-line) incommensurable (in length)
with (AG) [Def. 10.15].

. Thus, if (some area), equal to the fourth part of the (square) on DG, is

applied to AG, falling short by a square figure, then it divides (AG) into
(parts which are) incommensurable (in length) [Prop. 10.18].

. Therefore, let DG have been divided in half at point E, and let (some area),

equal to the (square) on EG, have been applied to AG, falling short by a
square figure, and let it be the (rectangle contained) by AF and FG.

Thus, AF is incommensurable in length with FG.

. And since AG is incommensurable in length with CA, and both are ratio-

nal (straight-lines), AK is thus a medial (area) [Prop. 10.21].

Again, since DG is rational, and commensurable in length with AC, DK
is a rational (area) [Prop. 10.19].

Therefore, let the square LM, equal to Al, have been constructed.

And let the square NO, equal to FK, (and) about the same angle, LPM,
have been subtracted (from NO).

Thus, the squares LM and NO are about the same diagonal [Prop. 6.26].

Let PR be their (common) diagonal, and let (the rest of) the figure have
been drawn.

So, similarly (to the previous propositions), we can show that LN is the
square-root of area AB.

I say that LN is that (straight-line) which with a rational (area) makes a
medial whole.

For since AK was shown (to be) a medial (area), and is equal to (the sum
of) the squares on LP and PN, the sum of the (squares) on LP and PN is
thus medial.

Again, since DK is rational, and is equal to twice the (rectangle contained)
by LP and PN, (the latter) is also rational.

And since Al is incommensurable with FK, the (square) on LP is thus
also incommensurable with the (square) on PN.
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18. Thus, LP and PN are (straight-lines which are) incommensurable in
square, making the sum of the squares on them medial, and twice the
(rectangle contained) by them rational.

19. Thus, the remainder LN is the irrational (straight-line) called that which
with a rational (area) makes a medial whole [Prop. 10.77].

20. And it is the square-root of area AB.

21. Thus, the square-root of area AB is that (straightline) which with a ratio-
nal (area) makes a medial whole.

22. (Which is) the very thing it was required to show.

Complete Cinematic Logic

For let the area AB have been contained by the rational (straight-line)
AC and the fifth apotome AD. say that the square-root of area AB is
that (straight-line) which with a rational (area) makes a medial whole.

4

Again, since DG is rational, and commensurable in length with AC,
DK is a rational (area) [Prop. 10.19].

4

For since AK was shown (to be) a medial (area), and is equal to (the
sum of) the squares on LP and PN, the sum of the (squares) on LP and
PN is thus medial.

ll

‘ (Which is) the very thing it was required to show.

4

Conclusion: Proposition 95 established.
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EUCLID, ELEMENTS — BOOK X ¢ PROPOSITION 95

IF AN AREA IS CONTAINED BY A RATIONAL AND A FIFTH APOTOME
THEN THE SQUARE-ROOT OF THE AREA IS THAT STRAIGHT-LINE

Her = AB,
s LN = VAB. —

LN? = AB hence LN = VAB

B Conclosion by Prop X7. =
M We have:
« LP? # PN? (step 11)

and PN (the two parts).

twice the rectan
PN,
LP? & PN? is MEDIAL F“’ 2LP - PN is RATIONAL.
THAT WHICH WITH A RATIONAL AREA

[ 2P? + PN? is medial 2LP - PN is rational Pt pN? MAKES A MEDIAL WHOLE. LN = LP - PN

LA PN,

3 [ THE SIX IRRATIONAL STRAIGHT-LINES (apotomes and related)
Therefore since LN? = AB, o
the square-root of the given area AB is LN,

‘which is THAT WHICH WITH A RATIONAL AREA
MAKES A MEDIAL WHOLE.

2.96 Proposition 96

Statement

If an area is contained by a rational (straight-line) and a sixth
apotome then the square-root of the area is that (straight-line)
which with a medial (area) makes a medial whole.

Proof Actions

1. For let the area AB have been contained by the rational (straight-line) AC
and the sixth apotome AD.

2. I say that the square-root of area AB is that (straight-line) which with a
medial (area) makes a medial whole.

3. For let DG be an attachment to AD.

4. Thus, AG and GD are rational (straight-lines which are) commensurable
in square only [Prop. 10.73], and neither of them is commensurable in
length with the (previously) laid down rational (straight-line) AC, and the
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square on the whole, AG, is greater than (the square on) the attachment,
DG, by the (square) on (some straight-line) incommensurable in length
with (AG) [Def. 10.16].

Therefore, since the square on AG is greater than (the square on) GD
by the (square) on (some straight-line) incommensurable in length with
(AG), thus if (some area), equal to the fourth part of square on DG, is
applied to AG, falling short by a square figure, then it divides (AG) into
(parts which are) incommensurable (in length) [Prop. 10.18].

Therefore, let DG have been cut in half at [point] E.

. And let (some area), equal to the (square) on EG, have been applied to

AG, falling short by a square figure.

. And let it be the (rectangle contained) by AF and FG.

AF is thus incommensurable in length with FG.
And as AF (is) to FG, so Al is to FK [Prop. 6.1].
Thus, Al is incommensurable with FK [Prop. 10.11].

And since AG and AC are rational (straight-lines which are) commensu-
rable in square only, AK is a medial (area) [Prop. 10.21].

Again, since AC and DG are rational (straight-lines which are) incom-
mensurable in length, DK is also a medial (area) [Prop. 10.21].

Therefore, since AG and GD are commensurable in square only, AG is
thus incommensurable in length with GD.

And as AG (is) to GD, so AK is to KD [Prop. 6.1].
Thus, AK is incommensurable with KD [Prop. 10.11].
Therefore, let the square LM, equal to Al, have been constructed.

And let NO, equal to FK, (and) about the same angle, have been sub-
tracted (from LM).

Thus, the squares LM and NO are about the same diagonal [Prop. 6.26].

Let PR be their (common) diagonal, and let (the rest of) the figure have
been drawn.
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27.

28.

29.

30.

So, similarly to the above, we can show that LN is the square-root of area
AB.

I say that LN is that (straight-line) which with a medial (area) makes a
medial whole.

For since AK was shown (to be) a medial (area), and is equal to the (sum
of the) squares on LP and PN, the sum of the (squares) on LP and PN is
medial.

Again, since DK was shown (to be) a medial (area), and is equal to twice
the (rectangle contained) by LP and PN, twice the (rectangle contained)
by LP and PN is also medial.

And since AK was shown (to be) incommensurable with DK, [thus] the
(sum of the) squares on LP and PN is also incommensurable with twice
the (rectangle contained) by LP and PN.

And since Al is incommensurable with FK, the (square) on LP (is) thus
also incommensurable with the (square) on PN.

Thus, LP and PN are (straight-lines which are) incommensu396 rable
in square, making the sum of the squares on them medial, and twice
the (rectangle contained) by medial, and, furthermore, the (sum of the)
squares on them incommensurable with twice the (rectangle contained)
by Thus, LN is the irrational (straight-line) called them. that which with
a medial (area) makes a medial whole [Prop. 10.78].

And it is the square-root of area AB.

Thus, the square-root of area (AB) is that (straightline) which with a me-
dial (area) makes a medial whole.

(Which is) the very thing it was required to show.
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Complete Cinematic Logic

‘ AB = AC - AD, with AC rational and AD a sixth apotome.
\

AG, GD are rational and commensurable in square only; AG ~ AC
and GD ~ AC.

\
AK medial, DK medial, and AK ~ DK.
\’

= AB, while LP? + PN? and 2LP - PN are medial and
incommensurable.

4

= v/ AB = that which with a medial area makes a medial whole

EUCLID, ELEMENTS — BOOK X ¢ PROPOSITION 96
" IF AN AREA IS CONTAINED BY A RATIONAL AND A SIXTH APOTOME H

THEN THE SQUARE-ROOT OF THE AREA IS THAT STRAIGHT-LINE
WHICH WITH A MEDIAL AREA MAKES A MEDIAL WHOLE.

Attach DG to0 AD. B Bicct DG ot E and apply EG? t0 4G, [ Theough £, F, G deaw EH, FI, GK
Let AB be contained by AG and DG are rational and Let DE = EG. parallel to AC.
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2.97 Proposition 97

Statement

The (square) on an apotome, applied to a rational (straight-
line), produces a first apotome as breadth.

Proof Actions

10.

11.

12.

13.

. Let AB be an apotome, and CD a rational (straightline).

And let CE, equal to the (square) on AB, have been applied to CD, pro-
ducing CF as breadth.

. I say that CF is a first apotome.

For let BG be an attachment to AB.

Thus, AG and GB are rational (straight-lines which are) commensurable
in square only [Prop. 10.73].

. And let CH, equal to the (square) on AG, and KL, (equal) to the (square)

on BG, have been applied to CD.

Thus, the whole of CL is equal to the (sum of the squares) on AG and
GB, of which CE is equal to the (square) on AB.

The remainder FL is thus equal to twice the (rectangle contained) by AG
and GB [Prop. 2.7].

. Let FM have been cut in half at point N.

And let NO have been drawn through N, parallel to CD.

Thus, FO and LN are each equal to the (rectangle contained) by AG and
GB.

And since the (sum of the squares) on AG and GB is rational, and DM is
equal to the (sum of the squares) on AG and GB, DM is thus rational.

And it has been applied to the rational (straight-line) CD, producing CM
as breadth.
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14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

Thus, CM is rational, and commensurable in length with CD [Prop.
10.20].

Again, since twice the (rectangle contained) by AG and GB is medial,
and FL (is) equal to twice the (rectangle contained) by AG and GB, FL
(is) thus a medial (area).

And it is applied to the rational (straight-line) CD, producing FM as
breadth.

FM is thus rational, and incommensurable in length with CD [Prop.
10.22].

And since the (sum of the squares) on AG and GB is rational, and twice
the (rectangle contained) by AG and GB medial, the (sum of the squares)
on AG and GB is thus incommensurable with twice the (rectangle con-
tained) by AG and GB.

And CL is equal to the (sum of the squares) on AG and GB, and FL to
twice the (rectangle contained) by AG and GB.

DM is thus incommensurable with FL.
And as DM (is) to FL, so CM is to FM [Prop. 6.1].
CM is thus incommensurable in length with FM [Prop. 10.11].

And both are rational (straightThus, CM and MF are rational (straight-
lines lines). which are) commensurable in square only.

CF is thus an apotome [Prop. 10.73].
So, I say that (it is) also a first (apotome).

For since the (rectangle contained) by AG and GB is the mean propor-
tional to the (squares) on AG and GB [Prop. 10.21 lem.], and CH is
equal to the (square) on AG, and KL equal to the (square) on BG, and
NL to the (rectangle contained) by AG and GB, NL is thus also the mean
proportional to CH and KL.

Thus, as CH is to NL, so NL (is) to KL.

But, as CH (is) to NL, so CK is to NM, and as NL (is) to KL, so NM is
to KM [Prop. 6.1].
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29.

30.

31.

32.

33.

34.

35.

36.

37.

Thus, the (rectangle contained) by CK and KM is equal to the (square)
on NM— that is to say, to the fourth part of the (square) on FM [Prop.
6.17].

And since the (square) on AG is commensurable with the (square) on GB,
CH [is] also commensurable with KL.

And as CH (is) to KL, so CK (is) to KM [Prop. 6.1].

CK is thus commensurable (in length) with KM [Prop. 10.11].

Therefore, since CM and MF are two unequal straight-lines, and the (rect-
angle contained) by CK and KM, equal to the fourth part of the (square)
on FM, has been applied to CM, falling short by a square figure, and
CK is commensurable (in length) with KM, the square on CM is thus
greater than (the square on) MF by the (square) on (some straight-line)
commensurable in length with (CM) [Prop. 10.17].

And CM is commensurable in length with the (previously) laid down
rational (straight-line) CD.

Thus, CF is a first apotome [Def. 10.15].

Thus, the (square) on an apotome, applied to a rational (straight-line),
produces a first apotome as breadth.

(Which is) the very thing it was required to show.
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Complete Cinematic Logic

AB apotome, C'D rational; apply AB? to C'D and obtain breadth C'F.

y

CM and F'M are rational, CM ~ FM, hence CF = CM — FM is
an apotome.

4

CK-KM = NM? = iFMQ

4

CM? — MF? =O(line ~CM), CM ~CD

4

‘ CF is a FIRST APOTOME

EUCLID, ELEMENTS — BOOK X ¢ PROPOSITION 97

THE (SQUARE) ON AN APOTOME, APPLIED TO A RATIONAL
(STRAIGHT-LINE), PRODUCES A FIRST APOTOME AS BREADTH.

Since AB = AG - B,
s,

CONCLUSION
The (square) on an apotome, cF AB?
applied t0 a rational straight-line,
produces
Cadeitin FIRST APOTOME c F D
Therefore CF = CM ~ MF is a FIRST APOTOME. CF e g = — ]
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2.98 Proposition 98

Statement

The (square) on a first apotome of a medial (straightline), ap-
plied to a rational (straight-line), produces a second apotome
as breadth.

Proof Actions

10.

11.

. Let AB be a first apotome of a medial (straight-line), and CD a rational

(straight-line).

. And let CE, equal to the (square) on AB, have been applied to CD, pro-

ducing CF as breadth.

. I say that CF is a second apotome.

For let BG be an attachment to AB.

. Thus, AG and GB are medial (straight-lines which are) commensurable

in square only, containing a rational (area) [Prop. 10.74].

. And let CH, equal to the (square) on AG, have been applied to CD, pro-

ducing CK as breadth, and KL, equal to the (square) on GB, producing
KM as breadth.

. Thus, the whole of CL is equal to the (sum of the squares) on AG and

GB.
Thus, CL (is) also a medial (area) [Props. 10.15, 10.23 corr.].

And it is applied to the rational (straight-line) CD, producing CM as
breadth.

CM is thus rational, and incommensurable in length with CD [Prop.
10.22].

And since CL is equal to the (sum of the squares) on AG and GB, of which
the (square) on AB is equal to CE, the remainder, twice the (rectangle
contained) by AG and GB, is thus equal to FL [Prop. 2.7].
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13.

14.

15.

16.

17.

18.

19.

20.
21.
22.
23.

24.

25.

26.

27.

28.

And twice the (rectangle contained) by AG and GB [is] rational. Thus,
FL (is) rational.

And it is applied to the rational (straight-line) FE, producing FM as
breadth.

FM is thus also rational, and commensurable in length with CD [Prop.
10.20].

Therefore, since the (sum of the squares) on AG and GB—that is to say,
CL—is medial, and twice the (rectangle contained) by AG and GB— that
is to say, FL—(is) rational, CL is thus incommensurable with FL.

And as CL (is) to FL, so CM is to FM [Prop. 6.1].
Thus, CM (is) incommensurable in length with FM [Prop. 10.11].
And they are both rational (straight-lines).

Thus, CM and MF are rational (straight-lines which are) commensurable
in square only.

CF is thus an apotome [Prop. 10.73].

So, I say that (it is) also a second (apotome).

For let FM have been cut in half at N.

And let NO have been drawn through (point) N, parallel to CD.

Thus, FO and NL are each equal to the (rectangle contained) by AG and
GB.

And since the (rectangle contained) by AG and GB is the mean propor-
tional to the squares on AG and GB [Prop. 10.21 lem.], and the (square)
on AG is equal to CH, and the (rectangle contained) by AG and GB to
NL, and the (square) on BG to KL, NL is thus also the mean proportional
to CH and KL.

Thus, as CH is to NL, so NL (is) to KL [Prop. 5.11].

But, as CH (is) to NL, so CK is to NM, and as NL (is) to KL, so NM is
to MK [Prop. 6.1].

Thus, as CK (is) to NM, so NM is to KM [Prop. 5.11].

301



Euclid’s Elements — Book X Incommensurable Magnitudes

29.

30.

31.

32.

33.

34.

The (rectangle contained) by CK and KM is thus equal to the (square) on
NM [Prop. 6.17]—that is to say, to the fourth part of the (square) on FM
[and since the (square) on AG is commensurable with the (square) on
BG, CH is also commensurable with KL—that is to say, CK with KM].

Therefore, since CM and MF are two unequal straight-lines, and the (rect-
angle contained) by CK and KM, equal to the fourth part of the (square)
on MF, has been applied to the greater CM, falling short by a square fig-
ure, and divides it into commensurable (parts), the square on CM is thus
greater than (the square on) MF by the (square) on (some straight-line)
commensurable in length with (CM) [Prop. 10.17].

The attachment FM is also commensurable in length with the (previously)
laid down rational (straight-line) CD.

CF is thus a second apotome [Def. 10.16].

Thus, the (square) on a first apotome of a medial (straight-line), applied
to a rational (straight-line), produces a second apotome as breadth.

(Which is) the very thing it was required to show.
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Complete Cinematic Logic

AB first apotome of a medial, C'D rational.

4

CM is rational with CM ~ CD; F'M is rational with FM ~ CD;
and CM =~ FM.

4

1
CK -KM=NM? = ZFM2

4

CM? — MF? =O(line ~CM),  FM ~CD

4

|CF is a SECOND APOTOME

EUCLID, ELEMENTS — BOOK X ¢ PROPOSITION 98

THE (SQUARE) ON A FIRST APOTOME OF A MEDIAL (STRAIGHT-LINE),
APPLIED TO A RATIONAL (STRAIGHT-LINE),
PRODUCES A SECOND APOTOME AS BREADTH.

¥

-

Use A
Since AR = AG - GB,
AB? = AG? + GB? - 2AG-GB.

- 1B Avvly he squares on AG and GB [ e p——
Sice AG and GB are il and

commensarable in square,

a GB? s med. But CE = AB2.
e wainder F.
p T
= = .
but CM is not commensursble | "
i lngth with CD. . .
M D c E F L D
M ratonal

but CM # CD

[ R ——
AG - GB i raon,

20 246 - GB is rationsl.
Thas FL is rationl.
Appled 10 rational €D,

it produces FM.

Thercfore FM s rationsl
and FM is commensurable

i lengh with CD.

B 5
L N it PV, ad oo
NO || €.

Then IN = N, and cch
o O and LN e
G- o

B Show X ~ .
Since AG? ~ GB?,
Gt~ K.

And since CH:KL = CK: KM,

it follows tha CK ~ KM,

14 Apotome
(from poteme?
1 rons)

1 tons)

(fem (4 st
o medil?

CL is medial, bt 1. is rational,

it follows that CM and FM

are incommensursble in length.

e hence commensurable in square only.

R T Y
M and M e el

and incommensurable in length,

. Since CF = CM - FM,

M ™M by Prop. X.73,
CF is an APOTOME. i o
c ¥ D o
CF i an APOTOME
oM # d
T O R, s )
e A x o o o o e (T
(e il AL = M and .
[ ac? aB? e =y | oK-RM =M= fRwE [T
AGGB | AGGE + O Az (o Hence CK: NM = NM : KM. ot | e
| Therfore CK KM = NM2 ——
G Lp c K N M D /€ Mus S D)

o NE e D)

Aoy Prop. X.17.
o the grer CM 3 ecange cqual 10
4 FM? has been applicd, deficient by
2 squr, 2od 1 dides M i the

commensurable pars CK and K.

oK - Kt = § B

B e o B Concin
: -
e o | m o b e ; G
et : o
Thus the attached oM |
p— g -
“ e
: o tEETER

W NCE G a L
SECOND APOTOME

PROPOSITION 98
The (square) on a first apotome of a medial,
applied to a rational straight-
produces 2 SECOND APOTOME



Euclid’s Elements — Book X Incommensurable Magnitudes

2.99 Proposition 99

Statement

The (square) on a second apotome of a medial (straight-line),
applied to a rational (straight-line), produces a third apotome
as breadth.

Proof Actions

L.

10.

I1.

12.

Let AB be the second apotome of a medial (straightline), and CD a ratio-
nal (straight-line).

And let CE, equal to the (square) on AB, have been applied to CD, pro-
ducing CF as breadth.

I say that CF is a third apotome.

For let BG be an attachment to AB.

. Thus, AG and GB are medial (straight-lines which are) commensurable

in square only, containing a medial (area) [Prop. 10.75].

. And let CH, equal to the (square) on AG, have been applied to CD, pro-

ducing CK as breadth.

And let KL, equal to the (square) on BG, have been applied to KH, pro-
ducing KM as breadth.

Thus, the whole of CL is equal to the (sum of the squares) on AG and
GB [and the (sum of the squares) on AG and GB is medial].

CL (is) thus also medial [Props. 10.15, 10.23 corr.].

And it has been applied to the rational (straight-line) CD, producing CM
as breadth.

Thus, CM is rational, and incommensurable in length with CD [Prop.
10.22].

And since the whole of CL is equal to the (sum of the squares) on AG
and GB, of which CE is equal to the (square) on AB, the remainder LF is
thus equal to twice the (rectangle contained) by AG and GB [Prop. 2.7].
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13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

Therefore, let FM have been cut in half at point N.
And let NO have been drawn parallel to CD.

Thus, FO and NL are each equal to the (rectangle contained) by AG and
GB.

And the (rectangle contained) by AG and GB (is) medial. Thus, FL is
also medial.

And it is applied to the rational (straight-line) EF, producing FM as
breadth.

FM is thus rational, and incommensurable in length with CD [Prop.
10.22].

And since AG and GB are commensurable in square only, AG [is] thus
incommensurable in length with GB.

Thus, the (square) on AG is also incommensurable with the (rectangle
contained) by AG and GB [Props. 6.1, 10.11].

But, the (sum of the squares) on AG and GB is commensurable with the
(square) on AG, and twice the (rectangle contained) by AG and GB with
the (rectangle contained) by AG and GB.

The (sum of the squares) on AG and GB is thus incommensurable with
twice the (rectangle contained) by AG and GB [Prop. 10.13].

But, CL is equal to the (sum of the squares) on AG and GB, and FL is
equal to twice the (rectangle contained) by AG and GB.

Thus, CL is incommensurable with FL.

And as CL (is) to FL, so CM is to FM [Prop. 6.1].

CM is thus incommensurable in length with FM [Prop. 10.11].
And they are both rational (straight-lines).

Thus, CM and MF are rational (straight-lines which are) commensurable
in square only.

CF is thus an apotome [Prop. 10.73].

305



Euclid’s Elements — Book X Incommensurable Magnitudes

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

So, I say that (it is) also a third (apotome).

For since the (square) on AG is commensurable with the (square) on GB,
CH (is) thus also commensurable with KL.

Hence, CK (is) also (commensurable in length) with KM [Props. 6.1,
10.11].

And since the (rectangle contained) by AG and GB is the mean propor-
tional to the (squares) on AG and GB [Prop. 10.21 lem.], and CH is
equal to the (square) on AG, and KL equal to the (square) on GB, and
NL equal to the (rectangle contained) by AG and GB, NL is thus also the
mean proportional to CH and KL.

Thus, as CH is to NL, so NL (is) to KL.

But, as CH (is) to NL, so CK is to NM, and as NL (is) to KL, so NM (is)
to KM [Prop. 6.1].

Thus, as CK (is) to MN, so MN is to KM [Prop. 5.11].

Thus, the (rectangle contained) by CK and KM is equal to the [(square)
on MN—that is to say, to the] fourth part of the (square) on FM [Prop.
6.17].

Therefore, since CM and MF are two unequal straight-lines, and (some
area), equal to the fourth part of the (square) on FM, has been applied to
CM, falling short by a square figure, and divides it into commensurable
(parts), the square on CM is thus greater than (the square on) MF by the
(square) on (some straight-line) commensurable (in length) with (CM)
[Prop. 10.17].

And neither of CM and MF is commensurable in length with the (previ-
ously) laid down rational (straight-line) CD.

CF is thus a third apotome [Def. 10.13].

Thus, the (square) on a second apotome of a medial (straight-line), ap-
plied to a rational (straight-line), produces a third apotome as breadth.

(Which is) the very thing it was required to show.
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Complete Cinematic Logic

AB second apotome of a medial, C'D rational.

4

CM and F M are rational, both incommensurable with C'D, and
CM ~ FM.

4

1
CK -KM=NM? = ZFM2

4

CM? — MF? =0O(line ~CM), CM = CD, FM »CD

4

| CF is a THIRD APOTOME

EUCLID, ELEMENTS — BOOK X ¢ PROPOSITION 99

THE (SQUARE) ON A SECOND APOTOME OF A MEDIAL (STRAIGHT-LINE),
APPLIED TO A RATIONAL (STRAIGHT-LINE),
PRODUCES A THIRD APOTOME AS BREADTH.
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appled 10 a rational sraightline,
produces a THIRD APOTOME as breadth.
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2.100 Proposition 100

Statement

The (square) on a minor (straight-line), applied to a rational
(straight-line), produces a fourth apotome as breadth.

Proof Actions

10.

11.

12.

. Let AB be a minor (straight-line), and CD a rational (straight-line).

And let CE, equal to the (square) on AB, have been applied to the rational
(straight-line) CD, producing CF as breadth.

. I say that CF is a fourth apotome.

For let BG be an attachment to AB.

. Thus, AG and GB are incommensurable in square, making the sum of

the squares on AG and GB rational, and twice the (rectangle contained)
by AG and GB medial [Prop. 10.76].

And let CH, equal to the (square) on AG, have been applied to CD, pro-
ducing CK as breadth, and KL, equal to the (square) on BG, producing
KM as breadth.

. Thus, the whole of CL is equal to the (sum of the squares) on AG and

GB.
And the sum of the (squares) on AG and GB is rational.
CL is thus also rational.

And it is applied to the rational (straight-line) CD, producing CM as
breadth.

Thus, CM (is) also rational, and commensurable in length with CD [Prop.
10.20].

And since the whole of CL is equal to the (sum of the squares) on AG
and GB, of which CE is equal to the (square) on AB, the remainder FL is
thus equal to twice the (rectangle contained) by AG and GB [Prop. 2.7].
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Therefore, let FM have been cut in half at point N.
And let NO have been drawn through N, parallel to either of CD or ML.

Thus, FO and NL are each equal to the (rectangle contained) by AG and
GB.

And since twice the (rectangle contained) by AG and GB is medial, and
is equal to FL, FL is thus also medial.

And it is applied to the rational (straight-line) FE, producing FM as
breadth.

Thus, FM is rational, and incommensurable in length with CD [Prop.
10.22].

And since the sum of the (squares) on AG and GB is rational, and twice
the (rectangle contained) by AG and GB medial, the (sum of the squares)
on AG and GB is [thus] incommensurable with twice the (rectangle con-
tained) by AG and GB.

And CL (is) equal to the (sum of the squares) on AG and GB, and FL
equal to twice the (rectangle contained) by AG and GB.

CL [is] thus incommensurable with FL.

And as CL (is) to FL, so CM is to MF [Prop. 6.1].

CM is thus incommensurable in length with MF [Prop. 10.11].
And both are rational (straight-lines).

Thus, CM and MF are rational (straight-lines which are) commensurable
in square only.

CF is thus an apotome [Prop. 10.73].
[So], I say that (it is) also a fourth (apotome).

For since AG and GB are incommensurable in square, the (square) on
AG (is) thus also incommensurable with the (square) on GB.

And CH is equal to the (square) on AG, and KL equal to the (square) on
GB.
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Thus, CH is incommensurable with KL.

And as CH (is) to KL, so CK is to KM [Prop. 6.1].

CK is thus incommensurable in length with KM [Prop. 10.11].

And since the (rectangle contained) by AG and GB is the mean propor-
tional to the (squares) on AG and GB [Prop. 10.21 lem.], and the (square)
on AG is equal to CH, and the (square) on GB to KL, and the (rectangle
contained) by AG and GB to NL, NL is thus the mean proportional to
CH and KL.

Thus, as CH is to NL, so NL (is) to KL.

But, as CH (is) to NL, so CK is to NM, and as NL (is) to KL, so NM is
to KM [Prop. 6.1].

Thus, as CK (is) to MN, so MN is to KM [Prop. 5.11].

The (rectangle contained) by CK and KM is thus equal to the (square) on
MN—that is to say, to the fourth part of the (square) on FM [Prop. 6.17].

Therefore, since CM and MF are two unequal straight-lines, and the (rect-
angle contained) by CK and KM, equal to the fourth part of the (square)
on MF, has been applied to CM, falling short by a square figure, and di-
vides it into incommensurable (parts), the square on CM is thus greater
than (the square on) MF by the (square) on (some straight-line) incom-
mensurable (in length) with (CM) [Prop. 10.18].

And the whole of CM is commensurable in length with the (previously)
laid down rational (straight-line) CD.

Thus, CF is a fourth apotome [Def. 10.14].

Thus, the (square) on a minor, and soon. . .
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Complete Cinematic Logic

AB minor, C'D rational.

4

AG? » GB?, AG? 4+ GB? rational, 2AG - GB medial

4

CM~CD,FM » CD,CM »~ FM,soCF =CM — FM is an
apotome.

4

1
CK ~ KM, CK-KM = ZFM2

4

CM?* — MF? =(line » CM)

4

| CF is a FOURTH APOTOME
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EUCLID, ELEMENTS - BOOK X ¢ PROPOSITION 100

THE (SQUARE) ON A MINOR (STRAIGHT-LINE),
APPLIED TO A RATIONAL (STRAIGHT-LINE),
PRODUCES A FOURTH APOTOME AS BREADTH.

PANEL 2 _THE BISECTION AND APOTOME STRUCTURE PANEL 3 PROVING IT IS THE FOURTH APOTOME

B B Bisect FM at N, and draw NO || CD.
Then FN VM, and FO = NL = AG-GB (medial).
AG?
A +cB? F N M r )
rational i AG? GB? oK - KM
) AGGB | AGGB | o
246-GB (medial) | (medial)
¢ medal |
i
N L D

GB? (breadth KM).
Thus CL = AG? + GBZ.

. = @ By Prop. X.18: To the greater CM a rectangle
b P oD | e e T Vi)

T o e e
e

le with FL (medial),

(M ~ D oth rationa) |

B Arpiy AB® 1o € - Bt

The remainder is FL = 24G-GB (medial).
w0 [

THE SIX APOTOMES (from X.97-X.102)

Tt Apotome 2nd Apotome
of et/ of o mcil?
- > ol
© 3 h Apotom:
15t Apotome. 2nd Apotome | 3rd Apotome | (THIS PROOF) th Apotome

2.101 Proposition 101

Statement

The (square) on that (straight-line) which with a rational (area)
makes a medial whole, applied to a rational (straight-line), pro-
duces a fifth apotome as breadth.

Proof Actions

1. Let AB be that (straight-line) which with a rational (area) makes a medial
whole, and CD a rational (straight-line).

2. And let CE, equal to the (square) on AB, have been applied to CD, pro-
ducing CF as breadth.

3. Isay that CF is a fifth apotome.
4. Let BG be an attachment to AB.

5. Thus, the straightlines AG and GB are incommensurable in square, mak-
ing the sum of the squares on them medial, and twice the (rectangle con-
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tained) by them rational [Prop. 10.77].

And let CH, equal to the (square) on AG, have been applied to CD, and
KL, equal to the (square) on GB.

The whole of CL is thus equal to the (sum of the squares) on AG and GB.

And the sum of the (squares) on AG and GB together is medial. Thus,
CL is medial.

. And it has been applied to the rational (straight-line) CD, producing CM

as breadth.

CM is thus rational, and incommensurable (in length) with CD [Prop.
10.22].

And since the whole of CL is equal to the (sum of the squares) on AG
and GB, of which CE is equal to the (square) on AB, the remainder FL is
thus equal to twice the (rectangle contained) by AG and GB [Prop. 2.7].

Therefore, let FM have been cut in half at N.
And let NO have been drawn through N, parallel to either of CD or ML.

Thus, FO and NL are each equal to the (rectangle contained) by AG and
GB.

And since twice the (rectangle contained) by AG and GB is rational, and
[is] equal to FL, FL is thus rational.

And it is applied to the rational (straight-line) EF, producing FM as
breadth.

Thus, FM is rational, and commensurable in length with CD [Prop.
10.20].

And since CL is medial, and FL rational, CL is thus incommensurable
with FL.

And as CL (is) to FL, so CM (is) to MF [Prop. 6.1].

CM is thus incommensurable in length with MF [Prop. 10.11]. And both
are rational.
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Thus, CM and MF are rational (straightlines which are) commensurable
in square only.

CF is thus an apotome [Prop. 10.73].

So, I say that (it is) also a fifth (apotome).

For, similarly (to the previous propositions), we can show that the (rect-
angle contained) by CKM is equal to the (square) on NM—that is to say,
to the fourth part of the (square) on FM.

And since the (square) on AG is incommensurable with the (square) on
GB, and the (square) on AG (is) equal to CH, and the (square) on GB to
KL, CH (is) thus incommensurable with KL.

And as CH (is) to KL, so CK (is) to KM [Prop. 6.1].

Thus, CK (is) incommensurable in length with KM [Prop. 10.11].

Therefore, since CM and MF are two unequal straight-lines, and (some
area), equal to the fourth part of the (square) on FM, has been applied to
CM, falling short by a square figure, and divides it into incommensurable
(parts), the square on CM is thus greater than (the square on) MF by the
(square) on (some straight-line) incommensurable (in length) with (CM)
[Prop. 10.18].

And the attachment FM is commensurable with the (previously) laid
down rational (straightline) CD.

Thus, CF is a fifth apotome [Def. 10.15].

(Which is) the very thing it was required to show.

314



Incommensurable Magnitudes Euclid’s Elements — Book X

Complete Cinematic Logic

AB is that which with a rational area makes a medial whole; C'D
rational.

4

AG? » GB%, AG? + GB? medial, 2AG - GB rational

\
CM = CD,FM ~ CD,CM » FM,hence CF is an apotome.

4

1
CK ~ KM, CK-KM = ZFM2

4

CM?* — MF? =O(line » CM),  FM ~CD

4

| CF is a FIFTH APOTOME
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'EUCLID, ELEMENTS — BOOK X » PROPOSITION 101

THE (SQUARE) ON THAT (STRAIGHT-LINE) WHICH WITH A RATIONAL AREA
MAKES A MEDIAL WHOLE, APPLIED TO A RATIONAL (STRAIGHT-LINE),
PRODUCES A FIFTH APOTOME AS BREADTH.

Then EN = NM, and FO = NL = AG-GB.
F N M c = NM? = | FM.
AG-GB AGGB | o -
(rational) (rational) R I3 N L D

[ E F N L D
[ Since FLL = 2AG-GB is rasional, the bradth FM s raional 5 2
<A : AG G’
producing breadh KM. T

AG* + GB.

KM

AG? + GB? (medial)

. appled to rational CD,

Therefore CM = MF.

ith the
we | oM .m

B F D
| mM~cp |

CM rationsl but CM » G

0 Aty 4B w0 CD: CE =
The reminder is FL = 2AG-GB (aiona)

e 24G-GB
| (eational)

B Theefoe, by Defnion X.15,

D "TTKEY DISTINGTION FOR Xa01
CF is a FIFTH APOTOME. Whale (CM) = £
bt the stachod e

ON

2.102 Proposition 102

Statement

The (square) on that (straight-line) which with a medial (area)
makes a medial whole, applied to a rational (straight-line), pro-
duces a sixth apotome as breadth.

Proof Actions

1. Let AB be that (straight-line) which with a medial (area) makes a medial
whole, and CD a rational (straight-line).

2. And let CE, equal to the (square) on AB, have been applied to CD, pro-
ducing CF as breadth.

3. Isay that CF is a sixth apotome.
4. For let BG be an attachment to AB.

5. Thus, AG and GB are incommensurable in square, making the sum of the
squares on them medial, and twice the (rectangle contained) by AG and
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GB medial, and the (sum of the squares) on AG and GB incommensu-
rable with twice the (rectangle contained) by AG and GB [Prop. 10.78].

. Therefore, let CH, equal to the (square) on AG, have been applied to CD,

producing CK as breadth, and KL, equal to the (square) on BG.

Thus, the whole of CL is equal to the (sum of the squares) on AG and
GB.

. CL [is] thus also medial.

. And it is applied to the rational (straight-line) CD, producing CM as

breadth.

Thus, CM is rational, and incommensurable in length with CD [Prop.
10.22].

Therefore, since CL is equal to the (sum of the squares) on AG and GB,
of which CE (is) equal to the (square) on AB, the remainder FL is thus
equal to twice the (rectangle contained) by AG and GB [Prop. 2.7].

And twice the (rectangle contained) by AG and GB (is) medial. Thus,
FL is also medial.

And it is applied to the rational (straight-line) FE, producing FM as
breadth.

FM is thus rational, and incommensurable in length with CD [Prop.
10.22].

And since the (sum of the squares) on AG and GB is incommensurable
with twice the (rectangle contained) by AG and GB, and CL equal to the
(sum of the squares) on AG and GB, and FL equal to twice the (rectangle
contained) by AG and GB, CL [is] thus incommensurable with FL.

And as CL (is) to FL, so CM is to MF [Prop. 6.1].
Thus, CM is incommensurable in length with MF [Prop. 10.11].
And they are both rational.

Thus, CM and MF are rational (straight-lines which are) commensurable
in square only.

CF is thus an apotome [Prop. 10.73].
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So, I say that (it is) also a sixth (apotome).
For since FL is equal to twice the (rectangle contained) by AG and GB,

let FM have been cut in half at N, and let NO have been drawn through
N, parallel to CD.

Thus, FO and NL are each equal to the (rectangle contained) by AG and
GB.

And since AG and GB are incommensurable in square, the (square) on
AG is thus incommensurable with the (square) on GB.

But, CH is equal to the (square) on AG, and KL is equal to the (square)
on GB.

Thus, CH is incommensurable with KL.
And as CH (is) to KL, so CK is to KM [Prop. 6.1].
Thus, CK is incommensurable (in length) with KM [Prop. 10.11].

And since the (rectangle contained) by AG and GB is the mean propor-
tional to the (squares) on AG and GB [Prop. 10.21 lem.], and CH is
equal to the (square) on AG, and KL equal to the (square) on GB, and
NL equal to the (rectangle contained) by AG and GB, NL is thus also the
mean proportional to CH and KL.

Thus, as CH is to NL, so NL (is) to KL.
And for the same (reasons as the preceding propositions), the square on
CM is greater than (the square on) MF by the (square) on (some straight-

line) incommensurable (in length) with (CM) [Prop. 10.18].

And neither of them is commensurable with the (previously) laid down
rational (straight-line) CD.

Thus, CF is a sixth apotome [Def. 10.16].

(Which is) the very thing it was required to show.
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Complete Cinematic Logic

AB is that which with a medial area makes a medial whole; C'D
rational.

4

AG? » GB?, AG? + GB?medial, 2AG - GB medial

4

CM =~ CD,FM ~ CD,and CM ~ FM; therefore CF is an
apotome.

4

1
CK ~ KM, CK-KM = ZFM2

4

CM? — MF? =(line ~ CM)

4

| CF is a SIXTH APOTOME
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EUCLID, ELEMENTS - BOOK X ¢ PROPOSITION 102
" THE (SQUARE) ON THAT (STRAIGHT-LINE) WHICH WITH A MEDIAL AREA
MAKES A MEDIAL WHOLE, APPLIED TO A RATIONAL (STRAIGHT-LINE),

PRODUCES A SIXTH APOTOME AS BREADTH.

— BISECTION,

B Sivce FL = 24G-GB is medil,
the breadth FM is rational but FM % CD.

3 3 = M

FM rational but FM = CD

CL (medial) # FL (media) = CL # FL
Therefore CM_ ¢ MF.

CM rational but CM # CD ‘ ™ J M

0 Aoy AB® 0 CD: CE = AB
The romsinder s FL = 2AG-GB (i)

i
] e
{omi (e i an AvOTOME

c E F D

= THE SIX APOTOMES (from Propositions X.97-X.102)

Sth Apotome 6th Apotome
oo x102)

2.103 Proposition 103

Statement

A (straight-line) commensurable in length with an apotome is
an apotome, and (is) the same in order.

Proof Actions

1. Let AB be an apotome, and let CD be commensurable in length with AB.
2. Isay that CD is also an apotome, and (is) the same in order as AB.
3. For since AB is an apotome, let BE be an attachment to it.

4. Thus, AE and EB are rational (straight-lines which are) commensurable
in square only [Prop. 10.73].

5. And let it have been contrived that the (ratio) of BE to DF is the same as
the ratio of AB to CD [Prop. 6.12].

6. Thus, also, as one is to one, (so) all [are] to all [Prop. 5.12].
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And thus as the whole AE is to the whole CF, so AB (is) to CD.
And AB (is) commensurable in length with CD.

AE (is) thus also commensurable (in length) with CF, and BE with DF
[Prop. 10.11].

And AE and BE are rational (straight-lines which are) commensurable in
square only.

Thus, CF and FD are also rational (straight-lines which are) commensu-
rable in square only [Prop. 10.13]. [CD is thus an apotome.

So, I say that (it is) also the same in order as AB.] Therefore, since as AE
is to CF, so BE (is) to DF, thus, alternately, as AE is to EB, so CF (is) to
FD [Prop. 5.16].

So, the square on AE is greater than (the square on) EB either by the
(square) on (some straight-line) commensurable, or by the (square) on
(some straight-line) incommensurable, (in length) with (AE).

Therefore, if the (square) on AE is greater than (the square on) EB by the
(square) on (some straight-line) commensurable (in length) with (AE)
then the square on CF will also be greater than (the square on) FD by
the (square) on (some straight-line) commensurable (in length) with (CF)
[Prop. 10.14].

And if AE is commensurable in length with a (previously) laid down
rational (straight-line) then so (is) CF [Prop. 10.12], and if BE (is com-
mensurable), so (is) DF, and if neither of AE or EB (are commensurable),
neither (are) either of CF or FD [Prop. 10.13].

And if the (square) on AE is greater [than (the square on) EB] by the
(square) on (some straight-line) incommensurable (in length) with (AE)
then the (square) on CF will also be greater than (the square on) FD by the
(square) on (some straight-line) incommensurable (in length) with (CF)
[Prop. 10.14].

And if AE is commensurable in length with a (previously) laid down ratio-
nal (straightline), so (is) CF [Prop. 10.12], and if BE (is commensurable),
so (is) DF, and if neither of AE or EB (are commensurable), neither (are)
either of CF or FD [Prop. 10.13].
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18. Thus, CD is an apotome, and (is) the same in order as AB [Defs. 10.11—
10.16].

19. (Which is) the very thing it was required to show.

Complete Cinematic Logic

AB apotome and AB ~ CD.
4

AB = AF — BE, CD =CF — DF, AE : BE=CF :DF

Y

Rationality, square-only commensurability, and the square-excess
condition transfer from AE, BE to CF,DF.

4

lorder(CD) = order(AB) ‘

EUCLID, ELEMENTS - BOOK X ¢ PROPOSITION 103

A (STRAIGHT-LINE) COMMENSURABLE IN LENGTH WITH AN APOTOME
IS AN APOTOME, AND (IS) THE SAME IN ORDER.

PANEL 2 — THE KEY RATIO AND TRANSFER OF PROPERTIES

In_every case;
The defining conditions that determine the order of AB
are transferred to CD.

Hence CD is an apotome of the SAME ORDER as AB.

‘nrmm,m.cp:nn.np...“.

This_means:
= All proportional relations between the pair (AE, BE)
A E | are transferred to the pair (CF, DF).

able in length with AB.
F so that BE : DF = AB : CD.

rational Tne).

Apotome | nd A ~ (asigned

Therefore:
If AB is 1st, 2nd, or 3rd apotome, then CD is
respectively 1st, 2nd, or 3rd apotome.

D = cr - DF

ot
respectively 4th, 5th, or 6th apotome.
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2.104 Proposition 104

Statement

A (straight-line) commensurable (in length) with an apotome
of a medial (straight-line) is an apotome of a medial (straight-
line), and (is) the same in order.

Proof Actions

1.

Let AB be an apotome of a medial (straight-line), and let CD be commen-
surable in length with AB.

I say that CD is also an apotome of a medial (straight-line), and (is) the
same in order as AB.

For since AB is an apotome of a medial (straightline), let EB be an at-
tachment to it.

Thus, AE and EB are medial (straight-lines which are) commensurable
in square only [Props. 10.74, 10.75].

. And let it have been contrived that as AB is to CD, so BE (is) to DF Thus,

AE [is] also commensurable (in [Prop. 6.12]. length) with CF, and BE
with DF [Props. 5.12, 10.11].

And AE and EB are medial (straight-lines which are) CF and FD are thus
commensurable in square only. also medial (straight-lines which are)
commensurable in square only [Props. 10.23, 10.13].

Thus, CD is an apotome of a medial (straight-line) [Props. 10.74, 10.75].

. So, I say that it is also the same in order as AB.

[For] since as AE is to EB, so CF (is) to FD [Props. 5.12,5.16] [but as AE
(is) to EB, so the (square) on AE (is) to the (rectangle contained) by AE
and EB, and as CF (is) to FD, so the (square) on CF (is) to the (rectangle
contained) by CF and FD], thus as the (square) on AE is to the (rectangle
contained) by AE and EB, so the (square) on CF also (is) to the (rectangle
contained) by CF and FD [Prop. 10.21 lem.] [and, alternately, as the
(square) on AE (is) to the (square) on CF, so the (rectangle contained) by
AE and EB (is) to the (rectangle contained) by CF and FD].
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10. And the (square) on AE (is) commensurable with the (square) on CF.

11. Thus, the (rectangle contained) by AE and EB is also commensurable
with the (rectangle contained) by CF and FD [Props. 5.16, 10.11].

12. Therefore, either the (rectangle contained) by AE and EB is rational, and
the (rectangle contained) by CF and FD will also be rational [Def. 10.4],
or the (rectangle contained) by AE and EB [is] medial, and the (rectangle
contained) by CF and FD [is] also medial [Prop. 10.23 corr.].

13. Therefore, CD is the apotome of a medial (straightline), and is the same
in order as AB [Props. 10.74, 10.75].

14. (Which is) the very thing it was required to show.

Complete Cinematic Logic

AB is an apotome of a medial and AB ~ C'D.
4

AB=AE-EB, CD=CF-DF, AE:EB=CF:FD

4

AE-EB~CF-FD

ll

‘ If the first rectangle is rational (or medial), so is the second. ‘

4

‘ CD is an apotome of a medial of the SAME ORDER as AB ‘
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EUCLID, ELEMENTS - BOOK X ¢ PROPOSITION 104

A (STRAIGHT-LINE) COMMENSURABLE (IN LENGTH) WITH

AN APOTOME OF A MEDIAL (STRAIGHT-LINE) IS AN APOTOME
OF A MEDIAL (STRAIGHT-LINE), AND (IS) THE SAME IN ORDER.

BB Star with the apotome of a medial AB and
attach EB,

AB = AE - EB

Convert the lin

AE and EB are medial straight ines,
b only. r | then beca then because it
| 3 B EB AENED 5 SR with CF - FD, with CF - FD,
P R S e AE : EB = AE? : (AE - EB) 5 7
A E | and squarconly CF : FD = CF* : (CF - FD) r
commensursbl. L CF - FD is also CF - FD is also
Let CD be commensural ble in length with AB. B Thercfore RATIONAL. MEDIAL.
AB ~ CD = . = .
Construct DF so that AB : CD = BE : DF. AU GV o ) — (@ (&0 1)
AB : €D
cD D DF i
e By alternation,
c F. -2 2 —_ N
AE?® : CF* = (AE - EB) : (CF - FD)
B Then CF = CD + DF and AE = AB + BE. et
By composition, AE : CF = AB : CD. o~ ince AE ~ CF, their are commensura
oo, A8 CE .| " s A Gk s e o = I oz
L ) irst (Second
D o D (First) (Second)
c F 7 Rectangle Rectangle i
cF B (e [49) o (eio [ RATIONAL MEDIAL e
[ Hence AE ~ CF and BE ~ DF. ' ' f 2 medial
i Remains Remains f the
,,,,,,,,,,,,,, RATIONAL MEDIAL SAME ORDER |
THEREFORE,
sl CD {Sk CERG DEg akar AE! AE - EB CF CF-FD CD IS AN APOTOME OF A MEDIAL,
APSTOMEJOR/ANMEDIAL. (MEDIAD | MgpiaL | 7 | MEDIAD | vpiar, AND IT IS OF THE SAME ORDER AS AB.
CD is an apotome of a medial. 2 = QED.
RATIONAL) RATIONAL)
cF DF

2.105 Proposition 105

Statement

A (straight-line) commensurable (in length) with a minor
(straight-line) is a minor (straight-line).

Proof Actions

1. For let AB be a minor (straight-line), and (let) CD (be) commensurable
(in length) with AB.

2. I'say that CD is also a minor (straight-line).

3. For let the same things have been contrived (as in And since AE and EB
are the former proposition).

4. (straight-lines which are) incommensurable in square [Prop. 10.76],
CF and FD are thus also (straight-lines which are) incommensurable in
square [Prop. 10.13].
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. Therefore, since as AE is to EB, so CF (is) to FD [Props. 5.12, 5.16],

thus also as the (square) on AE is to the (square) on EB, so the (square)
on CF (is) to the (square) on FD [Prop. 6.22].

. Thus, via composition, as the (sum of the squares) on AE and EB is to

the (square) on EB, so the (sum of the squares) on CF and FD (is) to the
(square) on FD [Prop. 5.18], [also alternately].

And the (square) on BE is commensurable with the (square) on DF [Prop.
10.104].

. The sum of the squares on AE and EB (is) thus also commensurable with

the sum of the squares on CF and FD [Prop. 5.16, 10.11].

. And the sum of the (squares) on AE and EB is rational [Prop. 10.76].

Thus, the sum of the (squares) on CF and FD is also rational [Def. 10.4].

Again, since as the (square) on AE is to the (rectangle contained) by AE
and EB, so the (square) on CF (is) to the (rectangle contained) by CF and
FD [Prop. 10.21 lem.], and the square on AE (is) commensurable with
the square on CF, the (rectangle contained) by AE and EB is thus also
commensurable with the (rectangle contained) by CF and FD.

And the (rectangle contained) by AE and EB (is) medial [Prop. 10.76].

Thus, the (rectangle contained) by CF and FD (is) also medial [Prop.
10.23 corr.].

CF and FD are thus (straight-lines which are) incommensurable in square,
making the sum of the squares on them rational, and the (rectangle con-
tained) by them medial.

Thus, CD is a minor (straight-line) [Prop. 10.76].

(Which is) the very thing it was required to show.
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Complete Cinematic Logic

‘ AB minor and AB ~ CD.
I

AB = AF - EB, CD=CF—-FD, AE :EB=CF :FD

4

CF? = FD?, CF? + FD? rational, CF - F'D medial

4

|CD is a MINOR |

EUCLID, ELEMENTS - BOOK X ¢ PROPOSITION 105

A (STRAIGHT-LINE) COMMENSURABLE (IN LENGTH) |

PANEL 3 — CONCLUSION: CD IS A MINOR

FD, by composition of squares, The three characteristics above are exactly
the conditions that define a MINOR.

(AE* + EB) : EB' = (CF* + FD) : FD*.
DEFINITION OF A MINOR (Prop. X.76)
Stnce (BB Y-V ED it folows) that A straightline equal to the difference of two

in square, such that

AE? + EB* is RATIONAL 1
AE - EB is MEDIAL |

AE* + EB? ~ CF* + FD. medial straight-lines which are incommensurable
in square, such that

AE B EB .
. @ Since AB is a MINOR, we have [[the summ of their squares o | the rectangle contained
A d [(aE* + BB s RATIONAL AE? EB? | is RATIONAL, = by them is MEDIAL
Le commensurable in length with AB. oy = = L
Bl e nllogthicth e Therore CI* + FDY, g i,
Construct DF so that AB : CD = BE : DF. i W ]
.o ||| © g g 0 5 Since CD = CF - DF, where CF and DF satisfy
D) D] Bl BE : DF | all the above conditions, by Prop. X.76,
e From AE : EB = CF 1 FD we also obtain 7
; r = = = CD is a MINOR straight-line.
AE' : (AE - EB) = CF® : (CF - D). cF m |
B Then CF = CD + DF and AE = AB + BE.
By composition, AL : CF = AB : CD. Ry O e 2 B Therefore, any straight-line commensurable in length
) D DF AR iCD | with a MINOR is itself a MINOR.
) [ Siocs AE ~ CF, theic aquares are commenmrsble:
€ L A ~ CP. [ It
o AE - EB SUMMARY OF THE PROOF
Hence the comesponding rectangles are commensursbe:
@ Hence AE ~ CF and BE ~ DF. 5 i 2 I Like terms are taken proportonally: AB : CD = BE : DF.
Since AE and EB are medial, AEFCACE AE - EB ~ CF . FD. =

@ This gives AE : EB = CF : FD and AE ~ CF, BE ~ DF.
Square-i transfers: AE® # EB' = CF* # FDA

CF and DF are also medial and BE ~ DF . a it
e o e | cr-m @ Medisity and rationality of the defining expressions transfer
+ AE? 4 EB? rational = CF? 4 FD? rational

So CD = CF - DF i a difference | | We must prove that
of two modin s incommenmsble | | G2+ D i ruionat | | | D Sioce AB s & MINOR, we have ¢ e 5 ©AE - EB medial = CF - FD medial
in square and CF - DF is medial. AE - EB is MEDIAL. Hence CD = CF - DF is 2 MINOR.

Therefore CF + FDD, being commensurable with it,
s also MEDIAL

Thus we have_shown:

CF and FD are cF 4 D
incommensuesble i
in square. RATIONAL.
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2.106 Proposition 106

Statement

A (straight-line) commensurable (in length) with a (straight-
line) which with a rational (area) makes a medial whole is
a (straight-line) which with a rational (area) makes a medial
whole.

Proof Actions

1. Let AB be a (straight-line) which with a rational (area) makes a medial
whole, and (let) CD (be) commensurable (in length) with AB.

2. Isay that CD is also a (straight-line) which with a rational (area) makes
a medial (whole).

3. For let BE be an attachment to AB.

4. Thus, AE and EB are (straight-lines which are) incommensurable in
square, making the sum of the squares on AE and EB medial, and the
(rectangle contained) by them rational [Prop. 10.77].

5. And let the same construction have been made (as in the previous propo-
sitions).

6. So, similarly to the previous (propositions), we can show that CF and FD
are in the same ratio as AE and EB, and the sum of the squares on AE and
EB is commensurable with the sum of the squares on CF and FD, and the
(rectangle contained) by AE and EB with the (rectangle contained) by CF
and FD.

7. Hence, CF and FD are also (straightlines which are) incommensurable
in square, making the sum of the squares on CF and FD medial, and the
(rectangle contained) by them rational.

8. CD is thus a (straight-line) which with a rational (area) makes a medial
whole [Prop. 10.77].

9. (Which is) the very thing it was required to show.
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Complete Cinematic Logic

‘ AB is “with a rational area makes a medial whole” and AB ~ CD.

4

AFE? » EB?, AE?+ EB? medial, AF - EB rational

4

CF? = FD?, CF?+ FD?medial, CF - FD rational

4

CD is of the same irrational species

EUCLID, ELEMENTS - BOOK X * PROPOSITION 106
O rICH WITL & RATIONAL (A2EA) MAKES A WEDUL WHOLE
IS A (STRAIGHT-LINE) WHICH WITH A RATIONAL (AREA) MAKES A MEDIAL WHOLE.

PANEL 1 — SETUP AND PROPERTIES OF AB PANEL 2 - TRANSFER OF PROPERTIES PANEL 3 — CONCLUSION

|I Let AB be a straight-ine which with a

B From the construction we have ‘ D By Proposition X.77 (definition of this class of irrational straight lines):

A b B
i Ve Al it o= 2 H.
A BB s AR i (468 = crom.| & E B scntaion S TN (Eale B miacssd)
AE - EB. CF D FD irts. tisf
i - 2 e
— e, i D F + X? # Y? (incommensurable in square),
- 2 5 B Sivce AE® » EB, and the ratio of the terms is the same Y ——
Becaute AB s of the kind in Prop. X77, .
its torms AE and EB satisfy: __CF* » FD? S « X - Y is RATIONAL,
=8 ey p— T
AE; BB AE* + EB* AE - Ore el o
(incommensurable o o Palfiol e fobain
Y oqaaeo) is MEDIAL. | | is RATIONAL. AE? + EB* ~ CF® + FD. @ Since CD = CF - FD, and CF, FD satisfy exactly

Hence the sums of the squares are commensurable. the three conditions above,
B 1t €D be commensurable in length with AB.

e s e Bt AR 1 ED? i DAL

<o D DF
Therefore, because it is commensurable with CF* + FD?

CF* + FD* is MEDIAL. | -_
) cF

B Ao from the equal ratio we obtain

CD is a straightline which with a rational area
AE - EB ~ CF - FD.

makes a medial whole.

Thus AB ~ CD.
(The pairs (AE, EB) and (CF, FD) are proportional.)

SUMMARY OF GIVEN

AB with & rational ares makies a medial whole:
+ AE? 4 EB? (incommensurable in square)

« AE® . EB' s MEDIAL

+ AE - EB is RATIONAL

c» ~ AB

Hence the contained rectangles are commensurable.

B v AE - EB s RATIONAL

Therefore, since it is commensurable with CF - FD,

CF - FD is RATIONAL.

We have_transferred all_three_essential_properties
from (AE, EB) to (CF, FD);

CF?* » FD? CF? + FD? CF - FD

T e e
P g e e ¥ o

is itself of the same kind.

THEREFORE,

CD IS ALSO A STRAIGHT-LINE WHICH
WITH A RATIONAL AREA
MAKES A MEDIAL WHOLE.

e MEDIAL i
B I O
in sare) is MEDIAI ¥
makes & medial whole. oo L RATIONAL

COMPLETE 10GIC FIOW [~z + e — = =
oo . MEDIAL RATIONAL CF, D ity = cr-m
o I e ey P
T A of Prop, X77 b
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2.107 Proposition 107

Statement

A (straight-line) commensurable (in length) with a (straight-
line) which with a medial (area) makes a medial whole is itself
also a (straight-line) which with a medial (area) makes a medial
whole.

Proof Actions

1. Let AB be a (straight-line) which with a medial (area) makes a medial
whole, and let CD be commensurable (in length) with AB.

2. I'say that CD is also a (straight-line) which with a medial (area) makes a
medial whole.

3. For let BE be an attachment to AB.

4. And let the same construction have been made (as in the previous
propoThus, AE and EB are (straight-lines which sitions). are) incom-
mensurable in square, making the sum of the squares on them medial,
and the (rectangle contained) by them medial, and, further, the sum of
the squares on them incommensurable with the (rectangle contained) by
them [Prop. 10.78].

5. And, as was shown (previously), AE and EB are commensurable (in
length) with CF and FD (respectively), and the sum of the squares on
AE and EB with the sum of the squares on CF and FD, and the (rectangle
contained) by AE and EB with the (rectangle contained) by CF and FD.

6. Thus, CF and FD are also (straight-lines which are) incommensurable in
square, making the sum of the squares on them medial, and the (rectangle
contained) by them medial, and, further, the sum of the [squares] on them
incommensurable with the (rectangle contained) by them.

7. Thus, CD is a (straight-line) which with a medial (area) makes a medial
whole [Prop. 10.78].

8. (Which is) the very thing it was required to show.
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Complete Cinematic Logic

AB is “with a medial area makes a medial whole” and AB ~ CD.

4

AE? » EB?, AE?+ EB? medial, AF - EB medial

4

(AE? + EB?) »~ AE - EB

4

CF? = FD?, CF?+ FD? medial, CF - FD medial

4

(CF?4+ FD?) = CF-FD

4

CD is of the same irrational species
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A (STRAIGHT-LINE) COMMENSURABLE (IN LENGTH) WITH A (STRAIGHT-LINE)
WHICH WITH A MEDIAL (AREA) MAKES A MEDIAL WHOLE IS ITSELF ALSO
A (STRAIGHT-LINE) WHICH WITH A MEDIAL (AREA) MAKES A MEDIAL WHOLE.

PANEL 3 — CONCLUSION: CD IS OF THE SAME KIND

BB rom the consiruction we have
N S A all the above conditions, by Proposiion X.78,
AE~cr) o .
AE BB - CF ;D , J
== ¢ b m cr D m

c! D F P4 3
cp
CD is a straightline which with a MEDIAL AREA
makes a MEDIAL WHOLE.

AE and EB satisfy:
ble in length
. A o . AE? + EB AE - EB = a makes a medial
- is MEDIAL. | is MEDIAL. is MEDIAL. akio ok e
o R P, Since AE - EB THEREFORE,
i R is MEDIAL, CD IS ALSO A STRAIGHT-LINE WHICH
AE - EB ~ CF - FD. cF - D WITH A MEDIAL AREA
MDA MAKES A MEDIAL WHOLE. |
mmcnsurabilty betwecn the two medial aess QED.

EB! # AE - EB

‘ e ]~
AB : CD Therefore CF? + FD* # CF - FD. [—7
i

SUMMARY OF THE PROOF
:B

G B
cF

D
m

CF

@ e CF i D iy th four condiions of

rpon X7
o CP » ensurable in square)
et siightline which with = A,
ot DAL
MEDIAL AREA makes a MEDIAL o T e
bl o 2 Mg A b BT
irrational species as AB). G S CT L) s

COMPLETE LOGIC FLOW

AE? ¢ EB? med AE - EB med.

AE : EB = CF : FD =
= CF? + FD* med = CF - FD med

AB ~CD | —> —
(AE ~ CF, EB ~ FD)

2.108 Proposition 108

Statement

A medial (area) being subtracted from a rational (area), one of
two irrational (straight-lines) arise (as) the square-root of the
remaining area—either an apotome, or a minor (straight-line).

Proof Actions

1. For let the medial (area) BD have been subtracted from the rational (area)
BC.

2. Isay that one of two irrational (straight-lines) arise (as) the square-root of
the remaining (area), EC—either an apotome, or a minor (straight-line).

3. For let the rational (straight-line) FG have been laid out, and let the right-
angled parallelogram GH, equal to BC, have been applied to FG, and let
GK, equal to DB, have been subtracted (from GH).

4. Thus, the remainder EC is equal to LH.

332



Incommensurable Magnitudes Euclid’s Elements — Book X

5.

10.

I1.

12.

13.

14.

15.

16.
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Therefore, since BC is a rational (area), and BD a medial (area), and BC
(is) equal to GH, and BD to GK, GH is thus a rational (area), and GK a
medial (area).

And they are applied to the rational (straight-line) FG.

. Thus, FH (is) rational, and commensurable in length with FG [Prop.

10.20], and FK (is) also rational, and incommensurable in length with
FG [Prop. 10.22].

. Thus, FH is incommensurable in length with FK [Prop. 10.13].

FH and FK are thus rational (straight-lines which are) commensurable in
square only.

Thus, KH is an apotome [Prop. 10.73], and KF an atSo, the square on
HF is greater than tachment to it.

(the square on) FK by the (square) on (some straightline which is) either
commensurable, or not (commensurable), (in length with HF).

First, let the square (on it) be (greater) by the (square) on (some straight-
line which is) commensurable (in length with HF).

And the whole of HF is commensurable in length with the (previously)
laid down rational (straight-line) FG.

Thus, KH is a first apotome [Def. 10.1].

And the square-root of an (area) contained by a rational (straight-line)
and a first apotome is an apotome [Prop. 10.91].

Thus, the square-root of LH—that is to say, (of) EC—is an apotome.

And if the square on HF is greater than (the square on) FK by the (square)
on (some straight-line which is) incommensurable (in length) with (HF),
and (since) the whole of FH is commensurable in length with the (pre-
viously) laid down rational (straight-line) FG, KH is a fourth apotome
[Prop. 10.14].

And the square-root of an (area) contained by a rational (straight-line)
and a fourth apotome is a minor (straight-line) [Prop. 10.94].

(Which is) the very thing it was required to show.
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Complete Cinematic Logic

BC rational, BD medial, FC' = BC — BD.
\

FH ~ FG, FK = FG, KH = FH — FK is an apotome

4

FH? - FK? =O(line ~ FH) FH? - FK? =(line ~ FH)

4 4
K H = 1st apotome K H = 4th apotome

4 4
Vv EC = apotome v EC = minor

EUCLID, ELEMENTS - BOOK X ¢ PROPOSITION 108

A MEDIAL (AREA) BEING SUBTRACTED FROM A RATIONAL (AREA),
ONE OF TWO IRRATIONAL (STRAIGHT-LINES) ARISE (AS)
THE SQUARE-ROOT OF THE REMAINING AREA—

EITHER AN APOTOME, OR A MINOR (STRAIGHT-LINE).

[ St with @ rasional arca BC [ [0 subieac from G the il area GK el 10 BD. l 8 TWO POSSIBILITIES FOR THE EXCESS OF SQUARES
and subtract a medial area BD. |
ey
B D c
GK LH = EC (D Suppose FH - FK® is the square on a staightline [ Suppose FH? ~ FK” is the square on a straight-line
=BD s P, y | commensurable in length with FH. incommensurable in length with FH.
BC BD o G K H G K "
RATIONAL | MEDIAL
GK is medial. The remainder LH equals EC. % memm -3 neFH
Subtract BD from BC. B Sioce the rasional area GH s applid 10 the acona fne FG,
The remainder is EC. the breadth FH is rational and commensurable with FG. F H F H
G K
E EC ¢ t [ P rotonal || (] Sioee P ~ FO, the whoe is commensurabe with Since FH ~ FG, the whol Is commensursbe with
(e vesiiing i) and the assigned rational line. Therefore KH is a the assigned rational line, while the excess-side.
| I~ FG. FIRST APOTOME. s incommensarable with the whole. Therefore
F ) KH is a FOURTH APOTOME.
B Loy down o raional smightne FG, [ o the maial arn GIC i appbod 1 the s v 5,
- FK i rational but not commensursble with FG. By Propositon X91: (@ By Proposiion X941
CEN T W e - If & rational (area) is contained by a rational If a rational (area) is contained by a rational
(RATIONAL) . FK s rational straight-line and a fist apotome, then the straight line and a fourth apotome, then. the
| but square-root of that area s an apotome. square-root of that arca is a minor.
[ Aoy the raional ars BC 10 FG. ! K 4 FG.
Construct the rectangle GH equal to BC. (B The remoinder LH is contained by the rational line (] The remainder LH is contained by the raional line
i L3 B0 et eaiosabies oty e FL (u part of FG) and the fist potome KL FL and the fourth spotome KH.
e commensursble in square only. Therefore VLH is an APOTOME. Therefore VLH is a MINOR.
b K KH = FH - FK But LH = EC. But LH = EC.
RATIONAL i is an APOTOME.
|
| (ke atsached! Hence VEC is an APOTOME. Hence VEC is a MINOR.
Since BC is rational, GH is rational. term is KF)
KEY FACTS ESTABLISHED @ concLusion
« FG s ratonal.
+ FH ~ FG (o). :
* FK is rational but FK # FG. -
 Hence FH # FK (square-only commensurable. s necessarily one of two irrational straight-lines—

« KH = FH = FK is an apotome. cither an APOTOME, or a MINOR.
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2.109 Proposition 109

Statement

A rational (area) being subtracted from a medial (area), two
other irrational (straight-lines) arise (as the square-root of the
remaining area)—either a first apotome of a medial (straight-
line), or that (straight-line) which with a rational (area) makes
a medial whole.

Proof Actions

1. For let the rational (area) BD have been subtracted from the medial (area)
BC.

2. 1 say that one of two irrational (straight-lines) arise (as) the square-root
of the remaining (area), EC—either a first apotome of a medial (straight-
line), or that (straight-line) which with a rational (area) makes a medial
whole.

3. For let the rational (straight-line) FG be laid down, and let similar areas
(to the preceding proposition) have been applied (to it).

4. So, accordingly, FH is rational, and incommensurable in length with FG,
and KF (is) also rational, and commensurable in length with FG.

5. Thus, FH and FK are rational (straight-lines which are) com412 KH is
thus mensurable in square only [Prop. 10.13]. an apotome [Prop. 10.73],
and FK an attachment to it.

6. So, the square on HF is greater than (the square on) FK either by the
(square) on (some straight-line) commensurable (in length) with (HF),
or by the (square) on (some straight-line) incommensurable (in length
with HF).

7. Therefore, if the square on HF is greater than (the square on) FK by the
(square) on (some straight-line) commensurable (in length) with (HF),
and (since) the attachment FK is commensurable in length with the (pre-
viously) laid down rational (straight-line) FG, KH is a second apotome
[Def. 10.12]. And FG (is) rational.
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8. Hence, the square-root of LH—that is to say, (of) EC—is a first apotome
of'a medial (straight-line) [Prop. 10.92].

9. And if the square on HF is greater than (the square on) FK by the (square)
on (some straight-line) incommensurable (in length with HF), and (since)
the attachment FK is commensurable in length with the (previously) laid
down rational (straight-line) FG, KH is a fifth apotome [Def. 10.15].

10. Hence, the square-root of EC is that (straight-line) which with a rational
(area) makes a medial whole [Prop. 10.95].

11. (Which is) the very thing it was required to show.

Complete Cinematic Logic

BC medial, BD rational, FC' = BC — BD.
\

FH » FG, FK ~ F@G, KH = FH — FK is an apotome

4

FH? - FK? =0(line ~ FH) FH? - FK? =0(line » FH)

U U
K H = 2nd apotome K H = 5th apotome
Y 4

Vv EC = 1st apotome of a medial +/ FC = rational-area medial whole
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EUCLID, ELEMENTS - BOOK X  PROPOSITION 109

A RATIONAL (AREA) BEING SUBTRACTED FROM A MEDIAL (AREA),
TWO OTHER IRRATIONAL (STRAIGHT-LINES) ARISE (AS THE SQUARE-ROOT
OF THE REMAINING AREA)—EITHER A FIRST APOTOME OF A MEDIAL,
OR THAT (STRAIGHT-LINE) WHICH WITH A RATIONAL (AREA) MAKES A MEDIAL WHOLE.

FH.
cqul to BD to FG

From the rational area BD: | | From the medial area BC:
FK is RATIONAL FH is RATIONAL
and FK ~ FG. but FH # FG.

Lay down FG a rational strsight-lie. o B Supposc FH?

CONCLUSION OF CASE |

VEC is
a FIRST APOTOME

F 3
FG
RATIONAL

that wi b a
RATIONAL AREA
| | MAKES A MEDIAL

SUMMARY OF THE CONSTRUCTION
+ Start with BC (medial) and BD (rational).

FH # FK  KH = FH - FK (apotome)

£ kc-sc-8D ©

2.110 Proposition 110

Statement

A medial (area), incommensurable with the whole, being sub-
tracted from a medial (area), the two remaining irrational
(straight-lines) arise (as) the (square-root of the area)—either
a second apotome of a medial (straightline), or that (straight-
line) which with a medial (area) makes a medial whole.

Proof Actions

1. For, as in the previous figures, let the medial (area) BD, incommensu-
rable with the whole, have been subtracted from the medial (area) BC.

2. 1 say that the squareroot of EC is one of two irrational (straight-lines)—
either a second apotome of a medial (straight-line), or that (straight-line)
which with a medial (area) makes a medial whole.

3. For since BC and BD are each medial (areas), and BC (is) incommensu-
rable with BD, accordingly, FH and FK will each be rational (straight-
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10.

I1.

12.

13.

lines), and incommensurable in length with FG [Prop. 10.22].

And since BC is incommensurable with BD—that is to say, GH with
GK—HF (is) also incommensurable (in length) with FK [Props. 6.1,
10.11].

. Thus, FH and FK are rational (straight-lines which are) commensurable

in square only.

KH is thus as apotome [Prop. 10.73], [and FK an attachment (to it).

. So, the square on FH is greater than (the square on) FK either by the

(square) on (some straight-line) commensurable, or by the (square) on
(some straight-line) incommensurable, (in length) with (FH).] So, if the
square on FH is greater than (the square on) FK by the (square) on (some
straight-line) commensurable (in length) with (FH), and (since) neither of
FH and FK is commensurable in length with the (previously) laid down
rational (straight-line) FG, KH is a third apotome [Def. 10.3]. And KL
(is) rational.

. And the rectangle contained by a rational (straight-line) and a third apo-

tome is irrational, and the square-root of it is that irrational (straight-line)
called a second apotome of a medial (straight-line) [Prop. 10.93].

. Hence, the squareroot of LH—that is to say, (of) EC—is a second apo-

tome of a medial (straight-line).

And if the square on FH is greater than (the square on) FK by the
(square) on (some straight-line) incommensurable [in length] with (FH),
and (since) neither of HF and FK is commensurable in length with FG,
KH is a sixth apotome [Def. 10.16].

And the square-root of the (rectangle contained) by a rational (straight-
line) and a sixth apotome is that (straight-line) which with a medial (area)
makes a medial whole [Prop. 10.96].

Thus, the square-root of LH—that is to say, (of) EC—is that (straight-
line) which with a medial (area) makes a medial whole.

(Which is) the very thing it was required to show.
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Complete Cinematic Logic

BC medial, BD medial, BC =~ BD,and EC = BC' — BD.
\

FH~FG, FK~FG,  FHxFK

4

FH? - FK? =0O(line ~ FH) FH? — FK?=[(line =~ FH)

4 J
K H = 3rd apotome K H = 6th apotome

4 4
Vv EC = 2nd apotome of a medial +/ EC = medial-area medial whole

e  EUCLID, ELEMENTS - BOOK X ¢ PROPOSITION 110

‘ A MEDIAL (AREA), INCOMMENSURABLE WITH THE WHOLE,
BEING SUBTRACTED FROM A MEDIAL (AREA), THE TWO REMAINING

IRRATIONAL (STRAIGHT-LINES) ARISE (AS) THE SQUARE-ROOT OF THE AREA— |

EITHER A SECOND APOTOME OF A MEDIAL, |
.& OR THAT (STRAIGHT-LINE) WHICH WITH A MEDIAL (AREA) MAKES A MEDIAL WHOLE. L

B APPLY THE AREAS TO FG

[ COMPARE FH AND FK THE REMAINING AREA
Let BC be a MEDIAL arcs,

Apply to FG the medial arca BC producing bresdth FH.

FH and FK are both ratonal, The rectangle contained by FK and KH
and BD be a MEDIAL arca, D) € Apply to FG the medial arca BD producing breadth FK. | but FH # FG and FK # FG. i the remainder of the arcas.
incommensurable. with BC . o I e AT WORE T e
o . are commensursble in square only) 5
e O riEs BC BD P K H G| s EC.
e ) MEDIAL) | (MEDIAL) G Take their difference: Therefore
KH = FH - FK. /EC
From BC (medial): From BD (medial): g KHEEY & AROGTOME) Lait s one of
E < FH is RATIONAL FK is RATIONAL with FK as its attachment. s
EC = 5 3 $
but FH # FG. but  FK # FG. (That is, KH is an apotome.) .
(the remmaining area) = stright-lines.
. = KH
BC ad BD are both MEDIAL, Since BC # BD, the comesponding applied i o 5l
arcas GH and GK are /
but BC # BD.

Hence FH # FK.

[ LAY DOWN A RATIONAL STRAIGHT

Lay down FG a rational straight-linc,

e square on
a straight-line incommensurable in

length with FH. vEC

a straight-line commensurable in
&

CONCLUSION OF CASE. T
G length with FH.

B Suppose FH? — FK® is the square on 1

CONCLUSION OF CASE T J’y B suppose FH? - FK*

G F K

that (straight-line)

n# FH which with a
rrrrr MEDIAL AREA
[ Since ncither FH nor FK is commensursble [ Since ncither FH nor FK is commensurable makes a
with FG, the apotome KH. is a with FG, the spotome KH is MEDIAL WHOLE.
THIRD APOTOME. SIXTH APOTOME.
on X950 On
area i contined by » raionsl iwa

and & third
squarc-root of that area s &
SECOND APOTOME OF A MEDIAL.

ined by a rational
potome, then.the

sraig
square-root of that arca is
that (straight-line) which with a

MEDIAL AREA makes a MEDIAL WHOLE.

COMPLETE LOGIC FLOW = } . FIVAL CONCLUSION @
Case I
b Apply 10 FG (ational) FHo# FK

e B S |
~ BD (medial) = —»

Either
> breadths FH and FK % = KH = FH - FK % Case 1 (commensurable side)
with BC # BD. (both rational) s an APOTOME or Case Il (incommensursble.side)

VEC = seoond. spotome of a sl |

Case I JEG = with a medial arca
makes a medial whole

OTON
‘or that which with a ME |
@ el 2 MEDIAL WHOLE. ~ QED.
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2.111 Proposition 111

Statement

An apotome is not the same as a binomial.

Proof Actions

1.

2.

3.

10.

11.

12.

Let AB be an apotome.
I say that AB is not the same as a binomial.
For, if possible, let it be (the same).

And let a rational (straight-line) DC be laid down.

. And let the rectangle CE, equal to the (square) on AB, have been applied

to CD, producing DE as breadth.

Therefore, since AB is an apotome, DE is a first apotome [Prop. 10.97].

. Let EF be an attachment to it.

. Thus, DF and FE are rational (straight-lines which are) commensurable

in square only, and the square on DF is greater than (the square on) FE
by the (square) on (some straight-line) commensurable (in length) with
(DF), and DF is commensurable in length with the (previously) laid down
rational (straightline) DC [Def. 10.10].

Again, since AB is a binomial, DE is thus a first binomial [Prop. 10.60].

Let (DE) have been divided into its (component) terms at G, and let DG
be the greater term.

Thus, DG and GE are rational (straight-lines which are) commensurable
in square only, and the square on DG is greater than (the square on) GE
by the (square) on (some straight-line) commensurable (in length) with
(DG), and the greater (term) DG is commensurable in length with the
(previously) laid down rational (straight-line) DC [Def. 10.5].

Thus, DF is also commensurable in length with DG [Prop. 10.12].
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13.

14.

15.

16.

17.

18.
19.
20.
21.
22.
23.

24.

25.

26.

27.

28.

The remainder GF is thus commensurable in length with DF [Prop.
10.15].

[Therefore, since DF is commensurable with GF, and DF is rational, GF
is thus also rational.

Therefore, since DF is commensurable in length with GF,] DF (is) incom-
mensurable in length with EF.

Thus, FG is also incommensurable in length with EF [Prop. 10.13].

GF and FE [are] thus rational (straightlines which are) commensurable
in square only.

Thus, EG is an apotome [Prop. 10.73].

But, (it is) also rational.

The very thing is impossible.

Thus, an apotome is not the same as a binomial.
(Which is) the very thing it was required to show.

[Corollary] The apotome and the irrational (straight-lines) after it are nei-
ther the same as a medial (straight-line) nor (the same) as one another.

For the (square) on a medial (straight-line), applied to a rational (straight-
line), produces as breadth a rational (straight-line which is) incommensu-
rable in length with the (straight-line) to which (the area) is applied [Prop.
10.22].

And the (square) on an apotome, applied to a rational (straight-line), pro-
duces as breadth a first apotome [Prop. 10.97].

And the (square) on a first apotome of a medial (straight-line), applied
to a rational (straight-line), produces as breadth a second apotome [Prop.
10.98].

And the (square) on a second apotome of a medial (straight-line), applied
to a rational (straightline), produces as breadth a third apotome [Prop.
10.99].

And (square) on a minor (straight-line), applied to a rational (straight-
line), produces as breadth a fourth apotome [Prop. 10.100].
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29.

30.

31.

32.

And (square) on that (straight-line) which with a rational (area) produces
a medial whole, applied to a rational (straight-line), produces as breadth
a fifth apotome [Prop. 10.101].

And (square) on that (straight-line) which with a medial (area) produces
a medial whole, applied to a rational (straight-line), produces as breadth
a sixth apotome [Prop. 10.102].

Therefore, since the aforementioned breadths differ from the first
(breadth), and from one another—from the first, because it is rational,
and from one another since they are not the same in order—clearly, the
irrational (straightlines) themselves also differ from one another.

And since it has been shown that an apotome is not the same as a bino-
mial [Prop. 10.111], and (that) the (irrational straight-lines) after the apo-
tome, being applied to a rational (straight-line), produce as breadth, each
according to its own (order), apotomes, and (that) the (irrational straight-
lines) after the binomial themselves also (produce as breadth), according
(to their) order, binomials, the (irrational straight-lines) after the apotome
are thus different, and the (irrational straight-lines) after the binomial (are
also) different, so that there are, in order, 13 irrational (straight-lines) in
all: Medial, Binomial, First bimedial, Second bimedial, Major, Square-
root of a rational plus a medial (area), Square-root of (the sum of) two
medial (areas), Apotome, First apotome of a medial, Second apotome
of a medial, Minor, That which with a rational (area) produces a medial
whole, That which with a medial (area) produces a medial whole.
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Complete Cinematic Logic

Assume for contradiction that AB is both an apotome and a binomial. ‘

4

AB? applied to rational CD = DE = first apotome  (X.97)

4

AB? applied to rational CD = DE = first binomial (X.60)

4

Comparing the decompositions forces a segment EG to be both
rational and an apotome.

4

IMPOSSIBLE
¢

APOTOME # BINOMIAL
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EUCLID, ELEMENTS - BOOK X « PROPOSITION 111 _

s AN APOTOME IS NOT THE SAME AS A BINOMIAL. ! {
[ ASSUME THE OPPOSITE 3 LAY DOWN A RATIONAL LINE AND [ AB IS AN APOTOME = DE I [ DE AS A FIRST APOTOME
> A APPLY THE SQUARE . A FIRST APOTOME  (Prop. X97) T 2t R F F o
Lo it srciome. | Lx B | Take a ratonat £
Suppose, if possble, o [ wwgwmmnc:
that the same AB e, "
= CE = AB DF FE
rectangle CE oqual DE
o ths square on AB: Therefore DE
T celear a FIRST APOTOME.
S c
DC is raionst with DF, and DF ~ DC.
DF ~ DC
[ DE AS A FIRST BINOMIAL COMPARE DF AND DG [} CONSIDER THE DIFFERENCE GF
F ¢ E
F ¢ & R
Since DF ~ DC and B0 B
DG ~ DC,
DGR IR.CE it follows that DF | DG
DF ~ DG
5
$ » 3 c
DG ~ DC Therefore DF ~ DG. GF is rationa.
@ EG IS AN APOTOME = BUT EG IS ALSO RATIONAL CONTRADICTION
G G
P G g | Fromithe biooint e el (R P
DG and GE fn
bl t be both
RATIONAL
and an APOTOME. [
C » € | This s 2 conteadiction
EG is an APOTOME. EG is RATIONAL.

(also_an_ apotome)

-
B We were
— Suppose gl ]1:. AN APOTOME
o > ABiakoa > At = = IS NOT THE SAME AS
o e RATIONAL and (Contradiction) |
APOTOME. an APOTOME. | A BINOMIAL.

s impossible.

2.112 Proposition 112

Statement

The (square) on a rational (straight-line), applied to a binomial
(straight-line), produces as breadth an apotome whose terms
are commensurable (in length) with the terms of the binomial,
and, furthermore, in the same ratio. Moreover, the created apo-
tome will have the same order as the binomial.

Proof Actions

1. Let A be a rational (straight-line), and BC a binomial (straight-line), of
which let DC be the greater term.

2. And let the (rectangle contained) by BC and EF be equal to the (square)
on A.

3. I'say that EF is an apotome whose terms are commensurable (in length)
with CD and DB, and in the same ratio, and, moreover, that EF will have
the same order as BC.
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4.

10.
11.
12.

13.
14.

15.

16.

17.

18.

19.

20.

For, again, let the (rectangle contained) by BD and G be equal to the
(square) on A.

. Therefore, since the (rectangle contained) by BC and EF is equal to the

(rectangle contained) by BD and G, thus as CB is to BD, so G (is) to EF
[Prop. 6.16].

. And CB (is) greater than BD.

Thus, G is also greater than EF [Props. 5.16, 5.14]. Let EH be equal to
G.

Thus, as CB is to BD, so HE (is) to EF.

. Thus, via separation, as CD is to BD, so HF (is) to FE [Prop. 5.17].

Let it have been contrived that as HF (is) to FE, so FK (is) to KE.
And, thus, the whole HK is to the whole KF, as FK (is) to KE.

For as one of the leading (proportional magnitudes is) to one of the fol-
lowing, so all of the leading (magnitudes) are to all of the following [Prop.
5.12].

And as FK (is) to KE, so CD is to DB [Prop. 5.11].
And, thus, as HK (is) to KF, so CD is to DB [Prop. 5.11].

And the (square) on CD (is) commensurable with the (square) on DB
[Prop. 10.36].

The (square) on HK is thus also commensurable with the (square) on KF
[Props. 6.22, 10.11].

And as the (square) on HK is to the (square) on KF, so HK (is) to KE,
since the three (straight-lines) HK, KF, and KE are proportional [Def.
5.9].

HK is thus commensurable in length with KE [Prop. 10.11].
Hence, HE is also commensurable in length with EK [Prop. 10.15].

And since the (square) on A is equal to the (rectangle contained) by EH
and BD, and the (square) on A is rational, the (rectangle contained) by
EH and BD is thus also rational.
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21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

And it is applied to the rational (straight-line) BD.

Thus, EH is rational, and commensurable in length with BD [Prop.
10.20].

And, hence, the (straight-line) commensurable (in length) with it, EK, is
also rational [Def. 10.3], and commensurable in length with BD [Prop.
10.12].

Therefore, since as CD is to DB, so FK (is) to KE, and CD and DB are
(straight-lines which are) commensurable in square only, FK and KE are
also commensurable in square only [Prop. 10.11]. And KE is rational.

Thus, FK is also rational.

FK and KE are thus rational (straight-lines which are) commensurable in
square only.

Thus, EF is an apotome [Prop. 10.73].

And the square on CD is greater than (the square on) DB either by the
(square) on (some straight-line) commensurable, or by the (square) on
(some straight-line) incommensurable, (in length) with (CD).

Therefore, if the square on CD is greater than (the square on) DB by the
(square) on (some straight-line) commensurable (in length) with [CD]
then the square on FK will also be greater than (the square on) KE by the
(square) on (some straight-line) commensurable (in length) with (FK)
[Prop. 10.14].

And if CD is commensurable in length with a (previously) laid down
rational (straight-line), (so) also (is) FK [Props. 10.11, And if BD (is
commensurable), (so) also (is) 10.12]. KE [Prop. 10.12].

And if neither of CD or DB (is commensurable), neither also (are) either
of FK or KE.

And if the square on CD is greater than (the square on) DB by the (square)
on (some straight-line) incommensurable (in length) with (CD) then the
square on FK will also be greater than (the square on) KE by the (square)
on (some straight-line) incommensurable (in length) with (FK) [Prop.
10.14].
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33.

34.

35.

36.

37.

38.

And if CD is commensurable in length with a (previously) laid down
rational (straight-line), (so) also (is) FK [Props. 10.11, 10.12].

And if BD (is commensurable), (so) also (is) KE [Prop. 10.12].

And if neither of CD or DB (is commensurable), neither also (are) either
of FK or KE.

Hence, FE is an apotome whose terms, FK and KE, are commensurable
(in length) with the terms, CD and DB, of the binomial, and in the same
ratio.

And (FE) has the same order as BC [Defs. 10.5—10.10].

(Which is) the very thing it was required to show. early interpolations
into the original text.
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Complete Cinematic Logic

A rational, BC = CD + DB binomial, and BC - EF = A2.
U

CD:DB=FK:KFE

ll

FK, KFE are rational and commensurable in square only.

4

EFEF=FK—-KFE

4

FEF is an APOTOME

4

The square-excess type and the reference-line condition transfer
unchanged.

4

binomial of order n = apotome of order n
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EUCLID, ELEMENTS - BOOK X ¢ PROPOSITION 112

THE (SQUARE) ON A RATIONAL (STRAIGHT-LINE), APPLIED TO A BINOMIAL (STRAIGHT-LINE), /

PRODUCES AS BREADTH AN APOTOME WHOSE TERMS ARE COMMENSURABLE IN LENGTH

| WITH THE TERMS OF THE BINOMIAL, AND, FURTHERMORE, IN THE SAME RATIO.
MOREOVER, THE CREATED APOTOME WILL HAVE THE SAME ORDER AS THE BINOMIAL.

B Avriy o SAVE SQUARE T0 50 )| COMPARE THE BREADTHS [ seramaTE CORRESIONDING PARTS B wmopucs k
Apply the square on A to BD, Because CB > BD, we have G > EF. Since CB = + DB and HE = HF + FE, Construct K on FE so that
produciog G as bradih. Make i = G, om0 - FE - K T
Apply the oquare on A to BC, F E BD -G = A? F E H F H E F K E
produciog EF as broadsh. G
B b ¢
HE FE N
CD (greater) DB | BC - EF = A2
4 7
S— B c B [
A (rational) B &
B ¢
Thes CB: BD - HE : EF. D : DB - HF : FE. Hence CD: DB = FK : KE.
BC = CD + DB (inomin)
@ CONTINUED PROPORTION TRANSFER SQUARE-COMMENSURABILITY [0 DERIVE LENGTH COMMENSURABILITY [D THE ORDER IS PRESERVED

| From the const

n we have Since CD and DB are rationsl and commensurable in From HK? ~ KF? and HK : KF = FK : KE,

HK : KF = F cD? ~ DB we obtain HK ~ KE
But FK : KE HK? ~ KF?.
- B K E
Therefore  HK : KF = CD : DB, from equals,
F K H E HE ~ EK.

m | s S

[ 51 AND EK ARE RATIONAL

Therefore EF is an APOTOME. L
Brerx-xe€

Hence EH and EK are rational

@ FAL coxLusion

[@ SUMMARY OF THE ARGUMENT

A ratonal, s BT P s KE (eaional) = FK(rational) EF = FK - KE Al fetures that define
BCbioomia | = s ke | P KE are squarconly | =% = EFisan | = the onder are prosered
(D grester term) commensurable APOTOME. = Same onder.

2.113 Proposition 113

Statement

The (square) on a rational (straight-line), applied to an apo-
tome, produces as breadth a binomial whose terms are com-
mensurable with the terms of the apotome, and in the same ra-
tio. Moreover, the created binomial has the same order as the
apotome.

Proof Actions

1. Let A be a rational (straight-line), and BD an apotome.

2. And let the (rectangle contained) by BD and KH be equal to the (square)
on A, such that the square on the rational (straight-line) A, applied to the
apotome BD, produces KH as breadth.

3. I say that KH is a binomial whose terms are commensurable with the
terms of BD, and in the same ratio, and, moreover, that KH has the same
order as BD.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

For let DC be an attachment to BD.

Thus, BC and CD are rational (straight-lines which are) commensurable
in square only [Prop. 10.73].

And let the (rectangle contained) by BC and G also be equal to the
(square) on A.

And the (square) on A (is) rational.

The (rectangle contained) by BC and G (is) thus also rational.

And it has been applied to the rational (straight-line) BC.

Thus, G is rational, and commensurable in length with BC [Prop. 10.20].

Therefore, since the (rectangle contained) by BC and G is equal to the
(rectangle contained) by BD and KH, thus, proportionally, as CB is to
BD, so KH (is) to G [Prop. 6.16].

And BC (is) greater than BD.

Thus, KH (is) also greater than G [Prop. 5.16, 5.14].
Let KE be made equal to G.

KE is thus commensurable in length with BC.

And since as CB is to BD, so HK (is) to KE, thus, via conversion, as BC
(is) to CD, so KH (is) to HE [Prop. 5.19 corr.].

Let it have been contrived that as KH (is) to HE, so HF (is) to FE.

And thus the remainder KF is to FH, as KH (is) to HE—that is to say,
[as] BC (is) to CD [Prop. 5.19].

And BC and CD [are] commensurable in square only.
KF and FH are thus also commensurable in square only [Prop. 10.11].

And since as KH is to HE, (so) KF (is) to FH, but as KH (is) to HE, (so0)
HF (is) to FE, thus, also as KF (is) to FH, (so) HF (is) to FE [Prop. 5.11].

And hence as the first (is) to the third, so the (square) on the first (is) to
the (square) on the second [Def. 5.9].
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23.

24.
25.
26.
27.
28.

29.

30.

31.
32.

33.

34.

35.
36.

37.

38.

39.

And thus as KF (is) to FE, so the (square) on KF (is) to the (square) on
FH.

And the (square) on KF is commensurable with the (square) on FH.
For KF and FH are commensurable in square.

Thus, KF is also commensurable in length with FE [Prop. 10.11].
Hence, KF [is] also commensurable in length with KE [Prop. 10.15].
And KE is rational, and commensurable in length with BC.

Thus, KF (is) also rational, and commensurable in length with BC [Prop.
10.12].

And since as BC is to CD, (so) KF (is) to FH, alternately, as BC (is) to
KF, so DC (is) to FH [Prop. 5.16].

And BC (is) commensurable (in length) with KF.
Thus, FH (is) also commensurable in length with CD [Prop. 10.11].

And BC and CD are rational (straight-lines which are) commensurable
in square only.

KF and FH are thus also rational (straight-lines which are) commensu-
rable in square only [Def. 10.3, Prop. 10.13].

Thus, KH is a binomial [Prop. 10.36].

Therefore, if the square on BC is greater than (the square on) CD by the
(square) on (some straight-line) commensurable (in length) with (BC),
then the square on KF will also be greater than (the square on) FH by the
(square) on (some straight-line) commensurable (in length) with (KF)
[Prop. 10.14].

And if BC is commensurable in length with a (previously) laid down
rational (straight-line), (so) also (is) KF [Prop. 10.12].

And if CD is commensurable in length with a (previously) laid down
rational (straight-line), (so) also (is) FH [Prop. 10.12].

And if neither of BC or CD (are commensurable), neither also (are) either
of KF or FH [Prop. 10.13].
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40.

41.

42.

43.

44,

45.

46.

And if the square on BC is greater than (the square on) CD by the (square)
on (some straight-line) incommensurable (in length) with (BC) then the
square on KF will also be greater than (the square on) FH by the (square)
on (some straight-line) incommensurable (in length) with (KF) [Prop.
10.14].

And if BC is commensurable in length with a (previously) laid down
rational (straight-line), (so) also (is) KF [Prop. 10.12].

And if CD is commensurable, (so) also (is) FH [Prop. 10.12].

And if neither of BC or CD (are commensurable), neither also (are) either
of KF or FH [Prop. 10.13].

KH is thus a binomial whose terms, KF and FH, [are] commensurable
(in length) with the terms, BC and CD, of the apotome, and in the same
ratio.

Moreover, KH will have the same order as BC [Defs. 10.5—10.10].

(Which is) the very thing it was required to show.
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Complete Cinematic Logic

A rational, BD = BC' — CD apotome, and BD - KH = A2
4

BC:CD=KF:FH

ll

KF, FH are rational and commensurable in square only.

4

KH=KF+FH

4

K H is a BINOMIAL

4

The square-excess type and the reference-line condition transfer
unchanged.

4

apotome of order n = binomial of order n
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EUCLID, ELEMENTS - BOOK X ¢ PROPOSITION 113
THE (SQUARE) ON A RATIONAL (STRAIGHT-LINE), APPLIED TO AN APOTOME,
PRODUCES AS BREADTH A BINOMIAL WHOSE TERMS ARE COMMENSURABLE

WITH THE TERMS OF THE APOTOME, AND IN THE SAME RATIO.

MOREOVER, THE CREATED BINOMIAL HAS THE SAME ORDER AS THE APOTOME.

2. Apply the square on 4 10 BD,
producing cadh

BD - KH = A* SO 4

K F H E

KF

(rational)(rational)

by Prop. X36 KH is a BINOMIAL. KH

\ Thus Proposition 113 is the inverse companion of Proposition 112: (
RATIONAL? applied to an APOTOME —> BINOMIAL of the SAME ORDER.

2.114 Proposition 114

Statement

If an area is contained by an apotome, and a binomial whose
terms are commensurable with, and in the same ratio as, the
terms of the apotome then the square-root of the area is a ratio-
nal (straight-line).

Proof Actions

1. For let an area, the (rectangle contained) by AB and CD, have been con-
tained by the apotome AB, and the binomial CD, of which let the greater
term be CE.

2. And let the terms of the binomial, CE and ED, be commensurable with
the terms of the apotome, AF and FB (respectively), and in the same ratio.

3. And let the square-root of the (rectangle contained) by AB and CD be G.
4. 1say that G is a rational (straight-line).
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For let the rational (straight-line) H be laid down.

. And let (some rectangle), equal to the (square) on H, have been applied

to CD, producing KL as breadth.

Thus, KL is an apotome, of which let the terms, KM and ML, be com-
mensurable with the terms of the binomial, CE and ED (respectively),
and in the same ratio [Prop. 10.112].

But, CE and ED are also commensurable with AF and FB (respectively),
and in the same ratio.

Thus, as AF is to FB, so KM (is) to ML.
Thus, alternately, as AF is to KM, so BF (is) to LM [Prop. 5.16].

Thus, the remainder AB is also to the remainder KL as AF (is) to KM
[Prop. 5.19].

And AF (is) commensurable with KM [Prop. 10.12].
AB is thus also commensurable with KL [Prop. 10.11].

And as AB is to KL, so the (rectangle contained) by CD and AB (is) to
the (rectangle contained) by CD and KL [Prop. 6.1].

Thus, the (rectangle contained) by CD and AB is also commensurable
with the (rectangle contained) by CD and KL [Prop. 10.11].

And the (rectangle contained) by CD and KL (is) equal to the (square) on
H.

Thus, the (rectangle contained) by CD and AB is commensurable with
the (square) on H.

And the (square) on G is equal to the (rectangle contained) by CD and
AB.

The (square) on G is thus commensurable with the (square) on H.
And the (square) on H (is) rational.

Thus, the (square) on G is also rational. G is thus rational.

And it is the square-root of the (rectangle contained) by CD and AB.
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23. Thus, if an area is contained by an apotome, and a binomial whose terms
are commensurable with, and in the same ratio as, the terms of the apo-
tome, then the square-root of the area is a rational (straight-line).

24. Corollary And it has also been made clear to us, through this, that it is
possible for a rational area to be contained by irrational straight-lines.

25. (Which is) the very thing it was required to show.

356



Incommensurable Magnitudes Euclid’s Elements — Book X

Complete Cinematic Logic

AB apotome, C'D binomial, with corresponding terms commensurable
and in the same ratio.

4

G?>=AB-CD

4

Choose rational H and apply H? to C' D, producing an apotome K L
by X.112.

4

AB ~ KL

CD-AB~CD-KL = H?

\
G? ~ H?, H? rational
\
|G is RATIONAL |
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EUCLID, ELEMENTS - BOOK X  PROPOSITION 114

-
IF AN AREA IS CONTAINED BY AN APOTOME, AND A BINOMIAL WHOSE \
TERMS ARE COMMENSURABLE WITH, AND IN THE SAME RATIO AS,
THE TERMS OF THE APOTOME THEN THE SQUARE-ROOT OF THE AREA |

IS A RATIONAL (STRAIGHT-LINE).

2 THE CONSTRUCTION AND PROPORTIONS

Let AB be an APOTOME, 1D Ley down snother raonal siraghtine .

By Proposiion X112, KL is an
Let its terms be KM (greater) and ML (esser). K

CONCLUSION
The square-root G of the arca
contained by the

AB = AF - FB and KL = KM - ML, 4
ome AB

from the proportion of the terms we get

of the apotor
RATIONAL.

AB ~ KL

square-root of the arca AB - CD. Multiply both by the same binomial CD. Rectangles on the © ®

AB - CD. Then from AB ~ KL we get S S o) COROLLARY (EUCLID'S REMARK) \ |

We must prove that G is RATIONAL CD - AB ~ CD - KL Hence a rational arca can be contained by |
TWO IRRATIONAL STRAIGHT-LINES.
@ 5 CD - KL = H? (by construction) R AT b
Hence CD - AB ~ H2. - Aloogt o
e oo o 172 AB AB and CD are
| sootomo 1 straight-lines,
B And CD - AB = G2 (by hypothesi). G* - cp - aB
Therefore G2 ~ H? - )
G* ~ H? (inomial)

QED.

2.115 Proposition 115

Statement

An infinite (series) of irrational (straight-lines) can be created
from a medial (straight-line), and none of them is the same as
any of the preceding (straight-lines).

Proof Actions

1. Let A be a medial (straight-line).

2. I say that an infinite (series) of irrational (straight-lines) can be created
from A, and that none of them is the same as any of the preceding
(straight-lines).

3. Let the rational (straight-line) B be laid down.

4. And let the (square) on C be equal to the (rectangle contained) by B and
A.

5. Thus, C is irrational [Def. 10.4].
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6.

10.

11.

12.

13.

14.

15.

For an (area contained) by an irrational and a rational (straight-line) is
irrational [Prop. 10.20].

And (C is) not the same as any of the preceding (straight-lines).

. For the (square) on none of the preceding (straight-lines), applied to a

rational (straight-line), produces a medial (straight-line) as breadth.

So, again, let the (square) on D be equal to the (rectangle contained) by
B and C.

Thus, the (square) on D is irrational [Prop. 10.20].

D is thus irrational [Def. 10.4].

And (D is) not the same as any of the preceding (straight-lines).

For the (square) on none of the preceding (straight-lines), applied to a
rational (straight-line), produces C as breadth.

So, similarly, this arrangement being advanced to infinity, it is clear that
an infinite (series) of irrational (straight-lines) can be created from a me-
dial (straight-line), and that none of them is the same as any of the pre-
ceding (straight-lines).

(Which is) the very thing it was required to show.
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Complete Cinematic Logic

A medial. Fix a rational straight-line B.

4

C’=B-A

D*=B-C

E’=B-D

2 _
T, =Bz,

J

’ Every new term is irrational and differs from all preceding terms. ‘

4

INFINITELY MANY DISTINCT IRRATIONAL STRAIGHT-LINES
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1 START WITH A MEDIAL STRAIGHT-LINE

D Lot A be o MEDIAL %
saightin.
B Loy down & RATIONAL B
sraightline B. 5 2
) Constuct € such thac
=B A =
5o .
B A

[ Since 4 i ivaional and B i raiona,
the rectangle B - A is irrational.
Hence C? is irrational,
therefore C i IRRATIONAL.

[ cannot be the same s any of the

previously known irrational

sraight lines, because the square I
‘on none of them, when applied to
& rational straghtfie, produces
a medial straight-ine as breadth.
But here % = A (medial).

Therefore C is a new
irrational straight-line.

—> (C*=B-4A

A (medial)

EUCLID, ELEMENTS - BOOK X ¢ PROPOSITION 115

AN INFINITE (SERIES) OF IRRATIONAL (STRAIGHT-LINES)
CAN BE CREATED FROM A MEDIAL (STRAIGHT-LINE),
AND NONE OF THEM IS THE SAME AS ANY OF THE PRECEDING (STRAIGHT-LINES).

2 REPEAT THE CONSTRUCTION

B Comrct D sch tha D* = B-C.

D*=B-C D

B 73

al and B is rational, B + C is irrational.
Hence D? is irrational, therefore D is IRRATIONAL.

[0 1 D were the same as A or C, then the square on that
preceding straight-line, applied to the raconal B,
would produce the other preceding stsight-ine as breadth,
“This s impossible. Thercfore D is different from A and C.

B Consruct B such that % = B-D.

E=B-D |E

B D

D £ i ironl and it fom 4, C and D,

rau m
LR

THE RECURSIVE RULE

From any irmational x, in the sequence, construct o, by | o g |

where B remains the fixed rational straight-line.

B X

0 =

THE INFINITE GENERATION

— E*=B-D — [ FP=B-E
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3 INFINITE SERIES OF DISTINCT IRRATIONAL STRAIGHT-LINES

JRp—
1, i ruieal s B i ruona,
is irationa.

B x, is irrationl,

50 X,y s irrational.

Ao, St -

Therefore if X, were the same as

Tl =Bex,

any preceding straight-line %, (k < n), Xasi = B xy
et i
would produce x, as breadth. Enet o
But this never happens in the construction. L
Thus x,,, is different from all
Pt e
D) Comine i rocse witiot el
A c D B F G
L il e g =
GENERAL FORM
X = A (medial), x,,} = B-x, for n = 1,23 ..

All x, are irrational and mutually distinct.

CCONCLUSION
From the medial straight-ine 4 and the
fixed rational strsightline B we can create
an INFINITE SERIES of IRRATIONAL
STRAIGHT-LINES, and none of them is
the same as any of the preceding.

No repetition. Infinitcly many

= irrational straight-lines.

G*=B-F




End of Book X
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